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Semidefinite Programming, SDP, refers to optimization [@wis where the vector variable is a
symmetric matrix which is required to be positive semidéfiniT hough SDPs (under various names)
have been studied as far back as the 1940s, the interestdvas gemendously during the last fifteen
years. This is partly due to the many diverse applicatioresgn engineering, combinatorial
optimization, and statistics. Part of the interest is dudaéogreat advances in efficient solutions for
these types of problems.

These notes summarize the theory, algorithms, and apphsafior semidefinite programming. They
are prepared for a shortcourse given on the first day o6tAd&1 Conference on Optimization, May
15-19, 2005, at City Conference Centre, Stockholm, Swed&h,:
www.siam.org/meetings/op05/index.htm
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The purpose of these notes is three fold: first, they provicenaprehensive treatment of the area of
Semidefinite Programming, a new and exciting area in Opétion; second, the notes illustrate the

strength of convex analysis in Optimization; third, theypdasize the interaction between theory and
algorithms and solutions of practical problems.
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1 Introduction and Motivation

1.1 Outline

e Basic Properties and Notation
e Examples/Applications
e Historical Notes
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Basic linearSemidefinite Programmindooks just like
Linear Programming

p* = max trace C'X ((C, X))
(PSDP) st. AX)=2AX =b (linear)
X =0, (XeP) (nonneg)

C,.XesS" beR™
" .= space o, x n symmetric matrices
A = linear operator
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A= AT € S := space of. x n (real) symmetric matrices

A is positive semidefinite (positive definite), A(> 0 (A = 0))
if 21 Az > 0(>0), Yz # 0.

< denotes the Lowner partial order, [54]
A=< BIif B— A > 0 (positive semidefinite)

TFAE:
1. A-0 (A=0)
2. the vector of eigenvaluegA) >0 (A(A) > 0)
3. all principal minors> 0  (all leading principal minors- 0)
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1. Ae S™:
(a) All eigenvalues are real
(b) A= PAPT PP =1 A=Diag()\),i.e.Acanbe
orthogonally diagonalized
2. A>0:
(a) All eigenvalues are real nonnegative
(b) A=5% S >0,i.e.Ahasasquare root iR
3. A= 0:
(a) All eigenvalues are real positive
(b) A=5% S 0,i.e.Ahas asquare root int P

(c) A= LL", L lower triangular with positive diagonal
(Cholesky factorization)
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A:S" — R™, A R™ — S"
A defined by associated séfl; € S",i =1,...m} :
(AX); = trace (A; X); A*y=>"" vi A,
where the adjoint ofd is defined by

(AX,y) = (X, A"y), VX eS" VyeR™

P = S - cone of positive semidefinite matrices
replaces

R™ - nonnegative orthant
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SDP or LMI

trace CX = (C, X) = Y11 > 5 CijXij = (vec O) (vec O)

(primal) SDP is equivalent to (Linear Matrix Inequalities)

p*= max Y 4> i Xy
(PSDP) S.1. <A@,X> = b;, 1=1,...m
X >0, (XeP)
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(MC) is a combinatorial optimization problem on undirected
graphs with weights on the edges.

Problem 1.2.2.1 Find a partition of the set of vertices into two
parts that maximizes the sum of the weights on the edges that
have one end in each part of the partition.
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vectorv € {+1}", n = |V, represents cut in grapgh
S:{i:vi:—l—l} V\S:{iivi:—l}.

u* = max > Wi (1_;””)
(MC) 1<i<j<n

st. ve{xl}"

Equivalently,

*

Mmc1y P

= max v Qu
st. vi=1 i=1,...,n,

i

where@ = %(Diag (Ae) — A) is 7 Laplacian matrix L,
A = (wj;) Is weighted adjacency matrix of.
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With @ := iL, X =l ve {£1}7,
thenv! Qu = trace QX and equivalent formulation is:

X

1 = max trace QX

(MC1) s.t. diag(X)=ce
rank X) =1
X>0,X eS8,

relax by deleting théhard constraint rankX') = 1 (getelliptope

Note X = 0, rankr iff X = VvV with Vn x r, full rank
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Elliptope for n = 3, [50]
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GW Approximation Result

Goemans & Williamson proved that
If Wij = 0Va,7, then

* *
H Z&Vl,

wherea = ming<p<, 2 —5%— ~ 0.87856.

Sincel ~ 1.13823 < 1.14, this implies

pt <vi <1.14 u".
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Other such convex relaxations have been studied before.

The smallest convex set containing all the rank-one mance
corresponding to cuts is tloeit polytope

C, :=Con{X : X = vl ve{£1}".

In fact,

*

1 = max trace QX
s.t. X e,

However, it is not known how to optimize in polynomial-time
overC,,.
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Cut polytope for n = 3

Plot of C, in RS

[1,1,1]

0.5

_05 ~

[-1,1,-1] ~1 ¢
1
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Another convex relaxation is thmetric polytopel/,,, defined by
M, =4{X € 8" : diag(X) = e, and
Xig+Xip + X > -1, X5 — Xy — X > —1,
— Xij + Xgpe — Xjp 2 =1, = X35 — Xy + Xjp =2 —1,
Vi<i<j<k<n}
These inequalities model the fact that for any three mutuall
connected vertices in the graph, it is only possible to dheei
zero or two of the edges joining them.
It is known that:

Cn = M, forn <4, butC,, ¢ M, forn > 5.
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X

1 = max trace QX

(MCSDP) s.t. diag(X)=ce
X~0,X eS8,
= min el'y
S.t. Diag (y) = @
(DMCSDP

equivalently: Diag(y) — Z = @
Z=0,7¢e8"

See Appendix B, Page 69-19, for information and examples on
solving relaxations of Max-Cut problems using NEOS or
MATLAB.
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payoff function; playerY to playerX (Lagrangian)

L(X,y) := trace (CX) + y' (b — AX) (= (C, X) + (y,b — AX))

Optimal (worst case) strategy for play&r.

= in L(X
P’ = maxmin L(X, y)

For each fixedX > 0: y freeyields hidden constraint
b— AX = 0; recovers primal problem (PSDP).
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L(X,y) = trace(CX)+yl(b— AX)
= bly + trace (C — A*y) X

using adjoint operator, A*y = > . y; A;
satisfies (A*y, X) = (y, AX), VX,y
Then,WEAK DUALITY (Lagrangian) holds:

= in L(X,y) < d* := mi L(X
P’ = maxmin L(X,y) < min max L(X, y)

Derive dual: for each fixed, X > 0 yields hidden constraint

gly) =C—-A"y =0
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= in L(X,y) < d* := mi L(X
P’ = maxmin L(X,y) < min max L(X, y)

dual obtained from optimal strategy of competing player Y,
usehidden constraing(y) = C — A*y <0

d* = min by

(DSDP)
st. Ay >C

for the primal

*

p* = max traceCX
(PSDP) st. AX =0

X =0
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Proposition 1.2.3.1 (Weak Duality) IfX feas. in (PSDP)y feas.
in (DSDP),Z = A*y — C = 0 Is slack variable, then

trace CX — by = —trace XZ < 0.

Proof. (Direct - using:trace ZX = trace X1/2X1/27 —
traceX1/2Zl/2Z1/2X1/2 _ HX1/221/2H2 > ()
(Note: X Z = 0 iff trace XZ = 0)

traceCX —bly = trace(A*y — 2)X —bly
trace y! AX — trace ZX — bly
= y! (AX —b) — trace ZX = —trace ZX,
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primal-dual pairX = 0,y (and slackzZ = 0) are optimal iff

Ay — 72 =C dual feasibility (0C1)
AX =1 primal feasibility (0C2)
ZX =0 complementary slacknessOC3)

And
ZX = ul perturbed complementary slackness (POC3)

Forms the basis for:
Interior point methods
(central pathX,, vy, Z, solutions of (OC1),(0C2),(0C3) );
primal simplex method
dual simplex method
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Strong Duality

primal value = (C, X)
(A*y — Z, X) by dual feasibility

= (y,AX) —(Z,X) Dby adjoint
= (y,b) — (4, X) by primal feasibility
= (y,b) by complementary slackness

]
o

ual value
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Example 1.2.4.1 Minimizing the Maximum Eigenvalue
Arises in e.g. stability of differential equations

e The mathematical problem:
o givenA(z) € 8™ depending linearly on vectar € R™
¢ FInd x to minimize the maximum eigenvalueAgfr)

e SDP Model:
o the largest eigenvalug,.«(A(z)) < « Iff

Amax(A(x) —al) <0 iff A(x) —al =X0.
¢ The DSDP (in dual form) is:

max — s.t. A(z)—al X0.
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Pseudoconvex Optimization

Example 1.2.4.2 Pseudoconvex (Nonlinear) Optimization
. . (CTJZ>2
d = 111N AT

(PCP)
st. Ax+b>0,

(givenAz +b> 0= d'z > 0)
Then (usin@ x 2 determinant), (PCP) is equivalent to

d* = min t

- Diag (Az+b) 0 0
S.t. 0 t x| =0
0 e dlz
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e See URL:
orion.math.uwaterloo.ca/"hwolkowi/henry/software/sibliog.pdf
for a regularly updated annotated bibliograhy.

e Arguably most active area in optimization (see HANDBOOK
OF SEMIDEFINITE PROGRAMMING: Theory, Algorithms,
and Applications, 2000, [96], for comprehensive resulistony,
references, ... and e.g. books [16, 98, 99, 7], [93, 69, 13]).

e Lyapunov over 100 years ago on stability analysis of difitiee
equations

e Bohnenblust 1948 on geometry of the cone of SDPs, [11]

e Yakubovitch in the 1960’s and Boyd and others on convex
optimization in control in the 1980’s, e.g. solving Ricatti
Equations (called LMIs), e.qg. [14],[94, 93]
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e matrix completion problems (another name for SDP) started
early 1980’s, continues to be a very active area of research,
[20],[29], and e.q.: [48, 47, 46, 45, 49, 41, 33, 21, 42]. (Blor
recently,it iIs being used to solve large scale SDPs.)

e combinatorial optimization applications 1980’s: Lovdiseta
function[53]; the strong approximation results for the max-cut
problem by Goemans-Williamson, e.g. [28], survey papers:
[26, 27],[79].

e linear complementarity problems can be extended to prablem
over the cone of semidefinite matrices, e.qg. [23, 40, 44,@p, 6
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e Complexity, Distance to lll-Posedness, and Condition Nersb
SDP Is a convex program and it can be solved to any desired
accuracy In polynomial time, see seminal work of Nesteray an
Nemirovski e.g. [64, 65, 69, 67, 63, 66, 68]. Another measiire
complexity Is the distance to ill-posedness: e.g. work bgdggar
[81, 85, 84, 83, 82].

e Cone Programming this is a generalization of SDP, alsodalle
generalized linear programmingn paper by Bellman and Fan
1963, [9]. Other books deal with problems over cones datk bac
to 60s, e.g. [71],[35, 55, 39, 38, 77]. More recently,
generalization of SDP to more general cones, e.g. Guler and
Tuncel, [31, 92] and also Hauser [32]
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More: Historical Notes

o Ot

ner Related Areas e.g.: Eigenvalue Functions, e.g. [15],

73

74]; Financial Applications; Generalized Convexiy.

86

57]; Statistics; Nonlinear Programming; ...
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LMI Terminology coined by Jan Willems in 1971

Historically, first LMIs 1890; Lyapunov - differential egtian
%x(t) = 1(t) = Ax(t) Is stable (all trajectories converge to zero)
Iff there exists a solution to the matrix inequalities

AlpipA<0 P=Plwy

Aleksandr Mikhailovich Lyapunov (1857 - 1918)
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1960s: Yakubovich, Popov, Kalman, Anderson et al obtained

the positive real lemma
Reduces solution of LMI to a simple graphical criterion (Bap

circle and Tsypkin criteria)
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VlIadimir Andreevich Yakubovich Rudolf Emil Kalman
(1926 Novosibirsk) (1930 Budapest)
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1970s: Willems focused on solving algebraic equations sisch
Lyapunov’s or Riccati’'s

equations (ARESs), rather than LMIs

Then most of the work dedicated to numerical algebra,
development of Matlab (1984), focus on solving control ARES

until..
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1979: ellipsoid algorithm of Khachiyan:

polynomial bound on worst case interation count for LP

1984: Karmarkar introduces interior-point (IP) methodslb:
Improved complexity bound and efficiency

1988: Nesterov, Nemirovski, Alizadeh extend IP methods for
SDP

1994: Goemans and Williamson prove than LMI relaxations of
MAXCUT (a problem of combinatorial optimization) provide
solutions at least 88% the optimal value

1994: Research effort in control culminated in the LMI bogk b
Boyd, EI Ghaouli, Feron, Balakrishnan - Contributions algo b
Apkarian, Bernussou, Gahinet, Geromel, Peres and manysothe
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Quadratic constrained quadratic programs
Lovasz theta function

Statistics

minimizing the L,-operator norm of a matrix
linear programming

robust mathematical programming
engineering, e.g. control theory
Combinatorial Problems
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What is SEMIDEFINITE PROGRAMMING?
Why use it?

e Quadratic approximations are better than linear
approximations.
(For example, modet € {0, 1} usingz? — x = 0.)

And, we can solve relaxations of quadratic approximations
efficiently using semidefinite programming.
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1
Let qi(y) = §yTQz‘y +ylbi4c, yeR", i=0,1,...,m

(= min gy
(QQP) { st.  gi(y) =0
\ 1=1,...m
elLagrangian: L(y,z) = (with = as Lagrange multipliers)
guadratic iny linear iny constant irny

syl (Qo — 2oty miQi)y 4+ yl(bo— Yoit i mibi) 4+ (co— Doty wici)

e Primal-Dual pair: ¢* = minmax L(y,x) > d* = maxmin L(y, x)
y z Y
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Homogenization

o homogenize (adgh):  yoy' (bo — Y wibs), v = 1.
1=1

d* = max, min, L(y,x)
—  maxy, Iglilfi %CUT(QO _Z?il mi@i)y (+ty8)

Yo=
+yoyl (bo — D wib;)

+(co — Yoimy wici) (=)
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with ¢+ as Lagrange mulitplier fogs = 1 constraint;

usehidden semidefinite constraitt yield SDP constraint

X

s_( 0 b 4 t) _ m—t Zglxib{
bo Qo T D i1 Tibi D Qi

(A:Rm—i_lﬁsn_kl) BA<t>>'O
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The dual program is equivalent to the SDP (wigh= 0)

d* = sup —t— Zgl €T;C;

(D) st A(i)ﬁ}

reR™"telR

As in LP: dual obtained from
optimal strategy of competing player:

p* = inf trace BU
—1

(DD) s.t. AU = ( >
—c

U= 0.
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1. The Generalized Eigenvalue Problem
Let M, A be twon x n symmetric matrices)/ > 0.
The set of eigenvalues of tmeatrix penci] denoted M, A|,
IS{\ e R: A\M — Als singulat.

Amax(|[M, X]) <t Isequivalentto tM — X = 0
2. Spectral Norm of Symmetric X
{N(X)| <t, Va} iff {t1 —X =0, tI+ X >0}

3. Sum of k largest eigenvalues of SymmetricX
Let S (X) denote the sum of the larggstigenvalues ok .

Sp(X) <tiff t —ks—traceZ =0,Z>=0,7Z—X + sl = 0.
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If mo, m1,ma, ..., me, are moments of some distribution, then

H(mg,my,...,moy) =

mo

mi

(z

mi

Mnp+1

mn

Mnp+1

Man

Find distribution with maximal variance and< m,; < w;:

max

S.L.

.2n)
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2 Theory Of Cone Programming

2.1 Outline

e Convex cones and Partial Orders
e Convex Cone Programs

e Strong Duality

e Log Barrier and the Central Path
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Definition 2.2.0.1 Leta € Rand S, T C R". Then
aS ={y:y = as, forsomes € S} and
S+T={y:y=s+t, forsomes e St T}

Definition 2.2.0.2 X Cc R"isa conef okl C K, Va > 0.

Definition 2.2.0.3 the cone iIs a convex cond K + K C K.

Definition 2.2.0.4 A conek is a pointed cond
Kn(—=K)={0}.

Definition 2.2.0.5 A coneK C R" Is a proper conef it Is
closed, pointed, and convex and has nonempty interior.
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Example 2.2.0.1 open half line:{x € R: x > 0}.

Example 2.2.0.2 closed half line{z ¢ R: x > 0}.

Example 2.2.0.3 psd matricesP: {X € 8" : X > 0}.

Example 2.2.0.4 Lorentz cone
(ice-cream cone, second-order cone):

Lm:{x:(xl,...,:cm)ERm:xmz\/x%+...+x?n_1.
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And, an important closed convex cone is:
Definition 2.2.0.6 Polar (dual, conjugate) conef sets:

ST :={z:(x,2) >0,Vx € S}.

Example 2.2.0.5 nonnegative orthant, psd cof& and Lorentz
coneL™, are all self-polar, i.el =K™.
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Definition 2.2.0.7 Direct sum of two cones
KoLl ={(kl):kek,leL}.

Example 2.2.0.6 Let L denote the half line iR, then
L@ L---@ Listhen-dimension nonnegative orthant.

n
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SupposeC, K1, Ko are proper cones, then:
KT is proper.
(KHT =K.
(KinKa)t =K + K7
(K1 +K2)T =K nk3.
IC1 @ KCo IS proper.
(K1 Ko)t = K7 & K5

Useful Lemma, e.g. to Prove Farkas’ Lemma
Lemma 2.2.0.1

K is a closed convex cone=— K = K"
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Definition 2.2.0.8 x>=xy (respectively: > y) If
r —y € K (respectivelyr — y € int ).

Remark 2.2.0.1 If K Is a pointed, convex cone, theikx" Is a
(linear) partial order( reflexive, transitive, and antisymmetric):

0 € K= x = x (reflexive);

KClis convex= If ¢ = yandy =k z, thenx = z (
transitive);

ICis pointed= If x = y andy =¢ z, thenz =y
(antisymmetric);
IC Is convex cone>

Ifa,b>0,u > xandv > y, thenau + bv = ax + by
(linear - homogeneous, additive);
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Let: IC, £ be convex cones;
f real valued convex functiow;, is C-convex, I.e.
Glau+ (1 —a)v) 2 aG(u) + (1 —a)G(v), V0 <a<1,Vu,v

i —min f(
(CP) S.1. G(x) =0
x =, 0
p* = min max f(z) + (y,G(x))

xel yek+

with Lagrangian dual ( weak duality)

(DCP) pt> vt = max min - f () + (¥, G(2))
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Example 2.3.0.71If f(z) = (¢,x), g(x) = b— Az, then we have a
linear cone programming problem, (LCP). The dual

> = ' , b—A
pt> v max min (¢, ) + (Y x)
(DLCP) — ;Iel,ag_%glel? (c— A*y,z) + (y,b)

= max min {(c— A*y,z)+ (y,b)
yekt xel
c—A*ye L+

reduces to elegant (LP or SDP type)
pt> vt =max  (y,b)

(DLCP) S.1. A*y <p+ c
y =i+ 0
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Linear Cone Optimization cont...

elegant (LP or SDP type) symmetric dual pair

p*=min (¢, x)
(PLCP) S.1. Az = b
x>, 0

p* > v* = max (y,b)

(DLCP) s.t. Ay <t c
y =i+ 0
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general abstract convex program is

o= inf f(x)
(C'P) subjectto G(z) <1, 0
X EK 07

f : X — real valued convex function oR;

X,Y Banach spaces;

x = y partial order induced convex coig, i.e.y — x € K;
G: X — Y Is L-convex function ong, i.e.

GAz+(1=Ay) 2L AG(2)+(1-A)G(y), Va,ye K, V0<A<1
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1. K c R"isacondaf A\K ¢ K,VA > 0.
2. Thecongl Cc R*"Isaconvex cond K + K C K.

3. The polar conef the sef is

Qf :={¢p € X*:(¢,2) >0, Vo € Q}, whereX* is the
(topological) dual space of.
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LagrangianiL(z, ¢) :

fx) 4+ (0,G(x))
* = mi >p* = ' Weak Dualit
7 = min max L(x,9)>v max min £(z, ¢) uality
p*=v* = min L(x, ¢*), for somep™ € L* Strong Duality

rxeK

l.e. Strong Duality means equality and dual attainment dones
Lagrange multiplier vectop*.
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pr=v* = mi[I% L(z,¢*), for somep” € L™ Strong Duality
re

Strong duality holds under a constraint qualification, e.g.
dz € K with G(z) < 0 Slater’s Condition - strict feasibility
primal attainmentf(z*) = p*, implies

(", G(x™)) =0 Complementary Slackness
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Optimality Conditions

x* optimal implies
VL(z*\) e (K —2")"
equivalently,

V,C(ZE*,¢*)—Z — O, ZEKJrO ¢* §L+O D.F
Gz )+W = 0, X*>0 W>,0 DF

(Z,X*) =0, (", W)=0 C.S.
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LP Example

min ' x
I p St. a—Ax = 0
b— Bx < 0
r > 0

VLW 0, 07) = e~ AT~ BTG = we (R —a")*

w!'(0 — 2*) > 0 andw! (ax* — 2*) > 0 impliesw! z* = 0.
w! (oy* — %) > 0,y > 0 impliesw > 0.
(and strong duality implie&)*)! (b — Bz) = 0)
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o= inf f(x)
(CP) subjectto b — A(z) =0
X EK Oa

F=Kn{t+N(A)} Feasible Set

Viz*) e (F—-z57 cl{(K —2*)" + R(A*)} Opt. Cond.

(K —2*)* + R(A*) sum of 2 ccc

:
equivalently

Vf(x*) + A*qﬁé (K —z*)™ Lagr. Mult. ¢
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(1) (0 )= (o) e (5 0))

0 1 0 O
LetC:(1 O)andAlz(O 1).Then

= ¥ ;= min traceCX S.t.trace A1.X =0, X = 0.

But
C+ ¢pA; ¢ (Sfﬁ—o)Jr =Sy, VoeR

Fix: ReplaceS” with the Minimal Cone

I 1

1
) O) = cone{A1}; SOKT = {A;} T

K=syn
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2.4 Strong Duality

2.4.1 Outline

e Faces and minimal cones
e Optimality Conditions without constraint qualifcations
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The conekK c T is afaceof the con€l’, denotedk <1 T, If
vyel, v+ye K=ux9y¢c K.

The faces of® have a very special structure. Each fakex P, Is
characterized by a unigue subspate, R :

K={XeP :N(X)DS}
Moreover,
relint (K) = {X e P: N(X) =5}

(Or useR(X) andS+.)
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Complementary{or conjugate) Faces

Thecomplementarfor conjugate) face ok is K¢ = K- NP and
Ke={XeP:N(X)DS.
Moreover,

relint (K¢) = {X € P: N(X) = 5+}.
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1. Each faceC (resp.,K¢) is exposed, I.e.
K=Pnot, for somegp € P

l.e. it equals the intersection @&f with a supporting
hyperplane; the supporting hyperplane corresponds to any
X € relint (K€) (resp.relint (K)). Also, complementary
faces are orthogonal and satisfyy” = 0,vVX € K,Y € K€

2. The coneP Is projectionally exposed, i.e. every faceis
the image ofP under some projection. In fact,@ € S,, Is
the projection onto the subspagethe null space of
matrices inrelint (K), then the face( satisfies

K=({I-Q)PI-Q)
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Consider the semidefinite linear programming problem

(P)

If Slater's CQ holds

subject to

dr: Az < b

then strong duality holds

X

p
(D)

d* .=

sup

min

t

c'x
Axr < b
x € R,

trace bU

subjectto A*U =c¢

U=0
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The minimal cone ofP) is defined as
Pl=n{K<aP:K>(Ob—AF))},

l.e. the minimal cone is the intersection of all face$Pof
containing the feasible slacks.
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2.4.5 Strong Duality Without CQ

p* = sup clx
(P) subjectto Az <ps b
x € R,
p* =d¥ = min trace bU
(D) subjectto A*U =c¢
U =pr+ 0

Applications in e.g. QAP,GP,MC ...: [102, 97, 3, 91]
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A Related Papers

A.1 Outline
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B Solving SDPs with NEOS and MAT-
LAB

B.1 SDP at NEOS

Solvers for SDP are available at e.g. NEOS: (URL www-
neos.mcs.anl.gov/neos/server-solvers.html#SDP) $he li
of solvers and type of input is:

CSDP [Matlab Binary Input] [Sparse SDPA Input]
DSDP [Sparse SDPA Input]

PENBMI [Matlab Binary Input] [Matlab input]

PENSDP [Matlab Binary Input] [Sparse SDPA Input]
SDPA [Matlab Binary Input] [Sparse SDPA Input]
SDPLR [Matlab Binary Input] [Sparse SDPA Input] [SD-
PLR input]
SDPT3 [Matlab Binary Input] [Sparse SDPA Input]
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SeDuMi [Matlab Binary Input] [Sparse SDPA Input]
You can solve SDP problems with various NEOS inter-
faces including email.

The Sparse SDPA Input format is described at ftp://platt
and included below. (The notation differs from that we
use above. In particular, the primal and dual problems
are interchanged.)

We work with a semidefinite programming problem
that has been written in the following standard form:

(P) min cl*x1+c2*x2+...+cm*xm

st  F1*x1+F2*x2+...+Fm*xn-FO=X

X >=0

The dual of the problem is:
(D) max tr(FO*Y)

st tr(FI*Y)=ci 1=1,2,...,m

Y >= 0

Here all of the matrices FO, F1, ..., Fm, X, and Y are

assumed to be symmetric of size n by n. The constraints
X GE 0 and Y GE 0 mean that X and Y must be positive
semidefinite.

Note that several other standard forms for SDP have been
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used by a number of authors- these can generally be trans-
lated into the SDPA standard form with little effort.

File Format:

The file consists of six sections:

1. Comments. The file can begin with arbitrarily many
lines of comments. Each line of comments must begin
with ™ or ™.

2. The first line after the comments contains m, the num-
ber of constraint matrices. Additional text on this line
after mis ignored.

3. The second line after the comments contains nblocks,
the number of blocks in the block diagonal structure of
the matrices. Additional text on this line after nblocks is
ignored.

4. The third line after the comments contains a vector
of numbers that give the sizes of the individual blocks.
Negative numbers may be used to indicate that a block
IS actually a diagonal submatrix. Thus a block size of
"-5” indicates a 5 by 5 block in which only the diagonal
elements are nonzero.

5. The fourth line after the comments contains the objec-
tive function vector c.

6. The remaining lines of the file contain entries in the
constraint matrices, with one entry per line. The format
for each line is
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<matno> <blkno> <i> <j> <entry>

Here matnois the number of the matrix to which this en-
try belongsplkno specifies the block within this matrix, i
and j specify a location within the block, aeatrygives

the value of the entry in the matrix. Note that since all
matrices are assumed to be symmetric, only entries in
the upper triangle of a matrix are given.

Example:

min 10x1+20x2
st X=F1x1+F2x2-FO
X >0

where

FO=[1 0 0 O

o OO
OONDN
o wo
H OO

F1=[1 0 0 O
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o OO
O o
o OO
O O O

F2=[0 0 0 O

o OO
O o
N O1 O
DN O

In SDPA sparse format,
this problem can be written as:

"A sample problem.

2 =mdim
2 =nblocks
2 2

10.0 20.0
011110
012220
021130
022240
111110
112210
212210
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N NN
N NN
N
NN
S N O
cNeole!

B.2 SDP with MATLAB

Following is a MATLAB program that solves the relax-
ation of the MAXCUT problem taken from [34]. The in-
put is the Laplacian matriX; the optimal primal matrix

X satisfiesliag (X) = te.

function [phi, X, y] = maxcut( L);

% solves: max trace(LX) s.t. X psd, diag(X) = b; b = ones(n,1)/ 4
% min b’y s.t. Diag(y) - L psd, y unconstrained,

% input: L ... symmetric matrix

% output: phi ... optimal value of primal, phi =trace(LX)

% X ... optimal primal matrix

% y ... optimal dual vector

% call: [phi, X, y] = psd_ip( L);

digits = 6; % 6 significant digits of phi

[n, n1] = size( L); % problem size

b = ones( n1 ) / 4 % any b>0 works just as well

X = diag( b); % initial primal matrix is pos. def.
y = sum( abs( L)) * 1.1; % initial y is chosen so that

Z = diag( y) - L; % initial dual slack Z is pos. def.
phi = b™y; % initial dual

psi = L) * X( :); % and primal costs

mu = Z( :) * X( )/ 2*n); % initial complementarity

iter=0; % iteration count

disp([’ iter alphap alphad gap lower upper’);

while phi-psi > max([1,abs(phi)]) * 107(-digits)

iter = iter + 1; % start a new iteration

Zi = inv( 2); % inv(Z) is needed explicitly

Zi = (Zi + ZiY2;

dy = (Zi.*X) \ (mu * diag(zi) - b); % solve for dy

dX = - Zi * diag( dy) * X + mu * Zi - X; % back substitute for dX
dX = ( dX + dX)/2; % symmetrize

69-24



%

%

%
%

%

%

line

line

search on primal
alphap = 2; % initial steplength changed to 2
alphap = 1; % initial steplength

[dummy,posdef] = chol( X + alphap * dX ); % test if pos.def
while posdef > 0,

alphap = alphap * .8;

[dummy,posdef] = chol( X + alphap * dX );

end;
alphap = alphap * .95; % stay away from boundary

search on dual; dZ is handled implicitly: dZ = diag( dy) ;
alphad = 1;
alphad = 2; % initial steplength changed to 2

[dummy,posdef] = chol( Z + alphad * diag(dy) );

while posdef > 0;
alphad = alphad * .8;
[dummy,posdef] = chol( Z + alphad * diag(dy) );
end;

alphad = alphad * .95;

update
X = X + alphap * dX;
y =y + alphad * dy;
Z = Z + alphad * diag(dy);

mu = X( ) * Z(:) /I (2*n);
if alphap + alphad > 1.8, mu = mu/2; end; % speed up for long step
phi = b’ *y; psi = L( ) * X( 3);

display current iteration

disp([ iter alphap alphad (phi-psi) psi phi ]);

end; % end of main loop
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