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Abstract

We consider the nonconvex minimization problem, with quartic objective
function, that arises in the exact recovery of a con�guration matrix P ∈ Rn×d

of n points when a Euclidean distance matrix, EDM, is given with embed-
ding dimension d. It is an open question in the literature whether there are
conditions such that the minimization problem admits a local nonglobal min-
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imizer, lngm. We prove that all second-order stationary points are global
minimizers whenever n ≤ d + 1. And, for d = 1 and n ≥ 7 > d + 1, we
present an example where we can analytically exhibit a local nonglobal mini-
mizer. For more general cases, we numerically �nd a second-order stationary
point and then prove that there indeed exists a nearby lngm for the quar-
tic nonconvex minimization problem. Thus, we answer the previously open
question about their existence in the a�rmative. Our approach to �nding the
lngm is novel in that we �rst exploit the translation and rotation invariance
to remove the singularities of the Hessian, and reduce the size of the problem
from nd variables in P to (n − 1)d − d(d − 1)/2 variables. This allows for
stabilizing Newton's method, and for �nding examples that satisfy the strict
second order su�cient optimality conditions.

The motivation for being able to �nd global minima is to obtain exact
recovery of the con�guration matrix, even in the cases where the data is
noisy and/or incomplete, without resorting to approximating solutions from
convex (semide�nite programming) relaxations. In the process of our work
we present new insights into when lngms of the smooth stress function do
and do not exist.

Keywords: distance geometry, Euclidean distance matrices, Gram matrix,
local nonglobal minima, Kantorovich Theorem, exact recovery
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1. Introduction24

EDM (completion) problems have long been studied in the scienti�c lit-25

erature, see e.g., the surveys, book collections, and some recent papers [7,26

9, 13, 3, 2, 5]. It is well known that one can obtain the Gram matrix Ḡ27

from a given EDM D̄. Then, a con�guration matrix P̄ of points p̄i ∈ Rd
28

such that D̄ij = ∥p̄i − p̄j∥2, i, j = 1, . . . , n, can be obtained from a full rank29

factorization30

Ḡ = P̄ P̄ T , P̄ T =
[
p̄1, . . . , p̄n

]
∈ Rd×n.

In this paper, we consider the question of exact recovery from the uncon-31

strained minimization problem32

min
P∈Rn×d

∥K(PP T )− D̄∥2F , (1.1)

where K : Sn → Sn is the Lindenstrauss operator on symmetric matrix space:33

34

K(G) = diag(G)eT + e diag(G)T − 2G.

Here e is the vector of ones and diag(G) is the linear mapping providing the35

vector of diagonal elements of the square matrix G. Moreover, ∥ · ∥, ∥ · ∥F ,36

denote the Euclidean and Frobenius norms, respectively.37
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The optimization problem (1.1) is a Euclidean distance geometry problem38

(DGP), see e.g., [9]. DGP includes the EDMCompletion Problem, where39

D̄ can have missing entries as well as noisy entries. This latter problem has40

been proven to be NP-Hard [15].41

The objective function of (1.1) is denoted and expressed as a quartic in
P :

σ2(P ) = ∥K(PP T )− D̄∥2F =
n∑

i=1

n∑
j=1

(
∥pi − pj∥2 − ∥p̄i − p̄j∥2

)2
,

which is referred to as the smooth stress in the multidimensional scaling42

(MDS) literature. (Throughout this text, for notational convenience, we use43

f(P ) = 1
2
σ2(P ) as our objective function.)44

Since the function σ2(P ) is nonconvex, and optimization methods gen-45

erally �nd local minima, we investigate the possibility for such a quartic46

function to have all local minimizers as global minimizers. This question has47

been considered as open and has been widely studied in the MDS literature;48

see for example, [10, 11, 12, 14]. One of the motivations for the research about49

the local nonglobal minima (lngm) of σ2(P ) is that the characterization of50

the lngm is critical to developing e�cient algorithms without resorting to51

convex (semide�nite programming) relaxations.52

The question about the existence of a lngmwas also considered for an-
other type of stress function, called the raw stress :

σ1(P ) =
n∑

i=1

n∑
j=1

(∥pi − pj∥ − ∥p̄i − p̄j∥)2 .

Trosset and Mathar [12] analytically veri�ed that the raw stress function53

σ1(P ) admits a lngm , where P̄ is a square con�guration with vertices at54

the four points p̄1 = [1/2, 1/2], p̄2 = [−1/2, 1/2], p̄3 = [−1/2,−1/2], and55

p̄4 = [1/2,−1/2]. The authors of [17] applied this example to the smooth56

function σ2(P ) but did not �nd a lngm. Instead, they present an example57

of the inexact EDM recovery problem having a lngm; speci�cally, problem58

(1.1) with D̄ replaced by ∆ ∈ Sn that is not an EDM . However, the question59

about the existence of a lngm for the exact problem σ2(P ) remained open.60

Addressing this challenge involves two main di�culties: (1) the apparent61

lack of simple examples exhibiting lngm ; and (2) the inherent complexity62

in proving the existence of a lngm for such a complex problem.63
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In this paper, we provide a de�nitive answer to this open question. We64

prove that all second-order stationary points are global minimizers whenever65

n ≤ d + 1. For n > d + 1, we present an example in dimension d = 1,66

with a very special structure, for which we can analytically exhibit a lngm .67

For more general cases, we �nd examples where the function σ2(P ) has a68

lngm, and we provide analytic veri�cation using techniques from the local69

convergence proof of Newton's method. The examples are obtained using the70

trust region approach with random initializations.71

The rest of this paper is arranged as follows. We continue in Section 272

with a description of our main unconstrained minimization problem (1.1).73

We introduce two additional equivalent problems with reduced numbers of74

variables. The reduction allows for strict second-order su�cient optimality75

conditions and thus is necessary for the analytic existence proof. In Section 3,76

we include various linear transformations, derivatives, and adjoints. Many77

of these are used throughout this paper. We suggest that they provide a78

useful addition to the literature on EDM, as it emphasizes the use of matrix79

transformations rather than individual elements or points. In Section 4, we80

study the optimality conditions and establish that σ2(P ) has no lngm if81

n ≤ d + 1. In Section 5.1, we give a special example with d = 1 where a82

lngm can be explictly illustrated. In Section 5.2, we provide two examples83

and use the Kantorovich theorem to (numerically) prove the existence of84

lngms in this more general setting.85

2. Notation and Equivalent Main Problem Formulations86

Before presenting the problem formulations, we introduce the necessary87

notation and background from distance geometry. Further details are pro-88

vided in [3].89

2.1. Notation90

We use the trace inner product in m × n matrix space Rm×n, ⟨X, Y ⟩ =91

trXTY with the induced Frobenius norm, ∥X∥F =
√

⟨X,X⟩. Denote ∥X∥2 :=92 √
λmax(XTX), where λmax(·) gives the largest eigenvalue. If no subscript in93

∥ · ∥ is written, the Frobenius norm ∥ · ∥F is understood. We note that both94

∥·∥F and ∥·∥2 reduce to the standard 2-norm in Rn (n×1 matrices) ∥x∥. For95

a �nite dimensional Hilbert space X , we use Br(x̃) := {x ∈ X | ∥x− x̃∥ ≤ r}96

to denote the ball centered at x̃ with radius r > 0.97
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Let Sn be the set of symmetric matrices in Rn×n. The cone of positive98

semide�nite matrices is denoted by Sn
+ ⊂ Sn, and we use S ⪰ 0 for S ∈ Sn

+.99

Similarly, for positive de�nite matrices S, we use S ∈ Sn
++ and S ≻ 0.100

Additionally, S ≥ 0 and S > 0 denote that all entries of S are non-negative101

and positive, respectively. Let diag(S) ∈ Rn denote the vector formed by the102

diagonal of a matrix S ∈ Rn×n. The adjoint operator diag∗(v) = Diag(v) ∈103

Sn maps a vector v ∈ Rn to Diag(v) ∈ Sn, the diagonal matrix with entries104

from v. For a matrix C ∈ Rn×d, vec(C) ∈ Rnd denotes the column vector105

formed by stacking the columns of C, and Mat ∼= vec∗ is the adjoint of106

vec, satisfying Mat(vec(C)) = C for all C ∈ Rn×d. If F : X → Y is a107

map between �nite dimensional Hilbert spaces, F ′(P ) and F ′′(P ) denote its108

Fréchet derivatives at P ∈ X .109

For a set of points pi ∈ Rd, i ∈ [n] := {1, 2, · · · , n}, denote the con�gu-
ration matrix by

P =
[
p1 p2 . . . pn

]T ∈ Rn×d.

Here d is the embedding dimension. Denote the quadratic mapping M :110

Rn×d → Sn, M(P ) = PP T . Recall that e denotes the column vector of111

ones of appropriate dimension. Then, the classical result of Schöenberg [16]112

relates an EDM , D(P ), with the corresponding Gram matrix, G = M(P ),113

by applying the linear operator K : Sn
C → Sn

H :114

K(G) = diag(G)eT + e diag(G)T − 2G =
(
∥pi − pj∥2

)
ij
=: D(P ), (2.1)

where the centered subspace, Sn
C and the hollow subspace, Sn

H are de�ned by115

116

Sn
C = {S ∈ Sn : Se = 0}, Sn

H = {S ∈ Sn : diag(S) = 0}.
Denote Se : Rn → Sn: Se(v) = veT + evT . Then, K(G) = Se(diag(G))− 2G.117

Note that the centered assumption P T e = 0 ⇔ G = PP T ∈ Sn
C . Also, when118

the domain of K is restricted to be Sn
C , the mapping K is a bijection between119

Sn
C and K(Sn

C).120

Further detailed properties and a list of (non)linear transformations and121

adjoints are given in Section 3.122

2.2. Main Problem Formulations123

Suppose that we are given a centered con�guration matrix P̄ ∈ Rn×d, P̄ T e =124

0. This gives rise to the corresponding Gram matrix Ḡ = P̄ P̄ T ∈ Sn
C and125

EDM, D̄ = K(Ḡ). We now present the main problem and two reformulations126

that reduce the size of variables and help with stability.127

6



Problem 2.1. Let D̄ = D(P̄ ) be a EDM obtained from some given con�gu-128

ration matrix P̄ . Consider the nonconvex minimization problem of recovering129

a corresponding con�guration matrix P̂ given by130

P̂ ∈ argminP∈Rn×d f(P ) :=
1

2
∥K(PP T )− D̄∥2F =:

1

2
∥F (P )∥2F ; (2.2)

thus de�ning the function F : Rn×d → Sn
H .131

Theorem 2.1 is a nonlinear least squares problem. It has nd variables.132

By taking advantage of symmetry and the zero-diagonal constraints, the133

objective function can be seen as a sum of squares of t(n − 1) quadratic134

functions, where t(n− 1) := n(n− 1)/2 is the triangular number . Note that135

P̄ is a global minimizer for (2.2) with the optimal value f(P̄ ) = 0. We study136

whether all stationary points where the second-order necessary optimality137

conditions hold are global minimizers.138

Note that the distance matrix is invariant under translations and rotations139

of P . Without loss of generality, we assume P is centered (P T e = 0). Let140

V ∈ Rn×(n−1) be such that141

V TV = In−1, V T e = 0. (2.3)

By the fact that V V T is the orthogonal projection onto e⊥ (the orthogonal142

complement of e), we have P T e = 0 if, and only if, P = V L for some143

L ∈ R(n−1)×d.7 We exploit this property for deducing an equivalent problem144

formulation having a smaller dimension.145

Problem 2.2. Let P̄ , D̄ be as given in Theorem 2.1, and let V be as in (2.3).146

Consider the nonconvex minimization problem of recovering a corresponding147

centered con�guration matrix P̂ = V L̂ by �nding148

L̂ ∈ argminL∈R(n−1)×d fL(L) :=
1

2
∥K(V L(V L)T )− D̄∥2F =:

1

2
∥FL(L)∥2F ;

(2.4)
thus de�ning the function FL : R(n−1)×d → Sn

H .149

Let O = {Q ∈ Rd×d : QTQ = Id} be the orthogonal group of order d.
Note that LLT = LQQTLT holds for all Q ∈ O. If LT = QR is the QR
factorization, then

RT = LQ ⇒ fL(L) = fL(R
TQT ) = fL(R

T ),

7This is similar to the application of facial reduction for the semide�nite relaxation,
see [4].
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where R ∈ Rd×(n−1) is upper triangular (trapezoidal when d < n − 1).150

The problem can be further reduced using rotation invariance: fL(LQ) =151

fL(L), ∀Q ∈ O.152

Recall that the linear transformation svec : Sn → Rt(n) is a generalization153

of the vectorization vec applied to symmetric matrices that avoids the du-154

plication of the lower triangular part. We now extend this idea to triangular155

(trapezoidal) matrices to avoid the zeros. We de�ne the linear operator that156

maps a vector ℓ ∈ Rtℓ to a lower triangular (trapezoidal) matrix in R(n−1)×d
157

given by158

LTriag(ℓ)(i,j) =
{

ℓnj−n−t(j)+i+1, if j ≤ i
0, otherwise,

(2.5)

where159

tℓ =

{
t(n− 1), if d ≥ n− 1

(n− 1)d− t(d− 1), otherwise.
(2.6)

For L ∈ R(n−1)×d lower trapezoidal, tℓ counts its entries where nonzero values160

are allowed. For d < n− 1, LTriag(ℓ) has t(d− 1) zero elements at the top161

right; whereas for d ≥ n− 1, LTriag(ℓ) has t(n− 1) nonzero elements at the162

bottom left.163

Using the above de�nition, we de�ne164

fℓ : Rtℓ → R, fℓ(ℓ) := fL(LTriag(ℓ)). (2.7)

Notice that the adjoint of LTriag, LTriag∗ : R(n−1)×d → Rtℓ , takes the165

lower triangular (trapezoidal) part of L ∈ R(n−1)×d and maps it to the cor-166

responding vector ℓ ∈ Rtℓ , such that LTriag∗ LTriag(ℓ) = ℓ. Moreover,167

LTriagLTriag∗(L) is the projection of L onto the subspace of lower triangu-168

lar (trapezoidal) matrices.169

Problem 2.3. Let P̄ , D̄ be as given in Theorem 2.2 (and in Theorem 2.1),170

and let V, tℓ, fℓ(ℓ), be as in (2.3), (2.6) and (2.7), respectively. Consider171

the nonconvex minimization problem of recovering a corresponding centered172

con�guration matrix P̂ = V L̂ = V LTriag(ℓ̂)Q̂T , with Q̂ ∈ O, by �nding173

ℓ̂ ∈ argminℓ∈Rtℓ fℓ(ℓ) := 1
2
∥K(V LTriag(ℓ)(V LTriag(ℓ))T )− D̄∥2F

= 1
2
∥FL(LTriag(ℓ))∥2F =: 1

2
∥Fℓ(ℓ)∥2F ;

(2.8)
thus de�ning the function Fℓ : Rtℓ → Sn

H .174
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Remark 2.4. Compared to Theorem 2.1, Theorem 2.3 is a nonlinear least175

squares problem, with fewer variables and the same number of quadratic terms176 (
K(V LTriag(ℓ)(V LTriag(ℓ))T )− D̄

)
ij
, i < j. For d < n−1, the underlying177

system of equations is overdetermined, as tℓ < t(n − 1). For d ≥ n − 1,178

from (2.6), the number of variables is t(n − 1), the same as the number of179

quadratic equations. Thus we no longer have the singularity that arises for180

the Jacobian of an underdetermined nonlinear least squares problem.181

In order to determine whether a lngm exists, the next section provides182

useful formulae for linear transformations and derivatives.183

3. Properties and auxiliary results184

We now provide appropriate notation and formulae for transformations,185

adjoints and derivatives involved in EDM, and then give the equivalence186

relationships among local minimizers of the above three reformulations.187

3.1. Transformations, Derivatives, Adjoints, Range and Null Spaces188

Theorem 3.1 below presents a list of auxiliary results. It concerns the189

following vectors, matrices and functions:190

P ∈ Rn×d, p = vec(P ) ∈ Rnd,∆P ∈ Rn×d, ∆p = vec(∆P ) ∈ Rnd,
L ∈ R(n−1)×d, ℓ ∈ Rtℓ , tℓ in (2.6), S, T ∈ Sn;

191

M : Rn×d → Sn, K : Sn → Sn, F : Rn×d → Sn
H , f : Rn×d → R,

LTriag : Rtℓ → R(n−1)×d, Se : Rn → Sn, FL : R(n−1)×d → Sn
H , fL : R(n−1)×d → R,

Fℓ : Rtℓ → Sn
H , fℓ : Rtℓ → R.

Lemma 3.1. We have the following �rst and second Fréchet derivatives and192

adjoints:193

1. M′(P )(∆P ) = P∆P T +∆PP T , M′′(P )(∆P,∆P ) = 2∆P∆P T .194

2. M′(P )∗(S) = 2SP .195

3. S∗
e (S) = 2Se.196

4. K(G) = Se(diag(G))− 2G, range(K) = Sn
H , null(K) = range(Se).197

5. K∗(S) = 2(Diag(Se) − S), range(K∗) = Sn
C , null(K∗) = Diag(Rn).198

Moreover, S ≥ (≤)0 =⇒ K∗(S) ⪰ (⪯)0.199

6. D(P ) = Se(diag(M(P )))− 2M(P ).200

7. D′(P )(∆P ) = Se(diag(M′(P )(∆P ))− 2M′(P )(∆P ).201
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8. F ′(P )(∆P ) = K (M′(P )(∆P )), F ′′(P )(∆P,∆P ) = K (M′′(P )(∆P,∆P )).202

9. F ′(P )∗(S) = M′(P )∗(K∗(S)) = 4(Diag(Se)− S)P .203

10. We have204

f ′(P ) = F ′(P )∗(F (P )) = 4[Diag(F (P )e)− F (P )]P, (3.1)

and205

f ′′(P )(∆P,∆P ) = ⟨K(P∆P T +∆PP T ),K(P∆P T +∆PP T )⟩
+2⟨F (P ),K(∆P∆P T )⟩.

(3.2)
206

Proof. 1. It follows directly from the expansion

M(P +∆P ) = (P +∆P )(P +∆P )T

= PP T +∆PP T + P∆P T +∆P∆P T

= M(P ) +M′(P )(∆P ) + 1
2
M′′(P )(∆P,∆P ).

2. Note that207

⟨M′(P )(∆P ), S⟩ = ⟨P∆P T +∆PP T , S⟩
= tr(P∆P TS +∆PP TS)
= tr(SP∆P T + SP∆P T )
= ⟨M′(P )∗(S),∆P ⟩.

3. From the trace inner product,208

⟨Se(v), S⟩ = tr(evTS + veTS) = tr(vTSe) + tr(SevT ) = ⟨2Se, v⟩.

4. See [1, Prop. 2.2].209

5. See [1, Prop. 2.2] for the characterization of the nullspace of K∗. The210

identity K∗(S) = 2(Diag(Se)− S) follows from211

⟨K(T ), S⟩ = ⟨diag(T )eT + e diag(T )T − 2T, S⟩
= 2 tr(eTS diag(T ))− 2 tr(TS)
= 2⟨Se, diag(T )⟩ − 2⟨T, S⟩
= 2⟨Diag(Se)− S, T ⟩,

where the last equality is due to Diag = diag∗. Moreover, for S ∈ Sn,212

we have by diagonal dominance that S ≥ (≤)0 =⇒ K∗(S) ⪰ (⪯)0.213
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6. It follows directly from Item 5.214

7. This follows from the linearity of diag and Se.215

8. Both follow from the de�nitions and linearity of K.216

9. It follows from217

⟨F ′(P )(∆P ), S⟩ = ⟨K(M′(P )(∆P )), S⟩
= ⟨M′(P )(∆P ),K∗(S)⟩
= ⟨∆P,M′(P )∗(K∗(S))⟩,

and M′(P )∗ and K∗(S) presented in Items 2 and 5.218

10. From the expansion of f(P +∆P ),219

f(P +∆P )
= 1

2
⟨F (P +∆P ), F (P +∆P )⟩

= 1
2
∥F (P ) + F ′(P )(∆P ) + 1

2
F ′′(P )(∆P,∆P ) + o(∥∆P∥2)∥2,

= 1
2
⟨F (P ), F (P )⟩+ ⟨F (P ), F ′(P )(∆P )⟩

+1
2
⟨F ′(P )(∆P ), F ′(P )(∆P )⟩+ 1

2
⟨F (P ), F ′′(P )(∆P,∆P )⟩+ o(∥∆P∥2),

we get (3.1). Then we obtain220

f ′′(P )(∆P,∆P )
= ⟨F ′(P )(∆P ), F ′(P )(∆P )⟩+ ⟨F (P ), F ′′(P )(∆P,∆P )⟩
= ⟨K(M′(P )(∆P )),K(M′(P )(∆P ))⟩+ ⟨F (P ),K(M′′(P )(∆P,∆P ))⟩
= ⟨K(P∆P T +∆PP T ),K(P∆P T +∆PP T )⟩+ 2⟨F (P ),K(∆P∆P T )⟩,

(3.3)
where the second equality follows from Item 8. De�ne ∆p := vec(∆P ).
Now, we can isolate the matrix representation with

f ′′(P )(∆P,∆P ) = ⟨f ′′(P )(Mat vec(∆P )),Mat vec(∆P )⟩
= ⟨[vec f ′′(P )Mat] (∆p) , (∆p)⟩.

Denote the symmetrization S : Rn×n → Sn,S(K) = (K +KT )/2, and221

let T be the self-adjoint transpose operator. The �rst term in (3.3) is222

4⟨K(S(P (Mat vec∆P )T )),K(S(P (Mat vec∆P )T ))⟩
= 4⟨(P TS∗K∗KSP )((Mat vec∆P )T ), (Mat vec∆P )T ⟩
= 4⟨(P TS∗K∗KSP )(T Mat vec∆P ), (T Mat vec∆P )⟩
= 4

〈[
vec T ∗P TS∗K∗KSPT Mat

]
∆p,∆p

〉
.

(3.4)
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The second term in (3.3) is223

2⟨F (P ),K
(
∆P∆P T

)
⟩

= 2
〈
K∗ (F (P )) ,∆P∆P T

〉
= 2 ⟨∆P,K∗(F (P ))∆P ⟩
= 2 ⟨[vecK∗F (P )Mat]∆p,∆p⟩ .

(3.5)

Recall that F ′(P )(∆P ) = K(M′(P )(∆P )). We combine (3.4) and (3.5)224

and obtain the matrix representation of the Hessian (not necessarily225

positive semide�nite) :226

[vec f ′′(P )Mat] = 4
[
vec T ∗P TS∗K∗KSPT Mat

]
+2 [vecK∗F (P )Mat]

= 4 [J∗J ] + 2 [vecK∗F (P )Mat] ,
(3.6)

where227

J(∆p) := KSPT Mat∆p. (3.7)

228

Theorem 3.2. The second-order necessary optimality conditions for (2.2)229

are:230

0 = f ′(P ) = F ′(P )∗(F (P )) = 2K∗(F (P ))P, (3.8)
231

0 ⪯ [vec f ′′(P )Mat] = 4 [J∗J ] + 2 [vecK∗(F (P ))Mat] . (3.9)

Proof. The second equality in (3.8) follows from (3.1), and the third equality232

in (3.8) follows from Items 2 and 9 of Theorem 3.1. In particular, we have233

f ′(P ) = F ′(P )∗(F (P )) = M′(P )∗(K∗(F (P ))) = 2K∗(F (P ))P. (3.10)

The expression for the second-order term in (3.9) follows from (3.6) in Item 10234

of Theorem 3.1.235

Throughout the paper, we denote the following two matrices in Snd:236

H1 = [J∗J ], H2 = [vec (K∗ (F (P ))Mat]. (3.11)

By abuse of notation, H1 and H2 represent both the linear maps and their237

matrix representations. The meaning will be clear from the context. We call238

P a stationary point if (3.8) holds, and we call P a second-order stationary239

point if both (3.8) and (3.9) hold.240
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3.2. Optimality Conditions of Three Problem Formulations241

According to the chain rule, the derivatives and optimality conditions of242

fL de�ned in (2.4) and fℓ de�ned in (2.8) can be easily obtained from that243

of f .244

Proposition 3.3. The derivatives of fL(L) : R(n−1)×d → R are245

f ′
L(L) = V Tf ′(V L), (3.12)

and246

f ′′
L(L) = V Tf ′′(V L)V. (3.13)

Proposition 3.4. The derivatives of fℓ(ℓ) : Rtℓ → R are247

f ′
ℓ(ℓ) = LTriag∗ f ′

L(LTriag(ℓ)), (3.14)

and248

f ′′
ℓ (ℓ) = LTriag∗ f ′′

L(LTriag(ℓ))LTriag . (3.15)

In the following, we show that any local minimizer of (2.4) corresponds249

to a family of local minimizers of (2.2), obtained by translations. Similarly,250

any local minimizer of (2.8) corresponds to a family of local minimizers of251

(2.4), derived from rotations.252

Proposition 3.5. The con�guration matrix P∗ ∈ Rn×d is a local minimizer253

of the function f (see (2.2)) if, and only if, all con�gurations in {P∗ + evT :254

v ∈ Rd} are local minimizers of the function f .255

Proof. We exploit the fact that the function f is invariant w.r.t. translations:256

for any point P , we have257

f(P ) = f(P + evT ).

If P∗ is a local minimizer of f , there must be a δ > 0 such that:258

∀P : ||P∗ − P ||F ≤ δ, f(P∗) ≤ f(P ).

Then, for all P̂ such that ∥P̂−(P∗+evT )∥F ≤ δ, we have ∥(P̂−evT )−P∗∥F ≤259

δ, thus260

f(P̂ ) = f(P̂ − evT ) ≥ f(P∗) = f(P∗ + evT )

implying that P∗+evT is also a local minimizer. The other implication follows261

similarly.262
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Proposition 3.6. The con�guration matrix L∗ ∈ R(n−1)×d is a local min-263

imizer of the function fL (see (2.4)) if, and only if, all con�gurations in264

{L∗Q : Q ∈ O} are local minimizers of fL.265

Proof. We now exploit the fact that the function fL is invariant w.r.t. rota-266

tions: for any con�guration L, and Q ∈ O, we have267

fL(L) = fL(LQ).

If L∗ is a local minimizer of fL, there must be a δ > 0 such that:268

∀L : ||L∗ − L||F ≤ δ, fL(L∗) ≤ fL(L).

Then, for all L̂ such that ∥L̂− L∗Q∥F ≤ δ, we have269

∥L̂QT − L∗∥F = ∥L̂− L∗Q∥F ≤ δ,

thus270

fL(L̂) = fL(L̂Q
T ) ≥ fL(L∗) = fL(L∗Q)

implying that L∗Q is also a local minimizer. The other implication follows271

similarly.272

The local minimizers of the two functions in equations (2.2) and (2.4)273

have the following relationships.274

Theorem 3.7. Let P∗ ∈ Rn×d and V be as de�ned in (2.3). Denote275

v∗ =
1

n
P T
∗ e ∈ Rd, Pv∗ = P∗ − evT∗ , L∗ = V TPv∗ .

Then, L∗ is a local minimizer of (2.4) if, and only if, Pv∗ and P∗ are local276

minimizers of (2.2).277

Proof. First, recall that V V T is the orthogonal projection onto e⊥ and that278

the columns of Pv∗ are centered. Thus, we have V L∗ = V V TPv∗ = Pv∗ .279

Su�ciency: Let Pv∗ be a local minimizer of (2.2). Then, there exists δ > 0280

such that281

f(Pv∗) ≤ f(P ), ∀P : ∥P − Pv∗∥F ≤ δ. (3.16)

For any L ∈ R(n−1)×p such that ∥L− L∗∥F ≤ δ, let P̂ = V L. Then, we have282

fL(L∗) = f(V L∗) = f(Pv∗) ≤ f(P̂ ) = f(V L) = fL(L),
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where the inequality is due to ∥P̂ −Pv∗∥F = ∥V L−V L∗∥F = ∥L−L∗∥F ≤ δ283

and (3.16), and the equalities hold by the de�nition of fL.284

Necessity: Suppose L∗ is a local minimizer of fL(L), meaning there exists285

δ > 0 such that286

fL(L∗) ≤ fL(L), ∀L : ∥L− L∗∥F ≤ δ. (3.17)

For any con�guration P with ∥P −Pv∗∥F ≤ δ, de�ne its centroid v = P T e/n.287

Then, there exists L ∈ R(n−1)×d such that the centered con�guration can be288

expressed as P = V L+ evT . This implies that P − Pv∗ = V (L− L∗) + evT .289

As V (L− L∗) and evT are orthogonal, we get290

∥L− L∗∥2F = ∥V (L− L∗)∥2F = ∥P − Pv∗∥2F − ∥evT∥2F ≤ δ2. (3.18)

Now, from (3.17) and (3.18), we have291

f(P ) = f(V L+ evT ) = f(V L) ≥ f(V L∗) = f(Pv∗),

implying that Pv∗ is a local minimizer of f(P ). According to Theorem 3.5,292

P∗ is also a local minimizer of f(P ).293

From Theorem 3.6, we know that for the case of d ≥ 2, if L is a local294

minimizer of fL(L), then {LQ : Q ∈ O} is a local minimizer of fL(L). This295

means that when d ≥ 2, any local minimizer of fL(L) is nonisolated and has296

a singular Hessian matrix.297

Next, we consider the correspondence between the local minimizers of298

(2.4) and its rotation-reduced formulation (2.8).299

Theorem 3.8. The following statements hold.300

1. If L∗ is a local minimizer of fL, then any ℓ∗ satisfying301

L∗ = LTriag(ℓ∗)QT , (3.19)

for some Q ∈ O, is a local minimizer of fℓ.302

2. If ℓ∗ is a local minimizer of fℓ, and the �rst d rows of LTriag(ℓ∗) are303

linearly independent, then L∗ = LTriag(ℓ∗) is a local minimizer of fL.304

Proof. 1. Suppose L∗ is a local minimizer of fL, meaning there exists r > 0305

such that306

fL(L) ≥ fL(L∗), ∀L : ∥L− L∗∥F ≤ r. (3.20)
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For any ℓ ∈ Rtℓ satisfying ∥ℓ − ℓ∗∥ ≤ r, we let L = LTriag(ℓ)QT and
we have

∥L− L∗∥F = ∥LTriag(ℓ)− LTriag(ℓ∗)∥F = ∥ℓ− ℓ∗∥ ≤ r.

Then, from (3.19) and (3.20) we have307

fℓ(ℓ) = fL(LTriag(ℓ)) = fL(L) ≥ fL(L∗) = fL(LTriag(ℓ∗)) = fℓ(ℓ∗).

Therefore, ℓ∗ is a local minimizer of fℓ.308

2. We prove Item 2 by contradiction. Suppose L∗ = LTriag(ℓ∗) is not a309

local minimizer of fL. Then there exists a sequence Lk, k = 1, 2, . . .310

such that311

lim
k→+∞

Lk = L∗, fL(Lk) < fL(L∗). (3.21)

Consider the QR decompositions of LT
k , k = 1, 2, . . ., i.e., there exist312

Qk ∈ O, k = 1, 2, . . ., and upper triangular matrices Rk, k = 1, 2, . . .,313

such that314

LT
k = QkRk, k = 1, 2, . . . . (3.22)

Since ∥Qk∥2 = 1 for all k = 1, 2, . . ., the bounded sequence {Qk} has a315

convergent subsequence. Without loss of generality, we directly assume316

that limk→+∞Qk = Q∗. According to (3.21) and (3.22), we have317

RT
∗ := L∗Q∗ = lim

k→+∞
LkQk = lim

k→+∞
RT

k . (3.23)

By (3.23), RT
∗ is a triangular matrix. Since the �rst d rows of L∗ =

LTriag(ℓ∗) are linearly independent, the QR factorization of LT
∗ is

unique except for signs in each dimension. Thus, Q∗ is a diagonal
matrix with diagonal elements being −1 or 1. Let

ℓk = LTriag∗(RT
kQ

T
∗ ), k = 1, 2, . . . .

By (3.23), we get
lim

k→+∞
ℓk = ℓ∗.

By (3.21), we have318

fℓ(ℓk) = fL(R
T
k ) = fL(Lk) < fL(L∗) = fL(R

T
∗Q

T
∗ )

= fL(R
T
∗ ) = fℓ(ℓ∗).

Thus, ℓ∗ is not a local minimizer of fℓ, a contradiction.319

320
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The optimality conditions of (2.2) and (2.4) also have an equivalence321

relationship. To this end, we �rst note that the directional derivatives of322

f(P ) are zero in any translation.323

Lemma 3.9. For any v ∈ Rd, we have

⟨f ′(P ), evT ⟩ = 0 and f ′′(P )(evT , evT ) = 0.

Proof. For t ∈ R, we have324

f(P + tevT ) = f(P ) + t⟨f ′(P ), evT ⟩+ t2

2
⟨f ′′(P )(evT ), evT ⟩+ o(t2).

Since f(P + tevT ) = f(P ) holds for all v ∈ Rd and t ∈ R, we get

⟨f ′(P ), evT ⟩ = ⟨f ′′(P )(evT ), evT ⟩ = 0.

Moreover, we claim that325

f ′′(P )(evT ) = 0. (3.24)

According to (3.6) and (3.7), we have326

f ′′(P )(evT ) = 4 [J∗J ] vec(evT ) + 2 [vecK∗F (P )Mat] vec(evT ).

Since null(K) = range(Se) and range(K∗) = {S ∈ Sn : Se = 0} in Items 4
and 5 of Theorem 3.1, we have

J(vec(evT )) = K
(
PveT + evTP T

2

)
= 0, K∗F (P )(evT ) = 0.

Thus, (3.24) holds.327

Theorem 3.10. For P ∈ Rn×d, denote v = (P T e)/n ∈ Rd, Pv = P − evT ,328

L = V TPv where V is de�ned in (2.3), denote LT = QR where R is upper329

triangular and Q ∈ Rd×d is orthogonal. Then, the following are equivalent:330

(i) the �rst (resp., second)-order necessary conditions of (2.2) hold at P ;331

(ii) the �rst (resp., second)-order necessary conditions of (2.2) hold at Pv;332

(iii) the �rst (resp., second)-order necessary conditions of (2.4) hold at L;333

(iv) the �rst (resp., second)-order necessary conditions of (2.4) hold at RT .334
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Proof. Since335

f(P + t∆P ) = f(P ) + t⟨f ′(P ),∆P ⟩+ t2

2
⟨f ′′(P )(∆P ),∆P ⟩+ o(t2)

= f(Pv + t∆P ) = f(Pv) + t⟨f ′(Pv),∆P ⟩+ t2

2
⟨f ′′(Pv)(∆P ),∆P ⟩+ o(t2)

holds for all ∆P ∈ Rn×d and t ∈ R, we have336

f ′(Pv) = f ′(P ), f ′′(Pv) = f ′′(P ). (3.25)

By337

fL(L+ t∆L) = fL(L) + t⟨f ′
L(L),∆L⟩+ t2

2
⟨f ′′

L(L)(∆L),∆L⟩+ o(t2)

= fL(R
T + t∆LQ) = fL(R

T ) + t⟨f ′
L(R

T ),∆LQ⟩+ t2

2
⟨f ′′

L(R
T )(∆LQ),∆LQ⟩+ o(t2),

we have

f ′
L(R

T ) = 0 ⇔ f ′
L(L) = 0, f ′′

L(R
T ) ⪰ 0 ⇔ f ′′

L(L) ⪰ 0.8

Thus, (i)⇔(ii) and (iii)⇔(iv).338

Now we prove (ii)⇔(iii). First, we prove the equivalence of their �rst-339

order necessary conditions. According to (3.10) and range(K∗) = Sn
C (Theo-340

rem 3.1, Item 5), we have341

eTf ′(P ) = 2eTK∗(F (P ))P = 0. (3.26)

By Theorem 3.3, (3.25), (3.26), the de�nition of V , and Item 5 of Theo-
rem 3.1, we obtain

f ′(Pv) = 0 ⇐⇒ f ′
L(L) = V Tf ′(Pv) = 0.

Secondly, we prove the equivalence of their second-order necessary optimality342

conditions. According to (3.13), for any ∆L ∈ R(n−1)×d, we have343

f ′′
L(L)(∆L,∆L) = V Tf ′′(V L)V (∆L,∆L) = f ′′(V L)(V∆L, V∆L). (3.27)

8Note that f ′′
L(L) is a positive semide�nite linear operator on R(n−1)×d.
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According to (3.24) in Theorem 3.9 and (3.27), we have f ′′
L(L)(∆L,∆L) ≥ 0

if, and only if,

f ′′(Pv)(∆P,∆P ) = f ′′(Pv)(V∆L+ evT , V∆L+ evT ) ≥ 0.

(Note that we have proved a slightly stronger statement as the semide�nite344

condition is treated separately from stationarity.)345

Remark 3.11. The reduction from (2.4) to (2.8) may introduce additional346

stationary points. Let LTriag(ℓ∗) = RT
∗ . According to (3.14), f ′

ℓ(ℓ) = 0 holds347

if, and only if, the lower triangular part of f ′
L(R

T
∗ ) is zero. Moreover, to have348

a local minimizer correspondence, the assumption that the �rst d rows of RT
∗349

is linear independent in Theorem 3.8, Item 2 is needed.350

4. Second-Order Optimality Conditions351

In this section, we present the optimality conditions and derive a su�cient352

condition such that there is no lngm. First of all, the necessary and su�cient353

characterization for the global minimizer is clear.354

Lemma 4.1. A matrix P ∈ Rn×d is a global minimizer of (2.2) if, and355

only if, D(P ) = D̄.356

Proof. Since f(P ) ≥ 0 holds for all P ∈ Rn×d and f(P̄ ) = 0, the global357

minimum of f is 0. By the de�nition of f and property of norms , f(P ) = 0358

holds if, and only if, F (P ) = D(P )− D̄ = 0.359

In order to further characterize the second-order optimality conditions,360

we discuss essential properties of the matrices H1 and H2.361

Lemma 4.2. The matrix H1 de�ned in (3.11) is always positive semide�nite.362

For H2, the following holds:363

� H2 ⪰ 0 when F (P ) is element-wise nonnegative,364

� H2 ⪯ 0 when F (P ) is element-wise nonpositive.365

Proof. For any x ∈ Rnd,

xTH1x = ⟨x, J∗Jx⟩ = ⟨Jx, Jx⟩ ≥ 0.
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Thus, H1 is always positive semide�nite. By Theorem 3.1, Item 5, if F (P ) ≥
(≤) 0, then K∗(F (P )) ⪰ (⪯) 0, which implies

xTH2x = ⟨x,Mat∗K∗F (P )Matx⟩ = ⟨Matx,K∗(F (P ))Matx⟩ ≥ (≤) 0

for all x ∈ Rnd. Thus, H2 ⪰ (⪯) 0 if F (P ) ≥ (≤) 0.366

Lemma 4.3. The matrix H2 is the zero matrix if, and only if, F (P ) = 0367

holds, which is equivalent to P being a global minimizer of (2.2).368

Proof. By Theorem 3.1, Item 5, K∗(S) = 2(Diag(Se) − S) and null(K∗) =369

Diag(Rn). Since diag(F (P )) = diag(D(P )) − diag(D̄) = 0 is always true,370

K∗(F (P )) = 0 holds if, and only if, F (P ) = 0.371

Lemma 4.4. Let P̄ , with P̄ T e = 0, be a global minimizer of (2.2). Suppose372

that P is a stationary point for (2.2) but is not a global optimizer. Then H2373

is not positive semide�nite. Speci�cally, vec(P̄ )TH2 vec(P̄ ) < 0.374

Proof. By (3.8), we have ⟨P,K∗F (P )P ⟩=0, and then375

vec(P̄ )TH2 vec(P̄ ) = ⟨P̄ ,K∗F (P )P̄ ⟩ − ⟨P,K∗F (P )P ⟩
= ⟨K(P̄ P̄ T ), F (P )⟩ − ⟨K(PP T ), F (P )⟩
= ⟨K(P̄ P̄ T )−K(PP T ), F (P )⟩
= ⟨D̄ −D(P ), F (P )⟩
= −⟨F (P ), F (P )⟩
< 0.

The last inequality holds because P is not a global minimizer, which implies376

F (P ) ̸= 0 according to Theorem 4.1.377

Under the condition of Theorem 4.4, we have known that

⟨P̄ ,K∗F (P )P̄ ⟩ < 0,

which implies that378

K∗F (P ) ⪰̸ 0. (4.1)

We analyze the extreme case of D̄ = 0.379

Corollary 4.5. If D̄ = 0, then every stationary point is a global minimizer.380
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Proof. Suppose P is a stationary point. As D̄ = 0, we get p̄1 = . . . = p̄n381

holds. Since K∗F (P ) is a Laplacian (sum of its columns is zero), we have382

K∗F (P )P̄ = 0. Combining this with the �rst-order condition (3.8), we have383

vec(P̄ )TH2 vec(P̄ ) = ⟨P̄ ,K∗(F (P ))P̄ ⟩ − ⟨P,K∗(F (P ))P ⟩
= 0.

From Theorem 4.4, we conclude that any stationary point P for f(P ) is a384

global minimizer.385

Next, we consider another extreme case of D̄ ̸= 0,D(P ) = 0.386

Theorem 4.6. For D̄ ̸= 0 and P with D(P ) = 0 (i.e., all pi ≡ p), P is a387

stationary point and has nontrivial negative semide�nite Hessian:388

0 ̸= 4H1 + 2H2 ⪯ 0.

Proof. Since p1 = . . . = pn = p and K∗(F (P )) is a Laplacian, P satis�es

the �rst-order optimality condition (3.8). Since f(P ) = ∥D̄ −D(P )∥2F =

∥D̄∥2F > 0, P is not a global minimizer. By

P∆P T +∆PP T = epT∆P T +∆PpeT = e(∆Pp)T + (∆Pp)eT ,

and null(K) = range(Se) (Theorem 3.1, Item 4), J = 0 de�ned in (3.7) holds,389

and then H1 = 0. Since D(P ) = 0 and D̄ ≥ 0, F (P ) ≤ 0 holds. According390

to Theorem 4.2 and Theorem 4.3, 0 ̸= H2 ⪯ 0 holds. Therefore, the Hessian391

matrix satis�es 0 ̸= 4H1 + 2H2 ⪯ 0.392

Remark 4.7. If P is a local maximizer of f , then necessarily D(P ) = 0393

(p1 = · · · = pn). To see this, observe that t = 1 must locally maximize394

g(t) = f(tP ). By the second-order necessary conditions, we have g′(1) = 0395

and g′′(1) ≤ 0. Since g′(t) = 4t3∥D(P )∥2F − 4t⟨D̄,D(P )⟩, 0 = g′(1) implies396

that ∥D(P )∥2F = ⟨D̄,D(P )⟩. Then, 0 ≥ g′′(1) = 8∥D(P )∥2F and we conclude397

that D(P ) = 0.398

In the following, we present the condition under which there is no lngm .399

Recall the equivalence between local minimizers of (2.4) and (2.2) in Theo-400

rem 3.7, we analyze (2.4) for convenience.401

Theorem 4.8. Any stationary point L of (2.4) satisfying rank(L) = n − 1402

is a global minimizer.403
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Proof. Since 0 = f ′
L(L) = 2V TK∗F (V L)V L, where the last equality follows404

from (3.12) and (3.10), the span of columns of L is an n − 1 dimensional405

eigenvector space corresponding to the zero eigenvalue of the (n−1)×(n−1)406

matrix V TK∗F (V L)V . Therefore V TK∗(F (P ))V = 0. Combining this with407

range(K∗) = Sn
C from Theorem 3.1, Item 5, we conclude that K∗(F (P )) = 0,408

and then H2 = 0. Thus, L is a global minimizer according to Theorem 4.3.409

410

As L ∈ R(n−1)×d, the condition in Theorem 4.8 holds in the case that411

d ≥ n− 1 and L is of full row rank. Next, we consider another case where L412

is not full column rank.413

Theorem 4.9. Suppose that L is a non-globally-optimal stationary point of414

(2.4) and415

rank(L) < d. (4.2)

Then, the second-order necessary optimality conditions fail at L.416

Proof. Denote P = V L. According to Theorem 4.4 and the subsequent417

discussion, (4.1) holds. Thus there exists a ∈ Rn such that aTK∗F (P )a < 0.418

Then, for any nonzero w ∈ Rd,419

vec(awT )TH2 vec(aw
T ) = ⟨awT ,K∗F (P )(awT )⟩

= Tr
(
K∗F (P )(awT )(awT )T

)
= wTwTr

(
K∗F (P )aaT

)
= wTwaTK∗F (P )a
< 0.

By (4.2), there exists a nonzero w ∈ Rd such that w ∈ null(L), meaning,420

Lw = 0. (4.3)

We claim that H1 vec(aw
T ) = 0 holds. First, we have

J vec(awT ) = KSV LT (awT ).

By (4.3), we have

LT (awT ) = L
[
a1w a2w . . . an−1w

]
= 0.

Thus, H1 vec(aw
T ) = 0 holds. In sum, we have421

vec(awT )T (4H1 + 2H2) vec(aw
T ) < 0,

which implies the second-order necessary optimality condition (3.9) fails.422
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Combining Theorem 4.8 and Theorem 4.9, we present the main result of423

this section.424

Theorem 4.10. If n ≤ d+1, then any stationary point satisfying the second-425

order necessary optimality conditions is a global minimizer.426

Proof. Suppose that n ≤ d + 1, and L is a stationary point satisfying the427

second-order necessary optimality condition. If rank(L) = n − 1, then L is428

globally optimal by Theorem 4.8. If rank(L) < n − 1, then rank(L) < d. If429

we assume L is not a global minimizer, according to Theorem 4.9, L does not430

satisfy the second-order necessary optimality condition, a contradiction.431

Recalling Theorem 2.4, we note that n ≤ d + 1 is exactly the condition432

such that the underlying system of equations is square. When n > d + 1433

(overdetermined), it is possible to �nd local nonglobal minimizers.434

5. lngms Examples435

We now provide instances with lngms. The data and codes are available436

at https://github.com/MengmengSong97/EDM-code.437

We �rst provide an analytical example with d = 1 with a speci�c simple438

structure for the points in Rd, see Section 5.1. Then in Sections 5.2.1 and 5.2.2439

we give two examples where we numerically obtain approximate second-order440

stationary points. Then, we analytically prove that the assumptions of the441

Kantorovich theorem hold at these two points, i.e., this implies that there442

exists lngms in the neighborhoods. We consider the sensitivity analysis443

needed to analytically prove that our examples have lngms. We exploit the444

strength of the classical Kantorovich theorem for the convergence of Newton's445

Method to exact stationary points when using the approximate stationary446

points that we found as starting points. See Theorem 5.6 and Theorem 5.10,447

below.448

5.1. An Explicit Example with a lngmwith d = 1449

We now present a simple explicit example with an lngm, where we can450

analytically verify the lngm .451

Example 5.1. Let452

d = 1, n > 6; P̄ T = [p̄1, · · · , p̄n], P̃ T = [p̃1, · · · , p̃n] ∈ Rd×n,
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with453

p̄1 = 2, p̄2 = 0, p̄3 = · · · = p̄n = 1 and p̃1 = p̃2 = 0, p̃3 = · · · = p̃n = 1.

We now continue and illustrate that P̃ is a lngm of (2.2) in Theorem 2.1.454

Let E2,n−2 be the 2× n− 2 matrix of all ones, and
[
0
]
denote the matrix of455

zeros of appropriate size. From the de�nitions of F (·), K(·) and K∗(·), we456

have:457

F (P̃ ) = D(P̃ )−D(P̄ )

=

[0 0
0 0

]
E2,n−2

ET
2,n−2

[
0
]
−

[0 4
4 0

]
E2,n−2

ET
2,n−2

[
0
]
 (5.1)

=

[ 0 −4
−4 0

]
02,n−2

0T2,n−2

[
0
]
 ; (5.2)

458

K∗(F (P̃ )) = 2

[−4 4
4 −4

] [
0
][

0
] [

0
]
 .

Moreover, we have459

⟨K(P̃∆P T +∆PP̃ T ),K(P̃∆P T +∆PP̃ T )⟩
= 4

∑
i̸=j

[(p̃i − p̃j)(∆pi −∆pj)]
2

= 8∆P T


∑n

i=1(p̃1 − p̃i)
2 −(p̃1 − p̃2)

2 · · · −(p̃1 − p̃n)
2

−(p̃1 − p̃2)
2

∑n
i=1(p̃2 − p̃i)

2 · · · −(p̃2 − p̃n)
2

...
... · · · ...

−(p̃1 − p̃2)
2 −(p̃2 − p̃n)

2 · · ·
∑n

i=1(p̃n − p̃i)
2

∆P

= 8∆P T

[
(n− 2)I −E2,n−2

−ET
2,n−2 2I

]
∆P.

Then we can compute from (3.1) and (3.2) that the derivative (gradient) is460

f ′(P̃ ) = 4[Diag(F (P̃ )e)− F (P̃ )]P̃ = 0. (5.3)
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And the Hessian quadratic form is461

f ′′(P̃ )(∆P,∆P )

= ⟨K(P̃∆P T +∆PP̃ T ),K(P̃∆P T +∆PP̃ T )⟩+ 2⟨F (P̃ ),K(∆P∆P T )⟩

= 8∆P T

[(n− 2)I −E2,n−2

−ET
2,n−2 2I

]
+

[−2 2
2 −2

] [
0
][

0
] [

0
]
∆P.

The Hessian f ′′(P̃ ) = ∇2f(P̃ ) is a rank 3 update of 16I. It is positive462

semide�nite with nullspace span(e) if, and only if, n ≥ 7. (It is inde�nite463

when n < 6.) Thus, P̃ is a second-order stationary point of the problem464

with data given above. Next, we prove that P̃ is a lngmby considering the465

reduced formulation (2.4).466

To center as done in Theorem 3.7, we let

ṽ =
P̃ T e

n
∈ R, P̃∗ = P̃ − eṽT , L̃ = V T P̃∗,

to obtain L̃. According to Theorem 3.10, L̃ is a second-order stationary point467

of the function fL(L). By Theorem 3.3, we have f ′′
L(L̃) = V Tf ′′(V L̃)V =468

V Tf ′′(P̃ )V . Since f ′′(P̃ ) has a one-dimensional nullspace (span{e}), its469

restriction to span{e}⊥ is positive de�nite. Thus, f ′′
L(L̃) is positive def-470

inite. This implies that L̃ satis�es the second-order su�cient optimality471

conditions for a strict local minimum of fL(L). By Theorem 3.7 and Theo-472

rem 4.1, P̃ is in fact a lngm of f(P ). Note that the objective function value473

f(P̃ ) = 16 > 0 = f(P̄ ), thus con�rming that P̃ is not a global minimum.474

5.2. Examples via Kantorovich Theorem and Sensitivity Analysis475

We now present Theorems 5.2 and 5.7, with d = 1, 2, respectively, where476

we �rst �nd an approximate second-order stationary point L̃ numerically477

that has a su�ciently large (positive) objective value; and then we prove478

that there is a lngm nearby using the Kantorovich theorem and sensitivity479

analysis.480
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5.2.1. Case d = 1481

In this case we analyze a con�guration matrix P̃ = V L̃ ∈ Rn×1, L̃ ∈482

R(n−1)×1, satisfying:483

Objective value : f(P̃ ) = fL(L̃) > f̃L, for some (large) f̃L > 0;

Near stationarity : ∥∇fL(L̃)∥ < g̃L, for some (small) g̃L > 0;

Local Convexity : λmin(∇2fL(L̃)) > λ̃L, for some (large) λ̃L > 0.
(5.4)

While theoretically exact, the �oating-point representations introduce484

round-o� errors in �nite-precision computations. Our MATLAB implemen-485

tation performs complete �nite-precision arithmetic analysis in order to com-486

pute the rigorous bounds f̃L, g̃L, and λ̃L (see Footnote 9).487

We apply the classical Kantorovich theorem, e.g., [6, Thm 5.3.1], to show488

that there is a point nearby that satis�es: (i) it is an exact stationary point;489

(ii) the function value is positive; and (iii) the Hessian is still positive def-490

inite. This provides an analytic proof that we have a theoretically veri�ed491

lngmnear L̃.492

Example 5.2. An example with n = 50, d = 1 is given, with data P̄ =493

V L̄, P̃ = V L̃ ∈ Rn×d. (See the footnote below.9) Matrix D̄ is the distance494

matrix obtained from L̄ by D̄ = K(V L̄(V L̄)T ). Thus, L̄ is a global minimizer.495

L̃ is a numerically convergence point obtained by a trust region method with496

random initialization, where the objective value is497

fL(L̃) > 2.65× 103, (5.5)

the absolute and relative gradient norms are498

∥∇fL(L̃)∥ < 10−7,
∥∇fL(L̃)∥
1 + fL(L̃)

< 3.53× 10−18, (5.6)

and the least eigenvalue of the Hessian matrix is499

2.12× 102 > λmin(∇2fL(L̃)) > 2.10× 102. (5.7)

In the following, we will verify that fL(L) has a lngm .500

9 The data and codes are available at https://github.com/MengmengSong97/EDM-
code
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Remark 5.3. The problem to �nd a lngm is a nonlinear least squares prob-501

lem. The standard approach for nonlinear least squares is to use the Gauss-502

Newton method, which simpli�es the Hessian 4H1+2H2 (see (3.6) and (3.11))503

by keeping only 4H1 and omitting 2H2 (same for L, cf. (3.13)). This approx-504

imation relies on the assumption that fL(L) is near zero, a condition we505

intentionally avoid, as this would yield the global minimum.506

Now, we �nd an estimate for the Lipschitz constant γ > 0 for the Hes-507

sian matrix of fL. From our numerical output, we know that the smallest508

eigenvalue λmin(∇2fL(L̃)) > 0. By continuity of eigenvalues, we are guar-509

anteed that this holds in a neighbourhood of L̃, which is now estimated in510

Theorem 5.4.511

Proposition 5.4. Let r > 0 and L̃ ∈ R(n−1)×d be given. If512

γ ≥ 24
√
2

(∑
i,j

∥(V L̃)[i, :]− (V L̃)[j, :]∥F + 2n3/2r

)
, (5.8)

then γ is a Lipschitz constant for the Hessian of fL in the radius-r neighbor-513

hood of L̃, i.e.,514

∥∇2fL(L̂)−∇2fL(Ľ)∥2 ≤ γ∥L̂− Ľ∥F , for all L̂, Ľ ∈ Br(L̃). (5.9)

Moreover,515

λmin(∇2fL(L)) ≥ λmin(∇2fL(L̃))− γr, for all L ∈ Br(L̃). (5.10)

Proof. By the de�nition of the induced norm, (5.9) is equivalent to516

|f ′′
L(L̂)(∆L,∆L)− f ′′

L(Ľ)(∆L,∆L)| ≤ γ∥L̂− Ľ∥, (5.11)

for all L̂, Ľ ∈ Br(L̃), ∥∆L∥ = 1. Let

P̂ = V L̂, P̌ = V Ľ,∆P = V∆L, P̃ = V L̃.

According to (3.3) and Theorem 3.3, we have517

f ′′
L(L̂)(∆L,∆L) = f ′′(P̂ )(∆P,∆P )

= ∥K(P̂∆P T +∆PP̂ T )∥2F + 2⟨F (P̂ ),K(∆P∆P T )⟩
=

∑
i,j(2p̂

T
i ∆pi + 2p̂Tj ∆pj − 2p̂Ti ∆pj − 2p̂Tj ∆pi)

2

+2
∑

i,j ∥p̂i − p̂j∥2∥∆pi −∆pj∥2
= 4

∑
i,j[(p̂i − p̂j)

T (∆pi −∆pj)]
2 + 2

∑
i,j ∥p̂i − p̂j∥2∥∆pi −∆pj∥2.
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The calculations about Ľ are similar, implying518

f ′′
L(L̂)(∆L,∆L)− f ′′

L(Ľ)(∆L,∆L)
= 4

∑
i,j[(p̂i − p̂j)

T (∆pi −∆pj)]
2 − [(p̌i − p̌j)

T (∆pi −∆pj)]
2

+2
∑

i,j(∥p̂i − p̂j∥2 − ∥p̌i − p̌j∥2)∥∆pi −∆pj∥2
= 4

∑
i,j(p̂i − p̂j − p̌i + p̌j)

T (∆pi −∆pj)(p̂i − p̂j + p̌i − p̌j)
T (∆pi −∆pj)

+2
∑

i,j(p̂i − p̂j − p̌i + p̌j)
T (p̂i − p̂j + p̌i − p̌j)∥∆pi −∆pj∥2.

Then,519

|f ′′
L(L̂)(∆L,∆L)− f ′′

L(Ľ)(∆L,∆L)|
≤ 6

∑
i,j ∥p̂i − p̂j − p̌i + p̌j∥∥p̂i − p̂j + p̌i − p̌j∥∥∆pi −∆pj∥2.

Since ∥∆P∥F = ∥V∆L∥F = ∥∆L∥F = 1,520

∥∆pi −∆pj∥2 ≤ 2(∥∆pi∥2 + ∥∆pj∥2) ≤ 2.

From L̂, Ľ ∈ Br(L̃), it follows that P̂ , P̌ ∈ Br(P̃ ). Then, we have521

∥p̂i − p̂j − p̌i + p̌j∥ ≤ ∥p̂i − p̌i∥+ ∥p̂j − p̌j∥
≤

√
2
√

∥p̂i − p̌i∥2 + ∥p̂j − p̌j∥2
≤

√
2∥L̂− Ľ∥F ,

where the �rst inequality follows from the triangle inequality, the second from
the Cauchy-Schwarz inequality, and the third from the fact that

∥P̂ − P̌∥F = ∥V L̂− V Ľ∥F = ∥L̂− Ľ∥F .

We also have522 ∑
i,j ∥p̂i − p̂j + p̌i − p̌j∥

=
∑

i,j ∥2(p̃i − p̃j) + (p̂i − p̃i)− (p̂j − p̃j) + (p̌i − p̃i)− (p̌j − p̃j)∥
≤ 2

∑
i,j ∥p̃i − p̃j∥+

∑
i,j ∥p̂i − p̃i∥+

∑
i,j ∥p̂j − p̃j∥+∑

i,j ∥p̌i − p̃i∥+
∑

i,j ∥p̌j − p̃j∥
= 2

∑
i,j ∥p̃i − p̃j∥+ n

∑
i ∥p̂i − p̃i∥+ n

∑
j ∥p̂j − p̃j∥+

n
∑

i ∥p̌i − p̃i∥+ n
∑

j ∥p̌j − p̃j∥
≤ 2

∑
i,j ∥p̃i − p̃j∥+ 4n3/2r,

where the last inequality follows from the Hölder inequality. Thus,523

|f ′′
L(L̂)(∆L,∆L)− f ′′

L(Ľ)(∆L,∆L)| ≤ 12
√
2∥L̂− Ľ∥F

∑
i,j ∥p̂i − p̂j + p̌i − p̌j∥

≤ 24
√
2∥L̂− Ľ∥F

(∑
i,j ∥p̃i − p̃j∥+ 2n3/2r

)
,
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applying (5.8) turns out (5.9). By (5.11), we have524

f ′′
L(L)(∆L,∆L) = f ′′

L(L̃)(∆L,∆L)− (f ′′
L(L̃)(∆L,∆L)− f ′′

L(L)(∆L,∆L))

≥ f ′′
L(L̃)(∆L,∆L)− |f ′′

L(L)(∆L,∆L)− f ′′
L(L̃)(∆L,∆L)|

≥ λmin(∇2fL(L̃))− γ∥L̂− L̃∥F
≥ λmin(∇2fL(L̃))− γr, for all L ∈ Br(L̃), ∥∆L∥F = 1.

Thus, we obtain (5.10).525

To verify the existence of a lngm for Theorem 5.2, we calculate the Lip-
schitz constant estimated in Theorem 5.4. Let r = 10−3. Since∑

i,j

∥(V L̃)[i, :]− (V L̃)[j, :]∥ < 2.13× 103,

(5.8) gives
γ = 7.24× 104.

Moreover, by (5.10), we have526

λmin(∇2fL(L)) ≥ 211− 7.24× 104 × r = 138.6 > 0, for all L ∈ Br(L̃).
(5.12)

That is, we �nd a neighbourhood where the Hessian stays positive semide�-527

nite. Next, we prove that the objective stays su�ciently positive in a region528

around L̃.529

Lemma 5.5. Let the con�guration P̃ = V L̃ ∈ R(n−1)×d, L̃ ∈ R(n−1)×d and530

positive parameters f̄L, r ∈ R++, be given. Suppose that fL(L̃) > f̄L and that531

the Hessian ∇2fL is uniformly positive de�nite in the r-ball around L̃, i.e.,532

λmin(∇2fL(L)) > 0, for all L ∈ Br(L̃). (5.13)

Then fL is positively uniformly bounded from below in Br(L̃), i.e.,533

fL(L) > f̄L > 0, for all ∥L− L̃∥F ≤ min

{
r,

fL(L̃)− f̄L

∥∇fL(L̃)∥F

}
.

Proof. By the positive de�niteness assumption of the Hessian in the r-ball534

Br(L̃), we can apply convexity of fL in the ball. Therefore, for all L ∈535

R(n−1)×d such that ∥L− L̃∥F ≤ min
{
r, (fL(L̃)− f̄L)/∥∇fL(L̃)∥F

}
, we have536

fL(L) ≥ fL(L̃) + ⟨∇fL(L̃), L− L̃⟩
≥ fL(L̃)− ∥∇fL(L̃)∥F∥L− L̃∥F
> f̄L > 0.
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537

By (5.5), (5.6) and considering f̄L = 103, we get

fL(L̃)− f̄L

∥∇fL(L̃)∥
>

2.65× 103 − 103

10−7
> r.

According to Theorem 5.5 with (5.12) we conclude that538

fL(L) > f̄L > 0, for all L ∈ Br(L̃). (5.14)

We now apply the classical Kantorovich theorem to prove the existence of539

a unique lngmpoint within a certain neighborhood. We reword the version540

in [6, Thm 5.3.1].541

Theorem 5.6. Let the con�guration matrix P̃ = V L̃ ∈ Rn×d, L̃ ∈ R(n−1)×d

be given. Let r ∈ R++ be found such that

∇2fL(L) ≻ 0, for all L ∈ Br(L̃),

and f̄L satisfying

fL(L) > f̄L > 0, for all L ∈ Br(L̃).

Let γ be a Lipschitz constant for the Hessian of fL in the r-ball about L̃. Set542

β := ∥∇2fL(L̃)
−1∥2 and η := ∥∇2fL(L̃)

−1∇fL(L̃)∥.

De�ne γR = βγ and α = γRη. If α ≤ 1
2
and r ≥ r0 := 1−

√
1−2α
βγ

, then the543

sequence L0 = L̃, L1, L2, . . ., produced by544

Lk+1 = Lk −∇2fL(Lk)
−1∇fL(Lk), k = 0, 1, . . .

is well de�ned and converges to L∗, a unique root of the gradient ∇fL in the
closure of Br0(L̃). If α < 1

2
, then L∗ is the unique zero of ∇fL in Br1(L̃),

where

r1 := min

{
r,
1 +

√
1− 2α

βγ

}
,

and ∥Lk − L∗∥F ≤ (2α)2k η
α
, k = 0, 1, . . . . Moreover, L∗ is a lngm .545
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Proof. The proof is a direct application of the Kantorovich theorem, e.g., [6,546

Thm 5.3.1], along with the above lemmas and corollaries in this section.547

As mentioned previously in this section, the conditions required in The-548

orem 5.5 and Theorem 5.6 are ful�lled with549

r = 10−3, γ = 7.24× 104, f̄L = 103.

Plugging them and (5.5), (5.6), (5.7) into Theorem 5.6, we have550

1/212 < β < 1/210,

η ≤ ∥∇2fL(L̃)
−1∥2∥∇fL(L̃)∥ ≤ 1/210× 10−7,

γR = βγ < 1/210× 7.24× 104,
α = γRη < (1/210× 7.24× 104)× (1/210× 10−7) < 1/2,

r0 =
(1−

√
1−2α)
βγ

<
1−
√

1−2×1/2102×7.24×10−3

1/212×7.24×104
< r.

Combining these with (5.12) and (5.14) via Theorem 5.6, we conclude that551

fL has a lngm in Br(L̃).552

In Figure 5.1 we plot the known centered global minimizer P̄ and the553

centered numerical found P̃ near which it has been proved there exists a554

lngm . It is interesting to observe that the p̃i ≈ p̄i for all i ̸= i0, all except555

the one p̄i0 with the biggest absolute value, i.e., |p̄i0| > |p̄i|, for all i ̸= i0;556

the corresponding p̃i0 has the biggest absolute value among all p̃i for i =557

1, . . . , n = 50, and has an opposite sign to p̄i0 .558
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Figure 5.1: values of global min and numerical near lngm: P̄ , P̃ ∈ R50×1; in Theorem 5.2.

Based on these observations, we generated examples with d = 1 and559

n = 100. We randomly generated L̄, then get centered P̄ by setting P̄ = V L̄.560

Next, we �nd p̄i0 , which has the biggest absolute value among all p̄i for561

i = 1, . . . , n. We de�ne the starting point P̂ by setting p̂i = p̄i for i ̸= i0 and562

p̂i0 = −p̄i0 . Starting from L̂ = V T P̂ , the trust region method converges to a563

nonglobal second-order stationary point of fL(L) with high frequency.564

5.2.2. Case d = 2565

As mentioned in Section 2 for the case of d > 1, all local minimizers566

of fL(L) are nonisolated, implying that the Hessian matrix, at any local567

minimizer of fL(L), is singular. We consider the model fℓ(ℓ) for an example568

with d = 2, and we analyze a con�guration ℓ̃ ∈ Rtℓ satisfying equivalent569

32



conditions to (5.4) but for fℓ:570

Objective value : fℓ(ℓ̃) = fℓ(ℓ̃) > f̃ℓ, for some (large) f̃ℓ > 0;

Near stationarity : ∥∇fℓ(ℓ̃)∥ < g̃ℓ, for some (small) g̃ℓ > 0;

Local Convexity : λmin(∇2fℓ(ℓ̃)) > λ̃ℓ, for some (large) λ̃ℓ > 0.

(5.15)

We use Kantorovich Theorem to verify that this example has a strict lo-571

cal nonglobal minimizer ℓ∗, where the �rst 2 rows of LTriag(ℓ∗) are linearly572

independent. According to Theorems 3.7 and 3.8, LTriag(ℓ∗) is a local non-573

global minimizer of fL(L), and V LTriag(ℓ∗) is a local nonglobal minimizer574

of f(P ).575

Example 5.7. An example with n = 100, d = 2 is given, with data ℓ̄, ℓ̃ ∈ R197

presented, see Footnote 9. Matrix D̄ is the distance matrix obtained from ℓ̄
by

D̄ = K(V LTriag(ℓ̄)LTriag(ℓ̄)TV T ).

Thus, ℓ̄ is a global minimizer; ℓ̃ is a numerically convergence point obtained576

by a trust region method with random initialization. The objective value is577

fℓ(ℓ̃) > 9.99× 103, (5.16)

the absolute and relative gradient norms are578

∥∇fℓ(ℓ̃)∥ < 9.23× 10−8,
∥∇fℓ(ℓ̃)∥
1 + fℓ(ℓ̃)

< 9.24× 10−12, (5.17)

and the least eigenvalue of the Hessian matrix is579

8.58 > λmin(∇2fℓ(ℓ̃)) > 7.93. (5.18)

In the following Theorem 5.8, we verify that there exists a lngm of fℓ(ℓ).580

Corollary 5.8. Let r > 0, ℓ̃ ∈ R(n−1)×d be given. If581

γ ≥ 24
√
2

(∑
i,j

∥(V LTriag(ℓ̃))[i, :]− (V LTriag(ℓ̃))[j, :]∥F + 2n3/2r

)
,

(5.19)
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then γ is a Lipschitz constant for the Hessian of fℓ in the radius-r neighbor-582

hood of ℓ̃:583

∥∇2fℓ(ℓ̂)−∇2fℓ(ℓ̌)∥2 ≤ γ∥ℓ̂− ℓ̌∥, for all ℓ̂, ℓ̌ ∈ Br(ℓ̃).

Moreover,584

λmin(∇2fℓ(ℓ)) ≥ λmin(∇2fℓ(ℓ̃))− γr, for all ℓ ∈ Br(ℓ̃).

Proof. The results follow from the fact that, according to (3.15), the Hessian585

matrix of fℓ at ℓ̃ is a submatrix of the Hessian matrix of fL at LTriag(ℓ̃).586

The steps are similar to the proof of Theorem 5.4.587

In Theorem 5.7, we have∑
i,j

∥(V LTriag(ℓ̃))[i, :]− (V LTriag(ℓ̃))[j, :]∥ < 1.803× 104.

Let r = 10−5. Then γ = 6.12×105 satis�es (5.19). According to Theorem 5.8588

and (5.18), we have589

λmin(∇2fℓ(ℓ)) ≥ λmin(∇2fℓ(ℓ̃))− γr > 0, for all ℓ ∈ Br(ℓ̃). (5.20)

We now continue to extend the results from Section 5.2.1 to this d = 2590

case.591

Corollary 5.9. Suppose that fℓ(ℓ̃) > f̄ℓ and that the Hessian ∇2fℓ is uni-592

formly positive de�nite in the r-ball around ℓ̃:593

λmin(∇2fℓ(ℓ)) > 0, for all ℓ ∈ Br(ℓ̃).

Then, fℓ is positively uniformly bounded below in Br(ℓ̃):594

fℓ(ℓ) > f̄ℓ > 0, for all ∥ℓ− ℓ̃∥ ≤ min

{
r,
fℓ(ℓ̃)− f̄ℓ

∥∇fℓ(ℓ̃)∥

}
.

Proof. The results follow as in Theorem 5.5.595

Let f̄L = 103. By (5.16) and (5.17), we have

fℓ(ℓ̃)− f̄ℓ

∥∇fℓ(ℓ̃)∥
>

8.99× 103

9.23× 10−8
> r.

Thus, according to Theorem 5.9, we have596

fℓ(ℓ) > f̄ℓ > 0, for all ℓ ∈ Br(ℓ̃). (5.21)
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Corollary 5.10. Let ℓ̃ ∈ Rtℓ be given and r ∈ R++ be found such that597

∇2fℓ(ℓ) ≻ 0, for all ℓ ∈ Br(ℓ̃), (5.22)

and f̄ℓ satisfy
fℓ(ℓ) > f̄ℓ > 0, for all ℓ ∈ Br(ℓ̃).

Let γ be a Lipschitz constant for the Hessian of fℓ in the r-ball about ℓ̃. Set598

β := ∥∇2fℓ(ℓ̃)
−1∥2, and η := ∥∇2fℓ(ℓ̃)

−1∇fℓ(ℓ̃)∥.

De�ne γR = βγ and α = γRη. If α ≤ 1
2
and r ≥ r0 := 1−

√
1−2α
βγ

, then the599

sequence ℓ0 = ℓ̃, ℓ1, ℓ2, . . ., produced by600

ℓk+1 = ℓk −∇2fℓ(ℓk)
−1∇fℓ(ℓk), k = 0, 1, . . . ,

is well de�ned and converges to ℓ∗, a unique root of the gradient ∇fℓ in the
closure of Br0(ℓ̃). If α < 1

2
, then ℓ∗ is the unique zero of ∇fℓ in the closure

of Br1(ℓ̃),

r1 := min

{
r,
1 +

√
1− 2α

βγ

}
and601

∥ℓk − ℓ∗∥ ≤ (2α)2k
η

α
, k = 0, 1, . . . .

Moreover, ℓ∗ is a lngm .602

Proof. As in Theorem 5.6, the proof is a direct application of the Kantorovich603

theorem.604

Plugging (5.16), (5.17), (5.18), and605

r = 10−5, γ = 6.12× 105, f̄L = 103,

into Theorem 5.10, we have606

1/7.93 > β > 1/8.58,

η ≤ ∥∇2fℓ(ℓ̃)
−1∥2∥∇fℓ(ℓ̃)∥ < 1/7.93× 9.23× 10−8,

γR = βγ < 1/7.93× 6.12× 105,
α = γRη < (1/7.93× 6.12× 105)× (1/7.93× 9.23× 10−8) < 1/2,

r0 =
1−

√
1−2α
βγ

<
1−
√

1−2×1/7.932×6.12×9.23×10−3

1/8.58×6.12×105
< r.
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Combining this with (5.20) and (5.21), we conclude from Theorem 5.10 that607

there exists a lngm in Br(ℓ̃).608

In Figure 5.2 we plot: the points p̄i ∈ R2, i = 1, . . . , n = 100, of the global609

con�guration P̄ ∈ R100×2, and the corresponding points p̃i ∈ R2, i = 1, . . . , n,610

of the numerical con�guration P̃ ∈ R100×2 near a proven lngm. We note that611

p̄i ≈ p̃i, ∀i = 1, . . . , n, except for two indices i0 and i1; while p̃i0 and p̃i1 appear612

to be the re�ections of p̄i0 and p̄i1 . This interesting observation is similar to613

what happens in Theorem 5.2 as seen in Figure 5.1.614

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5 3

-3

-2

-1

0

1

2

3

p̄i, i 6= i0, i1

p̃i, i 6= i0, i1

p̄i0

p̃i0

p̄i1

p̃i1

Figure 5.2: coordinates of global min and numerical near proven lngm, resp.: P̄ , P̃ ∈
R100×2; in Theorem 5.7.

6. Conclusion615

In this paper, we addressed the nonconvex optimization problem arising616

from the exact recovery of points from a given EDM. Our investigation led617

to signi�cant advancements in understanding the conditions under which the618

smooth stress function (as known in the MDS literature) in EDM problems619

has a lngm . We established that for the smooth stress function, which is a620
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quartic in P ∈ Rn×d, all second-order stationary points are global minimizers621

when n ≤ d + 1. For n > d + 1, we not only identi�ed lngm through622

numerical methods, but also used Kantorovich's theorem to provide rigorous623

analytical proofs con�rming their existence. Moreover, based on the special624

patterns in those lngms, we were able to build the analytical Theorem 5.1.625

Our methodology includes two reduction techniques based on translation626

and rotation invariance. These reductions are necessary for the application627

of Kantorovich's theorem.628

The �ndings of this research resolve a longstanding open question re-629

garding the existence of lngms in the context of MDS. Additionally, our630

research highlights the importance of second-order methods for minimizing631

the smooth stress function.632

For the future we plan to explore the possibility of further characterizing633

the properties of lngms, e.g., with respect to embedding dimensions and634

ranks. Moreover, our goal is to study conditions for the existence of lngm635

when D̄ has inexact and missing entries, as this is closer to the so called636

EDMCompletion Problem, e.g., [7, 9]. This work is a �rst step in this637

direction as here we assume D̄ is complete and a true EDM .638
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D′(P )(∆P ) = Se(diag(M′(P )(∆P ))−653

2M′(P )(∆P ), 9654

Bδ(L̃), δ-ball about L̃, 30655

E2,n−2, 24656

F : Rn×d → Sn
H , 7657

F ′(P )(∆P ) = K (M′(P )(∆P )), 10658

F ′′(P )(∆P,∆P ) = K (M′′(P )(∆P,∆P )),659

10660

FL : R(n−1)×d → Sn
H , 7661

Fℓ : Rtℓ → Sn
H , 8662

H1 = [J∗J ], 12663

H2 = [vec (K∗ (F (P ))Mat], 12664

Se(v) = veT + evT , 6665

S∗
e (S) = 2Se, 9666

K(G), 6667

LTriag(ℓ), 8668

Sn
C , centered, 6669

Sn
H , hollow, 6670

Sn
+, positive semide�nite cone, 6671

Sn
++, positive de�nite cone, 6672

P̄ , con�guration matrix, 3, 6673

K∗(S) = 2(Diag(Se) − S), Laplacian674

matrix, 10675

O = {Q ∈ Rd×d : QTQ = Id}, or-676

thogonal group of order d, 7677

S(K) = (K +KT )/2, 10678

δ-ball about L̃, Bδ(L̃), 30679

diag(S) ∈ Rn, 6680

diag∗(v) = Diag(v) ∈ Sn, 6681

diag(G), diagonal of G, 3682

σ1(P ), raw stress, 4683

σ2(P ), smooth stress, 4684

d, embedding dimension, 6685

e, vector of ones, 3, 6686

f(P ) = 1
2
σ2(P ), 4687

fL(L), 7688

fℓ(ℓ) := fL(LTriag(ℓ)), 8689

t(n − 1) := n(n − 1)/2, triangular690

number, 7691

t(n−1) = n(n−1)/2, triangular num-692

ber, 7693

tℓ, in (2.6), 8694

D(P ) = Se(diag(M(P ))) − 2M(P ).,695

9696

K(G) = Se(diag(G))− 2G, 9697

M(P ) = PP T , 6698

M′(P )(∆P ) = P∆P T +∆PP T , 9699

M′(P )∗(S) = 2SP , 9700

EDM, Euclidean distance matrix, 6701

lngm, local nonglobal minimum, 6, 7702

centered subspace, Sn
C , 6703

con�guration matrix, P̄ , 3, 6704

diagonal of G, diag(G), 3705

embedding dimension, d, 6, 7706

Euclidean distance matrix, EDM, 6707

facial reduction, 7708

Gram matrix, G = M(P ), 6709

hollow subspace, Sn
H , 6710

Laplacian matrix, K∗(S) = 2(Diag(Se)−711

S), 10712

orthogonal group order d, O = {Q ∈713

Rd×d : QTQ = Id}, 7714

positive de�nite cone, Sn
++, 6715

positive semide�nite cone, Sn
+, 6716
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positively uniformly bounded, 29717

raw stress, σ1(P ), 4718

second-order stationary point, 12719

smooth stress, 4720

smooth stress, σ2(P ), 4721

stationary point, 12722

trace inner product, 5723

triangular number, 7724

uniformly positive de�nite, 29725

vector of ones, e, 3, 6726
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