On Lagrangian Relaxation of Quadratic Matrix Constraints

Kurt Anstreicher^∗ Henry Wolkowicz^†

June 9, 1998 University of Waterloo Department of Combinatorics and Optimization Waterloo, Ontario N2L 3G1, Canada Research Report CORR 98-24

AMS Subject Classifications: 49M40 52A41 90C20 90C27 Key words: Lagrangian relaxations, quadratically constrained quadratic programs, semidefinite programming, quadratic assignment, graph partitioning, max-cut problems.

Contents

1 Introduction 2 1.1 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 1.2 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 Some Known Results 3 2.1 Convex Quadratic Programs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 2.2 Rayleigh Quotient . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 2.3 Trust Region Subproblem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.4 Two Trust Region Subproblem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.5 Max-Cut Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.6 General QQP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

3 Orthogonally Constrained Programs with Zero Duality Gaps 6

4 Applications 9 4.1 Quadratic Assignment Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 4.2 Weighted Sums of Eigenvalues . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 4.3 Graph Partitioning Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

5 A Strengthened Relaxation for Max-Cut 12

�Department of Management Sciences, The University of Iowa. E-mail kurt-anstreicher@uiowa.edu yResearch supported by Natural Sciences Engineering Research Council Canada. E-mail henry@orion.uwaterloo.ca. 0This report is available by anonymous ftp at orion.uwaterloo.ca, in directory pub/henry/reports and also with URL http://orion.uwaterloo.ca/~hwolkowi/henry/reports/qqplagrng.ps.gz

6 Conclusion 13

Abstract

Quadratically constrained quadratic programs (QQP) play an important modeling role for many diverse problems. These problems are in general NP hard, and numerically intractable. Lagrangian relaxations often provide good approximate solutions to these hard problems. Such relaxations are equivalent to semidefinite programming relaxations.

For several special cases of QQP, e.g. convex programs and trust region subproblems, the Lagrangian relaxation provides the exact optimal value, i.e. there is a zero duality gap. However this is not true for the general QQP, or even the QQP with two convex constraints, but a nonconvex objective.

In this paper we consider a certain QQP where the quadratic constraints correspond to the matrix orthogonality condition XXT = I. For this problem we show that the Lagrangian dual based on relaxing the constraints XXT = I, and the seemingly redundant constraints XT X = I, has a zero duality gap. This result has natural applications to quadratic assignment and graph partitioning problems, as well as the problem of minimizing the weighted sum of the largest eigenvalues of a matrix. We also show that the technique of relaxing quadratic matrix constraints can be used to obtain a strengthened semidefinite relaxation for the max-cut problem.

1 Introduction

Quadratically constrained quadratic programs (QQP) play an important modeling role for many diverse problems. They often provide a much improved model compared to the simpler linear relaxation of a problem. However, very large linear models can be solved efficiently, whereas QQP problems are in general NP hard, and numerically intractable. Lagrangian relaxations often provide good approximate solutions to these hard problems. Moreover these relaxations can be shown to be equivalent to semidefinite programming (SDP) relaxations, and SDP problems can be solved efficiently, i.e. they are polynomial time problems, see e.g. [32].

SDP relaxations provide a tractable approach for finding good bounds for many hard combinatorial problems. The best example is the application of SDP to the max-cut problem, where a 87% performance guarantee exists [11, 12]. Other examples include matrix completion problems, [23, 22] as well as graph partitioning problems and the quadratic assignment problem (references given below).

In this paper we consider several quadratically constrained quadratic (nonconvex) programs arising from hard combinatorial problems. In particular, we look at the orthogonal relaxations of the quadratic assignment and graph partitioning problems. We show that the resulting, well-known, eigenvalue bounds for these problems can be obtained from the Lagrangian dual of the orthogonally constrained relaxations, but only if the seemingly redundant constraint X^T X = I is explicitly added to the orthogonality constraint XX^T = I. Our main analytical tool is a strong duality result for a certain nonconvex QQP, where the quadratic constraints correspond to the orthogonality conditions XX^T = I, X^T X = I. We also show that the technique of applying Lagrangian relaxation to quadratic matrix constraints can be used to obtain a strengthened SDP relaxation for the max-cut problem.

Our results show that current tractable (nonconvex) relaxations for the quadratic assignment and graph partitioning problems can, in fact, be found using Lagrangian relaxations. (A converse statement is well known, i.e. the Lagrangian dual is equivalent to an (tractable) SDP relaxation.) Our results here provide further evidence to the following conjecture: the Lagrangian relaxation of an appropriate quadratically constrained quadratic program provides the strongest tractable relaxation for QQPs.

1.1 Outline

We complete this section with the notation used in this paper.

In Section 2, we present several known results on QQPs. We start with convex QQPs where a zero duality gap always holds. Then we look at the minimum eigenvalue problem and the trust region subproblem, where strong duality continues to hold. We conclude with the two trust region subproblem, the max-cut problem and general nonconvex QQPs where nonzero duality gaps can occur.

The main results are in Section 3. We show that strong duality holds for a class of orthogonally constrained quadratic programs if we add seemingly redundant constraints before constructing the Lagrangian dual.

In Section 4 we apply this result to several problems, i.e. relaxations of quadratic assignment and graph partitioning problems, and a weighted sum of eigenvalues problem. In Section 5 we present strengthened semidefinite relaxations for the max-cut problem. In Section 6 we summarize our results and describe some promising directions for future research.

1.2 Notation

We now describe the notation used in the paper. Comprehensive up-to-date notation for SDP is available on the WWW with URL:

http://orion.uwaterloo.ca/~hwolkowi/henry/software/psd tool.d/sdnotation.d/notation.ps.

Let S_n denote the space of n × n symmetric matrices equipped with the trace inner product, ⟨A, B⟩ = tr AB; and let A ⪰ 0 (resp. A ≻ 0) denote positive semidefiniteness (resp. positive definiteness), A ⪰ B denotes A − B ⪰ 0, i.e. S_n is equipped with the Löwner partial order. We let P denote the cone of symmetric positive semidefinite matrices; M_{m,n} denotes the space of general m × n matrices also equipped with the trace inner product, ⟨A, B⟩ = tr A^T B; while M_m denotes the space of general m × m matrices; O denotes the set of orthonormal (orthogonal) matrices; Π denotes the set of permutation matrices.

We let Diag(v) be the diagonal matrix formed from the vector v; its adjoint operator is diag(M) which is the vector formed from the diagonal of the matrix M. For M ∈ M_{m,n}, the vector m = vec (M) ∈ ℜ^{mn} is formed (columnwise) from M.

The Kronecker product of two matrices is denoted A ⊗ B, and the Hadamard product is denoted A ∘ B. We use e to denote the vector of all ones, and E = ee^T to denote the matrix of all ones.

2 Some Known Results

The general quadratically constrained quadratic program is

QQP min q_0(x) s.t. q_k(x) ≤ 0 (or = 0), k = 1, . . .m,

where q_i(x) = x^T Q_ix−2g^T_i x. We now present several QQP problems where the Lagrangian relaxation is important and well known. In all these cases, the Lagrangian dual provides an important theoretical tool for algorithmic development, even where the duality gap may be nonzero.

2.1 Convex Quadratic Programs

Consider the convex quadratic program

CQP μ^∗ := min q_0(x) s.t. q_k(x) ≤ 0, k = 1, . . .m, where all q_i(x) are convex quadratic functions. The dual is

DCQP ν^∗ := max_{λ≥0} min_x q_0(x) + m∑ k=1 λ_kq_k(x). If ν^∗ is attained at λ^∗, x^∗, then a sufficient condition for x^∗ to be optimal for CQP is primal feasibility and complementary slackness, i.e._m ∑ k=1 λ^∗_kq_k(x^∗) = 0.

In addition, it is well known that the Karush-Kuhn-Tucker (KKT) conditions are sufficient for global optimality, and under an appropriate constraint qualification the KKT conditions are also necessary. Therefore strong duality holds if a constraint qualification is satisfied, i.e. there is no duality gap and the dual is attained.

However, surprisingly, if the primal value of CQP is bounded then it is attained and there is no duality gap, see e.g. [44, 35, 36, 34] and, more recently, [27]. However, the dual may not be attained, e.g. consider the convex program 0 = min{x : x^2 ≤ 0}

and its dual 0 = max_{λ≥0} min_x x + λx^2.

Algorithmic approaches based on Lagrangian duality appear in e.g. [19, 26, 32].

2.2 Rayleigh Quotient

Suppose that A = A^T ∈ S_n. It is well known that the smallest eigenvalue λ_1 of A is obtained from the Rayleigh quotient, i.e.

λ_1 = min{x^T Ax : x^T x = 1}. (2.1)

Since A is not necessarily positive semidefinite, this is the minimization of a nonconvex function on a nonconvex set. However, the Rayleigh quotient forms the basis for many algorithms for finding the smallest eigenvalue, and these algorithms are very efficient. In fact, it is easy to see that there is no duality gap for this nonconvex problem, i.e.

λ_1 = max_λ min_x x^T Ax − λ(x^T x − 1). (2.2)

To see this note that the inner minimization problem in (2.2) is unconstrained. This implies that the outer maximization problem has the hidden semidefinite constraint (an ongoing theme in the paper) A − λI ⪰ 0, i.e. λ is at most the smallest eigenvalue of A. With λ set to the smallest eigenvalue, the inner minimization yields the eigenvector corresponding to λ_1. Thus, we have an example of a nonconvex problem for which strong duality holds. Note that the problem (2.1) has the special norm constraint, and a homogeneous quadratic objective.

2.3 Trust Region Subproblem

We will next see that strong duality holds for a larger class of seemingly nonconvex problems. The trust region subproblem, TRS, is the minimization of a quadratic function subject to a norm constraint. No convexity or homogeneity of the objective function is assumed.

TRS μ^∗ := min q_0(x) s.t. x^T x − δ^2 ≤ 0 (or = 0).

Assuming that the constraint in TRS is written “≤,” the Lagrangian dual is:

DTRS ν^∗ := max_{λ≥0} min_x q_0(x) + λ(x^T x − δ^2).

This is equivalent to (see [43]) the (concave) nonlinear semidefinite program

DTRS ν^∗ := max g^T_0 (Q + λI)^†g_0 − λδ^2 s.t. Q + λI ⪰ 0 λ ≥ 0. where ·^† denotes Moore-Penrose inverse. It is shown in [43] that strong duality holds for TRS, i.e. there is a zero duality gap μ^∗ = ν^∗, and both the primal and dual are attained. Thus, as in the eigenvalue case, we see that this is an example of a nonconvex program where strong duality holds.

Extensions of this result to a two-sided general, possibly nonconvex, constraint are discussed in [43, 29]. An algorithm based on Lagrangian duality appears in [40] and (implicitly) in [30, 41]. These algorithms are extremely efficient for the TRS problem, i.e. they solve this problem almost as quickly as an eigenvalue problem.

2.4 Two Trust Region Subproblem

The two trust region subproblem, TTRS, consists in minimizing a (possibly nonconvex) quadratic function subject to a norm and a least squares constraint, i.e. two convex quadratic constraints. This problem arises in solving general nonlinear programs using a sequential quadratic programming approach, and is often called the CDT problem, see [4].

In contrast to the above single TRS, the TTRS can have a nonzero duality gap, see e.g. [2, 47, 48, 49]. This is closely related to quadratic theorems of the alternative, e.g. [5]. In addition, if the constraints are not convex, then the primal may not be attained, see e.g. [27].

In [28], Martinez shows that the TRS can have at most one local and nonglobal optimum, and the Lagrangian at this point has one negative eigenvalue. Therefore, if we have such a case and add another ball constraint that contains the local, nonglobal, optimum in its interior and also makes this point the global optimum, we obtain a TTRS where we cannot close the duality gap due to the negative eigenvalue. It is uncertain what constraints could be added to close this duality gap. In fact, it is still an open problem whether TTRS is an NP-hard or a polynomial time problem.

2.5 Max-Cut Problem

Suppose that G = (V, E) is an undirected graph with vertex set V = {v_i}^n_{i=1} and weights w_{ij} on the edges (v_i, v_j) ∈ E. The max-cut problem consists in finding the index set I ⊂ {1, 2, . . .n}, to maximize the weight of the edges with one end point with index in I and the other in the complement. This is equivalent to the following discrete optimization problem with a quadratic objective:

MC max^1_2 ∑ i<j w_{ij}(1 − x_ix_j), x ∈ {±1}^n. We equate x_i = 1 with i ∈ I and x_i = −1 otherwise. Define the homogeneous quadratic objective q(x) := x^T Qx where Q is an n × n symmetric matrix. Then the MC problem is equivalent to the QQP

μ^∗_{MC} := max q(x) s.t. x^2_j = 1, j = 1, . . ., n.

This problem is NP-hard, i.e. intractable.

Since the above QQP has many nonconvex quadratic constraints, a duality gap for the Lagrangian relaxation is expected, and does indeed occur most of the time. However, the Lagrangian dual is equivalent to the SDP relaxation (upper bound) μ^∗_{MC} ≤ μ^∗_{MCSDP} := max tr QX s.t. diag(X) = e X ⪰ 0, (2.3)

which has proven to have very strong theoretical and practical properties, i.e. the bound has an 87% performance guarantee for the problem MC, and a 97% performance in practice, see e.g. [12, 18, 15]. Other theoretical results for general objectives and further relaxed constraints appear in [31, 46].

In [38], several unrelated bounds for MC are shown to be equivalent. These bounds include the box relaxation −e ≤ x ≤ e, the trust region relaxation ∑ i x^2_i = n, and an eigenvalue relaxation.

Furthermore, these bounds are all shown to be equivalent to the Lagrangian relaxation, see [37]. Thus we see that the Lagrangian relaxation is equivalent to the best known bound.

2.6 General QQP

The general, possibly nonconvex, QQP has many applications in modeling and approximation theory, see e.g. the applications to SQP methods in [21]. Examples of approximations to QQPs also appear in [9].

The Lagrangian relaxation of a QQP is equivalent to the SDP relaxation, and is sometimes referred to as the Shor relaxation, see [42]. The Lagrangian relaxation can be written as an SDP if one takes into the account the hidden semidefinite constraint, i.e. a quadratic function is bounded below only if the Hessian is positive semidefinite. The SDP relaxation is then the Lagrangian dual of this semidefinite program. It can also be obtained directly by lifting the problem into matrix space using the fact that x^T Qx = tr x^T Qx = tr Qxx^T , and relaxing xx^T to a semidefinite matrix X.

One can relate the geometry of the original feasible set of QQP with the feasible set of the SDP relaxation. The connection is through valid quadratic inequalities, i.e. nonnegative (convex) combinations of the quadratic functions; see [10, 20].

3 Orthogonally Constrained Programs with Zero Duality Gaps

Consider the orthonormal constraint X^T X = I, X ∈ M_{m,n}.

(The set of such X is sometimes known as the Stiefel manifold, e.g. [7]. Applications and algorithms for optimization on orthonormal sets of matrices are discussed in [7].) In this section we will show that for m = n, strong duality holds for a certain (nonconvex) quadratic program defined over orthonormal matrices. Because of the similarity of the orthonormality constraint to the norm constraint x^T x = 1, the result of this section can be viewed as a matrix generalization of the strong duality result for the Rayleigh Quotient problem (2.1).

Let A and B be n × n symmetric matrices, and consider the orthonormally constrained homogeneous QQP QQP_O μ^O := min tr AXBX^T s.t. XX^T = I. (3.1)

This problem can be solved exactly using Lagrange multipliers, see e.g. [14], or using the classical Hoffman-Wielandt inequality, e.g. [3]. We include a simple proof for completeness.

Proposition 3.1 Suppose that the orthogonal diagonalizations of A, B are A = V ΣV^T and B = UΛU^T , respectively, where the eigenvalues in Σ are ordered nonincreasing, and the eigenvalues in Λ are ordered nondecreasing. Then the optimal value of QQP_O is μ^O = tr ΣΛ, and the optimal solution is obtained using the orthogonal matrices that yield the diagonalizations, i.e. X^∗ = V U^T .

Proof. The constraint G(X) := XX^T − I maps M_n to S_n. The Jacobian of the constraint at X acting on the direction h is J(X)(h) = Xh^T + hX^T . The adjoint of the Jacobian acting on S ∈ S_n is J^∗(X)(S) = 2SX, since tr SJ(X)(h) = tr h^T J^∗(X)(S).

But J^∗(X)(S) = 0 implies S = 0, i.e. J^∗ is one-one for all X orthogonal. Therefore J is onto, i.e. the standard constraint qualification holds at the optimum. It follows that the necessary conditions for optimality are that the gradient of the Lagrangian L(X, S) = tr AXBX^T − tr S(XX^T − I), (3.2) is 0, i.e. AXB − SXI = 0. Therefore, AXBX^T = S = S^T , i.e. AXBX^T is symmetric which means that A and XBX^T commute and so are mutually diagonalizable by the orthogonal matrix U. Therefore, we can assume that both A and B are diagonal and we choose X to be a product of permutations that gives the correct ordering of the eigenvalues. 2 The Lagrangian dual of QQP_O is max S=ST min_X tr AXBX^T − tr S(XX^T − I). (3.3)

However, there can be a nonzero duality gap for the Lagrangian dual, see [50] for an example. The inner minimization in the dual problem (3.3) is an unconstrained quadratic minimization in the variables vec (X), with Hessian B ⊗ A − I ⊗ S. Clearly this minimization is unbounded if the Hessian is not positive semidefinite. In order to close the duality gap, we need a larger class of quadratic functions.

Note that in QQP_O the constraints XX^T = I and X^T X = I are equivalent. Adding the redundant constraints X^T X = I, we arrive at

QQP_{OO} μ^O := min tr AXBX^T s.t. XX^T = I, X^T X = I. Using symmetric matrices S and T to relax the constraints XX^T = I and X^T X = I, respectively, we obtain a dual problem

DQQP_{OO} μ^O ≥ μ^D := max tr S + tr T s.t. (I ⊗ S) + (T ⊗ I) ⪯ (B ⊗ A) S = S^T , T = T^T .

Theorem 3.2 Strong duality holds for QQP_{OO} and DQQP_{OO}, i.e. μ^D = μ^O and both primal and dual are attained.

Proof. Let A = V ΣV^T , B = UΛU^T , where V and U are orthonormal matrices whose columns are the eigenvectors of A and B, respectively, σ and λ are the corresponding vectors of eigenvalues, and Σ = diag(σ), Λ = diag(λ). Then for any S and T , (B ⊗ A) − (I ⊗ S) − (T ⊗ I) = (U ⊗ V ) [ (Λ ⊗ Σ) − (I ⊗ S̄) − (T̄ ⊗ I) ] (U^T ⊗ V^T ),

where S̄ = V^T SV , T̄ = U^T T U. Since U ⊗ V is nonsingular, tr S = tr S̄ and tr T = tr T̄ , the dual problem DQQP_{OO} is equivalent to

μ^D = max tr S + tr T s.t. (Λ ⊗ Σ) − (I ⊗ S) − (T ⊗ I) ⪰ 0 (3.4) S = S^T , T = T^T .

However, since Λ and Σ are diagonal matrices, (3.4) is equivalent to the ordinary linear program:

LD max e^T s + e^T t s.t. λ_iσ_j − s_j − t_i ≥ 0, i, j = 1, . . ., n. But LD is the dual of the linear assignment problem:

LP min ∑ i,j λ_iσ_j x_{ij}

s.t. n∑ j=1 x_{ij} = 1, i = 1, . . ., n n∑ i=1 x_{ij} = 1, j = 1, . . ., n x_{ij} ≥ 0, i, j = 1, . . ., n. Assume without loss of generality that λ_1 ≤ λ_2 ≤ . . . ≤ λ_n, and σ_1 ≥ σ_2 ≥ . . . ≥ σ_n. Then LP can be interpreted as the problem of finding a permutation π(·) of {1, . . ., n} so that ∑n i=1 λ_iσ_{π(i)} is minimized. But the minimizing permutation is then π(i) = i, i = 1, . . ., n, and from Proposition 3.1 the solution value μ^D is exactly μ^O. 2

4 Applications

We now present three applications of the above strong duality result.

4.1 Quadratic Assignment Problem

Let A and B be n × n symmetric matrices, and consider the homogeneous Quadratic Assignment Problem, see e.g. [33],

QAP min tr AXBX^T s.t. X ∈ Π,

where Π is the set of n × n permutation matrices. The set of orthonormal matrices contains the permutation matrices, and the orthonormally constrained problem (3.1) is an important relaxation of QAP. The bounds obtained are usually called the eigenvalue bounds for QAP, see [8, 13]. Theorem 3.2 shows that the eigenvalue bounds are in fact obtained from a Lagrangian relaxation of (3.1), after adding the seemingly redundant constraint XX^T = I.

4.2 Weighted Sums of Eigenvalues

Consider the problem of minimizing the weighted sum of the k largest eigenvalues of an n×n symmetric matrix Y , subject to linear equality constraints. A SDP formulation for this problem involving 2k semidefiniteness constraints on n × n matrices is given in [1, Section 4.3]. We will show that the result of Section 3 can be applied to obtain a new SDP formulation of the problem having only k + 1 semidefiniteness constraints on n × n matrices.

For convenience we consider the equivalent problem of maximizing the weighted sum of the k minimum eigenvalues of Y . Let w_1 ≥ w_2 ≥ . . .w_k > w_{k+1} = w_{k+2} = . . . = w_n = 0, and let W = Diag(w). We are interested in the problem

WEIG max k∑ i=1 w_iλ_i(Y )

s.t. A vec (Y ) = b Y = Y^T ,

where λ_1(Y ) ≤ λ_2(Y ) ≤ . . . ≤ λ_n(Y ) are the eigenvalues of Y , and A is a p × n^2 matrix. From Proposition 3.1 it is clear that for any Y , k∑ i=1 w_iλ_i(Y ) = min_{XT X=I} tr Y XW X^T ,

and therefore from Theorem 3.2, the problem WEIG is equivalent to the problem

max tr S + tr T s.t. (W ⊗ Y ) − (I ⊗ S) − (T ⊗ I) ⪰ 0 A vec (Y ) = b S = S^T , T = T^T , Y = Y^T .

(4.1)

Note that for any Y the matrix W ⊗ Y is block diagonal, with the final n − k blocks identically zero. Since I ⊗ S is also block diagonal, and tr T is a function of the diagonal of T only, it is obvious that

T can be assumed to be a diagonal matrix T = Diag(t). Writing the problem (4.1) in terms of t, and separating the block diagonal constraints, results in the SDP

max tr S + k∑ i=1 t_i + (n − k)t_{k+1} s.t. w_iY − S − t_iI ⪰ 0, i = 1 . . ., k −S − t_{k+1}I ⪰ 0 A vec Y = b S = S^T , T = T^T .

We have thus obtained an SDP representation for the problem WEIG with k + 1 semidefiniteness constraints on n × n matrices, as claimed.

4.3 Graph Partitioning Problem

Let G = (N, E) be an edge-weighted undirected graph with node set N = {1, . . ., n}, edge set E and weights w_{ij}, ij ∈ E. The Graph Partitioning (GP) problem consists of partitioning the node set N into k disjoint subsets S_1, . . ., S_k of specified sizes m_1 ≥ m_2 ≥ . . . ≥ m_k, ∑k j=1 m_j = n, so as to minimize the total weight of the edges connecting nodes in distinct subsets of the partition. This problem is well known to be NP-hard. GP can be modeled as a quadratic problem

z := min tr X^T LX s.t. X ∈ P, where L is the Laplacian of the graph, and P is the set of n × k partition matrices (i.e. each column of X is the indicator function of the corresponding set; X_{ij} = 1 if node i is in set j and 0 otherwise).

The well known Donath-Hoffman bound [6] z_{DH} ≤ z for GP is

z_{DH} := max_{eT u=0} k∑ i=1 m_iλ_i(L + U), where λ_1(L + U) ≤ λ_2(L + U) ≤ . . . ≤ λ_n(L + U) are the eigenvalues of L + U. We will now show that the Donath-Hoffman bound can be obtained by applying Lagrangian relaxation to an appropriate QQP relaxation of GP. (An SDP formulation for this bound is given in [1].) Clearly if P is a partition matrix then x^T_i x_i = 1, i = 1, . . ., n, where x^T_i is the ith row of X. Moreover the columns of X are orthogonal with one another, and the norm of the jth column of X is √m_j. It follows that if X is a partition matrix there is an n × n orthogonal matrix X̄ such that X = X̄ ( M^{1/2} 0 ) , where M is the k × k matrix M = Diag(m), and therefore XX^T = X̄ ( M^{1/2} 0 ) (M^{1/2}, 0)X̄^T = X̄M̄X̄^T , where M̄ = ( M 0 0 0 ) . In addition, note that x^T_i x_i is the ith diagonal element of XX^T , so the constraint x^T_i x_i = 1 is equivalent to x̄^T_i M̄x̄_i = 1, where x̄^T_i is the ith row of X̄. Since tr X^T LX = tr LXX^T , a lower bound z_1 ≤ z can be defined by z_1 := min tr LX̄M̄X̄^T

s.t. X̄^TX̄ = I, X̄X̄^T = I (4.2) x̄^T_i M̄x̄_i = 1, i = 1, . . ., n. We will now obtain a second bound z_2 ≤ z_1 by applying a Lagrangian procedure to all of the constraints in (4.2). Using symmetric matrices S and T for the constraints X̄X̄^T = I and X̄^T X̄ = I, respectively, and a vector of multipliers u_i for the constraints x̄^T_i M̄x̄_i = 1, i = 1, . . ., n, we obtain z_2 := max_{u,S,T} min_{X̄} tr LX̄M̄X̄^T + tr S(I − X̄X̄^T ) + tr T (I − X̄^T X̄) + n∑ i=1 u_i(x̄^T_i M̄x̄_i − 1).

Theorem 4.1 z_2 = z_{DH} .

Proof. Rearranging terms and using Kronecker product notation, the definition of z_2 can be rewritten as z_2 = max_{u,S,T} tr S + tr T − e^T u

+ min_{X̄} vec (X̄)^T ( [M̄ ⊗ (L + U)] − (I ⊗ S) − (T ⊗ I) ) vec (X̄),

where U = Diag(u), and we are using the fact that n∑ i=1 u_ix̄^T_i M̄x̄_i = tr UX̄M̄X̄^T .

Clearly if [M̄ ⊗ (L + U)] − (I ⊗ S) − (T ⊗ I) ⪰ 0 then X̄ = 0 solves the implicit minimization problem in the definition of z_2, and if this constraint fails to hold the minimum is −∞. Using this hidden semidefinite constraint, we can write z_2 = max tr S + tr T − e^T u s.t. [M̄ ⊗ (L + U)] − (I ⊗ S) − (T ⊗ I) ⪰ 0 S = S^T , T = T^T .

Note that if u^′ = u + λe and T^′ = T + λM̄ for any scalar λ, then M̄ ⊗ (L + U^′) = M̄ ⊗ (L + U) + λ(M̄ ⊗ I), T^′ ⊗ I = T ⊗ I + λ(M̄ ⊗ I). In addition, tr T^′ = tr T + λn, and e^T u^′ = e^T u + λn. It follows that we may choose any normalization for e^T u without affecting the value of z_2. Choosing e^T u = 0, we arrive at z_2 = max tr S + tr T

s.t. [M̄ ⊗ (L + U)] − (I ⊗ S) − (T ⊗ I) ⪰ 0 e^T u = 0, S = S^T , T = T^T .

However, as in the previous section, Proposition 3.1 and Theorem 3.2 together imply that for any U, the solution value in the problem

max tr S + tr T s.t. [M̄ ⊗ (L + U)] − (I ⊗ S) − (T ⊗ I) ⪰ 0 S = S^T , T = T^T ,

is exactly ∑k i=1 m_iλ_i(L + U). Therefore we immediately have z_{DH} = z_2. 2 SDP relaxations for the GP problem are obtained via Lagrangian relaxation in [45]. A useful corollary of Theorem 4.1 is that any Lagrangian relaxation based on a more tightly constrained problem than (4.2) will produce bounds that dominate the Donath-Hoffman bounds.

A problem closely related to the orthogonal relaxation of GP is the orthogonal Procrustes problem on the Stiefel manifold, see [7, Section 3.5.2]. This problem has a linear term in the objective function, and there is no known analytic solution for the general case.

5 A Strengthened Relaxation for Max-Cut

As discussed above, the SDP relaxation for MC performs very well in practice, and has strong theoretical properties. There have been attempts at further strengthening this relaxation. For example, a copositive relaxation is presented in [39]. Adding cuts to the SDP relaxation is discussed in [15, 16, 17, 18]. These improvements all involve heuristics such as which cuts to choose or solving a copositive problem, which is NP-hard in itself.

The relaxation in (2.3) is obtained by lifting the vector x into matrix space using X = xx^T . Though the matrix X in the lifting is not an orthogonal matrix, it is a partial isometry up to normalization, i.e.

X^2 − nX = 0. (5.1)

We will now show that we can improve the semidefinite relaxation presented in Section 2.5 by considering Lagrangian relaxations using the matrix quadratic constraint (5.1). In particular, consider the relaxation of MC

μ_1 := max tr QX s.t. diag(X) = e

X^2 − nX = 0,

where X is a symmetric matrix. Note that if X^2 = nX, then tr QX = (1/n) tr QX^2, and diag(X^2) = ne. As a result, the above relaxation is equivalent to the relaxation:

μ_1 = max 1 n tr QX^2

s.t. x^T_i x_i = n, i = 1, . . ., n (5.2) X^2 − nx_0X = 0 x^2_0 = 1,

where x^T_i , i = 1, . . ., n denotes the ith row of X, and x_0 is a scalar. (Note that if x_0 = −1 then changing x_0 to 1 and replacing X with −X leaves the objective and constraints in (5.2) unchanged.) We will obtain an upper bound μ_2 ≥ μ_1 by applying a Lagrangian procedure to all of the constraints in (5.2). Using multipliers u_i for the constraints x^T_i x_i = n, i = 1, . . ., n, u_0 for the constraint x^2_0 = 1, and a symmetric matrix S for the matrix equality X^2 − nX = 0, we obtain a Lagrangian problem

μ_2 := min_{u0,u,S} u_0 + nu^T e + max_{x0,X} 1 n tr QX^2 − tr UX^2 + tr SX^2 − nx_0 tr SX − u_0x^2_0,

where U = Diag(u). Letting x̄^T = (x_0, vec (X)^T ), this problem can be written in Kronecker product form as μ_2 = min_{u0,u,S} u_0 + ne^T u + max_{x̄} x̄^T Q̄x̄,

where Q̄ = ( −u_0 −^n_2 vec (S)^T −^n_2 vec (S) I ⊗

(_1 n Q − U + S ) ) . Applying the hidden semidefinite constraint Q̄ ⪯ 0, we obtain an equivalent problem

μ_2 = min u_0 + ne^T u

s.t. ( u_0^n_2 vec (S)^T

n_2 vec (S) I ⊗ ( −^1_n Q + U − S ) ) ⪰ 0 (5.3) S = S^T . Note that if we take S = 0 in (5.3), then u_0 = 0 is clearly optimal, and the problem reduces to

min e^T u −Q + U ⪰ 0, which is exactly the dual of (2.3), the usual SDP relaxation for MC. It follows that we have obtained an upper bound μ_2 which is a strengthening of the usual SDP bound, i.e. μ_2 ≤ μ^∗_{MCSDP} .

The strengthened relaxation (5.3) involves a semidefiniteness constraint on a (n^2 + 1) × (n^2 + 1) matrix, as opposed to an n × n matrix in the usual SDP relaxation (2.3). This dimensional increase can be mitigated by taking note of the fact that X in (5.2) must be a symmetric matrix, and therefore (5.2) can actually be written as a problem over a vector x of dimension n(n + 1)/2. In addition, alternative relaxations can be obtained by not making the substitutions based on (5.1) used to obtain the problem (5.2). The effect of these alternatives on the performance of strengthened SDP bounds for MC is the topic of ongoing research; for up-to-date developments see the URL: http://orion.uwaterloo.ca/~hwolkowi/henry/reports/strngthMC.ps.gz.

6 Conclusion

In this paper we have shown that a class of nonconvex quadratic problems with orthogonal constraints can satisfy strong duality if certain seemingly redundant constraints are added before the Lagrangian dual is formed. As applications of this result we showed that well-known eigenvalue bounds for QAP and GP problems can actually be obtained from the Lagrangian dual of QQP relaxations of these problems. We also showed that the technique of relaxing quadratic matrix constraints can be used to obtain strengthened SDP relaxations for the max-cut problem.

Adding constraints to close the duality gap is akin to adding valid inequalities in cutting plane methods for discrete optimization problems. In [24, 25] this approach, in combination with a lifting procedure, is used to solve discrete optimization problems. In our case we add quadratic constraints.

The idea of quadratic valid inequalities has been used in [10]; and closing the duality gap has been discussed in [20].

Our success in closing the duality gap for the QQP_O problem considered in Section 3, where we have the special Kronecker product in the objective function, raises several interesting questions. For example, can the strong duality result for QQP_O be extended to the same problem with an added linear term in the objective, or, are there some other special classes of objective functions where this is possible? Another outstanding question is whether it is possible to add quadratic constraints to close the duality gap for the two trust region subproblem TTRS.

References

[1] F. ALIZADEH. Interior point methods in semidefinite programming with applications to combinatorial optimization. SIAM Journal on Optimization, 5:13–51, 1995.

[2] J. PENG andY. YUAN. Generalizations of the trust region subproblem. Technical report, Institute of Computational mathmatics and Scientific Computing, Academic Sinica, Beijing 100080 China, 1995.

[3] R. Bhatia. Perturbation Bounds for Matrix Eigenvalues : Pitman Research Notes in Mathematics Series 162. Longman, 1987.

[4] M.R. CELIS, J.E. DENNIS Jr., and R.A. TAPIA. A trust region strategy for nonlinear equality constrained optimization. In Proceedings of the SIAM Conference on Numerical Optimization, Boulder, CO, 1984. Also available as Technical Report TR84-1, Department of Mathematical Sciences, Rice University, Houston, TX.

[5] J.-P. CROUZEIX, J.-E. MARTMNEZ-LEGAZ, and A. SEEGER. An alternative theorem for quadratic forms and extensions. Linear Algebra Appl., 215:121–134, 1995.

[6] W.E. DONATH and A.J. HOFFMAN. Lower bounds for the partitioning of graphs. IBM J. of Research and Developement, 17:420–425, 1973.

[7] ALAN EDELMAN, TOMAS ARIAN, and STEVEN T. SMITH. The geometry of algorithms with orthogonality constraints. SIAM J. Matrix Anal. Appl., ??:???–???, 1998.

[8] G. FINKE, R.E. BURKARD, and F. RENDL. Quadratic assignment problems. Annals of Discrete Mathematics, 31:61–82, 1987.

[9] M. FU, Z. LUO, and Y. YE. Approximation algorithms for quadratic programming. Journal of Combinatorial Optimization, 2(1):29–50, 1998.

[10] T. FUJIE and M. KOJIMA. Semidefinite programming relaxation for nonconvex quadratic programs. J. Global Optim., 10(4):367–380, 1997.

[11] M. X. GOEMANS. Semidefinite programming in combinatorial optimization. Mathematical Programming, 79:143–162, 1997.

[12] M.X. GOEMANS and D.P. WILLIAMSON. .878-approximation algorithms for MAX CUT and MAX 2SAT. In ACM Symposium on Theory of Computing (STOC), 1994.

[13] S.W. HADLEY, F. RENDL, and H. WOLKOWICZ. Bounds for the quadratic assignment problems using continuous optimization. In Integer Programming and Combinatorial Optimization. University of Waterloo Press, 1990.

[14] S.W. HADLEY, F. RENDL, and H. WOLKOWICZ. A new lower bound via projection for the quadratic assignment problem. Mathematics of Operations Research, 17:727–739, 1992.

[15] C. HELMBERG. An interior point method for semidefinite programming and max-cut bounds.

PhD thesis, Graz University of Technology, Austria, 1994.

[16] C. HELMBERG. Fixing variables in semidefinite relaxations. Lecture Notes in Computer Science, 1284:259–263, 1997.

[17] C. HELMBERG and F. RENDL. A spectral bundle method for semidefinite programming.

Technical report, Graz University of Technology, Graz, Austria, 1997.

[18] C. HELMBERG, F. RENDL, R. J. VANDERBEI, and H. WOLKOWICZ. An interior point method for semidefinite programming. SIAM Journal on Optimization, pages 342–361, 1996. URL: ftp://orion.uwaterloo.ca/pub/henry/reports/sdp.ps.gz.

[19] F. JARRE. On the convergence of the method of analytic centers when applied to convex quadratic programs. Mathematical Programming, 49(3):341–358, 1990.

[20] M. KOJIMA and L. TUNCEL. Cones of matrices and successive convex relaxations of nonconvex sets. Technical Report B-338, Dept. of Mathematical Sciences, Tokyo Institute of Technology, Tokyo, Japan, 1998.

[21] S. KRUK and H. WOLKOWICZ. SQ^2P, sequential quadratic constrained quadratic programming. Research report, corr 97-01, University of Waterloo, Waterloo, Ontario, 1997. accepted (subject to revision) for the Proceedings of Nonlinear Programming Conference in Beijing in honour of Professor M.J.D. Powell.

[22] M. LAURENT. Cute, matrix completions and graph rigidity. Mathematical Programming, 79:255–284, 1997.

[23] M. LAURENT. A tour d’horizon on positive semidefinite and Euclidean distance matrix completion problems. In Topics in Semidefinite and Interior-Point Methods, volume 18 of The Fields Institute for Research in Mathematical Sciences, Communications Series, Providence, Rhode Island, 1998. American Mathematical Society.

[24] L. LOVÁSZ. On the Shannon capacity of a graph. IEEE Transactions on Information Theory, 25:1–7, 1979.

[25] L. LOVÁSZ and A. SCHRIJVER. Cones of matrices and set-functions and 0-1 optimization.

SIAM Journal on Optimization, 1(2):166–190, 1991.

[26] Z-Q. LUO and J. SUN. An analytic center based column generation algorithm for convex quadratic feasibility problems. Technical report, McMaster University, Hamilton, Ontario, 1995. ftp://ftp.nus.sg/pub/NUS/opt/qcut.ps.gz.

[27] Z-Q. LUO and S. ZHANG. On the extension of Frank-Wolfe theorem. Technical report, Erasmus University Rotterdam, The Netherlands, 1997.

[28] J.M. MARTINEZ. Local minimizers of quadratic functions on Euclidean balls and spheres. SIAM Journal on Optimization, 4(1):159–176, 1994.

[29] J.J. MORÉ. Generalizations of the trust region problem. Technical Report MCS-P349-0193, Argonne National Labs, Argonne, IL, 1993.

[30] J.J. MORÉ and D.C. SORENSEN. Computing a trust region step. SIAM J. Sci. Statist.

Comput., 4:553–572, 1983.

[31] Y. E. NESTEROV. Semidefinite relaxation and nonconvex quadratic optimization. Optimization Methods and Software, 9:141–160, 1998. Special Issue Celebrating the 60th Birthday of Professor Naum Shor.

[32] Y. E. NESTEROV and A. S. NEMIROVSKI. Interior Point Polynomial Algorithms in Convex Programming : Theory and Algorithms. SIAM Publications. SIAM, Philadelphia, USA, 1994.

[33] P. PARDALOS, F. RENDL, and H. WOLKOWICZ. The quadratic assignment problem: A survey and recent developments. In Proceedings of the DIMACS Workshop on Quadratic Assignment Problems, volume 16 of DIMACS Series in Discrete Mathematics and Theoretical Computer Science, pages 1–41. American Mathematical Society, 1994.

[34] E. L. PETERSON and J. G. ECKER. Geometric programming: duality in quadratic programming and l_p-approximation. II. (Canonical programs). SIAM J. Appl. Math., 17:317–340, 1969.

[35] E¿ L. PETERSON and J. G. ECKER. Geometric programming: duality in quadratic programming and l_p-approximation. III. Degenerate programs. J. Math. Anal. Appl., 29:365–383, 1970.

[36] E. L. PETERSON and J. G. ECKER. Geometric programming: duality in quadratic programming and l_p-approximation. I. In Proceedings of the Princeton Symposium on Mathematical Programming (Princeton Univ., 1967), pages 445–480, Princeton, N.J., 1970. Princeton Univ. Press.

[37] S. POLJAK, F. RENDL, and H. WOLKOWICZ. A recipe for semidefinite relaxation for (0,1)- quadratic programming. Journal of Global Optimization, 7:51–73, 1995.

[38] S. POLJAK and H. WOLKOWICZ. Convex relaxations of 0-1 quadratic programming. Mathematics of Operations Research, 20(3):550–561, 1995.

[39] A.J. QUIST, E. DE KLERK, C. ROOS, and T. TERLAKY. Copositive relaxation for general quadratic programming. Optimization Methods and Software, 9:185–208, 1998. Special Issue Celebrating the 60th Birthday of Professor Naum Shor.

[40] F. RENDL and H. WOLKOWICZ. A semidefinite framework for trust region subproblems with applications to large scale minimization. Mathematical Programming, 77(2):273–299, 1997.

[41] S.A. SANTOS and D.C. SORENSEN. A new matrix-free algorithm for the large-scale trustregion subproblem. Technical Report TR95-20, Rice University, Houston, TX, 1995.

[42] N.Z. SHOR. Quadratic optimization problems. Soviet J. of Computer and Systems Science, 25(6):1–11, 1987.

[43] R. STERN and H. WOLKOWICZ. Indefinite trust region subproblems and nonsymmetric eigenvalue perturbations. SIAM J. Optimization, 5(2):286–313, 1995.

[44] T. TERLAKY. On l_p programming. European Journal of Operational Research, 22:70–100, 1985.

[45] H. WOLKOWICZ and Q. ZHAO. Semidefinite relaxations for the graph partitioning problem.

Discrete Applied Math., ??, to appear subject to revision. URL: ftp://orion.uwaterloo.ca/pub/henry/reports/graphpart.ps.gz.

[46] Y. YE. Approximating quadratic programming with bound constraints. Technical report, Department of Management Sciences The University of Iowa, 1997.

[47] Y. YUAN. Some properties of trust region algorithms for nonsmooth optimization. Technical Report DAMTP 1983/NA14, Department of Applied Mathematics and Theoretical Physics, University of Cambridge, Cambridge, England, 1983.

[48] Y. YUAN. On a subproblem of trust region algorithms for constrained optimization. Mathematical Programming, 47:53–63, 1990.

[49] Y. YUAN. A dual algorithm for minimizing a quadratic function with two quadratic constraints.

Journal of Computational Mathematics, 9:348–359, 1991.

[50] Q. ZHAO, S. KARISCH, F. RENDL, and H. WOLKOWICZ. Semidefinite programming relaxations for the quadratic assignment problem. J. Combinatorial Optimization, 2.1, 1998. CORR 95-27, URL: ftp://orion.uwaterloo.ca/pub/henry/reports/qapsdp.ps.gz.