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Abstract— A comparison of Nash-Cournot equilibria computed the operation of the system to accommodate insufficient loca
using DC and AC approximations of the transmission system is provision of reactive power. The study of reactive power

presented in this paper. The goal of doing this comparison %0, 5 market-oriented environment is a complex matter; even
identify the impact of reactive power and voltage-related $sues it . . t ved i 11131 In the st d f
on Nash equilibria. Following the same rationality of compdition its pricing is not a resolved issue [1]-3]. In the study o

and the same solution scheme, a considerable mismatch inStrategic behaviour in electricity market_s, a common Fil_fBElCt
outcomes is found. This shows that the use of common linear to account for the impact of the transmission system, ic., f

approximations of the transmission system to model stratdg congestion, is to use fixed thermal limits in MW. However,
behaviour in electricity markets may produce outcomes tha@re 546 constraints are also a source of congestion. Toreref
unlikely to be observed in real markets. Three- and 14-node - . .
systems are used to analyze different study cases. reactive power and vqltage constraints may have an impact
on the strategic behaviour of market participants as wele D
|. INTRODUCTION to the complexities in implementing an AC-based model, this
Various simulation models have been proposed to champact has been overlooked in the study of market power. In
acterize oligopolistic competition in electricity markefThe [4], a detailed AC model is used to represent the transnmissio
models vary depending on the rationality taken for compseystem for a multi-leader single-follower Cournot gamesit
tition, the degree of stylization of the transmission syste shown how GenCos can manipulate not only active but also
the market clearing scheme, and the incentives from othreactive generation to maximize their profits. In this patres
market activities, among others. As the transmission mystevork in [5] is used to compare the DC and AC approaches
has strong implications for market outcomes, the study &r the study of strategic behaviour with a Nash-Cournot
strategic behaviour and market power assessment must rationality for competition.
count for its impact. Early models of strategic behaviour In Section Il, the formulation of the game for both the
either neglected the transmission system, or incorporaited®C and AC approximations is presented. A comparison of
using its simplest approximation as a transportation netwadboth approaches with transmission line limits constrajriime
model. Most other formulations use direct current (DC)dine market is studied in Section Ill. In Section 1V, the same
approximations of the transmission system, and althouigh tkomparison is carried out when voltage limits are binding.
accounts for both current and voltage laws, reactive pow8pnclusions are given in Section V.
and voltage constraints are neglected, even though they are
inherent features of an electrical power system. A few nodel i . )
incorporate detailed representations of the transmisgistem ~ AS Well known in the power literature, a power system in.
by using an alternate current (AC) model. stegdy state can accurately be moc_ielled vy|th an AC approxi-
The use of DC approximations for modelling strategif?ation which relate four system variables: i) Voltage angje
behaviour is ubiquitous in the technical literature. DCelin  Magnitude voltage angle, iii) active power injections, avd
approximations are suitable to calculate active power flamgs €active power injections. Given the system parameterstand
voltage angles, but they do not provide any insight rega‘,ﬂjig.(alues of those four variables, any other varlable of thms _
voltage magnitudes and reactive power flows. The aim §&N be computed, such as power flows in the transmission
using an AC approach is to capture the reactive power alRes- . ] ) .
voltage issues that a DC model cannot. However, the ACIN po_lar. coqrqutes, the expression for the active power in
model introduces significant technical complications, g {ransmission ling;j is:
explains its limited use. The main assumption for the usw@l D 2;(V,0) = gi; V2 — gi;ViV; cos(6; — 6;)
approximation is that sufficient reactive power compeuosati b ViV sin(0; — 0)) (1)
is available at all nodes to keep voltage levels constant at R v
one per unit values. However, power systems operate withinwhere g;; and b;; are the series conductance and suscep-
a voltage band. This provides some degree of flexibility itance of the transmission line, respectively; whidg and 6;

Il. AC AND DC APPROXIMATIONS



are the Magnitude and angle for the voltage at nbde mathematically as
As the AC power flows expressions are involved and dif- .
ficult to include in the modeling of imperfect competiton, " Zch=i(g"=i) - Zbi(di) (6)
typical DC approximations are used. In order to linearize th o !
power flow expressions, the following assumptions are used:
1. There is enough voltage support at all nodes such that Zg,’jﬁﬂ- + Zgh,i —di — Pi(u)=0, :X\;, Vi, (7)

S.t.

the voltage profile can be kept at 1 p.u.; henge= 1, = v,k h
...=Vy =1 and expression (1) is (W) < Zij, Ty, V(,4) €L, (8)
e(u) <e(w) <e(w), :pl . T, Vi h, 9)

2ij(0) = gij — gij cos(6; — 0;) — by sin(0; — 0;) 2
The objective function (6) stands for the social cost. Egpre
d%jpn (7) is the power flow balances of the system (supply meets
demand). On the left hand side of (7), the first sum stands

for the contribution of dominant suppliers, while the seton
sum accounts for the competitive suppliers. The dominant
suppliers’ decision variables are denoted 9% because they
are exogenous to the ISO problem and thus their generation
) ) ] ) costs are not appended in the objective function as theyare n
3. Series resistance is much smgller than_the Series reg6ing to be dispatched. However, they are the GenCo decision
tance; thush;; = —1/x;;, wherex;; is the series reactancegrigbles within each dominant GenCo problem. Expression
of the line. Thus, the active power flow expression for thgsy 5ccounts for the transmission line limits in either difen.
transmission linej can be linearly defined in terms of onlyThis expression can denote active or MVA limits in the Ac

2. The difference between angles is small in magnitu
hencecos(§; — 6;) ~ cos(0) = 1 andsin(0; — ;) ~ 6; — 6,.
This yields the following power flow expression

zi5(0) = —bi;(0; — 05) 3)

the voltage angle variables, i.e., model, or just active in the DC model. Expression (9) is a
1 generic constraint to stand for any other operational caimdt
2 (0) = —(0; — 0;) (4) such as voltage and reactive injection limits (AC modeld an
Lij generation limits (AC and DC models).

Problem (6)-(9) is a classical OPF, except for the

As this expression resembles the standard DC resistor, thigametrization over the leaders’ decision variables. kn t
approximation is well known as a lossless DC Iinearizationright hand side of each constraint, its corresponding dual

For the sake of simplicity in the introduction of the modelariable is placed. These dual variables provides the eneno
a generic variable is used to denote all system variables sug@al information for the market. The dual variables asseda
as the voltage-related and generation variables; magndnd with the power balances set the locational marginal prioes f
angle in the AC model, and only magnitude in the DC modetading power.
Hence, the power flow expression for a transmission line  |n standard Nonlinear Programming notation, the OPF prob-
can simply be denoted as; (u). lem can be compactly stated as

Furthermore, the nodal balances for active power can be

computed as min  b(wo, w1) (10)
st ce(x,wo, w1) =0, : A, (11)

P = Z zi;(w) (5) cz(wi) > 0, T, (12)

1€EN; wo > 0, (13)

For the AC model, the above expression can be used to stavitere equality and inequality constraints are comprised in
for both active and reactive power balances, while for the D& (x, wo, w1) and cz(wi) respectively, while their corre-
model, it only stands for the active power balance. sponding dual variables are comprised into vectorand p.
The vectorswy andw; contain all the system variables that
are free and nonnegative, respectively. The vegt@ontains
III. M ATHEMATICAL MODEL AT A GLANCE all the decisions variables of the Cournot GenCos.

) This primal problem can be defined in terms of its first order
Using a model for a pool market where an ISO clear th@ptimality conditions as follows

market and manages congestion, the objective of the ISO Is

stated as the minimization of the social cost given by the 0 = he(x, yg, Y1), (14)
difference between the total generation cost incurred from 0=hz(y,, y;) — s, (15)
all the competitive generators and the total demand benefit. 0<s L y,>0. (16)

Moreover, the ISO acts as a follower, taking as given the
dominant (Cournot) suppliers’ decisions in order to find awhere primal and dual variables are gathered in vecigrs
optimal dispatch. Therefore, the market problem can be castdy, accordingly, and is a slack variable. This is a system



. . . . D
of stationary conditions used to mathematically character T

the ISO primal problem. As it contains complementarity con- @—
ditions (L), usually it is refer as a Complementarity problem
(CP). For details of its derivation please refer to [5].

A. Dominant Players

Within the game, each Cournot GenCo aims to maximize
its own profit (revenues minus costs). This is stated in (17)
below as a minimization of negative profit. The revenues are
defined by the power it sells at nodal prices,>; gu,n.i, @_
while the cost for providing such powerds ;, ;(g..1.:). Thus,
the problem of the Cournot Gencos can be cast as follows: v D

Line 1

min —II, = f,(x,,y;) Fig. 1. Three-node power system.

st h,(xz,) >0,
he(xy, Yo, y1; ©—0) =0, Y. a7

hI(yOa yl) —s5=0,
OSyO J— 8205

of 100 MVA; this network setting is taken from [1]. For the
sake of illustration, only line 2 has a limit of 350 MVA.

There are two GenCos, which are placed at nodes 1 and 2,

Note that the stationarity conditions of the ISO problem atgnhd can provide active and reactive power. Their generation
appended as constraints within the Cournot problems, givieharacteristics are given in Table I. Demands for activegrow
rise to a set of Mathematical Problems with Complementarifite considered to be price responsive, while reactive désan
Constraints (MPCCs), well known as an Equilibrium Probgre considered as inelastic. Voltage and demand requitsmen
lem with Complementarity Constraints (EPCC). Due to thgre listed in Table IV.
complementarity conditions EPCC are hard-to-solve proble
One of the main reasons is that they violate any classical
constraint qualifications.

As derived in [5], the above EPCC can be efficiently treated

TABLE |
GENERATION DATA FOR TWO GENCOS.

; T ; ; i+ il i GenCo Bv 7 MW  MVAR MVAR
by mampl_JIatlng its strong stauonarlt.y conditions, réisgl in | s/pwn)y  (s/aweh)  point i o
the following standard NLP problem: T 15 0004 0600 500
3000 -400 400
2 20 0.004 0 600 600
min Y {¢iT,+ols+ ¢y} +yls (18) 3000 -400 400
st.0=V,, f— VL hyo, — Vi he, D, Vv, (19)
0="Vy,f—Vyhed,—V, h,9,+ TABLE Il
S0 fl, . 1/’117 VV, (20) NODE CHARACTERISTICS
_ T 9 _ T
0=Vy,f vzn he, 9, vyl hz,9,, v, (21) Node | V, V; Po; d; Qr;
0=9,+yy0&, —o,, Y, (22) i | (pu) (pu) (8/MWh) ($§/MW?Zh) (MVAR)
1]097 1.03 120 0.05 175
0=h, -1, Vv, (23) 2| 097 1.03 120 0.05 175
0= he, (24) 3097 103 125 0.05 175
0= hI — 8, (25)
0 < 1728} v v vy v v ) 26 .
ST b Py 00 € v @8 A detailed AC mode
0 <y, s (27)

First, the outcome for Cournot competition is obtained gsin
This formulation requires a set of second-level dual vdeisb a detailed AC transmission system. The resulting outcome is
such asrt, and, that are related to each single constraingiven in Table III.

of problem (17). The upper voltage at node 1 and the limit of transmission
line 1-3 are binding. However, their congestion multipdier
IV. COMPUTATIONAL RESULTS are zero. This feature is well known for DC models, and as

For simplicity in the comparison, let us consider the threshown in [5], this feature also applies to voltage limitstwithe
node system shown in Fig. 1. The transmission netwoAC formulation. Therefore, if the room exists to manipulate
consists of three identical transmission lines; they am@t the market, GenCos will exploit not only line limits but also
ingly labeled in Fig. 1. The lines parameters dg=0.005, voltage constraints. GenCos can manipulate the voltageslim
X;;=0.01 andbfj’?:OA. They are in per unit (p.u.) with a baséyy varying their nodal injection or reactive power at their



TABLE IV

corresponding node. The upper voltage limit is reached @t no
OMPARISON OF MARKET OUTCOMES FOR ONLYWOLTAGE CONSTRAINTS

1 because G1 is providing most of the reactive power, whic
tends to increase the voltage magnitude at its node. Thestowe

voltage is at node 3, where the demand makes the voltage drop E /Mgfa;)e ?90410 57D§6
as there is no local support of reactive power. /\1 (8/MWh) 59'86 57'36
TABLE Il A1 ($/MWh) 61.18 57.36
g1 (MW) 1075.31  1024.99
COMPARISON OF MARKET OUTCOMES WHEN HAVING LINE AND VOLTAGE g2 (MW) 785.07 904.02
CONSTRAINTS ¢1 (MVAR) -116.09 _
q2 (MVAR) 547.66 -
Case AC T e d1 (MW) 60590  626.33
M (3/MWh) 58.89 57.82 32 Em% ggé-ig g§2-22
A1 (8/MWh 58.90 57.82 3 : :
/\1 E$§N[Wh; 60.50 5782 I (3/h) | 43,128.98 39,222.57
o1 (VW) 94518 1000.00 I, ($/h) | 28,830.66 30,510.90
g2 (MW) 933.30 915.18 Vi (pu) 101 -
a1 (MVAR) 361.28 - “;2 ESE; é-gg -
q2 (MVAR) 62.57 - 3 - —
a1 (MW) 611.03 621.72 z12 (MW) 97.56 40.33
ds (MW) 610.94 621.72 z13 (MW) 367.06 358.33
ds (MW) 644.97 67172 223 (MW) 277.16 318.00
I ($/h) | 37,917.10 38,827.24 Losses (MW) 14.95 -
II> ($/h) | 32,825.93 31,268.68
Vi1 (pu) 1.03 -
V2 (pu) 1.02 - o . o .
Vs (pu) 1.00 _ [8] S. S. Oren, “Economic inefficiency of passive transnaissiights in
MW 99' a7 2827 congested electricity systems with competitive genendti®he Energy
z12 (MW) : : Journal, vol. 18, no. 1, pp. 63-83, 1997.
z13 (MW) 328.18 350.00 [9] R. Baldick and E. Kahn, “Contracts paths, phase-stsftand efficient
223 (MW) 322.31 321.72 electricity trade,”|EEE transactions on Power Systems, vol. 12, no. 2,
Losses (MW) 11.53 - pp. 749-755, 1997.

[10] S. Stoft, “Financial transmission rights meet Courrtééw TCCs curb
market power, The Electricity Journal, vol. 20, no. 1, pp. 1-23, 1999.
. L . 11] J. Boucher and Y. Smeers, “Alternative models of redtred electricity
Although .the active power flow in line 1-3 is Onl_y 328-2[ systems, part 1: No market powe€jperations Research, vol. 49, no. 6,
MW, there is also a reactive-power component using trans- pp. 821-838, Nov.-Dic. 2001. _ o -
mission capacity; both together amount 350 MVAR. [12] C. J. Day, B. F. Hobbs, and J. S. Pang, "Oligopolistic pefition
’ in power networks: A conjectured supply function approadisEE
Transactions on Power Systems, vol. 17, no. 3, pp. 597-607, August
B. A DC-based model 2002.

. . . rgl?;] B. F. Hobbs, F. A. M. Rijkers, and A. F. Wals, “Strategiergration with
Using the same setting for competition and the same trans- conjectured transmission price responses in a mixed tiasam pricing

mission system, the linearized DC version is used insteld. T system — Part I: FormulationEEE Transactions on Power Systems,

; ; ; ; vol. 19, no. 2, pp. 707-717, May 2004.
resulting outcome is given in Table 11l as well. [14] B. F. Hobbs, F. A. M. Rijkers, and M. G. Boots, “The moreoperation,

the more competition? A Cournot analysis of the benefits e€tdat
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