INDEFINITE TRUST REGION SUBPROBLEMS AND NONSYMMETRIC EIGENVALUE PERTURBATIONS

Ronald J. Stern Concordia University Department of Mathematics and Statistics Montreal, Quebec H4B 1R6, Canada and Henry Wolkowicz University of Waterloo Department of Combinatorics and Optimization

Waterloo, Ontario N2L 3G1, Canada

Dec. 1992 revised July 1993

Key words: Indefinite trust region subproblems, existence and optimality conditions, numerical solutions, hard case, matrix pencils, nonsymmetric eigenvalue perturbation theory.

AMS Subject Classification: 49M37, 65K05, 65K10, 90C30.

Abstract

0Research supported by Natural Sciences Engineering Research Council Canada grants A4641 and A9161, respectively. This report is issued simultaneously at: the Department of Combinatorics and Optimization, University of Waterloo, Report CORR 92-38; the Department of Civil Engineering and Operations Research, Princeton University, Report SOR 93-1; and DIMACS Center, Rutgers University, Report 93-19. The second author would like to thank the SOR group at Princeton University as well as DIMACS for their support during his sabbatical research leave.

This paper extends the theory of trust region subproblems in two ways: (i) it allows indefinite inner products in the quadratic constraint and (ii) it uses a two sided (upper and lower bound) quadratic constraint. Characterizations of optimality are presented, which have no gap between necessity and sufficiency. Conditions for the existence of solutions are given in terms of the definiteness of a matrix pencil. A simple dual program is introduced which involves the maximization of a strictly concave function on an interval. This dual program simplifies the theory and algorithms for trust region subproblems. It also illustrates that the trust region subproblems are implicit convex programming problems, and thus explains why they are so tractable.

The duality theory also provides connections to eigenvalue perturbation theory. Trust region subproblems with zero linear term in the objective function correspond to eigenvalue problems, and adding a linear term in the objective function is seen to correspond to a perturbed eigenvalue problem. Some eigenvalue interlacing results are presented.

Contents

1 INTRODUCTION 3 1.1 Notations: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2 OPTIMALITY CONDITIONS 7

3 FURTHER ANALYSIS (α = β = 1) 13 3.1 THE REGULAR CASE . . . . . . . . . . . . . . . . . . . . . 13 3.1.1 THE EASY SUBCASE . . . . . . . . . . . . . . . . . 15 3.1.2 THE HARD SUBCASE . . . . . . . . . . . . . . . . . 21 3.2 THE IRREGULAR CASE . . . . . . . . . . . . . . . . . . . . 23

4 NONSYMMETRIC EIGENVALUE PERTURBATIONS 24

5 A GENERAL DUAL PROGRAM 28

6 APPENDIX 32

1 INTRODUCTION

Calculation of the step between iterates in trust region numerical methods for minimization problems, involves the minimization of a quadratic objective function subject to a norm constraint. This trust region subproblem is

(P̃ ) min μ(y) := y^tBy − 2ψ^ty subject to Ay = b y^tDy ≤ δ, y ∈ ℜ^n, where: ψ ∈ ℜ^n; B ∈ ℜ^{n×n} is symmetric; A is m × n; b ∈ ℜ^m; D is a positive definite scaling matrix; and δ > 0 is the trust region radius. The objective function μ provides a quadratic model of a merit function, while the linear constraint Ay = b is a linear model of possibly nonlinear constraints. Note that the trust region quadratic constraint has the implicit, or hidden, constraint 0 ≤ y^tDy; while a positive δ yields the standard generalized Slater constraint qualification of convex programming.

By representing the linear constraint Ay = b as y = ŷ + Zw, where the range of Z is equal to the null space of A, and ŷ is a particular solution of Ay = b, we can eliminate this linear constraint. Moreover, we can also eliminate the scaling matrix D and use complementary slackness to get the simplified problem:

(P̃_E ) min μ(y) := y^tBy − 2ψ^ty subject to y^ty = 1, y ∈ ℜ^n.

Trust region problems have proven to be very successful and important in both unconstrained and constrained optimization. The theory, algorithms and applications have been described in many papers and textbooks, see e.g. [3, 9, 6, 11, 23, 24, 29, 30, 13, 12, 32]. A well known algorithm, for numerically approximating a global minimum, is given in e.g. [13, 26]. Other numerical algorithms are presented in [15, 12]. Recently, the trust region subproblem, with the additional linear constraint Ax = b, has been employed as the basic step in the affine scaling variation of interior point methods for solving linear programming problems, see e.g. [7, 2, 34]. Affine scaling methods for general quadratic programming problems, which solve a trust region subproblem at each step, are given in e.g. [16]. In addition, many continuous relaxations of discrete optimization problems result in norm constraints and therefore trust region subproblems arise, see e.g. [22] for a survey.

Generalizations of (P̃ ) are also important. Subproblems with two trust region constraints appear in sequential quadratic programming (SQP) algorithms, see e.g. [4, 39, 36]. In [36], an algorithm is presented that treats the two trust region problem by restricting it to two dimensions. More recently, [40] treated the two trust region problem using a parametric approach and assuming positive definiteness of the objective function. (In both [39, 40], the condition that B −λC is positive definite for some λ, where C is the Hessian for the second trust region constraint, is very important. This condition is studied here for the indefinite case and shown to be equally important.) Two trust region subproblems also appear in parametric identification problems, see e.g. [21, 17]. Moreover, it is often useful to consider modelling the general nonlinear programming problem using quadratic approximations for both the objective function as well as for the constraints, see e.g. [5, 27]. Such problems have up to now been considered too difficult to solve without further modelling using linear approximations for the constraints. One reason for this is that the quadratic approximations can result in indefinite Hessians for the objective function as well as for the constraints, resulting in possible unboundedness and infeasibility problems.

The success of trust region methods depends in part on the fact that one can characterize, and hence numerically approximate, the global minimum of the subproblem (P̃ ). The characterization, which has no gap between necessity and sufficiency, is independent of any convexity assumptions on the quadratic function μ; that is, B can be indefinite. The choice of the scaling matrix D can be very important. It is currently restricted to be positive definite in order to maintain tractability of the subproblem, but it would be advantageous and important to allow a larger class of matrices in order to obtain scale invariance; see e.g. p. 59 in [9]. Of more interest and importance is the fact that the feasible set {y : y^ty = 1} in (P̃_E ) being nonconvex does not present a problem in the characterization of optimality. Note that we can add k(y^ty − 1), k > 0, to the objective function without changing the optimum. Thus if k is large, then the objective function becomes convex. This means that we can assume that the objective function is convex if desired. However, this is no longer true if the constraint y^ty = 1 is changed to an indefinite constraint.

In case ψ = 0 (no linear term) the stationary points of the trust region subproblem correspond to the eigenvalues of B. In [31], the authors related stationarity properties of (P̃ ) to spectral properties of the parametric border perturbation of B given by A(t) = ( B −ψ ψ^t t ) . (1.1)

Hence, the above perturbation of B has, as an analog, the perturbation of the purely quadratic function y^tBy by the linear term −2ψ^tx in (P̃ ). Other connections between trust region problems and eigenvalue problems are known in the literature. If one considers a symmetric perturbation in (1.1), then connections with the trust region problem are studied in [28] and show up in the theory of divide and conquer algorithms for symmetric eigenvalue problems; see e.g. [1]. Moreover, the algorithms in [13, 26] are based on finding a Lagrange multiplier smaller than the smallest eigenvalue of B, and therefore guaranteeing positive definiteness of the Hessian of the Lagrangian. The success and importance of trust region methods in both unconstrained and constrained optimization can be attributed to the fact that the subproblems can be solved very efficiently and robustly, which can be attributed to their being implicit eigenvalue problems.

In the present work we shall consider generalizing (P̃ ) in two ways and relating these trust region subproblems to eigenvalue perturbation theory. The ellipsoidal constraint y^tDy ≤ δ is replaced by a two sided constraint, while the positive definite scaling matrix D is replaced by a possibly indefinite matrix C. Specifically, we shall consider the problem

(P ) min μ(y) = y^tBy − 2ψ^ty subject to β ≤ y^tCy ≤ α, y ∈ ℜ^n, where B and C are symmetric matrices with no definiteness assumed, and

−∞ ≤ β ≤ α ≤ ∞. The motivation for this paper is to extend the exist-

ing theory of trust region subproblems (in light of the above discussion on applications) in the hope that this will be a step in the direction of solving general problems with quadratic objectives and quadratic constraints. Note that unlike the definite case, a change of variables will not reduce the problem to the form (P̃ ). Moreover, it is not clear that solving the equality constrained problem is equivalent to solving the inequality constrained problem, along with a complementary slackness condition. For example, if B = [ −1 0 0 3 ] , C = [ −1 0 0 1 ] , then the equality constrained problem y^tCy = 1 is bounded below while the inequality case, with β = −∞, α = 1, is unbounded.

Indefinite quadratic constraints arise when considering indefinite inner product spaces or Minkowski spaces, see e.g. [14, 8]. In this case, the generalized distance function, or norm, arising from the indefinite inner product, can be 0 and/or complex valued. The two sided constraint is a step toward the solution of problems with two quadratic constraints and generalizes the standard problem where the left hand side constraint is implicitly understood to be ≥ 0.

The paper is organized as follows. In Section 2 we shall give necessary and sufficient optimality conditions for (P ), as well as a general existence theorem. Then in Section 3 a further analysis is undertaken. We transform (P ) to a “standard form” where the matrix pencil B − λC satisfies a certain regularity condition, and use this form in order to catalog the various conditions under which an optimum for (P ) can exist.

In Section 4, we apply our results in order to obtain spectral information regarding the completely general parametric border perturbation of B given by A(t) = ( B u v^t t ) , (1.2)

under the assumption that the spectral decomposition of B is known.

In Section 5 we present a general dual program for (P). This dual program is a true concave maximization problem and shows that these trust region subproblems are implicitly convex. Moreover, the dual program provides bounds on the optimal value of (P). This provides stopping criteria for algorithms for (P) based on duality gap considerations.

We conclude with an appendix to show how the algorithm and results in [13, 26] can be extended to our more general two sided indefinite trust region subproblems. Note that an interior point primal-dual algorithm, based on the duality theory given here, is presented in [37].

1.1 Notations:

M ≻ 0 means that a real symmetric matrix M is positive definite, while M ⪰ 0 indicates that M is positive semidefinite. (The reverse notations M ≺ 0, M ⪯ 0 will be used to denote negative definiteness and negative semidefiniteness, respectively.) R(M) denotes the range space of M; while N (M) denotes the null space of M. M^† is the Moore-Penrose generalized

inverse of M. For λ ∈ ℜ, (λ)_+ := { λ if λ ≥ 0 0 otherwise.

2 OPTIMALITY CONDITIONS

Our results will generally be stated for the minimization problem

(P ) min μ(y) = y^tBy − 2ψ^ty subject to β ≤ y^tCy ≤ α, y ∈ ℜ^n, where −∞ ≤ β ≤ α ≤ ∞, and both B and C may be indefinite. The maximization versions of the results will always be analogous in an obvious way.

We have the following theorem, which extends a result of Gay [13] and Sorensen [29], where C was assumed to be positive definite and β = 0 < α is implicitly assumed; see also Fletcher [9]. Our theorem does not tell us when problem (P ) possesses a minimizing point, but rather, it tells us when a given feasible point yields a minimum. There is no gap between the necessary and sufficient optimality conditions and there is no assumption on boundedness of the feasible set or the objective function. The three optimality conditions are respectively: stationarity; nonnegative definiteness; and complementary slackness and multiplier sign.

Theorem 2.1 Let y be a feasible point for (P ). Then y gives the global minimum for (P ) if there exists a Lagrange multiplier λ ∈ ℜ such that (B − λC)y = ψ, (2.1)

B − λC ⪰ 0, (2.2) and λ(β − y^tCy) ≥ 0 ≥ λ(y^tCy − α). (2.3) Furthermore, if B − λC ≻ 0, (2.4) then y is the unique minimizing point. Moreover, suppose that the following constraint qualification holds:

Cy = 0 implies β < 0 < α. (2.5)

Then y solves (P) if and only if the conditions (2.1)-(2.3) hold, for some λ ∈ ℜ.

Proof: First consider sufficiency. Let y, λ satisfy the above optimality conditions, where y is feasible. There are three cases to consider. Case (i): Suppose that β < y^tCy < α. Then, the optimality condition (2.3) implies that λ = 0. That μ is convex now follows from (2.2). Thus y is a global unconstrained minimum of the convex function μ and y solves (P). Case (ii): Suppose that y^tCy = α. (2.6)

By (2.1),(2.2), we see that y minimizes the Lagrangian function L(z, λ) := μ(z) − λ(z^tCz − α) over ℜ^n. That is, μ(y) = L(y, λ) ≤ L(z, λ), ∀z ∈ ℜ^n. Since β < y^tCy implies λ ≤ 0, it follows that λ(z^tCz −α) ≥ 0, for all feasible z. This in turn yields μ(y) ≤ μ(z), for all feasible z.

Case (iii): Suppose that y^tCy = β. Then the conclusion follows similarly to case (ii).

This proves the “if” part. Also, the “furthermore” part of the theorem now follows easily as well.

Now consider the necessity part of the statement. If Cy = 0, then the constraint qualification implies that we have an unconstrained problem and the optimality conditions hold trivially with λ = 0. Otherwise, we again need to consider the same three cases. For case (i), we again conclude that the quadratic function μ must be convex. Therefore we can choose λ = 0 to satisfy the optimality conditions. For case (ii), we associate with the constraint the (isotropic) cone K = {w ∈ ℜ^n : w^tCw = 0}. (Note that the standard linear independence constraint qualification holds, since Cy ≠ 0 by the constraint qualification assumption.) Suppose that y solves (P ). By differentiating the Lagrangian function with respect to y, we obtain the Lagrange equation (2.1) as a first order necessary condition for optimality. Hence there exists λ ≤ 0 such that (2.1) holds, and it only remains to verify the second order condition (2.2). Let us denote by T_y the set of tangent directions to the constraint at y; that is, T_y = {w ∈ ℜ^n : w^tCy = 0}.

The standard second order conditions state that B − λC is positive semidefinite on T_y. Now let v ∈ ℜ^n be a direction such that v ∉ K ∪ T_y. (2.7) For each such v, we can construct a feasible point z = y + θv, where θ ≠ 0 and z^tCz = α. In order to accomplish this, consider the solvability of the equation (y + θv)^tC(y + θv) = α. (2.8) This becomes y^tCy + 2θv^tCy + θ^2v^tCv = α, (2.9) and from (2.6), this in turn becomes θ[2v^tCy + θv^tCv] = 0. (2.10) Now in view of (2.7), we see that θ = −2v^tCy v^tCv (2.11) has the required properties.

Note that the value of the Lagrangian at a feasible point satisfying (2.6) is equal to the value of the objective function at that point. Moreover, the Lagrangian is a quadratic and so the second order Taylor expansions are exact: L(z, λ) = L(y, λ) + (z − y)^t[∇L(y, λ) + 1 2 ∇2L(y, λ)(z − y)] = L(y, λ) + (z − y)^t 1 2 ∇2L(y, λ)(z − y). This means that μ(z) − μ(y) = (z − y)^t(B − λC)(z − y). (2.12) Thus the optimality of y implies v^t(B − λC)v ≥ 0 ∀v ∉ K ∪ T_y. (2.13) Since the set K has no interior points, by analyticity of the function y^tCy, we see that (2.13), the standard second order conditions on T_y, and a continuity argument yield (2.2).

Case (iii) with β = y^tCy follows similarly. 2

Remark 2.1 One can use homogenization in order to apply Theorem 2.1 to more general quadratic constraints; namely y^tCy + ζ^ty, where C is nonsingular.

Remark 2.2 The optimality conditions (2.1),(2.2),(2.3) are a compact version of the usual optimality conditions with two constraints which involve two multipliers.

• Terminology: If λ is such that the Lagrange equation (2.1) holds for a feasible y, then λ is called a Lagrange multiplier and we say that y is a stationary point belonging to λ. The set of all such y is denoted by Σ(λ), while the set of all Lagrange multipliers is denoted by Λ.

In view of Theorem 2.1, we get the following necessary condition on the symmetric matrix pencil B − λC for (P ) to possess a minimizing point.

Corollary 2.1 Suppose that C is nonsingular and max{|α|, |β|} > 0. If y solves (P ), then ∃ λ̂ ∈ ℜ s.t. B − λ̂C ⪰ 0. (2.14)

Proof: If y ≠ 0, then the result follows from the nonsingularity of C and Theorem 2.1. If y = 0, then necessarily we have ψ = 0, the optimal value μ^∗ = 0, and β ≤ 0 ≤ α. Since we cannot have both α and β equal to 0, we can assume without loss of generality that β < 0. Therefore optimality implies that the system y^tCy < 0, y^tBy < 0 is inconsistent. The result now follows from the theorem of the alternative in Lemma 2.3 in [38]. 2 Before stating our main existence result (Theorem 2.2 below), we distinguish between two subcases of (2.14):

• We say that we are in the regular case or the positive definite pencil case provided that (P ) is feasible and ∃ λ̂ ∈ ℜ s.t. B − λ̂C ≻ 0. (2.15)

• We are in the irregular case or the positive semidefinite pencil case if (P ) is feasible and (2.14) holds, but for no λ ∈ ℜ do we have B − λC ≻ 0. Remark 2.3 Characterizations of various definiteness properties for matrix pencils were given by Hershkowitz and Schneider [18] and by Tsing and Uhlig [33]. See also [14]. We will not make use of those results in the present work, however.

In the next section we will see that in the regular case, the set J := {λ ∈ ℜ : B − λC ≻ 0} is an open subinterval of the real line which is bounded if C is indefinite and unbounded if C is definite. On the other hand, in the irregular case with a nonsingular pencil B − tC, the number λ̂ is unique. This is taken up in the following lemma. (Recall that a pencil being singular means that det(B − tC) ≡ 0. The pencil is nonsingular, for example, if either B or C is a nonsingular matrix.)

Lemma 2.1 Suppose that the irregular case holds and the function det(B − tC) is not identically 0 in t. Then there is only one value λ̂ such that (2.14) holds.

Proof: Suppose that δ ≠ λ̂ is such that B − δC ⪰ 0. Then any convex combination of B − λ̂C and B − δC is positive semidefinite. Hence B − λ̂C − α(δ − λ̂)C ⪰ 0 ∀α ∈ [0, 1]. (2.16) Now consider the analytic function h(α) = det[B − λ̂C − α(δ − λ̂)C]. Then h(0) = det(B − λ̂C) = 0, and the assumption on the determinant implies that there exists β ∈ ℜ such that h(β) ≠ 0. Hence analyticity implies that h(α) ≠ 0 for all sufficiently small α > 0. But then by (2.16), for such α we would have B − λ̂C − α(δ − λ̂)C ≻ 0, which contradicts being in the irregular case. 2 We now have the following result regarding the existence of a minimizing point for problem (P ).

Theorem 2.2 Consider problem (P) with C nonsingular.

1. If (P ) possesses a minimizing point and max{|α|, |β|} > 0, then condition (2.14) holds.

2. Conversely, assume that (P ) is feasible, (2.14) holds, and both α and β are finite. Then we have the following:

(a) regular case: (P ) possesses a minimizing point. (b) irregular case: (P ) possesses a minimizing point if and only if the equations (2.1) – (2.3) are consistent, in which case y is a minimizing point with associated Lagrange multiplier λ̂.

Proof: Part 1 follows immediately from Corollary 2.1. To prove Part 2a assume that (2.15) holds and suppose, to the contrary, that (P ) does not possess a minimum. Suppose that y is a feasible point. Then there would exist a sequence of feasible vectors {y_i}^∞_{i=1} such that μ(y_i) ≤ μ(y), ∀i, (2.17) and ||y_i|| −→ ∞ as i −→ ∞. (2.18) Without loss of generality we can assume that y_i ||y_i|| −→ d as i −→ ∞. (2.19) We claim that d^tBd ≤ 0. (2.20) If this did not hold, then d^tBd = a > 0 would imply that y^t_i By_i ||y_i||^2 > a/2, (2.21)

for all sufficiently large i. But then (2.18) yields μ(y_i) −→ ∞, contradicting (2.17). Now (2.20) and the regularity condition (2.15) together imply λ̂d^tCd < b < 0, (2.22) for some b. It then follows that λ̂yt_i Cy_i ||y_i||^2 < b/2, (2.23) for all sufficiently large i. But from (2.18) we then obtain |y^t_i Cy_i| −→ ∞ as i −→ ∞, which contradicts the feasibility of the sequence {y_i}^∞_{i=1}. This completes the proof of Part 2a.

To prove part 2b, suppose that the optimality conditions are satisfied. Since we have an irregular pencil, i.e. λ is unique in (2.14) and B − λC is singular, then from e.g. the Lemma in [20] page 408, the two systems. Bu = 0, u^tCu < 0, Bv = 0, v^tCv > 0, must be consistent. Therefore, if y^tCy < β, we can find a feasible point using y + tv, since (y + tv)^tC(y + tv) > β, for sufficiently large t. Similarly, we can use y + tu if y^tCy > α. These points still satisfy the stationarity conditions and so are still optimal. 2 The following is an example of the irregular case, with the necessary and sufficient optimality conditions in Part 2b of the previous theorem not holding, i.e. with the problem being unbounded. Take B = diag(2, −2), C = diag(−1, 1) and ψ = (1, 2). It is readily checked that there does not exist a minimizing y for problem (P ). Now note that λ̂ = −2, and B − λ̂C = 0. Hence the equation (B − λ̂C)y = ψ is inconsistent.

3 FURTHER ANALYSIS (ff = fi = 1)

In this section we treat the special case of (P ) where C is nonsingular and α = β = 1, i.e. we have the single constraint problem

min μ(y) := y^tBy − 2ψ^ty subject to y^tCy = 1, y ∈ ℜ^n.

The results will be used in our analysis of eigenvalue perturbations.

3.1 THE REGULAR CASE

The condition (2.15) implies that there exists a nonsingular real n × n matrix T such that T^tBT = D and T^tCT = S are both diagonal. (We here are utilizing a well–known result on simultaneous diagonalization via congruence; see e.g. Theorem 7.6.4 in Horn and Johnson [19].) By building a permutation and a scaling into T if necessary, we can without loss of generality assume that the matrices D and S are of the forms

D = diag(D^a, D^b) = diag(d^a_1, d^a_2, . . ., d^a_{na}, d^b_1, d^b_2, . . ., d^b_{nb} ) and S = diag(−I^a, I^b),

where d^a_1 ≥ d^a_2 ≥ . . . ≥ d^a_{na} , d^b_1 ≥ d^b_2 ≥ . . . ≥ d^b_{nb} , and where I^a and I^b denote identity matrices of orders n_a and n_b, respectively. Here n_a + n_b = n,

where possibly n_a = 0. By Sylvester’s Theorem of Inertia, see e.g. [19], feasibility of (P ) is equivalent to n_b > 0.

We now introduce the problem

(P_T ) min μ_T (x) := x^tDx − 2η^tx subject to x^tSx = 1.

Upon identifying y = T x and η = T^tψ, it is easy to check that μ(y) = μ_T (x) and y^tCy = x^tSx. Furthermore, it is clear that in the regular case, the problems (P ) and (P_T ) have the same Lagrange multiplier set Λ, and for each Lagrange multiplier λ we have Σ(λ) = T Σ_T (λ),

where Σ_T (λ) denotes the set of stationary points of problem (P_T ) belonging to λ. Finally, it will be convenient to write η = ( η^a η^b ) , where the number of components of η^a and η^b are n_a and n_b, respectively.

Whenever the regular case holds, we can accomplish this transformation of (P ) to (P_T ), which we say is a problem in standard form. The regular case of the standardized problem will now be discussed. Hence we shall assume that (P_T ) is feasible (i.e. n_b > 0) and ∃ λ̂ ∈ ℜ s.t. D − λ̂S ≻ 0. (3.1) Two subcases of (3.1) are going to be considered. These will be referred to as the “easy” and “hard” subcases. Our analysis of these subcases generalizes that found in Gander, Golub and Von Matt [12], where it was assumed that n_a = 0; that is, S = I. (See also [32].)

3.1.1 THE EASY SUBCASE In this subcase of (3.1), we assume feasibility and

η is not orthogonal to N (D − λS), for all λ s.t. N (D − λS) ≠ 0. (3.2) Equivalently, if I = {i : (D − λS)_{ii} = 0}, then there exists at least one component i ∈ I such that η_i ≠ 0. It is important to note that for fixed λ ∈ ℜ we then have η ∈ R(D − λS) =⇒ rank(D − λS) = n. (3.3) In other words, (3.2) implies that consistency of the first order condition (D − λS)x = η (3.4) yields invertibility of D − λS. (Likewise, consistency of (2.1) implies invertibility of B − λC when (3.2) holds.) For λ ∈ Λ, denote the unique solution to (3.4) by x_λ = (D − λS)^{−1}η. (3.5) Let us now introduce the function f_T (λ) := 1 − η^t(D − λS)^{−2}Sη. (3.6) (Note that f_T (λ) := 1 − y^t_λCy_λ, where y_λ = (B − λC)^{−1}ψ.) Since D − λS = S(SD − λI), (3.7) it follows that the singularities of f_T (·) are the eigenvalues of SD. We call f_T (·) the secular function for problem (P_T ). It reduces to the secular function in [12] when n_a = 0. Define Γ_a := {i : η^a_i ≠ 0} and Γ_b := {j : η^b_j ≠ 0}.

One can readily check that

f_T (λ) = 1 + n_a∑

i=1 i∈Γ_a (η^a_i )^2 (d^a_i + λ)^2 − n_b∑

j=1 i∈Γ_a (η^b_j )^2 (d^b_j − λ)^2

. (3.8)

Remark 3.1 Note the use of the distinct subscripts i and j in (3.8). This is adopted here and in what follows, for notational convenience. Feasibility of x_λ for (P_T ) is characterized by the equivalence x^t_λSx_λ = 1 ⇐⇒ f_T (λ) = 0. (3.9) It is now clear that in the easy subcase of (3.1), λ ∈ Λ ⇐⇒ f_T (λ) = 0, (3.10) in which case x_λ, as given by (3.5), is the unique associated stationary point.

Since n_b > 0 (feasibility of (P_T )), the assumption that (3.1) holds implies that either n_a > 0 and − d^a_{na} < d^b_{nb} (3.11) or n_a = 0. (3.12) (See Figures 1 and 2 for plots of g_T for the above 2 cases, respectively.) If (3.11) holds, then B − λC ≻ 0 ⇐⇒ D − λS ≻ 0 ⇐⇒ λ ∈ (−d^a_{na} , d^b_{nb} ), (3.13) while if (3.12) holds, then B − λC ≻ 0 ⇐⇒ D − λS ≻ 0 ⇐⇒ λ ∈ (−∞, d^b_{nb} ). (3.14) We summarize the above discussion in the following.

Figure 1: Secular antideriviative

Lemma 3.1 Problem (P_T ) is feasible if and only if C is not negative semidefinite. Moreover, the set of t where B − tC is positive definite is an open interval which is bounded if and only if C is indefinite.

We now introduce the function g_T (λ) := λ − η^t(D − λS)^{−1}η, (3.15) which is called the secular antiderivative function for problem (P_T ). The implicit form of this function is g(λ) := λ − ψ^t(B − λC)^{−1}ψ. (3.16) The singularities of g_T (·) are those of f_T (·), and what is more, g^′_T (λ) = f_T (λ) (3.17)

Figure 2: Secular antideriviative

at all real numbers λ which are not singularities. It is readily verified that

g_T (λ) = λ − n_a∑

i=1 i∈Γ_a (η^a_i )^2 (d^a_i + λ) − n_b∑

j=1 i∈Γ_a (η^b_j)^2 (d^b_j − λ) . (3.18)

At nonsingular points λ we also have

g^{′′}_T (λ) = −2η^t(D − λS)^{−3}η. (3.19)

Now suppose that (3.11) holds. Then, by (3.19), g_T (·) is strictly concave on the interval (−d^a_{na} , d^b_{nb}), which by (3.13) is where B − λC ≻ 0. Furthermore, g_T (λ) ↓ −∞ as λ ↓ −d^a_{na} and g_T (λ) ↓ −∞ as λ ↑ d^b_{nb} .

Then there exists a unique λ^∗ ∈ (−d^a_{na} , d^b_{nb}) such that g^′_T (λ^∗) = f_T (λ^∗) = 0. It follows that λ^∗ ∈ Λ, and x_λ∗ minimizes (P_T ). Also, for indices i < n_a we have g_T (λ) ↓ −∞ as λ ↓ −d^a_i and g_T (λ) ↑ ∞ as λ ↑ −d^a_i , while for indices j < n_b we have g_T (λ) ↓ −∞ as λ ↑ d^b_j and g_T (λ) ↑ ∞ as λ ↓ d^b_j, Now suppose that (3.12) holds. Then g_T (·) is strictly concave on (−∞, d^b_{nb} ), g_T (λ) ↓ −∞ as λ ↓ −∞ and g_T (λ) ↓ −∞ as λ ↑ d^b_{nb} . Hence there exists a unique λ^∗ ∈ (−∞, d^b_{nb} ) such that g^′_T (λ^∗) = f_T (λ^∗) = 0. Then λ^∗ ∈ Λ, and x_λ∗ minimizes problem (P_T ). For indices j < n_b we have the same behavior as when (3.11) holds.

Remark 3.2 If one analyzes the function g_T (·) in the special case where n_a = 0, additional graphical properties may be obtained. In particular, one can exploit the fact that g^{′′′}_T (λ) < 0 at every nonsingular point λ; see [31] for the details.

We now can give the following existence and uniqueness result for the easy case. It includes a necessary and sufficient condition for the simultaneous existence of a maximizing point and a minimizing point for (P ).

Theorem 3.1 Consider the easy subcase of the regular case of problem (P ); that is, (P ) is feasible (i.e. n_b > 0), and (3.1), (3.2) hold. Then we have the following:

1. The set of Lagrange multipliers Λ is finite.

2. (P ) possesses a unique minimizing point.

3. (P ) possesses a maximizing point if and only if n_a=0.

Proof: We can without loss of generality assume that (P ) is in the standard form (P_T ). Parts 1 and 2 of the theorem follow from the discussion above. (In Part 1 we used the rational property of f_T (·) on any open interval which does not contain a singularity, i.e. using a common denominator reduces the problem to finding the zeros of a polynomial in λ, since the denominator is positive on the open interval.) In order to prove Part 3, assume first that n_a > 0. For there to exist a maximizing point, there would necessarily exist λ̃ ∈ Λ such that

(D − λ̃S) ≤ 0. (3.20)

This implies d^b_1 ≤ −d^a_1, (3.21) which contradicts (3.11). Sufficiency in Part 3 follows from compactness of the feasible set and continuity. 2 Remark 3.3 Let the hypotheses of Theorem 3.1 hold, with n_a > 0. In view of the preceeding discussion, we see that there exists at least one Lagrange multiplier λ̃ (that is, a critical point of g_T (·)) such that g^{′′}_T (λ̃) > 0. In particular, there must be such a number in the interval (d^b_1, ∞). However, in view of the preceeding theorem, the corresponding stationary point x~_λ does not give a maximum for problem (P_T ). In fact, in Example 4.1 below, it will be seen that x~_λ need not even give a local maximum.

We conclude the discussion of the easy subcase with a key lemma that will be used in the sections below. The lemma also provides a (concave) dual program. The lemma asserts that in the easy case, the values of the secular antiderivative at its critical points (which are the Lagrange multipliers) equal the values of the objective functions of (P ) and its standardization at the corresponding set of stationary points. A variant of this result can be found in [11]; see also [31]. The proof is by direct substitution, and is omitted.

Lemma 3.2 Let the hypotheses of Lemma 3.1 hold, and let λ ∈ Λ. Then

g_T (λ) = μ_T (x_λ) = μ(y_λ), (3.22)

where y_λ = (B − λC)^{−1}ψ.

The above results yield the following dual program, i.e. the optimal values of the primal and dual are equal. The details will be presented in Section 5.

DUAL PROGRAM max g_T (λ) subject to B − λC ⪰ 0

3.1.2 THE HARD SUBCASE

In this subcase of (3.1), we assume feasibility and the following condition:

η is orthogonal to N (D − λS) ≠ 0, for some λ ∈ ℜ. (3.23)

As in the easy case, there is an equivalent statement concerning components of η which are now 0 and correspond to the 0 components of D − λS. We again use the (possibly empty) index sets

Γ_a = {i : η^a_i ≠ 0} and Γ_b = {j : η^b_j ≠ 0}.

The secular function for problem (P_T ) is

f_T (λ) = 1 + n_a∑

i=1 i∈Γ_a (η^a_i )^2 (d^a_i + λ)^2 − n_b∑

j=1 j∈Γ_b (η^b_j)^2 (d^b_j − λ)^2

, (3.24)

and the secular antiderivative correspondingly becomes

g_T (λ) = λ − n_a∑

i=1 i∈Γ_a (η^a_i )^2 (d^a_i + λ) − n_b∑

j=1 j∈Γ_b (η^b_j)^2 (d^b_j − λ) . (3.25)

Since we are still in the regular case, the interval J of real numbers λ for which the matrix pencil D − λS ≻ 0 is given by J = { (−∞, d^b_{nb} ) whenn_a = 0 (−d^a_{na} , d^b_{nb}) whenn_a > 0. The following discussion deals with both forms of J at once. We introduce the index sets Δ_a = {i : d^a_i = d^a_{na} } and Δ_b = {j : d^b_j = d^b_{nb} }.

1. If J contains a critical point λ^∗ of g_T (·), then necessarily η ≠ 0 and g_T ′′ < 0. This implies that we have an isolated local maximum of g_T (·) and λ^∗ ∈ Λ, since a unique minimizing point x for problem (P_T ) can be obtained by solving (D − λ^∗S)x = η. Necessarily then x_i ≠ 0 ∀i ∈ Γ_a, x_j ≠ 0 ∀j ∈ Γ_b, and automatically x^tSx = 1 since f_T (λ^∗) = 0.

2. Now suppose that J does not contain a critical point of g_T (·). Then since g_T (·) is concave on J, we see that g_T (·) is monotone on J. We need to consider both the monotone increasing and monotone decreasing possibilities.

(a) If g^′_T (λ) > 0 on J, then

Δ_b ∩ Γ_b = ϕ,

for otherwise the assumed monotonicity is violated. (Here ϕ denotes the empty set.) Therefore g_T (λ) has no pole for λ = d^b_{nb} . Also, λ^∗ = d^b_{nb} ∈ Λ, because a minimizing vector x for (P_T ) can be found by simultaneously solving (D − λ^∗S)x = η and x^tSx = 1. Necessarily then x_i = 0 ∀i ∉ Γ_a and x_j = 0 ∀j ∉ Δ_b ∪ Γ_b.

Note that selected components x_j can be nonzero for j ∈ Δ_b, j ∉ Γ_b. The set of vectors x thusly obtained is a submanifold of ℜ^{n−1}. However, x will be unique in the special case where g^′_T (d^b_{nb} ) = 0.

(b) If g^′_T (λ) < 0 on J, then monotonicity yields

Δ_a ∩ Γ_a = ϕ.

Recall that n_a > 0. Also, λ^∗ = −d^a_{na} ∈ Λ, because now a minimizing vector x for (P_T ) can be found by simultaneously solving (D − λ^∗S)x = η and x^tSx = 1. Then x_j = 0 ∀j ∉ Γ_b and x_i = 0 ∀i ∉ Δ_a ∪ Γ_a.

Since certain components x_i may be nonzero for i ∈ Δ_a, i ∉ Γ_a, the set of vectors x obtained in this way is a submanifold of ℜ^{n−1}, with x being unique in the special case where g^′_T (d^a_{na} ) = 0.

3.2 THE IRREGULAR CASE In the irregular case it may be that (P ) cannot be transformed into standard form. Nevertheless, we will study the irregular case of the standard form problem (P_T ). We therefore will be assuming that ∃ λ̂ ∈ ℜ s.t. D − λ̂S ≥ 0, (3.26) and (by Lemma 2.1) that λ̂ is unique. We have the following lemma.

Lemma 3.3 In the irregular case of the feasible problem (P_T ), we have

n_a > 0 (3.27) and − d^a_{na} = d^b_{nb} = λ̂. (3.28)

Proof: If n_a = 0, then we would have D − λS ≻ 0 on the interval (−∞, d^b_{nb} ), violating the uniqueness of λ̂. Hence (3.27) holds. Similarly, we must have −d^a_{na} ≤ d^b_{nb} for (3.26) to hold, and if −d^a_{na} < d^b_{nb} , then D − λS ≻ 0 on the interval (−d^a_{na} , d̂^b_{nb}), which also violates the uniqueness of λ̂. Consequently, (3.28) holds. 2 What follows is an existence theorem for the irregular case of the standard form.

Theorem 3.2 Assume that we are in the irregular case of problem (P_T ). Then (P_T ) possesses a minimizing point if and only if

Δ_a ∩ Γ_a = ϕ (3.29) and Δ_b ∩ Γ_b = ϕ, (3.30)

Proof: Suppose that (P_T ) possesses a minimizing point x. We will first verify (3.29). It must be shown that

η_i = 0 ∀i ∈ Δ_a.

To this end, let i ∈ Δ_a. Then for the necessary condition (3.4) to hold, we must have (d^a_i + λ̂)x_i = η_i.

Since d^a_i + λ̂ = 0, (3.29) follows. Condition (3.4) leads to (3.30) in a similar way.

Now suppose that (3.29) and (3.30) hold. If g^′_T (λ̂) ≥ 0, then λ̂ ∈ Λ, since a minimizing vector x^∗ may be constructed by simultaneously solving (D − λ^∗S)x = η and x^tSx = 1. Then x_i = 0 ∀i ∉ Γ_a and x_j = 0 ∀j ∉ Δ_b ∪ Γ_b.

Since selected components x_j can be nonzero for j ∈ Δ_b, j ∉ Γ_b, it follows that the set of vectors x determined in this way is a submanifold of ℜ^{n−1}, with x being unique in the special case where g^′_T (λ̂) = 0. The analysis for the possibility g^′_T (λ̂) ≤ 0 is similar. 2 4 NONSYMMETRIC EIGENVALUE PERTUR- BATIONS

We wish to obtain spectral information about the real n × n parametric border perturbation of B given by (1.2); that is A(t) = ( B α β^t t ) , where B is a symmetric (n − 1) × (n − 1) matrix. We shall assume that the spectral decomposition of B is known. In other words, we know an orthogonal matrix P such that P^tBP is diagonal. Then (after including a permutation in P if necessary) we have a unitary matrix

P̂ = ( P 0 0 1 )

such that

Â(t) := P̂^tA(t)P̂ =

D_0 0 0 α^0 0 D_+ 0 α^+ 0 0 D_− α^− (β^0)^t (β^+)^t (β^−)^t t

, (4.1) where

D_0 = diag(γ^0_1 , γ^0_2, . . ., γ^0_{n0}), D_− = diag(γ^−_1 , γ^−_2 , . . ., γ^−_{n−} ), D_+ = diag(γ^+_1 , γ^+_2 , . . ., γ^+_{n+}), α^0_i β^0_i = 0 ∀i = 1, 2, . . ., n_0, α^+_i β^+_i > 0 ∀i = 1, 2, . . ., n_+, α^−_i β^−_i < 0 ∀i = 1, 2, . . ., n_−, and n_0 + n_+ + n_− = n − 1.

Note that we allow n_0, n_+ or n_− to be zero.

The spectrum of Â(t) consists of the n_0 numbers γ^0_i along with the spectrum of

Ā(t) :=

D_+ 0 α^+ 0 D_− α^− (β^+)^t (β^−)^t t

. (4.2)

Hence we will focus attention on Ā(t).

Without loss of generality we can assume the diagonal orderings

γ^+_1 ≥ γ^+_2 ≥ . . .γ^+_{n+} and γ^−_1 ≥ γ^−_2 ≥ . . . γ^−_{n−} . Define S = diag(−1, −1, . . ., −1, 1, 1, . . ., 1), (4.3) where the number of −1’s is n_+ and the number of 1’s is n_−.

We associate with Ā(t) the following problem in ℜ^{n̄}, where n̄ = n_+ + n_−:

(P̄ ) min μ̄(x) := x̄^tSDx̄ − 2η̄^tx̄ subject to x̄^tSx̄ = 1 Here η̄ = ( η^+ η^− ) ,

D = diag(D_+, D_−), η^+_i = (α^+_i β^+_i )^{1/2} ∀i = 1, 2, . . ., n_+, and η^−_i = (−α^−_i β^−_i )^{1/2} ∀i = 1, 2, . . ., n_−.

It is readily checked that the secular antiderivative associated with (P̄ ) is given by

ḡ(λ) = λ + n+∑ i=1 (η^+_i )^2 (γ^+_i − λ) − n_−∑

j=1 (η^−_j )^2 (γ^−_j − λ) . (4.4)

We require the following lemma. The proof, which relies on Schur complements, is similar to that of Lemma 3.1 in [31], and is therefore omitted.

Lemma 4.1 The real eigenvalues of Ā(t) which differ from the n̄ diagonal entries γ^+_i and γ^−_j are the solutions of

ḡ(λ) = t. (4.5)

The next theorem follows from the discussion in Subsection 3.1.1. (Only the minimization version is stated here; the maximization version is analogous.) The theorem gives sufficient conditions for realness of the spectrum of A(t), and describes the associated interlacing.

Theorem 4.1 Assume that problem (P̄ ) is feasible; that is, n_− > 0, and that either n_+ > 0 and γ^+_1 < γ^−_{n−} (4.6) or n_+ = 0. (4.7) Then problem (P̄ ) possesses a unique minimizing point, and the following hold:

1. The matrix A(t) has n − 2 real eigenvalues, including all the eigenvalues of D_0 and n̄ − 1 eigenvalues of Ā(t), which interlace the n − 1 eigenvalues of B.

2. Suppose that (4.6) holds. Let λ_α denote the unique critical point of ḡ(·) in the interval (γ^+_1 , γ^−_{n−} ). A sufficient condition for the other two eigenvalues of Ā(t), say δ_a ≤ δ_b, to be real is that t ≤ ḡ(λ_α). (4.8) If the inequality is strict, we get the interlacing γ^+_1 < δ_a < λ_α < δ_b < γ^−_{n−} . (4.9) If the inequality is not strict, then γ^+_1 < δ_a = λ_α = δ_b < γ^−_{n−} . (4.10) 3. Now suppose that (4.7) holds, and let λ_α denote the unique critical point of ḡ(·) in the interval (−∞, γ^−_{n−} ). A sufficient condition for the other two eigenvalues of Ā(t), again denoted δ_a ≤ δ_b, to be real, is that (4.8) holds. In case (4.8) holds strictly, we obtain the interlacing − ∞ < δ_a < λ_α < δ_b < γ^−_{n−} . (4.11) If the inequality (4.8) is not strict, then − ∞ < δ_a = λ_α = δ_b < γ^−_{n−} . (4.12)

Remark 4.1

1. Suppose that problem (P̄ ) is infeasible. (This includes the case of a purely symmetric border perturbation.) Then ḡ(λ) = λ + n+∑ i=1 (η^+_i )^2 (γ^+_i − λ)

. (4.13) From the graphical analysis of this function, one can prove the classical result that for every value t, the spectrum of B interlaces that of A(t). (See Wilkinson [35], Section 2.39.)

2. A specialized version of Theorem 4.1 appears in [31], where it was assumed that n_+ = 0.

The following example illustrates Lemma 4.1 and the preceeding theorem.

Example 4.1 Let

A(t) = Ā(t) =

1 0 1 0 2 1 1 −1 t .

Then ḡ_T (λ) = λ + 1 (1 − λ) − 1 (2 − λ) . In view of Theorem 3.1, there is no maximizing point for problem (P̄ ). There is a minimizing point, however, with corresponding Lagrange multiplier λ_α = 1.5310 and critical value -2.4844. The other critical point is λ_β = 2.8832 with critical value 3.4844. (If one uses MATLAB in order to graph μ_T (·), then it is seen that λ_β does not correspond to a local maximum, even though one might suspect this from the graph of ḡ(·).) The eigenvalues of A(t) are real if t ≤ −2.4844 or if t ≥ 3.4844. For the selected value t = −3, the spectrum of A(−3) is {−3.0489, 1.3569, 1.6920}. The interlacing is of type (4.9).

5 A GENERAL DUAL PROGRAM

We now return to studying the general program (P):

(P ) min μ(y) = y^tBy − 2ψ^ty subject to β ≤ y^tCy ≤ α, y ∈ ℜ^n. In this section we derive a dual problem for (P) which is a true concave maximization programming problem. This illustrates that (P) is an implicit convex program and shows why the global minimum can be characterized and found. In fact, it is also shown that Lagrangian duality holds without any duality gap.

Theorem 5.1 Suppose that y^∗ solves (P) with optimal value μ^∗ = μ(y^∗) and Lagrange multiplier λ^∗. Let L(y, ν, ω) = μ(y) + ν(α − y^tCy) + ω(y^tCy − β) (5.1) denote the Lagrangian function for (P); let ϕ(ν, ω) = inf_y L(y, ν, ω) (5.2) denote the Lagrange dual functional; and let h(ν, ω) = να − ωβ − ψ^t(B − νC + ωC)^{−1}ψ (5.3) denote the quadratic dual functional. Then the optimal value of (P) satisfies μ^∗ = max ν≤0,ω≤0 ϕ(ν, ω); (5.4) while if the regular case holds, then in addition we have μ^∗ = sup B−νC+ωC≻0 ν≤0,ω≤0 h(ν, ω). (5.5)

Moreover, the maximum in (5.4) is attained by ν^∗ = −(−λ^∗)_+ and ω^∗ = −(λ^∗)_+, (5.6) where (λ)_+ = { λ if λ ≥ 0 0 otherwise.

Proof: If B − νC + ωC ≻ 0, then ϕ(ν, ω) in (5.2) is finite. Moreover, L(y, ν, ω) = ϕ(ν, ω) for y = (B − νC + ωC)^{−1}ψ. Substituting for y in L yields h(ν, ω) = ϕ(ν, ω). (5.7) Now if z is feasible for (P), then for all nonpositive ν, ω we have ϕ(ν, ω) ≤ L(z, ν, ω) ≤ μ(z). We now have μ^∗ = min_{z feasible} μ(z) ≥ sup_{ν≤0,ω≤0} ϕ(ν, ω), = supB−νC+ωC⪰0 ν≤0,ω≤0 ϕ(ν, ω) ≥ supB−νC+ωC≻0 ν≤0,ω≤0 h(ν, ω). (5.8)

Now, from Theorem 2.1, there exists a Lagrange multiplier λ^∗. Let ν^∗ and ω^∗ be chosen as in (5.6). Then μ^∗ = L(y^∗, ν^∗, ω^∗) = ϕ(ν^∗, ω^∗) ≤ max_{ν≤0,ω≤0} ϕ(ν, ω), i.e. this and (5.8) imply that (5.4) holds.

If the easy case holds, i.e. y^∗ = (B − λ^∗C)^{−1}ψ, then (5.7) implies

h(ν^∗, ω^∗) = L(y^∗, ν^∗, ω^∗) = μ^∗;

so (5.8) implies that (5.5) holds. Now suppose that the hard case holds. If B − λ^∗C ≻ 0, then (5.4) holds by the above. Now suppose that the regular case holds and B − λ^∗C is singular. Equivalently, D − λ^∗S is singular, where T^tBT = D and T^tCT = S are both diagonal, T nonsingular. Let ȳ = T (D − λ^∗S)^†T^tψ, where † denotes the Moore-Penrose generalized inverse. From the optimality conditions, we have that ψ ∈ R(B − λ^∗C). Let λ_k → λ^∗ with B − λ_kC positive definite (see Lemma 3.1). Let ν_k, ω_k correspond to λ_k as ν^∗, ω^∗ corresponds to λ^∗. Then, from the simultaneous diagonalization, we conclude that

y_k = (B − λ_kC)^{−1}ψ = T (D − λ_kS)^{−1}T^tψ → ȳ. (5.9)

Moreover, y^∗ = ȳ + z for some z in the null space of B − λ^∗C, and we also have z ⊥ ψ. Now L(y, ν, ω) = y^t(B − νC + ωC)y − 2ψ^ty + να − ωβ. So h(ν_k, ω_k) = L(y_k, ν_k, ω_k) → L(ȳ, ν^∗, ω^∗) = L(y^∗, ν^∗, ω^∗) = μ^∗, i.e. this and (5.8) yields (5.5). Attainment follows directly from Theorem 2.1. 2 The equality (5.4) provides the standard Lagrangian dual program without any duality gap, while the second equality (5.5) provides a quadratic program type dual. Both duals have no duality gap and both duals are maximizing a concave function over a convex set and so illustrate that the trust region subproblems are implicit convex programs. The constraint qualification avoids trivial exceptional cases such as minimizing x subject to x^2 ≤ 0. Unfortunately, it can rule out cases where α or β is 0 and 0 is optimal for (P) as well as being an unconstrained minimum for μ, e.g. when α = 0, ψ = 0, B ≥ 0. The key observation is that there is no duality gap for the above dual programs. Therefore, we can use a dual algorithm to find the optimal Lagrange multiplier and then worry about the primal optimum point.

The hard case illustrates the difficulty that can arise in duality, i.e. a Lagrange multiplier may exist such that the dual is attained, but the infimum of the Lagrangian may not be attained at a feasible point of the original primal problem.

We can obtain a duality result with only one multiplier.

Corollary 5.1 Suppose that we are in the regular case and y solves (P) with optimal Lagrange multiplier λ. Define

h̄(λ) = −(−λ)_+α + (λ)_+β − ψ^t(B − λC)^†ψ. (5.10)

Then the optimal value of (P) satisfies

μ^∗ = sup B−λC≻0, h̄(λ). (5.11)

Moreover, in the easy case, the maximum is attained, while in the hard case it is attained for λ with B − λC positive semidefinite and possibly singular.

Proof: From the three cases in Theorem 2.1, we see that at least one side of the constraint of (P) can be discarded. Therefore we can assume that at least one of ν or ω is 0 in Theorem 5.1. This yields (5.11). Attainment also follows directly from Theorem 2.1. 2 Corollary 5.2 Suppose that C = I and β < 0 < α, i.e. (P) is the standard trust region subproblem. Let ḡ(λ) = λα − ψ^t(B − λC)^†ψ. (5.12) Then μ^∗ = sup_{B−λC≻0} λ≤0 ḡ(λ). (5.13)

Moreover, the maximum is attained in the easy case, while it is attained for λ, with B − λC ⪰ 0 and possibly singular, in the hard case. In addition, if the hard case holds and the Hessian of the Lagrangian at the optimum λ is singular, then μ^∗ = sup_{B−λC≻0} λ≤0 ḡ(λ) = max_{B−λC⪰0} λ≤0 ḡ(λ). (5.14)

Proof: The proof is similar to that of Corollary 5.1. The final statement follows from Theorem 2.1 since the optimum multiplier λ^∗ is the only point where B − λC is positive semidefinite and singular. 2 Note that in the standard version of (P), we could just as well choose β < 0, which implies that the constraint qualification is automatically satisfied.

6 APPENDIX

We now follow some of the development in [26] and outline an algorithm for (P) which exploits the Cholesky factorization of B − λC. (See Algorithm 6.3 below.) We assume that C is nonsingular and that the regular case holds, i.e. there exits λ such that B − λC ≻ 0. In our framework, the algorithm is a primal-dual type algorithm. We maximize the dual function in order to solve the dual problem. Therefore each such iteration provides an improved Lagrange multiplier estimator λ and, by weak duality, an improved lower bound on the optimal value. In addition, if the corresponding solution x_λ is feasible, we get an upper bound on the optimal value. This upper bound is then further improved by moving along a direction of negative curvature toward the boundary of the feasible set. When the gap between lower and upper bounds is small enough, the algorithm stops. Convergence of the algorithm follows immediately from the concavity of the dual function.

This framework also simplifies the description of the algorithm in [26], where the special case that C = I and 0 < α is treated. (β can be set to any negative number.) Note that in this case, feasibility of x_λ, i.e. x_λCx_λ ≤ α, is a necessary condition of the hard case and is used as an indicator that the hard case might have occurred. The Newton step in the hard case will generally be too large which results in slow convergence. However, only in this case do we get the added improvement in the upper bound. A log barrier penalty function can to added to avoid the large step. Thus it appears that the hard case might actually be preferable.

Many of the statements and results are straightforward extensions from [26] and we include some of them for completeness. We include results involving our dual function (see (5.10))

h̄(λ) = { λα − ψ^t(B − λC)^†ψ, if λ < 0 λβ − ψ^t(B − λC)^†ψ, if λ ≥ 0; and we discuss some of the advantages that occur by using this dual. This dual function is concave on the interval where B − λC is positive definite. It is differentiable if λ ≠ 0 with derivative

h̄^′(λ) = { α − x^t_λCx_λ, if λ < 0 β − x^t_λCx_λ, if λ > 0. (Recall that x_λ = (B − λC)^{−1}ψ.) The subdifferential at λ = 0 is the interval

∂h̄(0) = [β − x^t_0Cx_0, α − x^t_0Cx_0].

The signs of h̄^′(λ) and λ tell us which side of the trust region constraint is becoming active. For example, if λ < 0 and α > 0, then we maximize h̄(λ) by solving 0 = h̄^′(λ) = α − x^t_λCx_λ, (6.1)

and exploit the rational structure of this equation by applying Newton’s method to solve

ϕ(λ) := 1 √ α − 1 √ x^t_λCx_λ = 0, x_λ = (B − λC)^{−1}ψ, (6.2)

i.e. we iterate using λ ← λ −^{ϕ(λ)}_{ϕ′(λ)} . The function ϕ is almost linear but has a singularity where x^t_λCx_λ = 0. The algorithm is based on solving for feasibility of x_λ, while maintaining the optimality conditions. In our framework we are solving the simple dual problem, which means that we are equivalently maximizing the function h̄(λ) rather than just solving (6.1). The dual function does not have the singularity at x^t_λCx_λ = 0. By using implicit differentiation on the Lagrange equation (2.1), we see that ∂x_λ ∂λ = (B − λC)^{−1}Cx_λ,

ϕ^′(λ) = ∂ϕ(λ) ∂λ = x^t_λC(B − λC)^{−1}Cx_λ (x^t_λCx_λ)^32 , h̄^{′′}(λ) = ∂ h̄′(λ) ∂λ = −2x^t_λC(B − λC)^{−1}Cx_λ, and ϕ(λ) ϕ^′(λ) = ((x^t_λCx_λ)^{12} − √ α) √ α x^t_λCx_λ x^t_λC(B − λC)^{−1}Cx_λ . If both α and x^t_λCx_λ are negative, then we can replace them by their negative values in the definition of ϕ. We exploit the Cholesky factorization of the positive definite pencil B − λC = R^tR, where R is upper triangular. The following algorithm applies Newton’s method to update λ.

Algorithm 6.1 Let λ and x be given with B − λC = R^tR positive definite and R^tRx = ψ. Let y = Cx and γ = y^tx. Solve R^tq = y.

If λ < 0 or (λ = 0 and γ > α),

If αγ > 0, let λ = λ −^{(|γ|} 1 2 − √_{|α|} ) √_{|α|}^γ_{qtq} .

If αγ ≤ 0, let λ = λ − (γ − α)^1_{2qtq} . Else if λ > 0 or (λ = 0 and γ < β), If βγ > 0, let λ = λ −^{(|γ|} 1 2 − √_{|β|} ) √_{|β|}^γ_{qtq} . If βγ ≤ 0, let λ = λ − (γ − β)^1_{2qtq} . End If C is positive definite, then α is positive and this algorithm reduces to that presented in [26]. Note that the algorithm stops if ψ = 0. However, this is not a failure, since this indicates that we have solved the dual problem if we solve an eigenvalue problem, e.g. if α ≥ β > 0 we need to solve sup_{B−λC≻0} λ. We have therefore found the optimal value of the primal problem.

The following lemma is a generalization of Lemma 3.4 in [26]. We have modified the results and added comments to include the role of our dual function. We include the proof for completeness. Note that for λ < 0, the dual function satisfies h̄(λ) = λα − ||Rx||^2, with h̄(λ) = h(λ) if B − λC ≻ 0. (The case λ > 0 follows similarly.) Lemma 6.1 Let 0 < σ < 1 be given and suppose that B − λC = R^tR, (B − λC)x = ψ, λ < 0, where x = (B − λC)^†ψ when B − λC is singular. Let z ∈ ℜ^n satisfy (x + z)^tC(x + z) = α, ||Rz||^2 ≤ σ| ||Rx||^2 − λα | (= σ|h̄(λ)|). (6.3) Then h̄(λ) = λα − ||Rx||^2 ≤ μ^∗ ≤ μ(x + z) ≤ h̄(λ) + σ|h̄(λ)| (6.4) where μ^∗ is the optimal value of (P ). Proof: For any z ∈ ℜ^n we have μ(x + z) = −(||Rx||^2 − λ(x + z)^tC(x + z)) + ||Rz||^2. (6.5) Then for any z which satisfies (6.3), we have μ(x + z) = h̄(λ) + ||Rz||^2 ≤ h̄(λ) + σ|h̄(λ)|.

Moreover, if μ^∗ = μ(x + z^∗), where x + z^∗ is feasible, then (6.5) implies μ(x + z^∗) ≥ −(||Rx||^2 − λα) = h̄(λ), i.e. weak duality holds. The last two inequalities yield the lemma. 2 From the lemma we now conclude that if μ^∗ ≤ 0, then −μ(x + z) ≥ (1 − σ)(−h̄(λ)) and so |μ(x + z) − μ^∗| = μ(x + z) − μ^∗ ≤ σ(−μ^∗) = σ|μ^∗|. Similarly, if μ^∗ > 0, then for good approximations λ we have h̄(λ) > 0 and −μ(x + z) ≥ (1 + σ)(−h̄(λ)) ≥ (1 + σ)(−μ^∗). Therefore, in both cases we conclude that |μ(x + z) − μ^∗| ≤ σ|μ^∗|, i.e. the lemma yields a nearly optimal solution to (P ). Alternatively, we get the interval h̄(λ) ≤ μ^∗ ≤ μ(x + z) ≤ h̄(λ) + σ|h̄(λ)|. (6.6) (Note that the error σ|μ^∗| ≤ σ|h̄(λ)| if μ^∗ ≤ 0, which is the case if e.g. y = 0 is feasible as in the standard trust region subproblem. This is reversed if h̄(λ) > 0.)

The lemma is used in the case that the current iterate yields a strictly feasible estimate, i.e. β < x_λCx_λ < α. Then a vector z with ||z|| = 1 and ||Rz|| small, is computed using a Linpack routine for estimating the smallest singular value. From (6.5), we see that if we can find τ such that x + τz satisfies the constraint with equality, then we should get a good improvement in our estimate of the optimum. In addition, note that x_λ is optimal for a subproblem, e.g. if λ < 0, then x_λ is optimal for (P) with α replaced by x_λCx_λ. We can therefore continue with a new modified problem with β replaced by x_λCx_λ. In addition, if we know that the optimal Lagrange multiplier is negative, then we can actually replace β by α.

The lemma provides a stopping criterion since we can conclude that the duality gap is bounded by σ|μ^∗|. However, a smaller gap is obtained from |μ(x + z) − h̄(λ)|. Safeguarding must be done in order to maintain positive definiteness of the pencil during the iterations. The safeguarding procedure needs parameters λ_L, λ_U , λ_S, and λ, such that [λ_L, λ_U ] is an interval of uncertainty which contains the optimal Lagrange multiplier λ^∗, while −∞ ≤ λ_S ≤ λ_T ≤ ∞ with the interval [λ_S, λ_T ] containing the interval of positive definiteness. For example, given B − λC ≻ 0, updating λ_L, λ_U follows from the concavity of the dual function:

Algorithm 6.2 Safeguarding λ:

If h̄^′_T < 0, λ_U = min{λ_U , λ} Else λ_L = max{λ_L, λ} End Note that we do not have to consider λ = 0 as a special case unless it is the optimal multiplier, in which case the algorithm stops. However, updating λ_S and λ_T does not follow as easily. It is not immediately clear how to use the information from the Cholesky factorization to improve the estimates for the interval of positive definiteness. Note that only one of these needs to be updated since we can immediately determine which side of the current λ the optimal λ^∗ is on. Initial estimates can be calculated from

λ_S = max_{cii<0} b_{ii} c_{ii} , λ_T = min_{cii>0} b_{ii} c_{ii} . The following outlines an iteration for an algorithm for (P). Convergence is guaranteed by the properties of the dual program. We have not included the instances where safeguarding and updating of the safeguarding parameters are done.

Algorithm 6.3 Suppose λ and x are given with B − λC = R^tR positive definite and R^tRx = ψ.

1. If the convergence criteria is satisfied, then STOP.

2. Take a Newton step as described in Algorithm 6.1.

3. Backtrack if necessary until the dual functional is improved and the pencil is positive definite. (Find the Cholesky factorization B − λC = R^tR.) 4. If β < x^tCx < α, then μ(x) provides an upper bound on the optimal value; improve this upper bound using e.g. τ, ẑ or use some other technique for the primal problem.

A Matlab program has been written and tested on randomly generated problems which satisfy our assumptions. The test results showed an average of 3.4 iterations for convergence. This program can be obtained using anonymous ftp from princeton.edu in the directory pub/henry. See the readme file for the description of the contents of this directory. A detailed numerical study of this algorithm is currently being done. Moreover, the dual program is particularly well-suited for interior point methods. A primal-dual interior point method is presented in [37]. It is shown to be very robust and efficient. In particular, it does not need to treat the hard case in any special way.

In conclusion, we would like to thank Urs von Matt for his carefull refereeing, and many improvements, and corrections to the paper. We also wish to mention that since completing this work, we have become aware of related work on duality for the standard trust region subproblem in [10] and work on generalizations for indefinite equality constrained trust region subproblem in [25].

References

[1] J.L. BARLOW. Error analysis of update methods for the symmetric eigenvalue problem. Technical Report CS-91-09, Department of Computer Science, Penn State, Univ. Park, PA 16802, 1991. To appear in SIMAX.

[2] E. R. BARNES. A variation on Karmarkar’s algorithm for solving linear programming problems. Mathematical Programming, 36:174–182, 1986.

[3] R.G. CARTER. Multi-model algorithms for optimization. Technical Report TR86-3, Department of Mathematical Sciences, Rice University, Houston,TX, 1986.

[4] M.R. CELIS, J.E. DENNIS Jr., and R.A. TAPIA. A trust region strategy for nonlinear equality constrained optimization. In Proceedings of the SIAM Conference on Numerical Optimization, Boulder, CO, 1984. Also available as Technical Report TR84-1, Department of Mathematical Sciences, Rice University, Houston, TX.

[5] A.R. CONN. Nonlinear programming, exact penalty functions and projection techniques for non-smooth functions. In P.T. BOGGS, R. BYRD, and R.B. SCHNABEL, editors, Numerical Optimization 1984, pages 3–25. SIAM, 1984.

[6] J.E. DENNIS Jr. and R.B. SCHNABEL. Numerical Methods for Unconstrained Optimization and Nonlinear Equations. Prentice-Hall, Englewood Cliffs, NJ, 1983. Russian edition, Mir Publishing Office, Moscow, 1988, O. Burdakov, translator.

[7] I. I. DIKIN. Iterative solution of problems of linear and quadratic programming. Doklady Akademii Nauk SSSR, 174:747–748, 1967. Translated in : Soviet Mathematics Doklady, 8:674–675, 1967.

[8] H.B. EFIMOV. Higher Geometry. Mir, Moscow, 1980. Translated from the Russian by P.C. Sinha.

[9] R. FLETCHER. Practical Methods of Optimization. John Wiley & Sons, New York, NY, 1987.

[10] O.E. FLIPPO and B. JANSEN. Duality and sensitivity in quadratic optimization over a sphere. Technical Report 93-15, Technical University of Delft, Delft, The Netherlands, 1993.

[11] G.E. FORSYTHE and G.H. GOLUB. On the stationary values of a second-degree polynomial on the unit sphere. SIAM J. Applied Mathematics, 13:1050–1068, 1965.

[12] W. GANDER, G.H. GOLUB, and U. von MATT. A constrained eigenvalue problem. Linear Algebra and its Applications, 114/115:815–839, 1989.

[13] D.M. GAY. Computing optimal locally constrained steps. SIAM J.

Sci. Statist. Comput., 2:186–197, 1981.

[14] I. GOHBERG, P. LANCASTER, and L. RODMAN. Matrices and Indefinite Scalar Products. Birkhauser, Verlag Basel, 1983.

[15] G. GOLUB and U. von MATT. Quadratically constrained least squares and quadratic problems. Numer. Math., 59:561–580, 1991.

[16] C.-G. HAN, P.M. PARDALOS, and Y.YE. Computational aspects of an interior point algorithm for quadratic programming problems with box constraints. In T.F. COLEMAN and Y. LI, editors, Large Scale Numerical Optimization. SIAM, 1990.

[17] M. HEINKENSCHLOS. On the solution of a two ball trust region subproblem. Technical Report Nr.92-16, Universitat Trier, Mathenatik/Informatik, 1992.

[18] D. HERSHKOWITZ and H. SCHNEIDER. On the inertia of intervals of matrices. SIAM J. Matrix Anal. Appl., 11:565–574, 1990.

[19] R. HORN and C. JOHNSON. Matrix Analysis. Cambridge University Press, New York, 1985.

[20] D.G. LUENBERGER. Linear and Nonlinear Programming. Reading.

Addison-Wesley, Massachusetts, second edition, 1984.

[21] A.A. MELKMAN and C.A. MICCHELLI. Optimal estimation of linear operators in hilbert spaces from inaccurate data. SIAM J. Numer. Anal., 16(1):87–105, 1979.

[22] B. MOHAR and S. POLJAK. Eigenvalues in combinatorial optimization. Technical Report 92752, Charles University, Praha, Czechoslovakia, 1992.

[23] J.J. MORÉ. The Levenberg-Marquardt algorithm: implementation and theory. In G.A. Watson, editor, Lecture Notes in Mathematics #630, Numerical Analysis, pages 105–116. Springer-Verlag, Berlin, Heidelberg and New York, 1977.

[24] J.J. MORÉ. Recent developments in algorithms and software for trust region methods. In Bachem, Grotschel, and Korte, editors, Mathematical Programming, the State of the Art, pages 268–285. 1983.

[25] J.J. MORÉ. Generalizations of the trust region problem. Technical Report MCS-P349-0193, Argonne National Labs, Argonne, IL, 1993.

[26] J.J. MORÉ and D.C. SORENSEN. Computing a trust region step.

SIAM J. Sci. Statist. Comput., 4:553–572, 1983.

[27] M.J.D. POWELL. Overview of constrained optimization. Introductory address, Siam Conference on Optimization, Chicago, Ill., 1992.

[28] F. RENDL. An inverse parametric eigenvalue approach to trust region problems. Technical report, Technische Universitat Graz, Graz, Austria, 1992.

[29] D.C. SORENSEN. Newton’s method with a model trust region modification. SIAM J. Numer. Anal., 19:409–426, 1982.

[30] D.C. SORENSEN. Trust region methods for unconstrained minimization. In M.J.D. Powell, editor, Nonlinear Optimization 1981. Academic Press, London, 1982.

[31] R.J. STERN and H. WOLKOWICZ. Trust region problems and nonsymmetric perturbation theory. SIAM J. Matrix Analysis and Applications, 1993. to appear.

[32] R.J. STERN and J.J. YE. Variational analysis of an extended eigenvalue problem. Linear Algebra and Its Applications, 1992. to appear.

[33] N. TSING and F. UHLIG. Inertia, numerical range, and zeros of quadratic forms for matrix pencils. SIAM J. Matrix Anal. Appl., 12:146–159, 1991.

[34] R. J. VANDERBEI, M. S. MEKETON, and B. A. FREEDMAN. A modification of Karmarkar’s linear programming algorithm. Algorithmica, 1(4):395–407, 1986.

[35] J.H. WILKINSON. The Algebraic Eigenvalue Problem. Oxford University Press, London, 1965.

[36] K.A. WILLIAMSON. Parameter identification in systems of ordinary differential equations. PhD thesis, Department of Mathematical Sciences, Rice University, Houston, TX, 1990. In preparation.

[37] H. WOLKOWICZ and Q. ZHAO. A primal-dual interior point method for indefinite trust region subproblems. Technical report, Department of Combinatorics and Optimization, Waterloo, Ont, 1993.

[38] Y. YUAN. On a subproblem of trust region algorithms for constrained optimization. Mathematical Programming, 47:53–63, 1990.

[39] Y. YUAN. A dual algorithm for minimizing a quadratic function with two quadratic constraints. Journal of Computational Mathematics, 9:348–359, 1991.

[40] Y. ZHANG. Computing a Celis-Dennis-Tapia trust-region step for equality constrained optimization. Mathematical Programming, 55:109– 124, 1992.