On the local and global minimizers of the smooth
stress function in Euclidean distance matrix problems®

Mengmeng Song®P%! Douglas S. Gongalves®?*, Woosuk L. Jung®, Carlile
Lavor®?, Antonio Mucherino™, Henry Wolkowicz®®

@ National Frontiers Science Center for Industrial Intelligence and Systems Optimization,
Northeastern University, Shenyang, P.R. China

bSchool of Mathematical Sciences, Beihang University, Beijing, 100191, P.R. China

¢ Department of Combinatorics and Optimization, Faculty of Mathematics, University of
Waterloo, N2L 3G1, Waterloo, Canada
4 Department of Mathematics, Universidade Federal de Santa Catarina, 88040-900,
Florianopolis, Brazil
¢ Department of Applied Mathematics (IMECC), University of Campinas, 13083-859,
Campinas, Brazil
TIRISA, Université de Rennes, F-35042, Rennes, France

Abstract

We consider the nonconvex minimization problem, with quartic objective
function, that arises in the exact recovery of a configuration matrix P € R"*¢
of n points when a Euclidean distance matrix, EDM, is given with embed-
ding dimension d. It is an open question in the literature whether there are
conditions such that the minimization problem admits a local nonglobal min-
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imizer, Ingm. We prove that all second-order stationary points are global
minimizers whenever n < d+ 1. And, ford = 1andn > 7 > d+ 1, we
present an example where we can analytically exhibit a local nonglobal mini-
mizer. For more general cases, we numerically find a second-order stationary
point and then prove that there indeed exists a nearby lngm for the quar-
tic nonconvex minimization problem. Thus, we answer the previously open
question about their existence in the affirmative. Our approach to finding the
Ingm is novel in that we first exploit the translation and rotation invariance
to remove the singularities of the Hessian, and reduce the size of the problem
from nd variables in P to (n — 1)d — d(d — 1)/2 variables. This allows for
stabilizing Newton’s method, and for finding examples that satisfy the strict
second order sufficient optimality conditions.

The motivation for being able to find global minima is to obtain ezact
recovery of the configuration matrix, even in the cases where the data is
noisy and/or incomplete, without resorting to approximating solutions from
convex (semidefinite programming) relaxations. In the process of our work
we present new insights into when Ingms of the smooth stress function do
and do not exist.

Keywords: distance geometry, Euclidean distance matrices, Gram matrix,
local nonglobal minima, Kantorovich Theorem, exact recovery
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1. Introduction

EDM (completion) problems have long been studied in the scientific lit-
erature, see e.g., the surveys, book collections, and some recent papers |7,
9, 13, B, 2, B]. Tt is well known that one can obtain the Gram matrix G
from a given EDM D. Then, a configuration matrix P of points p; € R?
such that D;; = ||p; — p;||?,i,5 = 1,...,n, can be obtained from a full rank
factorization

G=PP", P"=p,....p,) € R>™

In this paper, we consider the question of exact recovery from the uncon-
strained minimization problem

win_ [K(PP") - Df3. (1.1)

PeRnxd

where IC : S® — S" is the Lindenstrauss operator on symmetric matrix space:

K(G) = diag(Q)e® + ediag(G)" — 2G.

Here e is the vector of ones and diag(G) is the linear mapping providing the
vector of diagonal elements of the square matrix G. Moreover, | - ||, || - ||F,
denote the Euclidean and Frobenius norms, respectively.
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The optimization problem is a Buclidean distance geometry problem
(DGP), see e.g., [9]. DGP includes the EDM Completion Problem, where
D can have missing entries as well as noisy entries. This latter problem has
been proven to be NP-Hard [15].

The objective function of is denoted and expressed as a quartic in

P:

02(P) = |K(PPT) = DI3 = 35" (Ipi — pil* = 15 — wilI*)”

i=1 j=1

which is referred to as the smooth stress in the multidimensional scaling
(MDS) literature. (Throughout this text, for notational convenience, we use
f(P) = $02(P) as our objective function.)

Since the function oy(P) is nonconvex, and optimization methods gen-
erally find local minima, we investigate the possibility for such a quartic
function to have all local minimizers as global minimizers. This question has
been considered as open and has been widely studied in the MDS literature;
see for example, [10, 11} 12}, 14]. One of the motivations for the research about
the local nonglobal minima (Ingm) of o9(P) is that the characterization of
the Ingm s critical to developing efficient algorithms without resorting to
convex (semidefinite programming) relaxations.

The question about the existence of a Ingm was also considered for an-

other type of stress function, called the raw stress:

n n

o1(P)=> > (lpi = psll = 5 = 5511)*

i=1 j=1

Trosset and Mathar [I2] analytically verified that the raw stress function
o1(P) admits a Ingm, where P is a square configuration with vertices at
the four points py = [1/2,1/2],p2 = [-1/2,1/2],p5 = [-1/2,—1/2], and
ps = [1/2,—1/2]. The authors of [17] applied this example to the smooth
function o9(P) but did not find a Ingm. Instead, they present an example
of the ineract EDM recovery problem having a Ingm; specifically, problem
with D replaced by A € S™ that is not an EDM . However, the question
about the existence of a Ingm for the exact problem o,(P) remained open.
Addressing this challenge involves two main difficulties: (1) the apparent
lack of simple examples exhibiting Ingm ; and (2) the inherent complexity
in proving the existence of a Ingm for such a complex problem.
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In this paper, we provide a definitive answer to this open question. We
prove that all second-order stationary points are global minimizers whenever
n < d+1. Forn > d+ 1, we present an example in dimension d = 1,
with a very special structure, for which we can analytically exhibit a Ingm .
For more general cases, we find examples where the function o9(P) has a
Ingm, and we provide analytic verification using techniques from the local
convergence proof of Newton’s method. The examples are obtained using the
trust region approach with random initializations.

The rest of this paper is arranged as follows. We continue in Section
with a description of our main unconstrained minimization problem (|1.1)).
We introduce two additional equivalent problems with reduced numbers of
variables. The reduction allows for strict second-order sufficient optimality
conditions and thus is necessary for the analytic existence proof. In Section 3]
we include various linear transformations, derivatives, and adjoints. Many
of these are used throughout this paper. We suggest that they provide a
useful addition to the literature on EDM, as it emphasizes the use of matrix
transformations rather than individual elements or points. In Section {4] we
study the optimality conditions and establish that oo(P) has no lngm if
n < d+ 1. In Section we give a special example with d = 1 where a
Ingm can be explictly illustrated. In Section we provide two examples
and use the Kantorovich theorem to (numerically) prove the existence of
Ingms in this more general setting.

2. Notation and Equivalent Main Problem Formulations

Before presenting the problem formulations, we introduce the necessary
notation and background from distance geometry. Further details are pro-
vided in [3].

2.1. Notation

We use the trace inner product in m x n matrix space R™*" (X Y) =
tr XTY with the induced Frobenius norm, || X||r = \/(X, X). Denote || X||, :=
Amax (XT X)), where Apax(+) gives the largest eigenvalue. If no subscript in
|| - || is written, the Frobenius norm || - || is understood. We note that both
||| and || -||2 reduce to the standard 2-norm in R™ (n x 1 matrices) ||z||. For
a finite dimensional Hilbert space X, we use B, (%) :={zx € X' | |[x—Z| < r}

to denote the ball centered at & with radius r > 0.
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Let S™ be the set of symmetric matrices in R™*". The cone of positive
semidefinite matrices is denoted by S C S", and we use S = 0 for S € S7.
Similarly, for positive definite matrices S, we use S € S, and S > 0.
Additionally, S > 0 and S > 0 denote that all entries of S are non-negative
and positive, respectively. Let diag(S) € R™ denote the vector formed by the
diagonal of a matrix S € R™™. The adjoint operator diag”(v) = Diag(v) €
S™ maps a vector v € R” to Diag(v) € S", the diagonal matrix with entries
from v. For a matrix C' € R™4, vec(C') € R™ denotes the column vector
formed by stacking the columns of C, and Mat = vec* is the adjoint of
vec, satisfying Mat(vec(C)) = C for all C € R™4. If F: X — YV is a
map between finite dimensional Hilbert spaces, F’(P) and F”(P) denote its
Fréchet derivatives at P € X.

For a set of points p; € R i € [n] := {1,2,--- ,n}, denote the configu-
ration matriz by

P = [pl Do ... pn}T e R4,

Here d is the embedding dimension. Denote the quadratic mapping M :
R4 — S* M(P) = PPT. Recall that e denotes the column vector of
ones of appropriate dimension. Then, the classical result of Schéenberg [10]
relates an EDM |, D(P), with the corresponding Gram matriz, G = M(P),
by applying the linear operator K : S — S}

K(G) = diag(G)e” + eding(C)T —2G = (Ipi — ps[1?),; = D(P).  (21)

ij

where the centered subspace, S and the hollow subspace, S7; are defined by

Si={5€S": Se=0}, S}={5€8S": diag(S) = 0}.
Denote S, : R" — S™ S.(v) = vel + ev?. Then, K(G) = S.(diag(G)) — 2G.
Note that the centered assumption PTe =0 < G = PPT € S&. Also, when
the domain of K is restricted to be Sf, the mapping K is a bijection between
S¢ and K(Sg).
Further detailed properties and a list of (non)linear transformations and
adjoints are given in Section [3|

2.2. Main Problem Formulations

Suppose that we are given a centered configuration matrix P € R"*¢, PTe =
0. This gives rise to the corresponding Gram matrix G = PPT € S% and
EDM, D = K(G). We now present the main problem and two reformulations
that reduce the size of variables and help with stability.
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Problem 2.1. Let D = D(P) be a EDM obtained from some given configu-
ration matriz P. Consider the nonconvex minimization problem of recovering

a corresponding configuration matrix P given by
A ) 1 _ 1
P € argmingegos f(P) = SIIK(PPT) = DI% = SIF(P)E: (22)

thus defining the function F : R™*4 — S%.

Theorem is a nonlinear least squares problem. It has nd variables.
By taking advantage of symmetry and the zero-diagonal constraints, the
objective function can be seen as a sum of squares of t(n — 1) quadratic
functions, where t(n — 1) := n(n — 1)/2 is the triangular number. Note that
P is a global minimizer for (2.2) with the optimal value f(P) = 0. We study
whether all stationary points where the second-order necessary optimality
conditions hold are global minimizers.

Note that the distance matrix is invariant under translations and rotations
of P. Without loss of generality, we assume P is centered (PTe = 0). Let
V € R (=1 be such that

VIV =1,.1, V%'e=0. (2.3)

By the fact that VV7 is the orthogonal projection onto et (the orthogonal
complement of ¢), we have PTe = 0 if, and only if, P = VL for some
L e R("_I)Xd. We exploit this property for deducing an equivalent problem
formulation having a smaller dimension.

Problem 2.2. Let P, D be as given in Theorem and let V be as in (2.3)).
Consider the nonconvex minimization problem of recovering a corresponding

centered configuration matriz P=VL by finding

. , 1 _ 1
L € argmincgenvxa fr(L) = SIIR(VL(VL)") = Dl =: I Fr(L)I[%;
(2.4)
thus defining the function Fy : R®=Dxd _ Sn

Let O = {Q € R4 : QTQ = I} be the orthogonal group of order d.
Note that LLT = LQQTLT holds for all Q € O. If LT = QR is the QR
factorization, then

R"=L1LQ = fi.(L) = fL(R"Q") = fL(R"),

“This is similar to the application of facial reduction for the semidefinite relaxation,
see [4].
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where R € R 1) is upper triangular (trapezoidal when d < n — 1).
The problem can be further reduced using rotation invariance: fr(LQ) =
fi(L), ¥Q € O.

Recall that the linear transformation svec : S* — R*™ is a generalization
of the vectorization vec applied to symmetric matrices that avoids the du-
plication of the lower triangular part. We now extend this idea to triangular
(trapezoidal) matrices to avoid the zeros. We define the linear operator that
maps a vector £ € R¥ to a lower triangular (trapezoidal) matrix in R(—1xd
given by

. gn'—n— j)+it+1s if j < i
LTriag(l)q ;) = { J 6i3)+ +1 otﬂerwise, (2.5)
where ( ) ]
tn —1), ifd>n—1
te= { (n—1)d —t(d—1), otherwise. (2:6)

For L € R(=1*4 [ower trapezoidal, ¢, counts its entries where nonzero values
are allowed. For d < n — 1, LTriag(¢) has t(d — 1) zero elements at the top
right; whereas for d > n — 1, LTriag(¢) has t(n — 1) nonzero elements at the
bottom left.

Using the above definition, we define

fo: R =R, fy(€) := fr(LTriag(l)). (2.7)

Notice that the adjoint of LTriag, LTriag" : R Vx4 5 R takes the
lower triangular (trapezoidal) part of L € R(™~Y*4 and maps it to the cor-
responding vector ¢ € R such that LTriag* LTriag(f) = ¢. Moreover,
LTriag LTriag™(L) is the projection of L onto the subspace of lower triangu-
lar (trapezoidal) matrices.

Problem 2.3. Let P, D be as given in Theorem (and in Theorem |2.1)),
and let Vi ty, fo(0), be as in (2.3), (2.6) and (2.7), respectively. Consider

the nonconvex minimization problem of recovering a corresponding centered
configuration matriz P =V L = VﬁTriag(f)QT, with Q € O, by finding

( € argmingepe, fo(0) = LKV LTriag(¢)(V LTriag(f))") — D||%
= 1| Fy(LTriag(0) |13 =: S F(0)]%;
(2.8)
thus defining the function Fy : R — S
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Remark 2.4. Compared to Theorem Theorem s a nonlinear least
squares problem, with fewer variables and the same number of quadratic terms
(K(V LTriag(¢)(V LTriag(¢))") — D)ij i < j. Ford <n—1, the underlying
system of equations is overdetermined, as t, < t(n —1). For d > n — 1,
from , the number of variables is t(n — 1), the same as the number of
quadratic equations. Thus we no longer have the singularity that arises for
the Jacobian of an underdetermined nonlinear least squares problem.

In order to determine whether a Ingm exists, the next section provides
useful formulae for linear transformations and derivatives.

3. Properties and auxiliary results

We now provide appropriate notation and formulae for transformations,
adjoints and derivatives involved in EDM, and then give the equivalence
relationships among local minimizers of the above three reformulations.

3.1. Transformations, Derivatives, Adjoints, Range and Null Spaces

Theorem below presents a list of auxiliary results. It concerns the
following vectors, matrices and functions:

P € R4 p=vec(P) € R™ AP € R™? Ap = vec(AP) € R™,
L eRO=Dxd ¢ e Rl t,in (2.6), S,T € S™;

M:R™ 5§ S S, F R 8y f RS R,
LTriag : R — RO-Dxd g Rn 5§ Fy i RO-Dxd 5 §n 0 fy  RO-Dxd 5 R,
Fy: R —)S}}[, fg :R% — R.

Lemma 3.1. We have the following first and second Fréchet derivatives and
adjoints:

1. M'(P)(AP) = PAPT + APPT, M"(P)(AP,AP) =2APAPT.
M (P)*(S) =2SP.
S¥(S) = 2Se.

K(G) = S.(diag(G)) — 2G, range(K) = Sp, null(K) = range(S.).
K*(S) = 2(Diag(Se) — S5), range(K*) = Sg, null(K*) = Diag(R"™).
Moreover, S > (<)0 = K*(S5) = (X)0.

D(P) = S.(diag(M(P))) — 2M(P).
7. D'(P)(AP) = S.(diag(M'(P)(AP)) — 2M'(P)(AP).

.0"'.*';.“!\3

&

9
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8. F'(P)(AP) =K (M'(P)(AP)), F"(P)(AP,AP) =K (M"(P)(AP,AP)).
9. F/(P)*(S) = M'(P)*(K*(S)) = 4(Diag(Se) — S)P.
10. We have

f'(P) = F'(P)"(F(P)) = 4[Diag(F(P)e) — F(P)|P,  (3.1)

and

F/(P)(AP,AP) = (KK(PAPT + APPT), K(PAPT + APPT))
+2(F(P), K(APAPT)).
(3.2)

Proof. 1. Tt follows directly from the expansion

M(P+AP) = (P+AP)(P+AP)"
= PPT+ APPT + PAPT + APAPT
= M(P)+ M'(P)(AP) + A M"(P)(AP,AP).

2. Note that
(M'(P)(AP),S) = (PAPT + APPT, S)
= tr(PAPTS+ APPTS)

tr(SPAPT + SPAPT)
= (M(P)*(5),AP).

3. From the trace inner product,
(S,(v),8) = tr(ev” S +vel'S) = tr(v” Se) + tr(Sev’) = (2Se,v).

4. See [1, Prop. 2.2].
5. See [I, Prop. 2.2| for the characterization of the nullspace of *. The
identity K£*(S5) = 2(Diag(Se) — S) follows from

(K(T),S) = (diag(T)e” + ediag(T)" — 2T, S)
= 2tr(e" Sdiag(T)) — 2tr(TS)
= 2(Se,diag(T)) — 2(T, S)
= 2(Diag(Se) — S,T),

where the last equality is due to Diag = diag®. Moreover, for S € S,
we have by diagonal dominance that S > (<)0 = K£*(5) = (X)0.

10
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It follows directly from Item [5

This follows from the linearity of diag and S..
Both follow from the definitions and linearity of K.
It follows from

(F'(P)(AP),S) = <’C(/E4’(P)(AP)1 ?

= (M(P)(AP),K*(5))
= (AP, M(P)"(K*(5))),

and M'(P)* and K*(S) presented in Ttems [2 and
From the expansion of f(P + AP),

f(P+AP)
= L(F(P+AP),F(P+AP))
= LF(P)+ F/(P)(AP) + $F"(P)(AP,AP) + o(|| AP|*)|1%,
= 3(F(P),F(P))+ (F(P),F'(P)(AP))

+3(F'(P)(AP), F'(P)(AP)) + 3(F(P), F"(P)(AP, AP)) + o(|AP|]?),
we get ([3.1). Then we obtain

f"(P)(AP,AP)
= (F'(P)(AP), F'(P)(AP)) + (F(P), F"(P)(AP, AP))
(K(M(P)(AP)), K(M(P)(AP))) + (F(P), K(M"(P)(AP, AP)))
= (K(PAPT + APPT),K(PAPT + APPT)) + 2(F(P), K(APAPT)),
(3.3)
where the second equality follows from Item[8] Define Ap := vec(AP).
Now, we can isolate the matrix representation with

f"(P)(AP,AP) = (f"(P)(Matvec(AP)), Mat vec(AP))
= ([vec f"(P)Mat] (Ap), (Ap)).

Denote the symmetrization S : R™" — S S(K) = (K + KT)/2, and
let T be the self-adjoint transpose operator. The first term in (3.3) is

(K(S(P(Mat vec AP)T)), K(S(P(Mat vec AP)T)))
(PTS*K*KSP)((Mat vec AP)T), (Mat vec AP)T)
(PTS*K*KSP)(T Mat vec AP), (T Mat vec AP))
([vec T*PTS*K*KSPT Mat]| Ap, Ap) .

4
4
) (3.4)
4
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The second term in (3.3) is

2(F(P),K (APAPT))
= 2(K*(F(P)),APAPT)
= 2(AP,K*(F(P))AP)
= 2([vec K*F(P)Mat| Ap, Ap) .

(3.5)

Recall that F'(P)(AP) = K(M'(P)(AP)). We combine (3.4) and (3.5])
and obtain the matrix representation of the Hessian (not necessarily
positive semidefinite) :

[vec f"(P)Mat] = 4 [vec T*PTS*K*KSPT Mat]
+2 [vec K*F(P) Mat] (3.6)
= 4[J*J] + 2[vec K*F(P)Mat],

where
J(Ap) == KSPT Mat Ap. (3.7)
0

Theorem 3.2. The second-order necessary optimality conditions for (2.2)
are:

0 = [fi(P)=F(P)(F(P)) =2K*(F(P))P, (3.8)
0 = [vec f"(P)Mat] =4[J*J] + 2 [vec C*(F(P)) Mat] . (3.9)

Proof. The second equality in (3.8]) follows from ({3.1)), and the third equality
in (3.8) follows from Items [2 and [J] of Theorem [3.1] In particular, we have

f'(P) = F'(P)"(F(P)) = M'(P)"(K*(F(P))) = 2K*(F(P))P.  (3.10)

The expression for the second-order term in (3.9)) follows from (3.6) in Item[L0]
of Theorem [B.1] O

Throughout the paper, we denote the following two matrices in S™:
H, =[J"J], Hy = [vec (K" (F(P))Mat]. (3.11)

By abuse of notation, H; and H, represent both the linear maps and their
matrix representations. The meaning will be clear from the context. We call
P a stationary point if (3.8)) holds, and we call P a second-order stationary

point if both (3.8) and (3.9) hold.

12



241

242

243

244

245

246

247

248

249

251

252

253

254

256

257

258

259

260

261

262

3.2. Optimality Conditions of Three Problem Formulations

According to the chain rule, the derivatives and optimality conditions of
fr defined in (2.4) and f, defined in (2.8]) can be easily obtained from that

of f.
Proposition 3.3. The derivatives of fr(L): R®=D*d 5 R gre

fi(L)=VTf(VL), (3.12)
and
(L) = VT (VL)V. (3.13)

Proposition 3.4. The derivatives of fi() : R — R are

f1(0) = LTriag" f; (LTriag(?)), (3.14)
and
J(0) = LTriag™ f7 (LTriag(¢)) LTriag . (3.15)

In the following, we show that any local minimizer of corresponds
to a family of local minimizers of (2.2), obtained by translations. Similarly,
any local minimizer of corresponds to a family of local minimizers of
([2-4), derived from rotations.

Proposition 3.5. The configuration matriz P, € R™? is a local minimizer

of the function f (see (2.2))) if, and only if, all configurations in {P, + ev” :
v € R4} are local minimizers of the function f.

Proof. We exploit the fact that the function f is invariant w.r.t. translations:
for any point P, we have

F(P) = F(P+e”).
If P, is a local minimizer of f, there must be a § > 0 such that:
VP . ||[P.— Pllp <6, f(P) < f(P).

Then, for all P such that |P— (P, +ev?)||p < 0, we have ||[(P—evT)—P,||p <
0, thus A )
f(P)=f(P—ev") > f(P.) = f(P, +ev")

implying that P,+ev” is also a local minimizer. The other implication follows
similarly. 0
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Proposition 3.6. The configuration matriz L, € R®V* s g local min-

imizer of the function fr (see (2.4)) if, and only if, all configurations in
{L.Q : Q € O} are local minimizers of fr.

Proof. We now exploit the fact that the function f; is invariant w.r.t. rota-
tions: for any configuration L, and ) € O, we have

fu(L) = fL(LQ).
If L, is a local minimizer of fr, there must be a § > 0 such that:
VL i |[L. = Lllp <0, fu(Ls) < fu(L).
Then, for all L such that ||L — L,Q||r < 8, we have
1LQT = Lullr = |IL - L.Qllr < 6,

thus ) )
fo(L) = fL(LQ") > fr(L.) = fi(L.Q)

implying that L,(Q) is also a local minimizer. The other implication follows
similarly. 0

The local minimizers of the two functions in equations (2.2) and (2.4)
have the following relationships.

Theorem 3.7. Let P, € R™? and V be as defined in (2.3). Denote
1
v,=-PleeR! P, =P, —ev], L,=V"P,,.
n

Then, L, is a local minimizer of (2.4) if, and only if, P,, and P, are local
minimizers of ([2.2)).

Proof. First, recall that VV7 is the orthogonal projection onto e and that
the columns of P,, are centered. Thus, we have VL, = VVTP, = P,.
Sufficiency: Let P, be a local minimizer of (2.2). Then, there exists § > 0
such that

(P < F(P), WP ¢ |P =P, |lp <56, (3.16)

For any L € R1? guch that ||L — L,||r < 8, let P = VL. Then, we have
fe(La) = F(VL) = f(P..) < [(P) = f(VL) = fu(L),
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where the inequality is due to |P— P, ||p = VL=V L,||p = |L— L.||r <0
and , and the equalities hold by the definition of f.

Necessity: Suppose L, is a local minimizer of f; (L), meaning there exists
0 > 0 such that

Fu(L) < fr(L), VL : ||L = L,||r < 6. (3.17)

For any configuration P with ||P — P, ||r < 4, define its centroid v = PTe/n.
Then, there exists L € R D*? guch that the centered configuration can be
expressed as P = VL + ev”. This implies that P — P,, = V(L — L) + ev”.
As V(L — L,) and ev” are orthogonal, we get

IL = L)% = V(L = Ll = |IP = Polli = llev” |7 < 0% (3.18)

Now, from and , we have
f(P)= f(VL+ev") = f(VL) = f(VL.) = f(Py.),

implying that P,, is a local minimizer of f(P). According to Theorem [3.5
P, is also a local minimizer of f(P). O

From Theorem [3.6] we know that for the case of d > 2, if L is a local
minimizer of fr(L), then {LQ : Q € O} is a local minimizer of fr(L). This
means that when d > 2, any local minimizer of f; (L) is nonisolated and has
a singular Hessian matrix.

Next, we consider the correspondence between the local minimizers of

(2.4) and its rotation-reduced formulation ({2.8)).
Theorem 3.8. The following statements hold.
1. If L, s a local minimizer of fr, then any {, satisfying

L, = LTriag(¢,)Q", (3.19)

for some Q € O, is a local minimizer of fy.
2. If U, is a local minimizer of fo, and the first d rows of LTriag(l,) are
linearly independent, then L. = LTriag({,) is a local minimizer of fr.

Proof. 1. Suppose L, is a local minimizer of f7, meaning there exists r > 0
such that
fo(L) > fr(Ly), VL : ||[L — L.||r < (3.20)
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. We prove Item 2| by contradiction. Suppose L, = LTriag(/,) i

For any ¢ € RY satisfying ||[{ — ¢.]| < 7, we let L = LTriag({)Q* and
we have

IL = Lollp = || CTriag(t) — £Txiag(C.)]lr = ¢ — €] <
Then, from (3.19) and (3.20) we have
fe(€) = fo(LTriag(0)) = fr(L) = fr(Ls) = fr(LTriag(t.)) = fe((s).

Therefore, £, is a local minimizer of f,.

S
local minimizer of f;. Then there exists a sequence Ly, k = 1,2,...
such that

li
k——+o0
Consider the QR decompositions of LI k = 1,2,..., i.e., there exist
Qr € O,k =1,2,..., and upper triangular matrices Ry, k = 1,2,...,
such that
L} = QuRi,k=1,2,.... (3.22)

Since ||Qk|l2 =1 for all k =1,2,..., the bounded sequence {Qy} has a
convergent subsequence. Without loss of generality, we directly assume

that limg 1o Qr = Q+. According to (3.21) and (3.22)), we have

T._ T o T
By (3.23), RT is a triangular matrix. Since the first d rows of L, =
LTriag(l,) are linearly independent, the QR factorization of LT is

unique except for signs in each dimension. Thus, @, is a diagonal
matrix with diagonal elements being —1 or 1. Let

0, = LTriag"(REQT), k=1,2,....
By (3.23), we get

k—4o00

By (3.21)), we have
felly) = fu(Ry) = fr(Ly) < fo(L.) = fu(RIQY)
= fL(RY) = full.).

Thus, /, is not a local minimizer of f,, a contradiction.
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The optimality conditions of (2.2) and (2.4) also have an equivalence
relationship. To this end, we first note that the directional derivatives of
f(P) are zero in any translation.

Lemma 3.9. For any v € RY, we have
(f'(P),ev”) =0 and f"(P)(ev”, ev™) = 0.
Proof. For t € R, we have
F(P+tev™) = f(P)+t{f'(P),evT) + E(f"(P)(evT), ev”) + o(t?).
Since f(P + tev?) = f(P) holds for all v € R? and t € R, we get
(f'(P),ev”) = (f"(P)(ev"), ev”) = 0.

Moreover, we claim that

f"(P)(ev™) = 0. (3.24)
According to and (3.7), we have
f"(P)(ev") = 4[J*J]vec(ev”) + 2 [vec K*F(P) Mat] vec(ev™).

Since null(K) = range(S.) and range(K*) = {S € S" : Se = 0} in Items
and [b] of Theorem we have

J(vec(ev™)) =

K (PveT + evT PT

5 ) =0, K*F(P)(ev”) = 0.

Thus, (3.24) holds. O

Theorem 3.10. For P € R™? denote v = (PTe)/n € RY, P, = P — ev”,
L = VTP, where V is defined in (2.3), denote LT = QR where R is upper

triangular and Q € R™? is orthogonal. Then, the following are equivalent:
(i) the first (resp., second)-order necessary conditions of hold at P;
(ii) the first (resp., second)-order necessary conditions of hold at P,;
(iii) the first (resp., second)-order necessary conditions of hold at L;
(iv) the first (resp., second)-order necessary conditions of hold at RT.
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Proof. Since

f(P+tAP) = f(P)+t(f'(P),AP) + g(f”(P)(AP), AP) + o(t?)
= J(PIAP) = f(R) + HF(P).AP) + S((P)AP), AP) +o(t)
holds for all AP € R™*¢ and t € R, we have

PP = F(P), F(P) = £(P). (3.29

By

FuL4+1AL) = fu(L) + HFL (L) AL) + S (H(L)(AL). AL) + oft)
= BT HIALQ) = F(RT) + (R, ALQ) + S (R (ALQ).ALQ) + oft).
we have

fi(RTY =0 fi(L) =0, f(RT) =0« f/(L) =0
Thus, (1)< (ii) and (iii) < (iv).

Now we prove (ii)<(iii). First, we prove the equivalence of their first-
order necessary conditions. According to (3.10) and range(K*) = Sg (Theo-

rem [3.1] Item [5]), we have
el f/(P) = 2" K*(F(P))P = 0. (3.26)

By Theorem (3.25), (3.26), the definition of V, and Item [5| of Theo-
rem [3.1] we obtain

f(P) =0 <= fi (L) =V"f(P,)=0.

Secondly, we prove the equivalence of their second-order necessary optimality
conditions. According to (3.13), for any AL € R"1D*4 e have

"(LY(AL,AL) = VT f"(VL)V(AL,AL) = f"(VL)(VAL,VAL). (3.27)

8Note that f/(L) is a positive semidefinite linear operator on R("~1)*d,
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According to ([3.24) in Theorem [3.9 and (3.27), we have f/(L)(AL,AL) >0
if, and only if,

f”(Pv)(AP> AP) - f”(Pv)(VAL + 6UTa VAL + GUT) > 0.

(Note that we have proved a slightly stronger statement as the semidefinite
condition is treated separately from stationarity.) O

Remark 3.11. The reduction from to may introduce additional
stationary points. Let LTriag((,) = RT. According to , f1(0) =0 holds
if, and only if, the lower triangular part of f1(RT) is zero. Moreover, to have
a local minimizer correspondence, the assumption that the first d rows of RY

is linear independent in Theorem Item (3 is needed.
4. Second-Order Optimality Conditions

In this section, we present the optimality conditions and derive a sufficient
condition such that there is no Ingm. First of all, the necessary and sufficient
characterization for the global minimizer is clear.

Lemma 4.1. A malriz P € R™? js a global minimizer of (2.2) if, and
only if, D(P) = D.

Proof. Since f(P) > 0 holds for all P € R"*? and f(P) = 0, the global
minimum of f is 0. By the definition of f and property of norms , f(P) =0

holds if, and only if, F(P) = D(P) — D = 0. O

In order to further characterize the second-order optimality conditions,
we discuss essential properties of the matrices H; and Hs.

Lemma 4.2. The matriz H, defined in (3.11)) is always positive semidefinite.
For H,, the following holds:

o Hy = 0 when F(P) is element-wise nonnegative,
o Hy =0 when F(P) is element-wise nonpositive.

Proof. For any x € R™,

v T Hyx = (x, J*Jz) = (Jx, Jz) > 0.
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Thus, H, is always positive semidefinite. By Theorem Item [5] if F(P) >
(<) 0, then K*(F(P)) = (=) 0, which implies

2" Hyx = (x, Mat* K*F(P)Mat z) = (Mat z, C*(F(P)) Mat z) > (<) 0
for all z € R™. Thus, Hy = (=) 0 if F(P) > (<) 0. O

Lemma 4.3. The matriz Hy is the zero matriz if, and only if, F(P) = 0
holds, which is equivalent to P being a global minimizer of (2.2).

Proof. By Theorem [3.1] Item [5] £*(S) = 2(Diag(Se) — S) and null(K*) =

Diag(R™). Since diag(F'(P)) = diag(D(P)) — diag(D) = 0 is always true,
K*(F(P)) = 0 holds if, and only if, F'(P) = 0. O

Lemma 4.4. Let P, with PTe =0, be a global minimizer of (2.2)). Suppose
that P is a stationary point for (2.2) but is not a global optimizer. Then Hy

is not positive semidefinite. Specifically, vec(P)T Hyvec(P) < 0.
Proof. By (3.8), we have (P, K*F(P)P)=0, and then

vec(P)THyvec(P) = {
=
=
= < ,
= —(F(P),F(P))
< 0.

The last inequality holds because P is not a global minimizer, which implies
F(P) # 0 according to Theorem [4.1] O

Under the condition of Theorem [4.4] we have known that
<]5,IC*F(P)]5> < 0,

which implies that
K*F(P) # 0. (4.1)

We analyze the extreme case of D = 0.

Corollary 4.5. If D = 0, then every stationary point is a global minimizer.
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Proof. Suppose P is a stationary point. As D = 0, we get p, = ... = P,
holds. Since K*F(P) is a Laplacian (sum of its columns is zero), we have
K*F(P)P = 0. Combining this with the first-order condition (3.8, we have

vec(P)T Hy vec(P) = (()P, K*(F(P))P) — (P,K*(F(P))P)

From Theorem we conclude that any stationary point P for f(P) is a
global minimizer. O

Next, we consider another extreme case of D # 0, D(P) = 0.

Theorem 4.6. For D # 0 and P with D(P) = 0 (i.e., all p; = p), P is a
stationary point and has nontrivial negative semidefinite Hessian:

04 4H, + 2H, < 0.

Proof. Since py = ... = p, = p and K*(F(P)) is a Laplacian, P satisfies
the first-order optimality condition |) Since f(P) = ||D —D(P)HfT =
HDH? > 0, P is not a global minimizer. By

PAPT + APPT = ep" APT 4+ APpe®’ = ¢(APp)" + (APp)e”,

and null(K) = range(S.) (Theorem 3.1} Item [4)), J = 0 defined in holds,
and then H; = 0. Since D(P) = 0 and D > 0, F'(P) < 0 holds. According
to Theorem [4.2] and Theorem 0 # Hy = 0 holds. Therefore, the Hessian
matrix satisfies 0 £ 4H, + 2H5 < 0. O

Remark 4.7. If P is a local maximizer of f, then necessarily D(P) = 0
(p1 = -+ = pn). To see this, observe that t = 1 must locally mazimize
g(t) = f(tP). By the second-order necessary conditions, we have ¢'(1) = 0
and ¢"(1) < 0. Since ¢'(t) = 4t3|D(P)||%2 — 4t(D,D(P)), 0 = ¢'(1) implies
that |D(P)||% = (D, D(P)). Then, 0 > g"(1) = 8||D(P)||% and we conclude
that D(P) = 0.

In the following, we present the condition under which there is no lngm .
Recall the equivalence between local minimizers of (2.4) and (2.2)) in Theo-
rem [3.7, we analyze (2.4) for convenience.

Theorem 4.8. Any stationary point L of (2.4) satisfying rank(L) =n — 1
15 a global minimizer.
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Proof. Since 0 = f; (L) = 2VTK*F(V L)V L, where the last equality follows
from and (3.10)), the span of columns of L is an n — 1 dimensional
eigenvector space corresponding to the zero eigenvalue of the (n—1) x (n—1)
matrix VIIC*F(VL)V. Therefore VIK*(F(P))V = 0. Combining this with
range(K*) = S from Theorem Item [5| we conclude that K*(F(P)) =0,
and then Hy = 0. Thus, L is a global minimizer according to Theorem

O

As L € R"=U*d the condition in Theorem holds in the case that
d>n—1and L is of full row rank. Next, we consider another case where L
is not full column rank.

Theorem 4.9. Suppose that L is a non-globally-optimal stationary point of

and
rank(L) < d. (4.2)

Then, the second-order necessary optimality conditions fail at L.

Proof. Denote P = VL. According to Theorem and the subsequent
discussion, (4.1)) holds. Thus there exists a € R" such that a?K*F(P)a < 0.
Then, for any nonzero w € R¢,

vec(aw™)T Hy vec(aw™) = (aw”, K*F(P)(aw™))
Tr(K*F(P)(aw™)(aw™)T)
wlw Tr(K*F(P)aa™)
wlwa” K*F(P)a

< 0.

By , there exists a nonzero w € R? such that w € null(L), meaning,
Lw =0. (4.3)
We claim that H; vec(aw”) = 0 holds. First, we have
Jvec(aw”) = KSV LT (aw™).
By (4.3), we have
LT (aw™) = L [alw asw ... an_lw] = 0.
Thus, H; vec(aw?) = 0 holds. In sum, we have
vec(aw®)T (4H, + 2H,) vec(aw™) < 0,

which implies the second-order necessary optimality condition (3.9) fails. [J
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Combining Theorem [4.§ and Theorem [4.9] we present the main result of
this section.

Theorem 4.10. Ifn < d+1, then any stationary point satisfying the second-
order necessary optimality conditions is a global minimizer.

Proof. Suppose that n < d + 1, and L is a stationary point satisfying the
second-order necessary optimality condition. If rank(L) = n — 1, then L is
globally optimal by Theorem [4.8] If rank(L) < n — 1, then rank(L) < d. If
we assume L is not a global minimizer, according to Theorem[4.9] L does not
satisfy the second-order necessary optimality condition, a contradiction. [J

Recalling Theorem we note that n < d + 1 is exactly the condition
such that the underlying system of equations is square. When n > d + 1
(overdetermined), it is possible to find local nonglobal minimizers.

5. Ingms Examples

We now provide instances with Ingms. The data and codes are available
at https://github.com/MengmengSong97/EDM-code.

We first provide an analytical example with d = 1 with a specific simple
structure for the points in R?, see Section[5.1} Then in Sections[5.2.1]and [5.2.2]
we give two examples where we numerically obtain approximate second-order
stationary points. Then, we analytically prove that the assumptions of the
Kantorovich theorem hold at these two points, i.e., this implies that there
exists Ingms in the neighborhoods. We consider the sensitivity analysis
needed to analytically prove that our examples have Ingms. We exploit the
strength of the classical Kantorovich theorem for the convergence of Newton’s
Method to exact stationary points when using the approximate stationary
points that we found as starting points. See Theorem [5.6|and Theorem [5.10]
below.

5.1. An Ezplicit Fxample with a lngm with d =1

We now present a simple explicit example with an Ingm, where we can
analytically verify the Ingm .

Example 5.1. Let

d:17n>67 pT:[ph'” 71371]7 PT:[ﬁl:"' ’ﬁn}ERdxn7

23


https://github.com/MengmengSong97/EDM-code

453

458

459

Pr1=2,p2=0,p3=---=p,=1 and p=py=0, p3=---=p, = L.

We now continue and illustrate that P is a Ingm of 1} in Theorem 2.1
Let Es,_2 be the 2 x n — 2 matrix of all ones, and [0] denote the matrix of
zeros of appropriate size. From the definitions of F(-), IC(-) and KC*(-), we
have:

F(P) = D(P)—-D(P)

[0 0 0 4
— 0 0 E2,n72 |:4 0:| E2 n—2 (5 1)
L Egan [0} Egn 2 [0}
[0 —4
= ||-a o P2l (5.2)
Ogn—Q [0:|

Moreover, we have
(K(PAPT + APPT), IKC(PAPT + APPT))
= 4 (5 — 5;)(Api — Apy))?

i#]
Z?zlfﬁl - ﬁ;)2 _n(ﬁ1~_ ]5222 , —(121 — I?n)z
_ gAPT —(p1 .—p2) Zi:l(p?_pi) —(P2 .—pn) AP
_(ﬁl - ﬁ2)2 _(ﬁQ - pn>2 e 2?21 (ﬁn - ﬁz)2
. T (n — 2)] _E2,n—2
= SAP {_ BT, ol AP.

Then we can compute from (3.1)) and (3.2) that the derivative (gradient) is

f'(P) = 4[Diag(F(P)e) — F(P)|P = 0. (5.3)
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And the Hessian quadratic form is

f"(P)(AP,AP)
= (K(PAPT + APPT), K(PAPT + APPT)) + 2(F(P), K(APAPT))

-2 2
_ [ [(n=21 —Ey, [0]
= 8AP T +1l2 -2 AP.
G | o) | o)

The Hessian f”(P) = V2f(P) is a rank 3 update of 161. Tt is positive
semidefinite with nullspace span(e) if, and only if, n > 7. (It is indefinite
when n < 6.) Thus, P is a second-order stationary point of the problem
with data given above. Next, we prove that P is a lngm by considering the
reduced formulation ([2.4).

To center as done in Theorem we let

pr L i i
i=—C€eR P.=P—ei", [=VTP,

to obtain L. According to Theorem 3.10| L is a second-order stationary point
of the function fr(L). By Theorem we have fy(L) = VIf"(VL)V =
VT f"(P)V. Since f”(P) has a one-dimensional nullspace (span{e}), its
restriction to span{e}’ is positive definite. Thus, fy(L) is positive def-
inite. This implies that L satisfies the second-order sufficient optimality
conditions for a strict local minimum of f;(L). By Theorem and Theo-
rem P is in fact a Ingmof f(P). Note that the objective function value

f(P) =16 > 0= f(P), thus confirming that P is not a global minimum.

5.2. Ezamples via Kantorovich Theorem and Sensitivity Analysis

We now present Theorems [5.2] and [5.7] with d = 1,2, respectively, where
we first find an approximate second-order stationary point L numerically
that has a sufficiently large (positive) objective value; and then we prove
that there is a Ingmnearby using the Kantorovich theorem and sensitivity
analysis.
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5.2.1. Cased=1

In this case we analyze a configuration matrix P = VL € R L €
RM=Dx1 gsatisfying:

Objective value :  f(P) = fr(L) > f., for some (large) f > 0;

Near stationarity : ||V f.(L)|| < gL, for some (small) g > 0;

Local Convexity : Amin(V2fz(L)) > A, for some (large) Ay > 0.
(5.4)

While theoretically exact, the floating-point representations introduce
round-off errors in finite-precision computations. Our MATLAB implemen-
tation performs complete finite- premswn arithmetic analysis in order to com-
pute the rigorous bounds fL, Jr, and AL (see Footnote@

We apply the classical Kantorovich theorem, e.g., [6, Thm 5.3.1], to show
that there is a point nearby that satisfies: (i) it is an ezact stationary point;
(ii) the function value is positive; and (iii) the Hessian is still positive def-
inite. This provides an analytic proof that we have a theoretically verified
Ingm near L.

Example 5.2. An example with n = 50,d = 1 is given, with data P =
VL, P=VL e R™. (See the footnote belowﬂ) Matriz D is the distance
matriz obtained from L by D = K(VL(VL)T). Thus, L is a global minimizer.
L is a numerically convergence point obtained by a trust region method with
random initialization, where the objective value is

fr(L) > 2.65 x 103, (5.5)

the absolute and relative gradient norms are

IV fL(@)|
1+ fr(L)

and the least eigenvalue of the Hessian matriz is

IV fL(L)] <1077, < 3.53 x 10718, (5.6)

2.12 x 10% > A\pin (V2 £ (L)) > 2.10 x 102, (5.7)

In the following, we will verify that f; (L) has a Ingm .

9 The data and codes are available at https://github.com/MengmengSong97/EDM-
code
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Remark 5.3. The problem to find a Ingmis a nonlinear least squares prob-
lem. The standard approach for nonlinear least squares is to use the Gauss-
Newton method, which simplifies the Hessian 4H1+42H, (see and (3.11))
by keeping only 4Hy and omitting 2H, (same for L, cf. ) This approx-
imation relies on the assumption that fr(L) is near zero, a condition we
intentionally avoid, as this would yield the global minimum.

Now, we find an estimate for the Lipschitz constant v > 0 for the Hes-
sian matrix of fr. From our numerical output, we know that the smallest
eigenvalue Amin(V2fL(L)) > 0. By continuity of eigenvalues, we are guar-
anteed that this holds in a neighbourhood of L, which is now estimated in
Theorem 5.4l

Proposition 5.4. Let r > 0 and L € RD* pe given. If
) > 242 (Z IVE)G, ] — (VI Al + 2n3/2r> 59
2
then vy is a Lipschitz constant for the Hessian of f1, in the radius-r neighbor-
hood of L, i.e.,
IV2fo(L) — V2 fo (D)2 <AL — Ll|p,  for all L, L € B.(L).  (5.9)

Moreover,

Amin(V2fL(L) > Ain(V2fL(L)) — yr,  for all L € B,(L). (5.10)
Proof. By the definition of the induced norm, (5.9) is equivalent to
L)AL AL) = FUL)(AL AL <AL - L], (5.11)
for all L, L € B,(L), ||AL|| = 1. Let
P=VL P=VLAP=VAL P=VL.
According to and Theorem we have

J(L)(AL,AL) = f"(P)(AP,AP)

IK(PAPT + APPT)||% + 2(F(P),K(APAPT))

= Z@j@ﬁ?APi + Qﬁ?Apj —2pI' Ap; — Qﬁ?Api)Q
+232; ;116 — D511 Ap; — Apj]?

= A3 (i — )T (Api — Ap)* + 237, [1Di — BslI*ll Api — Apj]1*.
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The calculations about L are similar, implying

U(L)(ALAL) — f1(L)(AL, AL)
= 4B —py) " (Aps — Apy)P? = [(5: — p;) " (Api — Ap;)]?
+25 7 (15 = 5; 117 = lpi — i 1% Api — Apsll®
= 421’,3‘(@ —Dj —Di "’ﬁj)T(APi — Ap;)(Di — D + Di — pj)T<APi — Ap;)
+237, (D — Dy — pi + )" (B — Bj + i — D) | Api — Apj|*.
Then,

[FL(L)AL,AL) = f{(L)(AL,AL)|
< 632 B — By — Bi+ pillllp — By + B — Bl Ap: — Apsl*.
Since ||[AP||r = ||VAL|r = ||AL||F =1,
1Ap; — Ap;l1* < 2(]| Apil* + | Ap; [17) < 2.
From L, L € B,(L), it follows that P, P € B,(P). Then, we have
1pi = D5 =P +pll < D = Bell + 1125 = byl

< V215 = Bl + 1B — [P
< V2|L- L,

where the first inequality follows from the triangle inequality, the second from
the Cauchy-Schwarz inequality, and the third from the fact that

|P—Pllp=|VL-VL|r=|L-L|p.
We also have

S 16 — B + i — 5
>0 11200 = b)) + (b — i) — (5 — 3) + (B — Bi) — (D5 — b)) |
2> 0 1B = Bill + 2255 1196 — Bill + 325 1195 — Byl +
Zi,j sz - ﬁz” + Zz] Hﬁj - ﬁj”
235 15e = Bill +m 32, D — Bill +n 325 155 — Byl1+
n 32 P = pill =1 325 155 — Byl
< 23 B = byl + Ay

IA

where the last inequality follows from the Holder inequality. Thus,

FHENALAL) = fUENAL AL < 12V3IL = Lllp Sy 19— b5 + 5 —
< 24V2L— L (., 15— Bill + 202 )
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applying (5.8) turns out (5.9). By (5.11), we have

r(L)(AL,AL) (L)AL AL) — (f{(L)(AL,AL) — f(L)(AL, AL))

> fi(L)(AL,AL) - rfg(L>gAL,AL> — [I(L)(AL, AL)|
> Amin(V2fL(L)) —r, forall L € B.(L),||AL||p = 1.
Thus, we obtain (5.10)). n

To verify the existence of a Ingm for Theorem [5.2] we calculate the Lip-
schitz constant estimated in Theorem [5.4l Let r = 1073, Since

Z I(VL)[i,:] — (VL)[4,]|| <2.13 x 10°,

(5-8) gives
v =7.24 x 10*.

Moreover, by (5.10]), we have

Amin(V2fr(L)) > 211 — 7.24 x 10* x r = 138.6 > 0, for all L € B,(L).
(5.12)
That is, we find a neighbourhood where the Hessian stays positive semidefi-
nite. Next, we prove that the objective stays sufficiently positive in a region
around L.

Lemma 5.5. Let the configuration P=VLe R(”_l)Xd,E~€ R(f_l)x‘i and
positive parameters fr,r € Ry, be given. Suppose that fr(L) > fr and that
the Hessian V2 [y, is uniformly positive definite in the r-ball around L, i.e.,

Amin(V2fL(L)) >0, for all L € B,(L). (5.13)
Then fr, 1s positively uniformly bounded from below in BT(f/), i€,
_ . L)—f
Fill) > >0, Jor al |~ Ll < min { M} |
IV fL(L)|lr

Proof. By the positive definiteness assumption of the Hessian in the r-ball
B.(L), we can apply convexity of fr in the ball. Therefore, for all L €

R=Dxd guch that ||L — L||z < min {r, (fo(L) — fL)/HVfL(I/)HF}a we have
ful) = fL(I/) (VfL@)»L ~ L) 3
> fu(L) = IV fuD|ellL = L]l e
> f.>0.
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By (5.5), and considering f;, = 103, we get

fo(L) — fr 265 x 10° — 10
= >
IV fL(L)] 10-7

>

According to Theorem with (5.12)) we conclude that

fo(L)> fr, >0, forall L€ B, (L). (5.14)

We now apply the classical Kantorovich theorem to prove the existence of
a unique Ingm point within a certain neighborhood. We reword the version
in [6, Thm 5.3.1].

Theorem 5.6. Let the configuration matriz P = VL € R™? [ ¢ R(n-1)xd
be given. Let r € Ry be found such that

V2fL(L) =0, for all L € B.(L),
and fi satisfying
fo(L) > fr >0, forall L € B.(L).
Let v be a Lipschitz constant for the Hessian of fi in the r-ball about L. Set
8=V fe(L) 2 and = V(L)' V (D).

Define yg = By and o« = ygn. If a < % and r > ry = =L=2a %{;2“, then the
sequence Lo = L, Ly, Lo, . . ., produced by

Lis1 = Ly — V2 £ (Le) "V fr(Li), k=0,1,...

is well defined and converges to L., a unique root of the gradient V f1, in the
closure of B, (L). If @ < 3, then L, is the unique zero of Vfi, in B, (L),

where
, { 1++v1-— 204}
rpi=mingr, ————— 5,
By
and || Ly — L.||p < (20)*2,  k=0,1,.... Moreover, L, is a Ingm.
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558

Proof. The proof is a direct application of the Kantorovich theorem, e.g., [0,
Thm 5.3.1], along with the above lemmas and corollaries in this section. [J

As mentioned previously in this section, the conditions required in The-
orem [B.5l and Theorem B.6] are fulfilled with

r=1073, v =7.24 x 10*, f. = 10°.

Plugging them and (5.7)), (5.6)), (5.7) into Theorem [5.6, we have

1/212 < 8 < 1/210, )

1 < IV 1) LIV (B < 17210 x 107,

vr = By < 1/210 x 7.24 x 104,

a = van < (1/210 x 7.24 x 10%) x (1/210 x 1077) < 1/2,

(1—v/T—2a) 1—4/1-2x1/2102x7.24x10-3
By < 1/212x7.24x 107

o = <.

Combining these with (5.12) and via Theorem [5.6] we conclude that
fr has a lngmin B,(L).

In Figure [5.1] we plot the known centered global minimizer P and the
centered numerical found P near which it has been proved there exists a
Ingm. It is interesting to observe that the p; ~ p; for all ¢ # iy, all except
the one p;, with the biggest absolute value, i.e., |p;,| > [p;], for all i # ig;
the corresponding p;, has the biggest absolute value among all p; for i =
1,...,n =50, and has an opposite sign to p;,.
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Figure 5.1: values of global min and numerical near Ingm: P, P e R%9%1: in Theorem

Based on these observations, we generated examples with d = 1 and
n = 100. We randomly generated L, then get centered P by setting P = V L.
Next, we find p;,, which has the biggest absolute value among all p; for
i=1,...,n. We define the starting point P by setting p; = p; for i # 7o and
Diy = —Pi,- Starting from L= VTls, the trust region method converges to a
nonglobal second-order stationary point of fr(L) with high frequency.

5.2.2. Cased =2

As mentioned in Section [2] for the case of d > 1, all local minimizers
of fr(L) are nonisolated, implying that the Hessian matrix, at any local
minimizer of fr(L), is singular. We consider the model f;(¢) for an example
with d = 2, and we analyze a configuration { € R satisfying equivalent
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579

580

581

conditions to (5.4) but for f:

Objective value :  f,(f) = fo(0) > fo,  for some (large) f; >
Near stationarity : ||V fe({)|| < ge,  for some (small) g, >
Local Convexity :  Amin(V2fe(£)) > Ay, for some (large) A,

’_ (5.15)
> 0.

We use Kantorovich Theorem to verify that this example has a strict lo-
cal nonglobal minimizer ¢,, where the first 2 rows of LTriag(¢,) are linearly
independent. According to Theorems and 3.8 LTriag(¢,) is a local non-
global minimizer of f,(L), and V LTriag(¢,) is a local nonglobal minimizer

of f(P).

Example 5.7. An example withn = 100,d = 2 is given, with data VA RY7
presented, see Footnote @ Matrix D is the distance matriz obtained from (

by
D = K(V LTriag(f) LTriag(¢)" V7).

Thus, 0 is a global minimizer; { is a numerically convergence point obtained
by a trust region method with random initialization. The objective value is

fo(0) > 9.99 x 10%, (5.16)

the absolute and relative gradient norms are

IV LN 0
1+ fo(0)

and the least eigenvalue of the Hessian matrizc is

IV fe(0)] < 9.23 x 1075, <9.24 x 1072, (5.17)

8.58 > Amin (V2 fo(0)) > 7.93. (5.18)
In the following Theorem we verify that there exists a Ingm of f,(¢).

Corollary 5.8. Let r > 0,0 € R"D%4 pe given. If

v > 2472 (Z I(V LTriag(0))[i, ] — (V LTriag(0)[j, )l e + 20*r ) 7

(5.19)
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then v is a Lipschitz constant for the Hessian of fo in the radius-r neighbor-

hood of ¢:
IV2fo(f) = V2 folD)lla < AIE = 2|, for all 1,7 € B,({).

Moreover,

Amin(V2£e(0)) > Auin (V2 fo(0)) — vy, for all £ € B,(f).

Proof. The results follow from the fact that, according to (3.15]), the Hessian
matrix of f, at ¢ is a submatrix of the Hessian matrix of f; at LTriag(?).
The steps are similar to the proof of Theorem [5.4] O

In Theorem we have
> IV L£Txiag(0))[i, <] — (V LTriag(f))[5,:]]| < 1.803 x 10*.

2
Let 7 = 107°. Then v = 6.12 x 10° satisfies (5.19). According to Theorem|5.§
and (5.18]), we have

Amin(V2f2(0)) = Ain (V2 fo(0)) — 7 > 0, for all £ € B,(0). (5.20)

We now continue to extend the results from Section [(.2.1] to this d = 2
case.

Corollary 5.9. Suppose that fo(l) > f, and that the Hessian NV fy is uni-
formly positive definite wn the r-ball around ¢:

Amin(V2fe(0)) >0,  for all £ € B,.(0).

Then, fo is positively uniformly bounded below in B,({):

_ _ 0 — f
fe(0) > fo >0, forall ||¢ —¢|| < min {r, M} .
IV fe(O)]]
Proof. The results follow as in Theorem [5.5 O
Let fr, = 10°. By (5.16) and (5.17), we have
N _ T 3
fg(g) ~fg S 8.99 x 10 -
IVf(O)] ~ 9-23 x 1078
Thus, according to Theorem [5.9, we have
fo(0) > fr >0, forall ¢ e B,(0). (5.21)
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Corollary 5.10. Let { € R be given and r € R, be found such that

V2f() =0, for all £ € B,(0), (5.22)

and f, satisfy

fo0) > fo >0, foralll € B,(0).
Let v be a Lipschitz constant for the Hessian of f, in the r-ball about (. Set

B= V2 feD) Mz and = |V [ ()Y f(D)].

1=vi=2a ypon the

Define yg = By and o« = ygn. If a < % and r > rg = 5

sequence by = 0, 01,05, ..., produced by
Cerr = O — V2 £o(0) 'V folle), K =0,1,. ..,

is well defined and converges to Ly, a unique root of the gradient V f, in the
closure of By, (0). If a < %, then (. is the unique zero of V f; in the closure

Of BT1(€>)
) { 14++/1— 204}
ryi=minr, ————
By
and
16, — 6] < 2a)* L, k=01,....
«

Moreover, {, is a Ingm .

Proof. As in Theorem [5.6] the proof is a direct application of the Kantorovich
theorem. ]

Plugging (5.16)), (5.17)), (5.18)), and

r=10"° v =6.12 x 10°, f; = 10,
into Theorem we have

1/7.93 > > 1/8.58,

1 <V M2V £(O)]] < 1/7.93 x 9.23 x 1075,

YR = Py < 1/7.93 x 6.12 x 105,

a=ygn < (1/7.93 x 6.12 x 10°) x (1/7.93 x 9.23 x 1078) < 1/2,

1-VI=%a _ 1—4/1-2x1/7.932x6.12x9.23x 103
By 1/8.58%6.12x 105

<.

Tro =
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Combining this with (5.20) and ([5.21]), we conclude from Theorem that

there exists a Ingmin B, ().

In Figure 5.2 we plot: the points p; € R?, i = 1,...,n = 100, of the global
configuration P € R'%9%2 and the corresponding points p; € R?, i = 1,...,n,
of the numerical configuration P € R'%*2 near a proven Ingm. We note that
Di = Pi, Vi =1,...,n, except for two indices i and 7;; while p;, and p;, appear
to be the reflections of p;, and p;,. This interesting observation is similar to
what happens in Theorem as seen in Figure [5.1

3

[ o) _ . P
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.
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Sl o e
o ® O ®le piu
° © ¢ [ ] O. © ® ® e
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[ Y] ° © O] ~
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©e e} ® o e [
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-2 -1.5 -1 -0.5 0 0.5 1 15 2 25 3

Figure 5.2: coordinates of global min and numerical near proven lngm, resp.: P,P €
R109%2; in Theorem

6. Conclusion

In this paper, we addressed the nonconvex optimization problem arising
from the exact recovery of points from a given EDM. Our investigation led
to significant advancements in understanding the conditions under which the
smooth stress function (as known in the MDS literature) in EDM problems
has a Ingm . We established that for the smooth stress function, which is a
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quartic in P € R™ 9, all second-order stationary points are global minimizers
when n < d+ 1. For n > d+ 1, we not only identified Ingm through
numerical methods, but also used Kantorovich’s theorem to provide rigorous
analytical proofs confirming their existence. Moreover, based on the special
patterns in those lngms, we were able to build the analytical Theorem [5.1
Our methodology includes two reduction techniques based on translation
and rotation invariance. These reductions are necessary for the application
of Kantorovich’s theorem.

The findings of this research resolve a longstanding open question re-
garding the existence of lngms in the context of MDS. Additionally, our
research highlights the importance of second-order methods for minimizing
the smooth stress function.

For the future we plan to explore the possibility of further characterizing
the properties of Ingms, e.g., with respect to embedding dimensions and
ranks. Moreover, our goal is to study conditions for the existence of Ingm
when D has inexact and missing entries, as this is closer to the so called
EDM Completion Problem, e.g., [7, O]. This work is a first step in this
direction as here we assume D is complete and a true EDM..
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Index

D'(P)(AP) = S.(diag(M'(P)(AP)gs fL(L),

2M'(P)(AP),[
Bs(L), d-ball about L,
EQ,N—27 691
F R4 S}_}, 692

F'(P)(AP) = K (M'(P)(AP)), [[0]es

fo(0) == fr(LTriag(()),

t(n — 1) := n(n — 1)/2, triangular
number,

t(n—1) = n(n—1)/2, triangular num-
ber,

F"(P)(AP,AP) = K (M"(P)(AP,&PY), in (Z6),

L0 695
Fr o R(—1xd Sﬁ,, 696
F,: R — S 607
H, =[J*J], 698
H2 = [vec (’C* (F(P)) Mat}, 699
Se(v) = UGT + 6UT7 |§I 700
S:(S) = 256, |§I 701
K(G),[
LTriag(f),
S¢., centered, [6] 708
S}, hollow, [f] 704

ST, positive semidefinite cone, [6]

ST, positive definite cone, [0}

P, configuration matrix, [3] [¢] 706

K*(S) = 2(Diag(Se) — S), Laplacias
matrix,

O =1{Q € R™ . QTQ = I;}, o
thogonal group of order d,

S(K) = (K + K7)/2, ’

705

d-ball about L, Bs(L), 710
diag(S) € R", [g]

diag*(v) = Diag(v) € S", [f] 1
diag(@G), diagonal of G, 712

o1(P), raw stress,

o9(P), smooth stress,

d, embedding dimension, [6]
e, vector of ones, [3 [6] s

f(P):%UQ(P)7 716

713

714

D(P) = Se(diag(M(P))) — 2M(P).,
gl

K(G) = Se(diag(G)) — 2G, [

M(P) = PPT g

M'(P)(AP) = PAPT + APPT [q

M'(P)*(S) =25P,[9

EDM, Euclidean distance matrix, [f]

Ingm, local nonglobal minimum, [6]

centered subspace, S¢, [0]
configuration matrix, P, 3] [6]

diagonal of G, diag(G),

embedding dimension, d, [6]
Euclidean distance matrix, EDM., [f

facial reduction,
Gram matrix, G = M(P), [0

hollow subspace, S, [6]

Laplacian matrix, K£*(S) = 2(Diag(Se)—

9);

orthogonal group order d, O = {Q €
Rdxd . QTQ — Id}7

positive definite cone, S, , [6]
positive semidefinite cone, S, @
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positively uniformly bounded,
raw stress, o1(P),

second-order stationary point,
smooth stress,

smooth stress, oy(P),
stationary point,

trace inner product,
triangular number,

uniformly positive definite,

vector of ones, e, 3] [0]
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