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OUTLINE
• Background on Ellipsoidal and SDP Cones;

Notation and Motivation

• Invariant Ellipsoidal Cones

• Invariant examples on EDM and SDP cones

• Extensions to Invariant Cones inSn
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Notation and Motivation
Vandergraft68-Elsner70 Extensionof classical
Perron-Frobenius Theory of Nonnegative Matrices:
(Google uses Perron vector in itspage rank algorithmcf Moler
- current interest in cones of matrices)

spectral conditions onA, n× n, to characterize
existence of a proper coneK ⊂ R

n such thatA is
K-nonnegative, denotedA �K 0,

A(K) ⊂ K.

K proper cone- closed,
convex (λK ⊂ K,∀λ ≥ 0,K + K ⊂ K),
pointed (K ∩ −K = {0}),
int K 6= ∅
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Preliminaries
Also, A is: K-positive,K-irreducible,K-strongly nonnegative

Here we add the restriction:K is ellipsoidal
(ellipsoidal cross sections, translations of Lorentz (ice-cream,
2-nd order) cone; subset ofrotund cones, i.e. all proper faces are
1-dimensional exposed rays)

Preview of Results:
Stern-W91:Characterizations unchanged for stronger than

K-nonnegativity. But,if degree of spectral radius ofA is > 3,
thenno invariant ellipsoidal cone existswith A K-nonnegative.

new: extensions to cones inSn
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Ellipsoidal Cones,K

Q = QT , n× n with exactly one negative eigenvalue

λn < 0 < λn−1 ≤ . . . ≤ λ1

with corresponding normalized eigenvectorsui

K :=
{

x ∈ R
n : xT Qx ≤ 0, xT un ≥ 0

}

ellipsoidal cone

•H := {un}⊥ is supporting hyperplane toK and to−K.
•un ∈ int K
• Forα > 0, Sα :=

{

x ∈ K : xT un = α
}

is anellipsoidin the
hyperplaneHα :=

{

x ∈ R
n : xTun = α

}

.
• Eachz ∈ ∂K, has unique supporting hyperplaneHz = (Qz)⊥.
•Hz ∩K is an (exposed) extreme ray.
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Ice-Cream (Lorentz, 2-nd order)
Cone
PROPOSIITON:SupposeK is ellipsoidal cone. Then

K =
{

x ∈ R
n : xT Qx ≤ 0, vT x ≥ 0

}

,

if v satisfiesvT un ≥ 0 and
{

vT x = 0, xT Qx ≤ 0
}

⇒ x = 0.

Kn :=







x ∈ R
n :

√

√

√

√

n−1
∑

i=1

x2
i ≤ xn







ice-cream cone

whereQ =

(

In−1 0
0 −1

)

andun = en
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Ellipsoidal ↔ Ice-Cream Cone
PROPOSIITON:K is anellipsoidal coneif and only if
K = T (Kn), for some nonsingularT . In particular,T = UD,

whereD is diagonal with elementsDii =
√

1
|λi| , i = 1, . . . , n, and

Λ = UT QU is the orthogonal diagonalization ofQ.

COROLLARY: K ellipsoidal,T nonsingular, impliesT (K)
ellipsoidal.
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Real Canonical Form
A realn× n, C(A) is theReal Canonical Form; real similarity of
A, unique up to order of blocks;

B(λ; 1) := ( λ ) , order-1 block

B(λ; k) :=















λ
1 λ

1 λ
. . . . . .

. . . . . .
1 λ















, order-k block

complex eigenvalueλ = a + ib, b > 0, and conjugatēλ,

λ← B(a, b; 2) :=

(

a b
−b a

)

, 1← I2 order-2 blocks
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Real Canonical Form cont...
σ(A) - spectrum; ρ(A) - spectral radius
for λ ∈ σ(A) (spectrum): larger below smaller blocks
for |λ| > |µ| blocks forλ below those forµ.
degree ofλ, d(λ), size of largest block inJordancanonical form

LEMMA:

1. ‖B(a; 1)‖2 = a2

2. ‖B(a; 2)‖2 ≤ a2 + |a|+ 1

3. ‖B(a; k)‖2 ≤ a2 + 2|a|+ 1, for k ≥ 3

4. ‖B(a, b; 2)‖2 = a2 + b2

5. ‖B(a, b; 4)‖2 ≤ a2 + b2 + |a|+ |b|+ 1

6. ‖B(a, b; 2k)‖2 ≤ a2 + b2 + 2(|a|+ |b|) + 1, for k ≥ 3
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Nonnegativity Definitions for
K Proper (ellipsoidal) Cone

name notation definition set ellips.

A K-positive A ≻K 0 A(K\{0}) ⊂ int K ΠP ΠP
e

A K-nonnegative A �K 0 A(K) ⊂ K ΠN ΠN
e

A K-irreducible A �KI 0
A(K) ⊂ K

no eigenv. in∂K
ΠI ΠI

e

A strongly
K-nonnegative

A �SK 0
A(K) ⊂ K

eigenv. inint K
ΠSN ΠSN

e
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A K-positive, A ≻K 0, A(K\{0}) ⊂
int K

ΠP = {A : A ≻K 0, for someproperconeK},
ΠP

e = {A : A ≻K 0, for someellipsoidalconeK}

THEOREM (V.-E.)
A ∈ ΠP

iff
ρ(A) is a simple eigenvalue> modulus of other eigenvalues

(K is not ellipsoidal but rather polyhedral in proof.)

THEOREM (S.W.)
For fixedn, ΠP = ΠP

e .
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Proof Outline
Supposeρ(A) is a simple eigenvalue> modulus of other
eigenvalues. We need only find appropriateK ellipsoidal. Wlog
A is in real canonical form. (Will showA ≻Kn 0.) A is made up of
diagonal blocks corresp. tom distinct eigs:

A = Diag (Qm, . . . , Q2, ρ(A) = Qn) .

Case (i):Supposeλj = aj + ibj and
(∗) a2

j + b2
j + 2(|aj |+ |bj |) + 1 < ρ(A)2, j = 2, . . . ,m.

For partitioned0 6= x ∈ Kn (ice-cream cone)⇒
xn 6= 0 and‖Qj‖ < ρ(A), j = 2, . . . ,m⇒
Ax ∈ int Kn from (∗) and

m
∑

2

‖Qjx
j‖2 ≤

m
∑

2

‖Qj‖2‖xj‖2 < ρ(A)2(xn)2.
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Proof Outline Cont...
Case (i):If (∗) fails, sinceρ(A) > |λ|,

lim
γ→∞

(γρ(A))2

(γaj)2 + (γbj)2 + 2(|γaj |+ |γbj |) + 1
=

(ρ(A))2

(aj)2 + (bj)2
> 1.

Now useγA ∈ ΠP
e iff A ∈ ΠP

e .

Cone Preserving Maps – p. 14



A K-irreducible,
A �KI 0; A �K 0 and nov ∈ ∂K

ΠI = {A : A ≻KI 0, for someproperconeK},
ΠI

e = {A : A ≻KI 0, for someellipsoidalconeK}

THEOREM (V.-E.)
A ∈ ΠI

iff
ρ(A) is a simple eigenvalue;|λ| = ρ(A) impliesd(λ) = 1.

THEOREM (R.S.)
For fixedn, ΠI = ΠI

e.
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Proof Outline
Same proof as above shows thatA �K 0.
Wolg A in real canonical form. Then only eigenvector ofρ(A) is
unit vectoren ∈ int Kn.
If v is eigenvector corresponding to|λ| = ρ(A), thenv is linear
combination of unit vectors not containingen, sov /∈ Kn.
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A Strongly K-nonnegative,
A �SK 0; A �K 0 and v ∈ int K

ΠSN = {A : A �SK 0, for someproperconeK},
ΠSN

e = {A : A �SK 0, for someellipsoidalconeK}

THEOREM (V.-E.)
A ∈ ΠSN

iff
ρ(A) ∈ σ(A); |λ| = ρ(A) impliesd(λ) = 1.

THEOREM (R.S.)
For fixedn, ΠSN = ΠSN

e .
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Proof Outline
Similar proof; eigenvector in∂K possible since multiple1× 1

blocks forρ(A) is possible, e.g.en + en−1 gives a boundary
eigenvector.

REMARK The three results hold for anyclassof cones which
contain ellipsoidal cones, e.g. rotund cones.
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Nonnegative Case;
A �K 0; ΠN 6= ΠN

e for n ≥ 3

ΠN = {A : A �K 0, for someproperconeK},
ΠN

e = {A : A �K 0, for someellipsoidalconeK}

THEOREM (V.-E.)

A ∈ ΠN

iff
ρ(A) ∈ σ(A); |λ| = ρ(A) impliesd(λ) ≤ d(ρ(A)).

Furthermore,A �K 0 impliesK contains an eigenvector
corresponding toρ(A).

THEOREM (R.S.)
ΠN = ΠN

e iff n ≤ 2. (n = 1, 2: all cones are rotund)
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Geometrical LEMMA 1
K ellipsoidal;0 6= z ∈ ∂K; H = (Qz)⊥. Then:

1. H is the unique supporting hyperplane atz; v = Qz is an
outward normal toK at z (vT x ≤ 0,∀x ∈ K).

2. H ∩K = {αz : α ≥ 0}
3. z − ǫv ∈ int K for all suff. smallǫ > 0
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Geometrical LEMMA 2
A �K 0; K ellipsoidal; eigenvectorz ∈ ∂K. Then:
v = Qz is a left eigenvector ofA corresp. to nonneg. eigenvalue.
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Geometrical LEMMA 3
A in Jordan canonical form;B a block corresp.λ ∈ σ(A);
eigenvectorv assoc. withλ correspondsto B provided all its
nonzero entries correspond to positions occupied byB in A.
A has only one eigenvector,v, in K; v ∈ ∂K and corresp. to the
maximal-order block forρ(A).

Geometrical LEMMA 3
A �K 0; K ellipsoidal;d(ρ(A)) > 1. Then:
Jordan canonical form ofA has only one maximal-order block for
ρ(A). eigenvectorz ∈ ∂K.
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Exmpl of A with NO Ellipsoidal �K 0

Let

A := B(0; 3) =





0 0 0
1 0 0
0 1 0



 , (d(a) = 3 > 1)

SupposeK ellipsoidal exists forA �K 0.
Then Lemma 3 implies eigenvectorz = ( 0 0 β )T ∈ ∂K;
Lemma 2 implies that the outward normalv = ( γ 0 0 ) is a
left eigenvector ofA;
Lemma 1 yieldsǫ > 0 small so thatp = z − ǫv ∈ int K.
ThenAp = ( 0 −ǫ 0 )T ∈ (H ∩K) (ray), whereH = v⊥. But,
Ap 6= αz, for anyα.
Contradicts Lemma 1.
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An Example in Π̄N
e

Let A ∈ Π̄N
e denotesAK = K.

Then

λ > 0⇒ A =





λ 0 0
1 λ 0
0 1 λ



 ∈ Π̄N
e ,

i.e. wlogλ = 1; useµ = 1

Q =





2 −1
2 −1

−1
2 1 0
−1 0 0





and noteATQA− µQ = 0, µ > 0.
(A characterization for±A ∈ Π̄N

e .)
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More on Nonnegative Case
SupposeK ellipsoidal with givenQ.

x ∈ K ⇒ Ax ∈ K

iff

xT Qx ≤ 0⇒ (Ax)TQ(Ax) ≤ 0

iff

0 = maxxT (ATQA)x subject toxTQx ≤ 0 generalized TRS

S.W. Extension to ellips. of Nec. cond. in Loewy-Schneider/75:
ATQA− µQ � 0, for someµ ≥ 0
(suff. if rank ofA is > 1.)
(can also apply TRS opt. conditions of S.W./94 and More/93.)
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Characterization of ΠN
e

THEOREM (R.S.)A ∈ ΠN
e if and only if

1. ρ(A) ∈ σ(A);

2. if λ ∈ σ(A), |λ| = ρ(A), thend(λ) ≤ d(ρ(A));

3. d(ρ(A)) ≤ 3 (d(ρ(A)) ≤ 2 if ρ(A) = 0);

4. Jordan canonical form ofA has at most one block of order
≥ 2 corresponding to|λ| = ρ(A).
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Invariant SDPand EDM Cones
Operator Notation

x = svec (X) ∈ R
(n+1

2 ),

√
2 times vector (columnwise) from upper-triang ofX.

(

n+1
2

)

= n(n + 1)/2;
√

2 guarantees isometry.

sMat := svec−1

adjoint transformationsMat ∗ = svec :

〈sMat (v), S〉 = trace sMat (v)S

= vT svec (S) = 〈v, svec (S)〉
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Cone of
Euclidean Distance Matrices

En := {D = (dij) ∈ Sn : dij = ‖xi − xj‖2, for somexi ∈ ℜk}

k is embedding dimension
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Operator L : Sn−1 → Sn

D ∈ En (⊂ Sn )

iff

D = L(X) :=

(

0 diag (X)T

diag (X) diag (X)eT + ediag (X)T − 2X

)

,

for someX � 0, X ∈ Sn−1

(e is vector of ones)

L : Sn−1 → Sn , L(Sn−1
+ ) = En
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Properties ofL
with partition:

D =

[

α dT

d D̄

]

,

whereα ∈ R

L∗(D) = 2
(

Diag (d) + Diag (D̄e)− D̄
)

L†(D) =
1

2

(

deT + edT − D̄
)

L∗,L† : Sn → Sn−1 , L†(En ) = Sn−1
+
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Invariance on SDPand En Cones
Let H ben× n symmetric matrix with nonnegative elements and
0 diagonal and with no zero row (or column).

X � 0 (resp. ≻ 0)⇒ L∗(H(2) ◦ L(X)) � 0 (resp. ≻ 0),

i.e. Sn
+ (and its interior) is invariant under the operator

W(·) := L∗(H(2) ◦ L(·))
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Perron Roots/Vectors

WE(·) := L∗L(·) is stronglySn
+ nonnegative

The Perron root and eigenvector are:

λ = (2n + 1) +

√

(4n + 2)2 − 32

2
> 0, X = αeeT + βI ≻ 0,

whereα = −4β
λ

, β > 0.
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Perron Roots/Vectors cont...
Similarly: The coneEn is strongly invariant under the linear
operatorV := LL∗.
The Perron root and vector ofLL∗ are

λ = (2n− 1) +
√

(2n− 3)2 + 8(n− 2) > 0

and

D =

(

0 eT

e α(E − I)

)

, α > 0,

where

α =
1

2(n− 2)

{

(2n− 3) +
√

(2n− 3)2 + 8(n− 2)

}

,

D is nonsingular andL†(D) ≻ 0.
Cone Preserving Maps – p. 33



Ellipsoidal Cones inSn (⊂,⊃ Sn
+)

LEMMA Let α 6= 0.

Kα := {X ∈ Sn : α2traceX2 − α2+1
n (traceX)2 ≤ 0, traceX ≥ 0}

= {X ∈ Sn : traceX
n
− |α|

√

traceX2

n
−

(

traceX
n

)2 ≥ 0}

is anellipsoidal cone.
And:

α2≥n− 1 ⇒ Kα ⊂ Sn
+

α2≤ 1

n− 1
⇒ Kα ⊃ Sn

+
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Proof Outline
Consider the Rayleigh Principle (and Courant-Fisher):

min
X

α2traceX2 − α2+1
n (traceX)2 = 〈svec (X), Qsvec (X)〉

with constrainttraceX2 = 1, i.e.

0 = ∇L(X,λ) = 2α2X − 2
α2 + 1

n
(traceX)I − 2λX

implies the eigenvectorX = 1√
n
I and the eigenvalue

λmin = α2traceX2 − α2+1
n (traceX)2 = −1< 0.

And the second eigenvector〈X, I〉 = 0, X 6= 0 implies
traceX = 0, X 6= 0

impliesα2traceX2 − α2+1
n (traceX)2 = α2traceX2> 0,

i.e. Kα is ellipsoidal.
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Proof Outline Cont...
SupposeX ∈ Kα, with eigsλi, i.e.
(∗)(n− 1)

∑

i λ
2
i − (

∑

i λi)
2 ≤ 0.

Now min λn subject to* .
Get (W.Styan80)

λn ≥
traceX

n
−
√

n− 1

√

traceX2

n
−

(

traceX

n

)

≥ 0⇒ X � 0.

Similarly

X � 0⇒traceX

n
− 1√

n− 1

√

traceX2

n
−

(

traceX

n

)

≥ λn ≥ 0
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