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Notation and Motivation

Vandergraft68-Elsner70 of classical
Perron-Frobenius Theory of Nonnegative Matrices

(Google uses Perron vector in gage rank algorithnaf Moler
- current interest in cones of matrices)

spectral conditions oA, n x n, to characterize
existence of a proper cori€¢ C R" such thatA is
K-nonnegative, denoted ~* 0,

A(K) C K.

K proper cone closed,
convex QK C K,VA > 0,K + K C K),
pointed (x N —K = {0}),
int K # ()
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Preliminaries

Also, A Is: K-positive, K-irreducible, K -strongly nonnegative

Here we add the restrictiork’ is ellipsoidal

(ellipsoidal cross sections, translations of Lorentz-gogam,
2-nd order) cone; subset i , 1.e. all proper faces are
1-dimensional exposed rays)

Preview of Results:

Stern-W91:.Characterizations unchanged for stronger than
K-nonnegativity. But|f degree of spectral radius of is > 3,
thenno invariant ellipsoidal cone existath A K-nonnegative

new: extensions to cones iy’
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Q = Q' n x n with exactly one negative eigenvalue
A <0< N1 <.0. <\

with corresponding normalized eigenvectafs
K = {:1: c R" : ZCTQZC <0, 2zt u™ > O}

o[ := {u"}* is supporting hyperplane t& and to— K.

ou" € int K

eFora > 0,5, := {xEK:xTu”:oz} IS an In the
hyperplaned,, := {z € R" : z1u™ = a}.

e Eachz € 0K, has unique supporting hyperplafle = (Qz)*.

e, N K Is an (exposed) extreme ray.
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Ice-Cream (Lorentz, 2-nd order)
Cone

Supposey is ellipsoidal cone. Then
K:{xER”:xTQxSO,vT:EZO},

if v satisfiess!v” > 0 and{vTx = 0,21 Qx < O} =z = 0.

n—1
A 22 <y ice-cream cone
\ \ i=1

whereQ = (]”01 _1) andu” = e"
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Ellipsoidal <~ Ice-Cream Cone

K Is anellipsoidal conaf and only if
K = T(K,), for some nonsinguldF. In particular,l” = UD,

whereD is diagonal with element®;; = , /ﬁ,i =1,...,n,and
A = U' QU is the orthogonal diagonalization 6f

K ellipsoidal, T nonsingular, implie§"( K)
ellipsoidal.
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Real Canonical Form

Arealn x n, C'(A) Is theReal Canonical Forpreal similarity of
A, unique up to order of blocks;

B\ 1) := (), orderd block

. \

B\ k) = LA : order+« block

\ R

complex eigenvalug = a + ib, b > 0, and conjugate,

a b

A «— B(a,b;2) := (—b .

) 1« I order2 blocks
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Real Canonical Form cont...

a(A) - spectrump(A) - spectral radius

for A € o(A) (spectrum): larger below smaller blocks

for |\| > |u| blocks for\ below those foy..

degree of\, d(\), size of largest block inordancanonical form

1. ||B(a;1)||* = a?

2. |B(a;2)||* < a®+|a| +1

3. ||B(a:k)||* < a®+2|a| + 1, fork > 3

4. ||B(a,b;2)||? = a® + b

5. ||B(a,b;4)||? < a® + b+ |a| +|b] + 1

6. ||B(a,b;2k)||* < a* + b* +2(|a| + |b]) + 1, for k > 3
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Nonnegativity Detinitions tor
K Proper (ellipsoidal) Cone

name notation definition set | ellips
A K-positive | A5 0 | AK\{0}) cint K | TIF | TP
A K-nonnegative A > 0 AK)C K my | 1y
: : A(K K
A K-irreducible | A =£1 0 ( ) € . | Irl
no eigenv. IDK
A strongly A 55K g AK) C K 1SN | SN
K-nonnegative | eigenv. inint K .
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A K-positive, A =" 0, A(K\{0}) C
nt K

[° = {A: A" 0, for someproperconek’},
[ = {A: A% 0, for someellipsoidalconey’}

Aell”

Iff

p(A) Is a simple eigenvalug modulus of other eigenvalues
(K Is not ellipsoidal but rather polyhedral in proof.)

THEOREM (S.W.)
For fixedn, 11" = 117,
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Suppose(A) is a simple eigenvalug modulus of other
eigenvalues. We need only find appropriatellipsoidal. Wlog

A is in real canonical form. (Will showd >~ 0.) 4 is made up of
diagonal blocks corresp. ta distinct eigs:

A = Diag (Qm, ..., Q2,p(A) = Qn) .

Suppose\; = a; + ib; and
(%) a2 + 07 + 2(laj| + [b;]) + 1 < p(A)?, j=2,...,m.
For partitioned) # = € K,, (ice-cream conex
zy, #0and||Q;|| < p(A), 7=2,...,m=
Az € int K, from (%) and

D Qs |1 < ) QP21 < p(A)*(zn)?.
2 2
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Outline Cont...

If (x) fails, sincep(A) > |A|,

(vp(A))? __(p())?
15)% + (v05)2 + 2(Jvag| + |vbi) + 1 (a5)? + (b5)?

ey A e TIY iff A e TIL.



A K-lrreauciple,
A= 0: A~ 0and nov € 0K

II' = {A: A 510, for someproperconey’},
Il = {A: A K0, for someellipsoidalconek’}

AcTIl
i
p(A) is a simple eigenvaluel| = p(A) impliesd(\) = 1.

THEOREM (R.S.)
For fixedn, I1 = I1..
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Same proof as above shows that 0.

Wolg A in real canonical form. Then only eigenvectorfi) is
unit vectore™ € int K,,.

If v IS eigenvector corresponding ty = p(A), thenv Is linear
combination of unit vectors not containiafy, sov ¢ K,.
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A Stfongly A -nonnegative,
AP 0 A 0andv € int K

[I°N = {A4: A >K 0, for somepropercones’},
N = {A: A>K 0, for someellipsoidalconek’}

A e I1°Y
jj
p(A) € o(A); |A| = p(A) impliesd(\) = 1.

THEOREM (R.S.)
For fixedn, IT° = 115V,
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Proof Outline

Similar proof; eigenvector Id K possible since multiplé x 1

blocks forp(A) is possible, e.ge”™ + ¢! gives a boundary
elgenvector.

REMARK The three results hold for amyassof cones which
contain ellipsoidal cones, e.g. rotund cones.
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NOHRcgauve Lase,
A S 0; T1Y £ 112 for n > 3

Y = {A: A0, for someproperconek’},
[V = {A: A0, for someellipsoidalconek’}

AeTly
Iff
p(A) € a(A); [A| = p(A) iImpliesd()) < d(p(A)).

Furthermore A > 0 implies K contains an eigenvector
corresponding te(A).

THEOREM (R.S.)
YV =1l iff n <2. (n=1,2: all cones are rotund)
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Geometrical LEMMA 1

K ellipsoidal;0 # » € 0K; H = (Qz)*. Then:

1. H is the unique supporting hyperplanezat = )z IS an
outward normal tax atz (v!z < 0,Vz € K).

2. HN K ={az:a > 0}

3. 2z — ev € int K for all suff. smalle > 0
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Geometrical LEMMA 2

A ¥ 0; K ellipsoidal; eigenvectot € K. Then:
v = @z IS a left eigenvector ofi corresp. to honneg. eigenvalue.

Cone Preserving Maps —p. 21



Geometrical LEMMA 3

A In Jordan canonical form? a block correspl € o(A);
eigenvectow assoc. with\ correspond$o B provided all its
nonzero entries correspond to positions occupied oy A.

A has only one eigenvectar, in K; v € 0K and corresp. to the
maximal-order block fop(A).

Geometrical LEMMA 3

A 1 0; K ellipsoidal;d(p(A)) > 1. Then:

Jordan canonical form of has only one maximal-order block for
p(A). eigenvector € 0K.
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Exmpl of A with NO Ellipsoidal >* 0

Let
0 0 O
A=B0;3) =11 0 0], (dla=3>1)
0 1 O

Supposéy ellipsoidal exists ford = 0.

Then Lemma 3 implies eigenvectoe= (0 0 3)' € 9K;
Lemma 2 implies that the outward normal= (v 0 0)isa
left eigenvector of4;

Lemma 1 yields > 0 small sothap = z — ev € int K.

Thendp = (0 —¢ 0)' € (HNK) (ray), whereH = v*. But,
Ap # az, for anya.
Contradicts Lemma 1.
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An Example in 112

Let A € II)Y denotesdK = K.

Then
A0 0\
A>0=A=[1 X 0| e
0 1 A
l.e. wlog\ = 1; useu =1
1
2 -3 -1
Q=1-3 1 0
—1 0 0

and noted’ QA — uQ =0, u > 0.
(A characterization for-A ¢ I1.'.)
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More on Nonnegative Case

Supposex ellipsoidal with givenq).

reEK=Are K
iff
' Qr < 0= (Az)' Q(Az) <0
iff
0 = maxz! (AT QA)zx subjecttar’ Qz < 0 generalized TRS

S.W. Extension to ellips. of Nec. cond. in Loewy-Schneider/
ATQA - 1. < 0, for somey > 0

(suff. if rank of A is > 1.)

(can also apply TRS opt. conditions of S.W./94 and More/93.)
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Characterization of I1:

THEOREM (R.S.)A € IIYY if and only if

1. p(A) € o(A);
2. ifAea(A), N =p(A),thend()\) < d(p(A));
3. d(p(4)) < 3 (d(p(A)) < 2if p(A) = 0);

4. Jordan canonical form of has at most one block of order
> 2 corresponding to\| = p(A).
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Invariant SDPand EDM Cones

Operator Notation

/2 times vector (columnwise) from upper-triangsf
("31) = n(n + 1)/2; V2 guarantees isometry.

adjoint transformation

(sMat (v),S) = tracesMat (v)S

= ovlsvec(S) = (v,svec (9))
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of
Jdean Distance Matrices

D = (di) € 8" : dij = ||z — x4]|*, for somez; € R*}

edding dimension



ator £ : S - S

Deg™ (c8™)

Iff

N 0 diag (X)!
%)= (diag (X) diag (X)el + ediag (X)! — 2X> ’

for someX = 0, X € S*!

(e Is vector of ones)



orties of £

tition:



Invariance on SDPand £" Cones

Let H ben x n symmetric matrix with nonnegative elements and
O diagonal and with no zero row (or column).

X =0 (resp. = 0) = £*(H® o £(X)) = 0 (resp. = 0),

l.e. SY (and its interior) Is invariant under the operator

W(:) = L5(HP o L(-))
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n Roots/Vectors

WEg(-) :== LL(+) is stronglyS’’ nonnegative

ron root and eigenvector are:

Vv (4n +2)2 — 32

> > 0, X = aeel + I -0,

+1) +

z—%,5>0.



Perron Roots/Vectors cont...

Similarly: The coneg™ Is strongly invariant under the linear
operatory := LL*.
The Perron root and vector gfC* are

)\:(Qn—l)+\/(Zn—3)2+8(n—2)>0

and

0 el
) =
(e a<E—I>>’ ‘=0

where

a:2<n1_ {Qn— 3)+1/(2n - 3) +8n—2)}

D is nonsingular and'(D) - 0.
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oidal Cones in§" (C,D &%)

Leta # 0.

{X € 8" : a’trace X2 — %(traee X)? <0, trace X > 0}

2
{X cS” - tra%eX . |a|\/trac§X2 . (traceX) > O}

n

a’>n—1 = K, c S



Proof Outline

Consider the Rayleigh Principle (and Courant-Fisher):
a’trace X? — %(trace X)?

with constraintrace X2 = 1, i.e.

a? +1
n

0=VL(X,\) =2a°X —2

(trace X)I — 20X

implies the eigenvectak = %ﬁl and the eigenvalue

Amin = o’trace X2 — #(trace HF==l< 0

the second eigenvectok, I) = 0, X # 0 implies
trace X =0, X #0
implies a*trace X* — %(trace X)? = a’trace X?
l.e. K, Is ellipsoidal.
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Proof Outline Cont...

SupposeX € K., with eigs\;, 1.e.
(e)(n = 1) 3, A7 — (32, M) <0.

Now min )\,, Subject to*.

Get (W.Styan80)

A S trace X m\/trace)@ N (traceX) > 0= X = 0.
n n n

Similarly
trace X N 1

X0 trace X2 D (traceX
n

> Ay >0
e )2
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