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Abstract

In this paper we extend a recent algorithm for solving the sensor network localization problem
(SNL) to include instances with facial reduction to include the intersection of more than
two faces. In particular, we continue to exploit the implicit degeneracy in the semidefinite
programming (SDP) relaxation of SNL.

This is a preliminary working paper, and is a work in progress.
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1 Introduction

In this paper we derive and test an algorithm for solving large scale sensor localization problems
(SN L) using simultaneous intersections of faces.

The SINL problem consists in locating sensors using the fact that some of the sensors are
anchors for which the locations are given, and that the distances between sensors within a given
radio range are (approximately) known. Our algorithm extends the results in [19].

Following the approach in [I9], we then exploit the implicit degeneracy in the semidefinite
programming (SDP) relaxation of SINL. This involves finding the subspace representation of
the faces of the semidefinite cone S corresponding to the faces of the Euclidean distance matrix
cone £™. We repeatedly find the intersection of faces by finding the intersection of the subspace
representations. We delay the completion of the original ED M till the end, i.e., after we find the
E D M completion from the data, we finalize by rotating the problem using the original positions
of the anchors.

2 Background

The SN L problem has recently attracted a lot of interest; see, for example, [5, 23] 24], 25 [17]. See
also the webpage www.convexoptimization.com/dattorro/sensor_network_localization.html and the
recent thesis [I8]. Nie [23] using sums of squares also includes an error analysis. Noisy distances
are handled in [4] using a combination of regularization and refinement.

3 Notation and Preliminary Results

We let M ™*™ denote the vector space of m x n real matrices equipped with the trace inner product,
(A, B) = trace AT B; let M™ := M ™" and let S” denote the subspace of real symmetric n x n
matrices; ST and S, denote the cone of positive semidefinite and positive definite matrices,
respectively; A = B and A > B denote the Lowner partial order, A — B € S and A— B € S,
respectively; R(L) and N(L) denote the range space and null space of the linear transformation £,
respectively; we let e denote the vector of ones of appropriate dimension; and we use the MATLAB
notation 1in = {1,...,n}. For M € M", we let Sg(M) = $(M + MT) € 8" denote the sum
symmetrization. Thus, Sy : M™ — S™ represents the orthogonal projection onto S™. The adjoint
of Sy, is given by Sg*(S) = S, for all S € S™. For M € M™, we let Sp(M) = MMT € S" denote
the product symmetrization.

For a subset S, let cone (S) denotes the convex cone generated by the set S. A subset F' C K
is a face of the cone K, denoted F' < K, if

<a;,y€K, %(z—ky)EF) = (cone{z,y} C F).
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If F <K, but is not equal to K, we write FF < K. If {0} # FF< K, then F is a proper face of K. For
S C K, we let face(S) denote the smallest face of K that contains S. A face F' < K is an exposed
face if it is the intersection of K with a hyperplane. The cone K is facially exposed if every face
F < K is exposed.

The cone of positive semidefinite matrices S is facially exposed. A face F' I S can be
characterized using the range or the nullspace of any matrix S in the relative interior of the face.
If S € relint F, and S = UDsUT is the compact spectral decomposition of S with the diagonal
matrix of eigenvalues Dg € S’ | then

F=US.UT. (3.1)

We let Sy C 8™ denote the space of hollow matrices; i.e., the set of symmetric matrices with
zero diagonal. Let D € Sp. If there exist points py,...,p, € R" such that

Dij = |lpi = pjll3, ii=1,...,m, (3.2)

then D is called a Fuclidean distance matriz, denoted EDM . Note that we work with squared
distances. The smallest value of r such that [32) holds is called the embedding dimension of D.
The set of ED M matrices forms a closed convex cone in 8™, denoted £™. If we are given a partial
EDM , D, € £", let G = (N, E,w) be the corresponding simple graph on the nodes N = 1:n
whose edges E correspond to the known entries of D), with (Dp);; = w?j, for all (i,7) € E.
Definition 3.1. ForY € 8" and o C 1:n, we let Y[a] denote the corresponding principal submatrix
formed from the rows and columns with indices . If, in addition, |o| = k and Y € S* is given,
then we define

S"(a,Y)={Y eS":Y[a] =Y}, S¥a,V):={YeS!  :Y[]=Y}.
Definition 3.2. Given D € £" and o C 1:n, let B := K'(D[a]) = PoPT, where P is full column

rank. Then the rows of P are called a representation of the points in the subset a.

The subset of matrices in S with the top left £ x k block fixed is

S™(1:k,Y) = {Y €S Y = [i"} } . (3.3)

Similarly, if the principal submatrix D € E¥ is given, for index set a C 1:n, with |a| = k, we define
E"(a, D) := {D € &": Dla] = D}. (3.4)

The subset of matrices in £" with the top left k x k block fixed is

E"(1:k, D) = {D €& D= [A"] } . (3.5)

We are given a subset (including the distances between anchors) of the (squared) distances
from B2]). This forms a partial EDM, D,,. We intend to solve the EDM completion problem, i.e.
finding the missing entries of D, to complete the EDM . This completion problem can be solved
by finding a set of points p1,...,p, € R" satisfying ([B.2]), where r is the embedding dimension of



the partial EDM, D,. Equivalently, we solve the graph realizability problem with dimension r,
i.e. we finding positions in R" for the vertices of a graph such that the inter-distances of these
positions satisfy the given edge lengths of the graph.

Let Y € M™ be an n X n real matrix and y € R™ a vector. We let diag(Y") denote the vector in
R"™ formed from the diagonal of Y. Then Diag(y) = diag*(y) denotes the diagonal matrix in M"
with the vector y along its diagonal; Diag is the adjoint of diag. The operator offDiag can then
be defined as offDiag(Y) := Y — Diag(diag Y); let us2vec : 8" — R™"~1/2 where us2vec(D) is v/2
times the vector in R™"~1)/2 formed from the strictly upper triangular part of D taken columnwise;

the adjoint is us2Mat = us2vec* and us2Mat(d) € Sy takes % times the vector d € R*"~1/2 and

forms the matrix in Sy. Note that us2Mat = us2vec!, i.e. us2vecus2Mat = I; and us2Mat is an
isometry from R™"~1/2 to0 Sy

For PT = [pl P2 ... pn] € M"™" where pj, j = 1,...,n, are the points used in (32), let
Y := PPT and let D be the corresponding ED M satisfying ([3.2)). The following linear operators
K and D, provide the connection between SDP and EDM .

KY) = D(Y)-2Y
= diag(Y) e + e diag(Y)T —2Y
= <p?pi +plpj— 2pfpj)

(sz - ij%)Zj:l
= D.

i,j=1

By abuse of notation, we also allow D, to act on a vector; that is, D,(y) := yv” 4+ vy”. Note that
K(Y) = 28x(diag(Y)el) — 2V = 2(Sy(-e!) diag) (V) — 2V. (3.7)
Therefore, the adjoint of K acting on D € 8™ is

K*(D) = 2(Ss(-e!)diag)*(D) — 2D
= 2diag*(-e?)*(Sg)* (D) — 2D

= 2Diag(-e)(D) — 2D (3.8)
= 2(Diag(De) — D).
Moreover,
K*K(Y) = 2(Diag(K(Y)e) — K(Y)) 39)

= —2(K(Y) — Diag(v)),

where v = IC(Y)e, i.e. we write it this way to emphasize that we simply subtract the row sums
from the diagonal of K(Y).

The linear operator K is one-one and onto between the centered and hollow subspaces of S,
which are defined as

Soc = {YeS§S":Ye=0} (zero row sums), (3.10)
Sy = {De 8" :diag(D) =0} = R(offDiag). '
Let J:=J,:=1— %eeT denote the orthogonal projection onto the subspace {e}*, and define the
linear operator T (D) := —31.J offDiag(D).J. (We use J when the dimension is clear.) Then we have
the following relationships.



Proposition 3.3. ([1]) The linear operator T is the generalized inverse of the linear operator K;
that is, Kt = T. Moreover:

R(K) = Sus N(K) = R(D.); 1)
R(C) =R(T) = Soi N(K*) = N(T) = R(Dig): |

8" =S8y ® R(Diag) = S¢ ® R(De). (3.12)

Theorem 3.4. ([1) The linear operators T and K are one-to-one and onto mappings between the
cone " C Sy and the face of the semidefinite cone S N Sc. That is,

TEY) =S'NSc and K(S"NSc) = &M

Let D, € 8" be a partial EDM with embedding dimension r and let H € S" be the 0-1
matrix corresponding to the known entries of D,. One can use the substitution D = KC(Y"), where
Y € 8 NS¢, in the ED M completion problem

Find Deé&n
st. HoD=D,

to obtain the S D P relaxation
Find Y €87 NSe

st. HoK(Y)=D, "
This relaxation does not restrict the rank of Y and may yield a solution with embedding dimension
that is too large, if rank (Y) > r. A clique v C 1:n in the graph G corresponds to a subset of
sensors for which the distances w;; = ||p; — pjll2 are known, for all i,j € ~; equivalently, the
clique corresponds to the principal submatrix Dp[y]| of the partial EDM matrix D, where all
the elements of D,[y] are known. Moreover, solving SDP problems with rank restrictions is NP-
HARD. However, we work on faces of S% described by U SﬁrU T with ¢t < n. In order to find the
face with the smallest dimension ¢, we must have the correct knowledge of the matrix U. In this
paper, we obtain information on U using the cliques in the graph of the partial EDM .
Suppose that
VTe =0 and [e V] is nonsingular. (3.13)

We now introduce the composite operators
Ky(X) = KVXVT), (3.14)

and
Tv(D) = VIT(D)(VT)I = —iVTJoffDiag(D)J (V)T (3.15)

Lemma 3.5 ([2, [1]). Suppose that V satisfies the definition in (Z13). Then

Kv(Sp-1) = S,
Tv(Su) = Sn—1,

and Ky = 7-‘;[.



From (BI3) and (3.6]) we get that
Ky (D) = VIK*(D)V (3.16)

is the adjoint operator of Ky . The following corollary summarizes useful relationships between
&, the cone of Euclidean distance matrices of order n, and P, the cone of positive semidefinite
matrices of order n — 1.

Corollary 3.6 ([2,[I]). Suppose that V is defined as in (313). Then:

ICV(P) = 87
Tv(E) = P.

4 Facial Geometry

Let D be an nxn partial Euclidean distance matrix with associated graph G = (V, E). In particular,
we have that B
V=1In and F = {z'j : Dyj is speciﬁed} .

Let F be the corresponding set of feasible centred Gram matrices Y'; that is,
F = {Y € S:L_ 058 : ’C(Y)Z] = Dw,VZj S E} .

Let a C 1:n be a subset of the nodes of the graph G. We define the feasible set of centred Gram
matrices Y that agree with the distances on the subgraph induced by the nodes in « as

Fo = {Y = S:L_ﬂsg« : ’C(Y)Z] :Dw,VZ] S Eﬁ(Oé X Oé)}

Note that F C F,.
Let 1,9 C 1:n and let

face (Fa,) = UiSf__‘aileriJrlUg,
fori=1,2.

4.1 Mixed dimension face intersection lemma

Suppose that 0 # f; <S8 ,i = 1,2 are proper faces. We would like to study the intersection of
these two faces. Let

d; = dim f;, G; € relint f;, 0# v; € N(G;), QZ-Te =v;, Q; €0, i=1,2.
By using the rotations f; < Qf;QT, we can ensure that
ee N(G;), Gi € Se, [i CS¢, i=1,2.

Therefore, if needed, we can assume that the (; are appropriate centered Gram matrices. In
addition, we can factor a Gram matrix 7777G € f1 N f27777 as

di+1 |a2\a1|

di+1  |a2\ou]

Gu G| 7 e Ui; 0 o | 1[7 20 1
G=U UT, U= jmneal | U 0o | = :
[Gsz G2J o jaz\an| [ 0 I }

|\ o] 0 I



??77?connection to Kronecker canonical form??7?? e.g., [21I] and so we can do this for an arbitrary

pair of faces???? how?7?777?

We now consider the special case where each G; has a decomposition as above with a U that

has a identity matrix block.

Lemma 4.1. Fori=1,2, let d; be a nonnegative integer, a; C 1:n, and U; € Rl x(dit1) - Lot

di+1

lar\az| r 01*111 |a2(\)a1‘ - d1_+1 |2\ o1 |

Ui := |ainasz| U112 0 = foa] |: Uol IO
as\er] |0 Iy | o2 \ev1 | 22

do+1

lar\az| [ la}\az‘ 2(;_ i lasiaz] ~ datl

Lo M 12 |1 \az] I1q 0

U2 = |arNaz| 0 U2 = 0 17
la2\e1| | 0 U222 ] o] 2

Fori=1,2, let k; :== dim (null (Uim)) and Z; € RWETD*E: satisfy
range(Z;) = null(U}?).

e If range(U}?) C range(Ui2) and

da+1 k1
_ lanaal | UP (U 032 U 2
ez Uy 0 |
then range(U) = range(U;) Nrange(Us).
o If range(Ui?) C range(Us?) and
di+1 ko
el Uy 0
T lao\ar | U2 (U2 U2 U2z, |

then range(U) = range(U;) Nrange(Uz).

If range(Ui2) = range(UJ?), then
dy + kg = da + ky.

|
|

Proof. Let U be given by equation (L3]). Suppose that x € range(U;) Nrange(Usz). Then

Ulllvl w1
r= |U?v | = |Uws |,
(%) U222w2

(4.1)

(4.2)

(4.4)

(4.6)



for some v = [vy;v9] € RAHIHe M| and 1w = [wy; wy] € RlM1\e2l+d2+1 Therefore, we have that
v € (U112)T Us?ws + null (U}?)

S0 v = ([]112)T U212w2 + Z1 21, for some z; € R¥1. Thus,

UL (U2) U2y + U 2,2,
_ 12 _ 77 |2
22 1
U2 w9

so x € range(U). Now suppose that = € range(U). Then there exist wy € R%T! and z; € R™

satisfying equation ([{7T). Let

v = (U112)Jr U212w2 + lel,

Vg 1= U222w2,

il

wy = Ui v1.

Since range (U;?) C range (U}?) and rangeZ; = null (U{?), we have
U0y = UL (US2) Uf2ws + U2 2121 = U,
Therefore, equation (£6]) holds, so = € range(U;) Nrange(Us). Thus,
range(U) = range(U;) Nrange(Us).

A similar argument gives the same result when U is given by equation (Z4]).
Finally, suppose range(U}?) = range(U52). Then

dy + 1 = dim(null(U}?)) + rank (U}?) = ky + rank (U}?)

and
dy + 1 = dim(null(U3?)) + rank (U3?) = ko + rank (U5?)
implies that do + 1 — ko = di + 1 — k1. Therefore, do + k1 = dy + ko. O

Lemma 4.2. Fori=1,2, let d; be a nonnegative integer, a; C 1:n, and U; € Rl X(di+1) - Lot

] d1i_11 la2\eu | di+1  |az\oa]
ezl [ UL 0 eal [ Tr 0
Ul — ‘alﬂa2| U112 0 _ | \1 ‘ |: 01 I :|’ (48)
laz\au | 0 I 2\1
o \az|  da+1 e \az| - d2+1
o\l [T 0 joa\aal [ 10
Uz := |arnas| 0 U2 = \1 \2 [ U } "
las\ad | 0 U222 | as 2

Let F;,i = 1,2 denote the corresponding two faces. Then there exists matrices Q;,i = 1,2, each
with linearly independent columns such that

Ni=1range(U;) = range(U;Q;),j = 1, 2.

Equivalently, the intersection of the two faces is represented by either choice of (U;Q;),7 = 1,2.



Proof. The intersection of the two faces is represented by the matrix X in the relative interior
where the range of X is given by the intersection of the two ranges, i.e.

X =U;Q:D;QIUr Dy = 0,i=1,2,

for appropriate matrices ();. This means we can represent the face with either representation of
the appropriate range space. ]

4.1.1 Determining k; and ko

For a Euclidean distance matrix D € 8", we define the embedding dimension of D as
embdim(D) = min{d 31, pn € RS |ps —pjﬂg = ﬁij,Vij} .
For a partial Euclidean distance matrix D, we define the mazimum embedding dimension as
maxdim(D) := max {rank (Y) : Y € S NS¢ > K(Y);; = Dy;,Vij € E},

where E := {ij : D;; is “specified” }.
Let o C 1:n and

face {Y € S} : H[a] o K(Y[a]) = H[a] o D[a]} := ysnlaltdigt

where
Ule,1:(d +1)] := U e Rlelx(@+1), (4.10)
Ula,(d+2):(n—|a| +d+1)] .= 1 e 8™l (4.11)
Up := UB,]

4.2 Alternate/Direct Approach Using SVD
We start off with the equation for the unknown vectors y.
U1:E = Ugy = U3Z.

We let
Ui = uisivl,i=1,2,3

denote the SVD for the matrices. Therefore, the system for y becomes:
ULSIVIT = U2S52V2Y = U3S3V3%Z,

S101x = uipugswgy = ’LL{U383U3Z.

In this example, all the cliques are the same size, 4. The embedding dimension is 2. Therefore we
lose 4 — 2 — 1 = 1 rank in the clique reduction for each clique, i.e. the dimension of each face is
7—1 = 6. Therefore, each U; is 7 x 6 and is full column rank. In fact, by construction the U; have



orthogonal columns and so singular values are all 1 except for one which is 0. Therefore, sjv; has
a zero bottom row. We get:

T = (Sl’Ul)TU{UgSQ'UQy = (slvl)TulTU333vgz, boy = 0,b3z = 0,

where b; denotes the last row of u{uisivi,i = 2,3. We can substitute using bases for the orthogonal
complements of the b;

T = (slvl)Tu{ugswngg = (slvl)Tuipuz),s;),nggE.

We can repeat this step to find g in terms of z, e.g. by using the SVD (slvl)Tu{ustng = uSv.
Therefore, we get
USVY = (Slvl)Tu{U383U3P3Z.

Again, 5§ has a zero bottom row. This gives us a new constraint on z. We can substitute using a
basis for the range of the orthogonal complement of the bottom row of ET(slvl)Tufuz),s?,ngg, call
it b3 and the basis P3. This yields the equation

Yy = (Eﬁ)TﬁT(slvl)Tu{u;),sz),ngngé.

5 Clique Reduction

We now present several techniques for reducing an ED M completion problem using cliques in the
graph. This extends the results presented in [10, [0 19]. In particular, we modify the approach in
[19] for combining two cliques.

The following two technical lemmas are given in [19].

Lemma 5.1 ([19]). Let BES™, Bv=0,v#0,y € R" and Y := B+ D,(y). If Y =0, then
y € R(B) + cone {v}.
O

Lemma 5.2 ([[9]). Let Y € S and U € M"™ with U having full column rank. If face {Y} <
(resp.=) USL U™, then

= = T
face ST (1:k,Y) < (resp.=) [g Io_k] Si_kth [(g Io_k] . (5.1)

Proof. The result in [19] assumes that U7 U = I. The extension to U having full column rank follows
from taking the compact QR-factorization U = QR, where Q7 Q = I and R is nonsingular. O

We can now find an expression for the face defined by a given clique in the graph. Without loss

of generality, we can assume that o = 1:k C 1:n, |a| = k.

Theorem 5.3 ([19]). Let D € £, with embedding dimension r. Let a := 1:k, D := Dla] € & with
embedding dimension t, and B := ICT(D) = UBSU}SC, where Ug € M** Ug having full column

t — ., L kex (t4+1) _|Ug 0
rank, and S € S\ . Furthermore, let Up := [UB \/Ee} e MM , U = [ 0 In—k:|7 and let
[V ”g—;zu} e MR he orthogonal. Then
face KT (£"(1:k, D)) = (Usi—“tﬂUT) NSe = (UV)STFHUv)L. (5.2)

10



Proof. As in Lemma [52] the result in [T9] assumes that U7U = I. The extension follows as in the
proof of the Lemma. O

In Theorem [5.3] we can make various choices for S and thus change the choice of Ug. An
interesting choice for Up allows for a representation for the points in the clique.

Corollary 5.4. Let D,r,a,D,t be defined as in Theorem [53. Let B := K'(D) = PBPg, where
Pg € MF*t is full column rank. Furthermore, let Q be orthogonal, Up := [PBQ ﬁe] €

kx(t+1) — Us 0
M ,U: 0 I, .

and the rows of PpQ provide a relative representation of the points in the clique ., i.e.

K((PpQ)(PsQ)") = Dlal.

], and let [V Hg—izﬂ} € ML be orthogonal. Then (5.2) holds,

Proof. We just need to use S = I; = QQT in the expression for B in the hypothesis of Theorem
5.3t e.g. we could use the compact spectral decomposition B = UDUT and set Pg = UD2. Then
K((PsQ)(PpQ)") = K(Pp(Ph) = K(B) = Dla]. O

The following result provides expressions for the face for the union of two cliques.

Theorem 5.5 ([19]). Let D € £" with embedding dimension r and define the sets of positive
integers - ~ ~ o
o] = 12(k‘1 + k‘Q), Qg = (k’l + 1):(k‘1 + k‘g + k?l) C 1,
k= ]al\ =k + k_?z, ko ::_’ag‘ = ko + ks, (5.3)

k:=k + ko + k3.
For i = 1,2, let D; := D[oy] € EF with embedding dimension t;, and B; := ICT(DZ-) = UiSZUZ-T,
where U; € MFxti, Uurv, = 1, S; € Sff+, and U; = [[71' \/1156} e MFXEHD - Let ¢ and
U e M*UHD satisfy

. Uy 0 Ip 0 o AT
’R(U)—R([O I,;B]>HR<[01 UJ)’ with U U = I4q. (5.4)
Uu o nx (n—k+t+1) UTe n—ktt+1
Let U := e M and [V —T] eM be orthogonal. Then
0 I, & [UTe]
2
() face KT (€"(v, Dy)) = (USQ"“*t*lUT) NSc = (UV)STHHuv)T. (5.5)
i=1
O

5.1 Rigidity and Primal-Dual Approach

First, we summarize the definitions and characterizations of global and universal rigidity in terms
of the matrix ) and its co-rank.

We then present our algorithm of facial reduction for the Gram matrix as simultaneously build-
ing the conjugate face for the rigidity matrix.

11



5.2 Nomnsingular Reduction with Intersection Embedding Dimension r

We need the following technical result on the intersection of two structured subspaces.

Lemma 5.6 ([19]). Let

U/ U// “ Ulll 0 N I 0
Uy = [U}/} » U= [sz] , U= |U{? 0f, Uai=|0 Uy
1 2 0 I 0 U2

be appropriately blocked with U2, Us? € M*¥U full column rank and R(U?) = R(US?). Further-
more, let

. Uy . Uty
U1 = {/ s U2 = Ué’ . (5.6)
U3 (U3)tUy Us

Then Uy and Us are full column rank and satisfy
R(ﬁl) N R(ﬁg) =R (Ul) =R (UQ) .

Moreover, if e, € R! is the ™ standard unit vector, and Uje; = aye, for some oy # 0, fori = 1,2,
then Use; = aye, fori=1,2. O

The following key result shows that we can complete the distances in the union of two cliques
provided that their intersection has embedding dimension equal to r.

Theorem 5.7 ([19]). Let the hypotheses of Theorem [5 hold. Let
BCainas, D=D[f, B=K(D), Us=0U[5 1,

where U € M**UHD) satisfies equation (54). Let [V [:J—Te} € M be orthogonal. Let

[UTell
Z .= (JUSV) B((JUzV)))T. (5.7)
If the embedding dimension for D isr, thent =1, Z € S, is the unique solution of the equation
(JUV)Z(JUzV)! = B, (5.8)
and
Dlay Uas] =K (OUV)Z(TOV)T). (5.9)
O

The following result shows that if we know the minimal face of S” containing K1(D), and we
know a small submatrix of D, then we can compute a set of points in R” that generate D by solving
a small equation.

Corollary 5.8 ([19]). Let D € E™ with embedding dimension r, and let f C 1:n. LetU € M nx(r+1)
satisfy

face KT (D) = (USTH'UT) n Sc,
let Ug := U|[B,:], and let [V Hg—;gll] € M ™1 be orthogonal. If D3] has embedding dimension r,
then

(JUV)Z(IUV)T = KH(DA))
has a unique solution Z € S, and D = K(PPT), where P := UV Zz/2 e Ro<r, O

12



We now show that we can combine two cliques using the relative point representations of each.

Theorem 5.9. Let the hypotheses of Theorem [5.3 hold, and following Corollary [5.4], for i = 1,2,
let B; = PZ-PZ-T be full column rank factorizations, so that the rows of P; provide relative positions
for the points in the cliques «;; and partition

P pr A PO A I 0
P = [P},], Py = [P%] P:i=|P? 0|, P:=|0 P?
! 2 0 I 0 Py?
Furthermore, let
B Pi(P) P
P = Py , Pyi= P} . (5.10)
Py(Py) Py P

If the embedding dimension of D is r, then: t = r; Q1 := (PP} and Qo := (PY)IP{ are both
orthogonal; Py and Ps are full column rank and their rows provide relative representations for the
points in the union of the cliques o;,1 = 1,2, i.e.

Dloy Uag) = K(BPE), i=1,2. (5.11)

Proof. From Lemma [5.6] we have that R(P;) = R(P). Therefore, R(P") = R(Py). This means
that we can apply the projections on these ranges and get that

PYRYIPY = P, PUPY)PY = Py,

Therefore, P; is obtained using Q1 = (P/)TPy and the multiplication P;Q;. Similarly, P is
obtained using Q2 = (PY)T P’ and the multiplication P»Qs.
Since
Pe=0, D=KP'P"H), i=12,

We get that both Q;,i = 1,2 are orthogonal. O

Remark 5.10. Note that there can be many ways to find the full column rank factorizations B; =
PZ-PZ-T in Theorem[5.9, e.g.: the compact spectral decomposition; the partial Cholesky factorization;
or the compact QR factorization.

5.3 Degenerate Case 1

We now show that we can combine three cliques using the relative point representations of each.

the points P on the Gram matrix B = PP” and the EDM D = K(B), i.e., let Il be an n x n
permutation matrix. Then IIP denotes a permutation of the order of the points, nodes. We see:

nsn’ = mp)mp)’, KMBIT) = diag(TIBIT)el + ediag(IBOT)T — 2B = TIDIIT.
(5.12)
The following result provides expressions for the face for the union of three cliques.
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Theorem 5.11. Let D € ™ with embedding dimension v and define the sets of positive integers

a=aUasUaz =ai; UajpUagp UassUagzUaiz =1:n,
a1 = a1n Uap Uz, = aja Uaga Uagz = ki1 + 11 ko, a3 = agz3 U aizz U gz = koo + 1 k3,
ap = ik, oqg = (ki + 1):k12, age = (k12 + 1):kag,
g3 = (koo + 1):ko3, sz = (ko3 + 1):ksz, a1z = (k33 + 1):ki3,
1 < k11 < k1o < koo <k‘23<k‘33<k‘13:n.
(5.13)
Let
P:P[Oé] :P[{l,...,k’ll,...,k’lg,...,k’gg,...,k723,...,k733,...,k713}] e MM

denote the matriz with corresponding n points. For i = 1,2,3, let D; := Dla;] € Eloil with

embedding dimension t;, and B; := ICT(Di) = UiSiUZ-T, where U; € M I@ilxti UZ-TUi =1, 85 € ijJr,
g 1

and U; = [Ui me] e M lealxtit1) - oy II;,7 = 1,2,3 denote the permutations that return the

original ordering in P:

P =101 P[{1 : k12, (k33 + 1) : ki3, (k12 + 1) : k33}],
P = HgP[{(kll + 1) D ko, 1 kqq, (kgg + 1) : k173}],
P = H3P[{(k‘22 + 1) : ]{713, 1: ]{722}].

Let t and U € M™ D satisfy UTU = L1 and

Loy O 0
R{UO) = R <H1 [Uol ; 0| |D NR 0 U, 0 NR <[I"—0|“3 gg])
n—|a1

0 0 [\033UO¢13|
U; 0
_ 3 . 7
- M=k <HZ[0 In—az‘|]>
(5.14)

222%still have to fix up n here to get proper subset of points??¢2%also ?22k?722t2222 Let U :=

v e M (n=kttl) gng [V U—;e] e M 1 pe orthogonal. Then
0 I, UTe]
3
() face KT (€™ (o, Di)) = (USf’fHHUT) NSc = (UV)ST+Huv)T. (5.15)
i=1
]

Remark 5.12. Let the hypotheses of Theorem[2. 11 hold, and following Corollary[5.4), fori =1,2,3,
let B; = PZ-PZ-T be full column rank factorizations, so that the rows of P; provide relative positions
for the points in the cliques «;; and partition

P! P)? P
Po= P2, Py= PP, Pyi= PP,
pPl® Py pP?

so that the matrices P; are k; X r with k; > 2r,¥i and the pairs of points

(Pi%, P%), (P52, P°) (P, PP (5.16)
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coincide with the intersections of the cliques (aq Naw), (ag Nag), (an Nag), respectively. And,
these matrices in (5.18) are all nonsingular. We have PTe = 0,Vi. Let

0 Inojo -1
Then
b 0 (1 — L) e e
R . - g Joxi
R (UZ> =R b 0 <1 ‘ai‘> cl=r 0 el 1 1l |- (5.17)
0 Vv e e
0 —1I,_ 01— e e
n—|a;|—1
R P; 0 (1 — ﬁ) e e
Moreover, the last column e of V; = | eI 1 1| @s orthogonal to the other
0 —Iyja-1 e e

columns in V. Therefore, we can ignore the column of ones and we need only find the intersection
of the ranges of the three matrices, respectively, 11;V;, 1 = 1,2,3; each has sixz blocks of rows:

PH 0 0 0 1—2)e [[eT el el 1
[ar] 7 0 e
PPl 0 0 0 (1) - Ly
. o o o . 0 P 0 0 1—rhr)e
—1 0 0 , 0 P32 0 0 1—)el,
0 0 —I 0 e
23 n
0 0 o0 s . 0o [P 0 0 (1 - W) e
0 0 - 0 e
13 _ "
h vl (1 |a1|)e L0 0 I e
[ €T GT GT i i
T (Y I

-1 0 0 e
0 —1I 0 e

0
0

o o o |p= (

o o o Pp¥ (1 - L) e

o o o [P (1-)e

(5.18)
We have put boxes around the blocks that overlap/coincide. We immediately get the three homoge-
neous (block) equations

P112 —P212 516 —526 1
PP —p¥ doe  —d3e 2l =0
P113 —P313 (516 —(536 5

15



We now use block Gaussian elimination on this system. We assume that we order the cliques
appropriately to choose the blocks with the best condition numbers first as the pivot blocks.

N Nk (P Ne a7
P223 —P323 (526 —(536
PB(PI2)7IP? —P33 S1e— P61 (P2) e 6,P3(P2) e —b3e
I —(P{?)" 1 P2(P3?) 1 Pgs au(Pi?)"te —02(PI%)"te+ aa(PL2) TP (PE) The —as(PLR) I P (PFY)”
I —(P33)'P33 52(PF) e —83(P) e

‘P113(P112)*1P212(P223)*1P323—P313‘ Sie— PI361(PL2) e 5y PI3(PI2)"le — 6. P13 (PL2) "1 P2 (P33)~te

Then the union of the three cliques is rigid if and only if

PB(P2)"LP2(P23)=1P2 — PS3| s nonsingular

(proof is that: it is iff the dimension of the nullspace is 39777)
Furthermore, let

o ey
P = P/ . Py= Py . (5.19)
PPy P

If the embedding dimension of D is v, then: t = r; Q1 := (P/)IPY and Qz := (PY)IP{ are both
orthogonal; Py and Ps are full column rank and their rows provide relative representations for the
points in the union of the cliques o;,1 = 1,2, i.e.

Dljay Uan) = K(BPL), i=1,2. (5.20)

Proof. 7777?77 not a proof 7?7 after a remark???? From Lemma [5.6] we have that R(P;) = R(P).
Therefore, R(P;') = R(Py). This means that we can apply the projections on these ranges and get
that

PP P =PI PIPLYPY = P4,

Therefore, P; is obtained using Q1 = (P/)TPy and the multiplication P;Q;. Similarly, P is
obtained using Q2 = (Py)T P/ and the multiplication P»Q>.
Since
Pe=0, D=KP'(PH, i=1,2,

We get that both @;,7 = 1,2 are orthogonal. O

5.4 Nearest EDM

Suppose that we have a clique « corresponding to the EDM D. Then we can find the smallest
face containing £"(«, D) using B = KT(D); see [19]. We now consider the case when we are given
a possibly noisy ED M and we would like to find a best approximation, or the nearest EDM |, i.e.
we want to find a best approximation of B = ICT(D) with the correct rank r. For this purpose, we
let D € £" with embedding dimension r, and suppose that D, = D + N, € Sy N N, where the
off diagonal elements of the rows of the error matrix N, € Sy are independently and identically
distributed with zero mean and the same variance. We now look for the best approximation to
the given noisy distance matrix D.(= D). For example, we could do this in two steps: we first
find the least squares solution B, = ICT(DG), which may not be positive semidefinite and may have
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the wrong rank; we then use the truncated spectral decomposition B, = ICT(DG) ~ U UL, where
UIU. = I, . € 87, . We could then use the approximation K(U.E.U) ~ D, i.e.

D.~K(U3SUL),  where B.=K'(D.) ~UXU!, U'U. =1I,, and & € S" . (5.21)
Alternatively, we could solve the SDP

min  [[(X) — D]l
s.t. rank(X)=r
Xe=0
X = 0.

(5.22)

We could introduce V' as in Corollary B.6l eliminate the constraints. We get the following.

Problem 5.4.1. The unconstrained nearest ED M problem with embedding dimension r is

Ur € argmin 3 [[Kv(UUT) - D (5.23)
s.t. Ue Mm=br, ‘

The nearest EDM is D* = Ky (U} (UA)T).

5.5 Clique Reductions Algorithm

In [I9], we presented an algorithm for exact SIN L given exact data. We now outline this algorithm
and extend to include new cases. The algorithm in [19] considered /handled four different cases:

1. Rigid clique intersection:

2. Non-rigid clique intersection:
3. Rigid node absorption:

4. Non-rigid node absorption:

Each of these cases made use of the essential fact that we knew the embedding dimension is r and
that the operation resulted in a unique face of dimension r from the intersection of two faces. This
resulted in a very successful algorithm. However, the algorithm could fail when the graph is very
sparse. This is due to the fact that the intersection process did not result in a unique face of proper
dimension.

In the case that we end up with more than one clique after applying the above four techniques,
we now extend it to allow the intersection of faces to have dimension > r. For example, the
singular intersections with the application of lower bounds may not yield a unique solution, so we
let the solution be in a higher dimension. This still reduces the dimension of the current face of
the problem.
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6 Localization using Dimensionality Reduction

The approach for the nearest ED M in Section [5.4] concentrated on finding the best approximation
of the Gram matrix X with the correct rank r, e.g., (5:22)). This involves solving a nonlinear nearest
matrix optimization problem. We could delay the restriction to the best rank, and obtain X with
higher rank, i.e., we could delay fixing the rank r till the end. (???7?done in section 7777 with facial
reductions also reducing rank???)

We now study an alternate approach that finds the localization for cliques and then postpones
further localizations in order to find all the locations, all of P, in one step. This uses dimensionality
reductions with a linear projection.

Lemma 6.1. Let a be a clique corresponding to the possibly noisy EDM D = D[a] with |a| = k.
Let B = ICT(D) with B=YY" =0 an approzimate Gram matriz for this clique, where

y =U [Ery] VT = 0,5, VT e REPY

0

is full column rank with its SVD, and U = [UlUg] is partitioned appropriately. Then, an optimal
least squares approximation for the linear dimensionality reducing transformation is

L = YTJP|a,:] € argmin ||JP[a,:] — Y Lg||. (6.1)
And, the best P, := Pla,:] € C is found explicitly from the data Y using

min ||[(I — YYTJP,|.
PyeC

In addition, the projection I — YY1 =1 U U] ; and, if YTe = 0 (centered), then (I — YYT)J =
J—UUf.

Proof. The proof is immediate, since this is the Frobenius norm. For completeness, we use the
SVD of Y and see that

ming,, ||JPla,:] —YLa|% = nLlinHJP[a, ] -U [ESY} (VTLOC)H%7
= win|| U7 Pla, ] - ESY (VTL)|%

= win|| [2} 0] UTTPlas] ~ (VI Lo}
= iV [5! 0] TPl - Lol

The final expression is found by substituting for L, in (61I). O

6.1 Global Localization

The above Lemma allows one to find the explicit expression for the dimension reduction linear
transformation £, implicitly in terms of the unknown points P[a,:]. Therefore, if A is a set of
cliques, then we can find the set of points in the union of all the rows of Pla,:],a € A all at once.

. B T p 112
Pae%lil,}xeA;H(Ja (Ua)1(Ua)1 ) Pall”
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The objective function is convex and partially separable, see e.g., [I5l [16, 8 [7, [6l 26]. Therefore,
these special techniques can be used to exploit the sparsity if one can properly choose the constraint
sets C,. However, by using simple choices for C,, we now present two methods of obtaining explicit
optimal solutions.

Now let S, € {0, 1}|°“X" be the selection matriz that chooses the appropriate rows of P so that

P,=S5,P.
Therefore, with Q, := RySq := (Ja — (Ua)l(Ua)lT) Sa, We get

QEQa = ST(RIR,)Sa = SE(Ja — (Ua)1(Ua)T)Sa,

and
ZaeA H(Ja - (Ua)l(Ua){)Pauz = ZQE_A ”(Ja _Q(Ua)l(Ua){)Sapuz
= 2acall@aP|l
= trace Y, 4 PTQLQ.P
= <P7 EaeA QZQQP>
This is a quadratic form in P. The corresponding positive semidefinite matrix is
Sa, T | Ra, 0 0O ... 0 Sa,
g 0 Rey O ... O g
Q:=>,c4QlQs = “2 “2 (6.2)
S 0 0 R, S

6.1.1 Orthogonality Constrained Localization

An optimal solution of points P can be assumed centered Pe = 0. Since Qe = 0 (e is an eigenvector
with eigenvalue 0), without further normalization, we get P = 0 as the trivial optimal solution.
First, for normalization, we add an orthogonality constraint on P.

Theorem 6.2. The solution for the points P of the localization problem for all the cliques at once
using the program

i Jo = (Ua)1(Ua))SaP|? 6.3

pr By 22 10 = (Gan @S (63)

is found by forming the full rank factorization
PPT =B =Y \vu]
i=1

using the r smallest positive eigenvalues and corresponding orthonormal eigenvectors \;,v;,i =
1,...,r of the matriz of the quadratic form Q given in (62)).

Proof. We eliminate the smallest eigenvalue as it is zero and choose the next r smallest. The result
follows immediately from applying a theorem of Fan [I4] (also [22, Ch 9.B]) to the quadratic form
in the objective function in (G.3)). O
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6.1.2 Trace Constrained Localization

The orthogonal normalization PTP = I, in (6.3) appears to be quite arbitrary. Without any
normalization, the optimal solution is P = 0. The normalization constraint forces the optimal
solution to have rank P = 3.

An alternative P can be found by solving using a weaker normalization from a trace constraint,
yielding a homogeneous trust region subproblem. Rather than the ¢(r) := r(r + 1)/2 constraint
of the normalization, the trace constraint is a single constraint and so we can expect an optimal
solution of rank P = 17777. with better optimal value??7?

Theorem 6.3. The solution for the points P of the localization problem for all the cliques at once
using the program
i Jo — (Ua)1(Ua)1) S P|I? 6.4
S (e = W (Ua))SaP (64)
acA
1s found using the Rayleigh quotient to be

Naldlalaldls

of the Kronecker product: Mat(e; ® v), where v is the eigenvector corresponding to the smallest
eigenvalue other than 0 of

Proof. The constraint Pe = ( forces the solution to be orthogonal to the 0 eigenvalue. As in
Theorem [B6.2], the objective function is a quadratic form with the matrix @), i.e., we can use the
Kronecker product and the vectorization of P (by columns) and get the equivalent objective function

min  trace PPQP = min (vec P)T (I, ® Q)(vec P).
trace PT P=1 | vec P||=1

Let Q = UDUT be the spectral decomposition. The Lagrangian is trace PTQP — )\(PTP —1) with
stationarity condition
0=QP - AP =UDU"P) - \P,

or D(UTP) — AM(UTP) = 0. We choose the smallest eigenvalue and corresponding eigenvector of
Q@ (equivalently of D). 7?77 does ) have multiple smallest eigenvalue corresponding to smallest
clique???7? O

7 Generating/Testing Instances

The SN Lis closely related to the molecular distance geometry problem; see, for example, [13, 12}
11, B]. In particular, the Extended Geometric Build-up Algorithm, (EGBA) is presented in [13].
This algorithm, for » = 3 starts with a clique made up of 4 atoms, and then builds up the size
of the clique by adding one atom at a time. They include a discussion on how to avoid the build
up of round-off error. See [20] for information on generating instances for the molecular distance
geometry problem.
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Index

1:n={1,...,n}, matrix of points in space, P, @
J, orthogonal projection onto {e}~, @

Qu = RaSa = (Jo — (Ua)1(Ua)T) S, [T nearest EDM

E"(a, D), principal submatrix of EDM | nonsingular reduction,
KK, H null space of £, N(L),

O, ortho_gonal matrices, [0l
S™(1:k, }f), principal submatrix top-left block,
S™(1:k,Y), top-left block fixed,

offDiag operator of a matrix, off Diag M, @l
orthogonal matrices, O,

Sn(M), product symmetrization of M, principal submatrix of EDM , £"(c, D), Bl

Sy (M), sum symmetrization of M, principal submatrix positive semidefinite set, S (v, Y),
T=K"a

us2Mat, [ principal submatrix set, S"(a,Y),

us2vec, [ principal submatrix top-left block, £"(1:k, D),
m x n real matrices, M™", principal submatrix top-left block, S™(1:k,Y),
n x n matrices, M" , H principal submatrix, Y|[a],

E DM completion problem, product symmetrization of M, Si(M),

E D M linear operator, K, @ proper face,

clique, Bl 17 range space of £, R(L),

cone generated by C, cone (C), relative interior, relint -,

cone of EDM , £ k, representation of a clique,

cone of positive definite matrices, S¥ | Rigidity, [T

cone of positive semidefinite matrices, S¥ |
selection matrix,

diagonal matrix from a vector, Diag v, @ sum symmetrization of M, Sx(M),
diagonal of a matrix, diag M, [l symmetric k x k matrices, S*,

dimensionality reduction, -
top-left block fixed, £"(1:k, D),

embedding dimension, top-left block fixed, S"(1:k,Y), B
embedding dimension (fized), r, trace inner product, (A, B) = trace AT B,
Euclidean distance matrix, EDM |,
exposed face, vector linear operator, D, @
Extended Geometric Build-up Algorithm, EGBA, vector of ones, e,
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face, F < K,
facially exposed cone,

graph of the EDM , G = (N, E,w),
graph realizability, [

hollow space, S,

Lowner partial order, A = B,
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