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Optimal Nearly Analytic Discrete Approximation to the Scalar

Wave Equation

by Dinghui Yang, Jiming Peng, Ming Lu, and Tamas Terlaky

Abstract Recently, we proposed the so-called optimal nearly analytic discrete
method (ONADM) for computing synthetic seismograms in acoustic and elastic wave
problems (Yang et al 2004). In this article, we explore the theoretical properties of
the ONADM including the stability criteria of the ONADM for solving 1D and 2D
scalar wave equations, numerical dispersion, theoretical error, and computational
efficiency when using the ONADM to model the acoustic wave fields. For comparison
in the 1D case, we also discuss numerical dispersions and stability criteria of the so-
called Lax—-Wendroff schemes with accuracy of O(At*, Ax®) and O(Ar*, Ax'®) and
the pseudospectral method (PSM). We then apply the ONADM to the heterogeneous
case in synthetic seismograms. Promising numerical results illustrate that the ON-
ADM provides a useful tool for large-scale heterogeneous practical problems because
it can effectively suppress numerical dispersions caused by discretizing the wave
equations when too-coarse grids are used. Numerical modeling also indicates that
simultaneously using both the wave displacement and its gradients to approximate
the high-order derivatives is important for decreasing the numerical dispersion and
source-generated noise caused by the discretization of wave equations because wave-

displacement gradients include important seismic information.

Introduction

Numerical methods for solving wave equations have
provided useful tools in exploration seismology. In the for-
ward modeling, the wave equation is typically used as an
interpretive aid in complex geology or as a benchmark for
testing processing algorithms. In waveform inversion for de-
termining the earth structure, the accurate and efficient cal-
culation of synthetic seismograms plays a key role. To solve
the wave equation, we usually refer to two kinds of approx-
imate methods. One approximate method is the perturbation
method and the other is the discretization method in which
we first discretize the wave equation and then solve the re-
sulting finite-difference (FD) equations.

On the basis of finite difference approximating directly
the spatial and temporal derivatives in the wave equation,
many numerical methods such as the second-order center
scheme (Kelly ez al., 1976; Zhang et al., 1993, 1999; Igel et
al., 1995) or the high-order FD scheme (e.g., Fornberg, 1990;
Igel and Weber, 1995), high-order compact schemes (Lele,
1992) (or the so-called Lax—Wendroff correction [LWC]
scheme [Dablain, 1986]), and the so-called optimally accu-
rate schemes (Geller and Takeuchi, 1998; Takeuchi and
Geller, 2000) have been developed in the past two decades.
Other methods also use the PSM to compute spatial deriva-
tives (e.g., Kosloff and Baysal, 1982). In our recent works
(Yang et al., 2002, 2004), we have briefly discussed various
theoretical properties of these algorithms.

As a perturbation method, we recently proposed a so-
called optimal nearly analytic discrete method (ONADM) for
acoustic and elastic equations (Yang et al., 2004), which was
an improved version of the nearly analytic discrete method
(NADM) (Yang et al., 2003a) initially suggested by Konddoh
(1991) and applied to solve parabolic and hyperbolic equa-
tions (Konddoh et al., 1994). The method uses a truncated
Taylor expansion with respect to time to analytically ap-
proximate the wave displacement and its gradients at grid
points. Meanwhile, it uses simultaneously both the wave dis-
placement and its gradients to determine the high-order spa-
tial derivatives involved in these truncated Taylor formulas.
This is very different from other FD methods that use only
the wave displacements to approximate high-order deriva-
tives for discretizing the original wave equation. In the fol-
lowing sections, we will further discuss the difference be-
tween the ONADM and Lax—Wendroff/compact/optimal FD
methods.

As shown by the numerical results in our earlier work
(Yang et al., 2004), the ONADM is very efficient in large-
scale seismogram synthetics because it can effectively sup-
press the numerical dispersion caused by discretizing the
wave equation by using the local interpolation compensation
for the truncated Taylor series, whereas the conventional FD
schemes with second- and fourth-order accuracies suffer
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from numerical dispersion near large velocity contrast or
when too few samples per wavelength are used (Fei and
Larner, 1995; Yang et al., 2002; Zheng et al., 2006). The
efficient synthetics together with algorithms for waveform
inversion can help us better understand the earth structure.

The numerical tests reported in Yang et al. (2004) were
done in a homogeneous medium. However, most seismol-
ogists employ the heterogeneous model to investigate wave
propagation because the actual earth is highly heteroge-
neous. It is therefore necessary to examine the proposed al-
gorithm for heterogeneous models. On the other hand, to
keep numerical calculations stable and accurate, we typically
require the scheme to have certain properties. The stability
criterion of a numerical method is crucial in numerically
synthetic seismograms because it can affect the efficiency
and performance of the method. A suitable choice of space
and time increments guided by the stability criteria can re-
duce the practical computational cost and suppress numeri-
cal dispersion, because the numerical dispersions of numer-
ical methods are related to the so-called Courant number
(Dablain, 1986; Sei and Symes, 1994), which is closely as-
sociated with the stability criteria. In this article, we inves-
tigate the stability condition of the ONADM, which can be
used to further improve the computational efficiency of the
algorithm.

Note that numerical dispersion has been studied as an
important issue in numerical seismic simulations by many
researchers. Roughly speaking, numerical dispersion is an
unphysical phenomenon caused by discretizing the wave
equation (Sei and Symes, 1994; Yang et al., 2002). Such a
phenomenon makes the wave’s velocity frequency depen-
dent. A natural idea in dealing with numerical dispersion is
to use accurate methods so that dispersion errors will intrin-
sically be very small. For instance if one uses discrete Fou-
rier transforms then there is no spatial numerical dispersion
except for the time dispersion caused by discretizing the time
derivative (Kosloff and Baysal, 1982; Fornberg, 1987).
Spectral methods suffer from other drawbacks (Mizutani et
al., 2000), however. For example, the PSM taking the Fourier
transform means that each point interacts with every other
point. To some extent, this is unphysical because the inter-
action in dynamic elasticity is of a local nature. A remedy
is to use local operators with high accuracy that are suitable
for fast parallel implementation when we develop seismic
models and use numerical methods to generate synthetic
seismograms. Regarding the factors stated previously, the
ONADM provides a useful tool for suppressing the numerical
dispersion or undesirable ripples because of its nice local
property as confirmed in our earlier work (Yang et al., 2004).
In this article, we analyze the theoretical dispersion relation
of the ONADM so that we can further reduce the numerical
dispersion.

The main purpose of this article is to evaluate the per-
formance of the ONADM for general heterogeneous media
and to analyze the theoretical properties of the ONADM, in-
cluding the stability criteria in the 1D and 2D cases, numer-
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ical dispersion relation, computational efficiency, and theo-
retical error of the ONADM. For comparison, we also discuss
the stability criteria and dispersion relations of the so-called
LWC schemes or high-order compact schemes with eighth-
order and tenth-order accuracies (Dablain, 1986) and the
PSM of second-order accuracy in time (Kosloff and Baysal,
1982). Our theoretical analyses show that the numerical dis-
persion of the ONADM is insensitive to the Courant number
as compared with the high-order compact schemes and the
PSM; its Courant number limit (stability upper bound) is
slightly larger than that of the PSM and slightly smaller than
that of the tenth-order compact scheme in the 1D case.
Meanwhile, we compare the wave-field results computed by
the ONADM and the LWC methods with different accuracies
in the 1D and 2D cases and the second-order central schemes
in the 2D heterogeneous case.

Formulation of ONADM

The scalar wave equations in a homogeneous medium
can be written as
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in the 2D case, where u is the wave displacement and ¢, is
the sound velocity.

For computational purposes, we define the vector: U =
(u, duldx)T. Using the truncated Taylor series expansion, we
obtain the following formulas:
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where At is the time increment, 7 is the time index, and j is
the space index.

The expression at the right-hand side of relation (5) is
a truncated Taylor series, which only includes the even-time
derivatives. To compute U;’“, we have to calculate both
(9°Uf9t*)} and (9*U/0t*)} in formula (5). We can approxi-
mate the third and fourth terms on the right-hand side of
equation (5) by the direct central difference of the derivatives
0*U/ot* and 9*U/at*. This would be very inefficient from a
viewpoint of memory however. It is also unsatisfactory from
a physically intuitive perspective because it would imply the
need for additional initial conditions. A direct central dif-
ference in the time derivative would require additional grid
planes and thus increase the storage requirement or lead to
an implicit scheme, further resulting in higher computational
complexity and more computational cost. To avoid this, we
convert these high-order time derivatives to the spatial de-
rivatives. By using such a transformation, which is similar
to that used in the LWC (Lax and Wendroff, 1964; Dablain,
1986), we can rewrite equation (5) as the following:
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Mathematically speaking, formula (6) is equivalent to the
truncated Taylor expansion (5), which has lower computa-
tional accuracy regarding U;’“ because of the loss of the
seismic information included in the higher-order terms in the
Taylor series. According to the “analysis thought” (Kond-
doh, 1991; Konddoh et al., 1994), we can use the interpo-
lation function (A1) and the connection relations (A2) and
(A3) (see Appendix A) to capture the lost seismic informa-
tion and further increase the computational accuracy. For
self-completeness, we also discuss how to evaluate the high-
order spatial derivatives in formula (6) (see Appendix A).
For the 2D acoustic equation (2), we similarly have
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where ﬁfj = (u,au/ax,aulaz)fj and (i, j) are space indices.
For the high-order derivatives included in formula (7), we
refer to Appendix A.

From formulas (6) and (7), we can find that the basic
formulations (6) and (7) of the optimal NADM is quite simi-
lar to the LWC or compact schemes or high-order optimal
FD schemes, where the original wave equation is used to
convert the high-order error terms in Taylor expansions to
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spatial derivatives that can be handled explicitly, thereby
increasing the accuracy of the method significantly (Dablain,
1986; Blanch and Robertsson, 1997; Takeuchi and Geller,
2000). The ONADM is, however, quite different from all the
previously mentioned methods in the ways of approximating
the higher-order spatial derivatives. From the formulations
presented in Appendix A, we can see that the ONADM uses
the displacement and its gradients to determine the high-
order spatial derivatives, whereas the previously mentioned
high-order FD methods use only the wave displacement to
determine the high-order spatial derivatives and thus it is
hard to capture the seismic information characterized by the
gradient of wave displacement. For instance, when comput-
ing Uf’f' for the 2D case, the ONADM uses not only the
values of the displacement u at the mesh point (i, j) and its
neighboring grid points, but also the values of the partial
derivatives of u with respect to spaces x and z. This allows
the algorithm to capture more seismic information in both
the function " and its gradients. Therefore, the ONADM can
effectively suppress the loss of information included in the
higher-order terms of the Taylor expansion, resulting in
greater numerical accuracy and less numerical dispersion
(Yang et al., 2004). Compared with high-order FD schemes,
the ONADM needs fewer grid points to achieve the same
accuracy (Yang et al., 2004). For example, the ONADM us-
ing three grid points in a direction has fourth-order space
accuracy, the same as that of the high-order compact FD
scheme (Dablain, 1986; Wang et al., 2002) with five grid
points. This local property that involved fewer grid points is
consistent with the physical dynamic elasticity and helpful
for implementation of massive parallel calculations and
treatment of artificial boundaries.

Stability Criteria

It is well known that the time increment Af must be less
than or equal to the Courant limit to keep numerical calcu-
lation stable. In this section we derive the stability conditions
of the ONADM for 1D and 2D cases. Our approach follows
the idea by Richtmyer and Morton (1967) who presented a
variety of stability analyses. Through a series of mathemat-
ical operations, we obtain the following stability condition
for the 1D homogeneous case (see Appendix B):

h h
At = o, — ~ 0.754 — | (8)
Co Co

where h denotes the space increment. The maximum value
Omax (@bout 0.754) of Courant number defined by o = ¢, At/
Ax can be found in Appendix B.

For comparison and numerical dispersion analysis, we
also give in Table 1 the stability conditions of the high-order
LWC schemes (Dablain, 1986) for the 1D case.

From Table 1, we can see the stability condition of the
ONADM is more relaxed than that of the PS method and
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slightly tighter than those of the LWC methods with accuracy
of O(A#*, Ax'®) and O(AF*, Ax®).

For the 2D homogeneous case, the stability condition of
the ONADM (7) under the condition Ax = Az = his given
by (see Appendix B)

h h
At < gy — ~ 0527 — . )
C,

0 Co

The stability condition for a heterogeneous medium
cannot be directly determined but could be approximated by
using a local homogeneous method. Our conjecture is that
equations (8) and (9) are approximately correct for a hetero-
geneous medium if the maximal value of the wave velocity
cg 1s used.

Numerical Dispersion and Efficiency

In synthetic seismograms, a well-known and major arti-
fact is the numerical dispersion limiting the usefulness of
pointwise discretization schemes for the wave equation. Up
to now, FD methods have been the most widely used nu-
merical methods for wave propagation problems in seis-
mology. Sei and Symes (1994) observed that the higher the
order of the FD schemes, the less dispersion is experienced
by the wave. This motivates us to use high-order FD schemes
(e.g., tenth-order method; Dablain, 1986) to reduce the nu-
merical dispersion. A higher-order FD method requires more
floating point operations, however, because, in general, it
involves more grid points in a direction. The demand of
more grids in higher-order FD methods prevents the algo-
rithms from efficient parallel implementation and artificial
boundary treatment. Another way of attacking the numerical
dispersions is to use the so-called flux-corrected transport
(FCT) technique, which typically is unable to fully recover
the lost resolution by the numerical dispersion when the spa-
tial sampling becomes too coarse (Yang et al., 2002). In this
section, following the analysis methods of the cited refer-
ences (Vichnevetsky, 1979; Dablain, 1986; Wang et al.,
2002) we investigate the dispersion relation of the ONADM
for the 1D case so that we can further reduce the numerical
dispersion depending on the Courant number of the method.
For comparison, we also present the dispersion relations of
the LWC or high-order compact schemes with eighth- and
tenth-order accuracy and the PS method.

In the following, we show the numerical results using
the dispersion relations (C3) and (C5). The detailed analyses
of the dispersion relations of the ONADM and the so-called

Table 1

The Approximate Maximum Courant Numbers of Different
Methods for the 1-D Case

Methods ONADM PSM O(Ar*, Ax') LWC O(Ar*, Ax®) LWC

e 0754  0.6366 0.893 0.929
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LWC with different orders (Dablain, 1986) are presented in
Appendix C.

Figures 1-4 plot the dispersion relations for the
ONADM, spectral method (Kosloff and Baysal, 1982), and
the high-order LWC with accuracies of O(At*, Ax®) and
O(Ar*, Ax'%) for the 1D homogeneous wave equation cor-
responding to different Courant numbers. We point out that
all the experiments in this work are done on a Pentium 4 PC
with 256 MB RAM.

Figure 1 shows that the numerical velocity of the
ONADM gradually approximates the exact wave velocity
whereas the Courant number « increases in the high-
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Figure 1. The ratio Royapy (formula C3) of the
numerical velocity to the phase velocity versus wave-
number kAx for the ONADM for different Courant
numbers a = c,At/Ax, where four lines correspond
to o = 0.1, 0.3, 0.5, and a,,,, respectively.
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Figure 2.  The ratio of the numerical velocity to

the phase velocity versus wavenumber kAx for the
pseudospectral method (Kosoff and Baysal, 1982) for
different Courant numbers o = cyAt/Ax, where four
lines correspond to @ = 0.1, 0.3, 0.5, and «,,,,, re-
spectively.
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Figure 3.  The ratio R (formula C5) of the nu-

merical velocity to the phase velocity versus wave-
number kAx for the eighth-order LWC (Dablain, 1986)
for different Courant numbers o = c,At/Ax, where
four lines correspond to a = 0.1, 0.5, 0.754, and
naxs TSpectively.
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Figure 4.  The ratio R  (formula C5) of the nu-

merical velocity to the phase velocity versus wave-
number kAx for the tenth-order LWC (Dablain, 1986)
for different Courant numbers o = c,At/Ax, where
four lines correspond to o = 0.1, 0.5, 0.754, and
naxs TESpectively.

frequency range. It also shows that at the stability limit («
= ¢y At/Ax =~ 0.754), the numerical dispersion is minimal.
This suggests that we can minimize the numerical dispersion
caused by the ONADM by using the maximum Courant num-
ber and the PSM will have the maximal dispersion error
(Fig. 2) in a similar scenario. Moreover, the change of nu-
merical dispersion corresponding to the change of the Cour-
ant number « is not sensitive as compared with the spectral
method (Fig. 2) and the high-order LWC with accuracies of
O(Ar*, Ax®) and O(Af*, Ax'°) (Fig. 3 and 4). This property
is useful in practical calculations because we do not need to
consider how to choose appropriate Courant numbers in the
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stability range. From Figure 2 we observe that the numerical
velocity for the PSM (Kosloff and Baysal, 1982) is usually
greater than the exact velocity. This shows that the disper-
sion in the PSM leads the exact signal whereas the dispersion
in the ONADM follows the signal. However, as we observed
in Figures 3 and 4, even for a fixed Courant number, the
dispersion of the high-order LWC is irregular. It sometimes
leads the exact signal and sometimes follows the signal. This
phenomenon indicates that it is hard to choose a suitable
Courant number for the high-order LWC.

Next we investigate the numerical dispersion and com-
putational efficiency of the 2D ONADM through modeling
waveforms. For this case under our present consideration,
the wave equation in a homogeneous medium is described
by

u 5 (6214 u

where the wave velocity is defined by ¢, = V/,u /p, in which
u and p are the elastic constant and density of the medium,
and f is the force source. In this numerical experiment, we
choose 4 = 6.25 GPa and p = 2.1 g/cm®. We choose the
Courant number « = ¢yAt/Ax ~ 0.1035 and the computa-
tional domain is 0 = x = 995 km, 0 = z = 9.95 km. The
source is an explosive source that is located at the center of
the computational domain and has a Ricker wavelet with a
peak frequency of f, = 15 Hz. The time variation of the
source function is sin(27xf,t) exp(—4n’f;?1*/16) (Zahradnik
et al., 1993).

Figure 5 shows the wave-field snapshots at = 1.6 sec
on a coarse grid (Ax = Az = 50 m), generated respectively
by the fourth-order LWC, the eighth-order LWC (Dablain,
1986), and the ONADM, whereas Figure 6 shows the wave-
field snapshots at + = 1.6 sec under the same Courant num-
ber « and on a fine grid, generated by the fourth-order LWC
(Ax = Az = 10 m) and eighth-order LWC (Ax = Az =
15 m) methods. We can see that the wavefronts of seismic
waves shown in Figure 5, simulated by the so-called LWC
(Dablain, 1986) and the ONADM, are identical. However,
the wave-field snapshot (Fig. 5c), generated by the ONADM,
shows that the ONADM has much less numerical dispersion
even if the space increment chosen is 50 m without any
additional treatments, whereas the LWC with accuracies of
O(Af*, Ax*) and O(A*, Ax®) suffer from serious numerical
dispersions (see Fig. 5a and b). Comparison between Figure
5c and Figure 6 demonstrates that the ONADM can provide
the same accuracy as those of the so-called LWC with ac-
curacies of O(A#*, Ax*) and O(A#*, Ax®) on a fine grid under
the same Courant number. But the computational cost of the
ONADM is quite different from those of the LWC methods.
For example, it took the ONADM about 1.86 min to generate
Figure 5c, whereas the LWC method took about 108 and 38.7
min to generate Fig. 6a and b, respectively. This suggests
that the computational speed of the ONADM is roughly 21



Optimal Nearly Analytic Discrete Approximation to the Scalar Wave Equation

0 Distance (kmy) 9.95

0

Depth (km)

995

0

Depth (km)

995

0

Depth (km)

995

Figure 5.  Snapshots of seismic wave fields at time
1.6 sec on the coarse grid (Ax = Az = 50 m), gen-
erated by the fourth-order LWC method (a), the
eighth-order LWC method (b), and the ONADM (c).

times the eighth-order LWC and about 58 times of the fourth-
order LWC on a fine grid to achieve the same accuracy as
that of the ONADM. Note that the computational cost of the
ONADM is more expensive than the higher-order LWC on
the same coarse grid. Meanwhile, the storage space required
for computation in the ONADM is also different from those
of the LWC methods. The ONADM needs nine arrays to store
wave displacement u};" !, u};, u}; ', and its gradients at each
spatial grid point, and the number of grid points is
200 X 200 on a coarse grid for generating Figure 5c. The
high-order LWC needs only these arrays to store the wave
displacement at each grid point, but the number of grid
points on a fine grid for generating Figure 6a and b goes up
to 996 X 996 for the fourth-order LWC and 664 X 664 for
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Figure 6.  Snapshots of seismic wave fields at time
1.6 sec on the fine grid, generated by the fourth-order
LWC method (Ax = Az = 10 m) (a) and the eighth-
order LWC method (Ax = Az = 15 m) (b).

the eighth-order LWC, respectively. It indicates that the ON-
ADM requires only roughly 12% of storage space of the
fourth-order LWC and about 27% of storage space of the
eighth-order LWC.

Error Analysis

In our earlier work (Yang et al., 2004), we discussed
the numerical error of the ONADM and compared the nu-
merical solutions of the ONADM with the analytical solution
of the 2D acoustic wave equation (2). In this article we an-
alyze the theoretical error for the scalar wave problem via
the Taylor series expansion. For the 1D case, we have the
following theoretical error of the ONADM from equations
(D7) and (D9) presented in Appendix D:

E = [(Dzz — L) — (Dy, — C(Z)Lz)c)]an

o 2[(0:4 + DAX* (a%)" (Ta* + 3)Ax* (ah)"]T
~ Y360 o) 2520

7
an

+ OAX® + A% = O(Ax* + A, (11)

where D,,, L,,, D,,, and L,, are the exact derivative and the
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ONADM difference operators with respect to time and space,
respectively, whose definitions are given in Appendix D.
For the 2D case, we have the following theoretical error
E, derived from equations (D10), (D13), and (D14) as dis-
cussed in the Appendix D:
E = OAf® + AxY . (12)
From error (11), we can see that the error of the ONADM
is related to the Courant number «. To demonstrate the effect

of the Courant number « on the error of the ONADM, we
consider the following 1D initial problem:

ou > 0’u
— = 5 —, (13a)
o
2
u(0,x) = cos(- Lfo . x), and (13b)
Co
(0, . 2
uO.x _ —27fy - sm<_—nfo . x), (13¢)
ot Co

where f; is the frequency and c, is the wave velocity.

In the numerical example, we choose the number of grid
points N = 200, the frequency f, = 15 Hz, and the wave
velocity ¢, = 6000 m/sec. The relative error (E,) is the ratio
of the root-mean-square (rms) of the residual (u —
u(t,,x,)) and the rms of the exact solution u(z,, x;). Its explicit
definition is as follows:

1 N 172
N Z[M? - u(tni-xi)]z

E [u(tn’x[)]z -t
i=1 (14)

X 100.

E(%) =

Figure 7 shows the computational results of the relative
error E, at different times, where three lines of E, corre-
sponding to the Courant numbers of a = 0.2, 0.5, and 0.75
are shown in a semilog scale. Figure 8 plots the relative
errors E, versus Courant numbers at different calculation
time r = 1.8 sec, 1.2 sec, and 0.6 sec. From Figures 7 and
8, we can conclude that the error introduced by the ONADM
measured by E, tends to decrease as the Courant number
increases. It suggests that we can reduce the numerical errors
through choosing the maximum Courant number.

Numerical Modeling

In this section, we test the ONADM for 2D heteroge-
neous isotropic media. To start, we first compare the syn-
thetic seismograms for the 1D case, computed by the
ONADM and the LWC with accuracies of O(Ar*, Ax'®) and
O(At*, Ax*) (Dablain, 1986).
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Figure 7.  The relative errors of the ONADM mea-

sured by E. are shown in a semilog scale for the 1D
initial problem (13), where three lines correspond to
different Courant numbers o« = 0.2, 0.5, and 0.75,
respectively.

1D Case

The velocity model is selected for our comparative
study, as illustrated in Figure 9 (similar to the model of Dab-
lain [1986]). The distance from the source to the farthest
receiver is 5.28 km. The total model domain is 10.4 km long.
The source is an explosive source that is at coordinate z; =
2.6 km and has a Ricker wavelet with a peak frequency of
fo = 20 Hz. The time variation of the source function is
sin(27tfyt) exp( — 4n°f;>°/16). The receiver positions are lo-
cated at z, = 3.9, 6.5, and 7.8 km, respectively. Other pa-
rameters are chosen as the minimum velocity, 2500 m/sec;
the maximum velocity, 3700 m/sec; the spatial increment,
Ax = 10 m; and the time increment At = 0.002 sec resulting
in the maximum Courant number &,,,,, = ¢, xAt/Ax = 0.74.
Total data length is 2.4 sec.

Figures 10, 11, and 12 show the primary arrivals at re-
ceivers 1, 2, and 3, computed by the ONADM, the O(AF,
Ax'%) and O(A#*, Ax*) LWC methods, respectively. Figures
10 and 11 show that the waveforms generated by the
ONADM are identical with those computed by the O(Ar*,
Ax'%) LWC except for marginal difference near wave peaks,
whereas the O(Ar*, Ax*) LWC scheme suffers from seriously
numerical dispersions (see Fig. 12). This verifies the con-
vergence of the ONADM because the convergence of the
O(At*, Ax'%) LWC was demonstrated and equivalent with the
PSM in Dablain’s study (Dablain, 1986). In Figure 11, we
can also see the anomalous dispersion leading the exact sig-
nal, which is the same as that exhibited by the PSM (Dablain,
1986).

2D Heterogeneous Case

To demonstrate the performance of the ONADM in the
2D heterogeneous case, we choose three models for testing.
In our experiments, the 2D heterogeneous wave equation is:
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Figure 8.  The relative errors of the NADM
versus Courant number «, measured by E,, are
shown in a semilog scale for the 1D initial
problem (13), where three lines correspond to
different times 7" = 0.6 sec, 1.2 sec, and 1.8
sec, respectively.

0.754

as that of the 1D case in the following numerical experi-

In our first example, we choose the model of
two-layer media with the curve inner interface governed by
the following depth function:

27n(7.5 — x)

10 ), 0 =x = 10 km.

1
=1+ |1+
Z 2( s

The medium model was shown in Figure 13, where the me-
dium parameters are chosen by: u,(x,z) = 25.4 GPa, p,(x,2)
= 1.8 g/lem?, u,(x,2) = 26.672 GPa, p,(x,z) = 3.0 g/em’,
corresponding to the top (subscript 1) and bottom (subscript
2) layers, respectively. The computational domain is 0 = x
= 10 km, 0 = z = 3 km. We choose the spatial increment
Ax = Az = 20 m, the time increment Ar = 2 X 1077 sec,
and the number of grid points 501 X 151. The source is an
explosive source that is at coordinate (x, z,) = (5 km,
0.06 km) and has a Ricker wavelet with a peak frequency
of f, = 15 Hz. The wave fields are recorded by 501 receivers

0.25 7
4
g
2
&
o
«
0.00 T T T
0 0.1885 0.377 0.5655
o
0
ments.
2500 del
e Model 1.
2641 _| | SOURCE
3926 _| | RECEIVER 1
REFLECTOR BOUNDARY
6604 _| | RECEIVER 2
3700
m/s
! 7924 _| |~ RECEIVER 3
Z{m)
10400
Figure 9. One-dimensional model for compari-

sons between the ONADM and the high-order LWC
methods.

Fu 1 [a(( )614)
Fre plx,z2) Lox pz 0x

d ou f
+ P (,u(x,z) 6_z>] + p—(x,z)’ (15)

where p(x,z) is the density, u(x,z) is the elastic parameter, f
is the source function with the same time variation function

on the surface spread from x = 0 to x = 10 km spaced
0.02 km apart.

Figures 14 and 15 are the synthetic seismograms gen-
erated by the ONADM. In Figure 14 the reflected waves from
the curve inner interface and the free surface are very clear.
We can identify clearly the structure of medium from the
reflected curve wave shown in Figure 14 for the chosen me-
dium model. But when we choose the density p,(x,z) = 2.0
g/cm?® and keep other parameters the same as in the synthetic
seismogram shown in Figure 14, because the wave impe-
dance under this case is smaller than that used in Figure 14,
we cannot see the reflected curve wave from Figure 15. To
generate the synthetic seismograms (Figs. 14 and 15), the
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(a) Receiver 1

I . I

T T
0.12 0.32 0.52 072 0.92 1.12s

(b) Receiver 2
I 1 I 1 ) I
1.0 1.2 1.4 1.6 1.8 20s
\ (c) Receiver 3
r T T T T T T T |
1.4 1.6 1.8 20 2.2 24s
Figure 10. The waveforms generated by the

ONADM for the 1D case.

(a) Receiver 1

» 1

I 1 1
0.12 0.32 0.52 072 0.92 1.12s

(b) Receiver 2
T T 1
1.0 1.2 1.4 1.6 1.8 20s
(c) Receiver 3
I L 1 X ) 1 1 = L}
1.4 16 1.8 20 2.2 24s
Figure 11. The waveforms generated by the

O(A*, Ax'®) LWC method (Dablain, 1986) for the 1D
case.

ONADM took about 6 min for model 1. In this experiment,
we use the four-times absorbing boundary condition devel-
oped by Higdon (1991) and discretized by Yang et al
(2003b) based on the stable biased center scheme.

Model 2. In this experiment, we compare the performances
of the ONADM and the second-order FD method for the com-
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v (a) Receiver 1

T 1
0.12 0.32 0.52 0.72 0.92 1.12s

A (b) Receiver 2
I : T L) T T T L 1
1.0 1.2 1.4 L6 1.3 20s
e (c) Receiver 3
I S 1 ) Ll I I L 1
1.4 L6 1.8 20 2.2 24s

Figure 12. The waveforms generated by the
O(A*, Ax*) LWC method (Dablain, 1986) for the 1D
case.
0 Distance (Km) 10
0 v v v v v v v v v vy X
Source
4(x,2z) =254 GPa Top

oxz)=18gicn’

15(x,2) =26.672 GPa

Bottom 7]

3Km 1 1 L 1 L 1 1 1 i}

Figure 13.  Two-dimensional medium model with
an inner-curve interface.

plete heterogeneous problem. We consider a two-layer het-
erogeneous medium whose density and elastic parameters
are as follows:

X
pxz) = ,00*<1 + %>,

(z) =16 + = + =
X, 1 P
pnz 472
where the constant density p, equals 2.1 g/cm?® and 3.0 g/
cm? for the upper and bottom layers, respectively. The hor-
izontal inner interface is located at the depth z = 3.924 km.
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In the example, the computational domain is chosen as
0 <x = 6.048 km, 0 = z = 6.048 km. The source is an
explosive source that is at coordinate (x,, z,) = (3.024 km,
3.024 km) and has a Ricker wavelet with a peak frequency
of f, = 15 Hz. The time variation of the source is the same
as that in the 1D case. Three receivers are at (x;, z;) = (4.464
km, 1.404 km), (x,, z,) = (4.464 km, 1.764 km), and (x3, z3)
= (4.464 km, 2.124 km).

The waveforms, generated by the ONADM and the sec-
ond-order central FD method (Kelly et al., 1976), are com-
pared in Figures 16 and 17. The coarse spatial step in the
ONADM computations is chosen by Ax = Az = 36 m. The
time increment is At = 4.6 X 1072 sec. To generate Figure
17, the fine-grid step is chosen by Ax = Az = 6 m, the time
increment is chosen by Ar = 1.15 X 1073 sec, resulting in
a Courant number that is about 1.5 times of that used in the
ONADM calculation. Figures 16 and 17 show that the wave-
forms generated by the ONADM on the coarse grids are iden-
tical with those computed by the second-order FD method
on the fine grids except for a slight difference behind the
main wave peak. The difference is mainly caused by the
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Figure 14. The synthetic seismogram on
the surface, generated by the ONADM for the
2D model 1 with p, (x, z) = 3.0 g/lcm® shown
in Figure 13.

Figure 15. The synthetic seismogram on
10 the surface, generated by the ONADM for the
2D model 1 with p, (x, z) = 2.0 g/lem® shown
in Figure 13.

numerical dispersions and the source-generated noises (ar-
tifacts due to source location at grid points). But from Figure
16 we can observe that the ONADM has fairly less numerical
dispersions when the coarse-grid step is used. It indicates
that the ONADM enables wave propagation to be simulated
in large-scale heterogeneous models through using coarse
grids. This is the main reason that leads to the great effi-
ciency of the ONADM. For example, in our experiments, it
took the ONADM about 45 sec central processing unit (CPU)
time to generate Figure 16, whereas generating Figure 17 in
the same computer environments costs the second-order FD
about 14 min. The required storage for the FD method is
about 12 times of that for the ONADM.

Model 3. To further investigate the performance of the
ONADM for the large heterogeneous model, we choose the
computational domain as 0 = x =< 16 km, 0 = z = 16 km,
and the number of grid points 401 X 401. The source is
located at the center of the computational domain and the
horizontal inner interface is at z = 9.4 km. The spatial and
time increments are Ax = Az = 40 m and Ar = 6.7 X
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0.0 0.3 0.6 0.9 1.2 1.5s
Figure 16. The waveforms generated by the

ONADM on the coarse grid (Ax = Az = 36 m) for
the 2D heterogeneous model 2.

1073 sec so that the maximum value of the Courant number
« is about 0.526. The remaining parameters are the same as
those used in model 2.

Figure 18 is the wave-field snapshot at = 2.5 sec gen-
erated by the ONADM. From the wave-field snapshot, we
can clearly observe the reflection of the acoustic wave from
the inner interface, and the computation is stable for the
Courant number 0.526 that approaches the maximum Cour-
ant number of keeping the ONADM stable. The wave-field
snapshot also shows that the ONADM has less numerical
dispersions even if the space increment chosen is 40 m with-
out any additional treatments. It took the ONADM about
7 min to finish the job.

Discussion and Conclusions

In this article, we have discussed the difference among
the ONADM, the Lax—Wendroff/compact, and optimal FD
methods. Our theoretical analysis shows that the ONADM
has fourth-order accuracy in space and sixth-order accuracy
in time. The stability conditions of the ONADM for 1D and
2D cases when it is applied to the scalar wave equation are
also explored. Numerical simulations with large Courant
numbers for 1D and 2D problems demonstrate the efficiency
of the stability conditions obtained in our present study. Nu-
merical dispersion analysis shows that we can minimize the
numerical dispersion through using the optimal Courant
number that approximately equals the maximum Courant
number «,,,, for the ONADM. The grid dispersion of the
ONADM lessens with increasing the Courant number «, and
the numerical dispersion reaches its minimum when the
Courant number « equals the stability limit e, =~ 0.754
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-
-

0.0 0.3 0.6 0.9 1.2 1.5s

Figure 17. The waveforms generated by the sec-
ond-order FD method (Kelly ez al., 1976) on the fine
grid (Ax = Az = 6 m) for the 2D heterogeneous

model 2.
0 0 Distance (k) 16
¥
&
o
B
(&
16 =
Figure 18.  Snapshot of the seismic wave field at

time 2.5 sec in a heterogeneous two-layer isotropic
medium, generated by the ONADM.

for the 1D case. Generally speaking, the grid dispersion of
the ONADM is smaller than those of the high-order compact
or so-called LWC with accuracies of O(Ar*, Ax®) and O(A#*,
Ax'%) (Dablain, 1986) in the high-frequency range; the max-
imum numerical error of the ONADM decreases as the Cour-
ant number increases. In other words, when the frequency
and spatial increment are constants, through increasing the
time increment without violating the stability conditions (8)
for the 1D case and (9) for the 2D case, we can not only
lessen simultaneously the numerical dispersion (see Fig. 1)
and numerical errors (see Figs. 7 and 8), but also reduce
computational cost.

From comparing the wave-field snapshots (Fig. 5) and
acoustic seismograms shown in Figures 10, 11, 12, and the
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dispersion curves presented in this article, we can conclude
that the relation between numerical dispersion caused by the
discretization of wave equations and the accuracy of nu-
merical methods is not directly proportional though decreas-
ing the numerical dispersion with increasing the accuracy of
numerical methods. In other words, increasing the accuracy
of methods does not result in a proportional decrease of the
numerical dispersion. This conclusion can also be verified
from both numerical dispersion curves and wave-field snap-
shots computed by using various accurate FD schemes pre-
sented in Wang et al. (2002). Numerical results also illustrate
that simultaneously using both the wave displacement and
its gradients to approximate the high-order derivatives is im-
portant for decreasing the numerical dispersion and source-
generated noises (artifacts due to source location at grid
points) caused by discretizing wave equations because dis-
placement gradients include important seismic information.
Numerical modeling also indicates that the gradient of wave
displacement is an important control of decreasing the grid
dispersion. It suggests that we should consider the wave-
gradient field when we design a new numerical method to
solve the acoustic wave equation.

The introduction of the local connection relations (A2)
and (A3) greatly improves the continuity and derivability of
the approximate function U" (because U" is an approximate
variable during data processing). The local connection re-
lation (A3) of the displacement gradient also improves the
continuity of the stress at the inner interface. From the ex-
amples presented in Figures 14, 15, 16, and 18, we see that
the ONADM can capture effectively the inner interface with-
out any special treatments at the discontinuity; therefore, it
can simulate seismic waves in complex geometries and het-
erogeneous media without any additional treatments.

It is true that the CPU time of the ONADM in per itera-
tion is more than that of the high-order LWC. For example,
the overall computational cost of the ONADM is about 2.5
times of the eighth-order LWC and about 2.1 times of fourth-
order LWC because of the added gradient computation in the
ONADM. However, because the ONADM yields less numer-
ical dispersion than the LWC with the accuracy of fourth and
eighth orders, we can reduce the computational cost through
adopting coarser spatial increments to achieve the same ac-
curacy as that of the LWC on a finer grid with smaller ti-
mesteps. Consequently, the overall computational speed of
the ONADM is much faster than that of the higher-order
LWC. This was confirmed by our numerical experiments as
discussed in the section of numerical dispersion.

This study also indicates that the ONADM can be di-
rectly applied to the heterogeneous case without any addi-
tional treatments because the gradients of the wave displace-
ment are simultaneously computed in the ONADM, whereas
the so-called LWC schemes (Dablain, 1986) can be not di-
rectly applied the heterogeneous problem because equation
(15) may involve the displacement gradients. Synthetic seis-
mograms generated by the ONADM for the heterogeneous
problem illustrate that the ONADM can effectively suppress
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numerical dispersions and source noises when too-coarse
computation grids are used. This further demonstrates that
the ONADM enables wave propagation in heterogeneous me-
dia to be simulated in large-scale models through using the
coarse computation grids.
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Appendix A
Evaluation of High-Order Derivatives

To apply formula (6) to compute the values of U at time
t,+ in synthetic seismograms, we need the high-order de-
rivatives including equation (6). To determine the high-order
derivatives, following the “analysis thought” (Konddoh et
al., 1994), we use the following interpolation function of the
spatial step Ax:

5 r
GAx) = >, — (Ax —> (A1)
St 0x
and construct the following connection relations:
[G(—ADY = ul-y,  [GAD = uly,, (A2)
zo-en] - ()
0Ax i ox j—l, (A3)

and {i G(Ax)] = <a_u) .
0Ax i ox j+1

Using relations (A2) and (A3), we can determine the
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high-order derivatives expressed by the displacement and its
gradient. For convenience, we present the approximation
formulas as follows

1 - n
Oaalt] = 5 252 -5 (EL — E-Yo,ul, (A4)
15 “Non
O3 uf = AL (E)lc - E, l)uj
- 5An —— (E} + 81 + E; o, (AS)
n l 2. n 6 1 -1 n
34xuj = - Ax 45Xj + A (E - EX )axuj, (A6)
90
anM]n = - A A5 (Ei E_l)u_/
30

+ —— (EL + 41 + E;Voul, (A7)
Ax? '

where 0,1} = (8"u/dx™);, I is a unchangeable operator.
62 and E, are the second central difference and displacement

operators defined by

2 n n n n
5xuj uj+l - 2I/lj + ”j—l’

1.n _ n
E.ul = ujy,

-1.n _ n
: Eouf = ui_ .

j

Similarly, following the “analysis thought” (Konddoh
et al., 1994) and the original NADM (Yang et al., 2003a),
the approximation formulas for determining the high-order
derivatives for the 2D acoustic case can be written as fol-
lows:

n 2 2.n 1 1 1
azxui,j = F 5)(14,»’]4 - Ex (E — E )a Mlj, (A8)
2 5., 1 —1
O ui; = A—szu,j - 2A (E; =), ul, (A9)
n 15 1 —1\,,n
O3lti; = AL (Ey — E; )”i,j
- Az (EX + 81 + E Houl;, (A10)
15 _
331141(3 = 2AZ% (E; - Ez l)u?,j
(E1 + 81 + E_ 1)8 ul;,  (A11)

C2AZ
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dyclt]; = TACAL (SE\E! — 5E;'E.' + E\E.' — E;'E! — 4E! + 4E_' — 6E, + 6E, u};

1
ELE! — EJ'E;Y + EL + EJY — 2600w, + — 52(d,ull)),
2A.XAZ ( z) xuz,] sz x( Zul,])
1
Dol = TN (SE;E! — SE;'E;' — E\E.' + E;'E! — 4E, + 4E;' — 6E! + 6E. u};
XAZ
11 1 1 1 1 2 2
+ ZAxAz( E\E! — E;'EC' + E! + EZ' — 200)d.u)y +A_5(ak ",
12 6
Ogettf; = Ay — O]y + s (Ey — E;NHduf;, (A14)
n 12 2. n 1 1
Qg = —A—Z45Zui,j A3(E — EY.ul, (A15)

E' + EZ'EZ' + EJ'E) + E'EC' — 262 — 2E! — 2E ! (A16)

ij»

1
82x2zui’,lj = ACAZ (Ei

n 90 — n

dsyut]'y = A5 (Ef — E;Yu}; + A_ (Ey + 41 + E-Dou);,  (A17)
n 90 1 1 3 1 1

s’ v (E} — E- Y + — (E + 41 + EZNo.uy, (A18)

Dgaltll; = m (SE'E! — SE;'E;' + E'E7' — EJ'E! — 4E' + 4E7' — 6E!

6
noo_ -3 1 —1p—1 -1 1l 1 —1 1
Oty = AAS (OE\E. — SE;'E." — E.E." + E_ E. — 4E, + 4E_ — OF;
6
+ 6E Yu}; + AT (EXE! + E;'EZ' + 207 — E! — EZHo.ul,
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3x2zui,j - W( xz x z x=z X z X X )ui,j A 2A 2 ( uz])
noo__ 3 lEl E71E71 E71E1 E1E71 2E1 2E71 n 6 52
a2x3zui,j - szA 3( — L B + L E - EE — . z )ui,j _A 2A 2 (8 uz])
where amkzu" (am+ku/ax'"azk P Oty = (@™
uldx"dz)} j, dgetty; = (8™ 'uldxdz™);;, and these notations
in equations (AS) to (A22) denote the same significance as
those presented in equations (A4) to (A7). For example, 52 Sul; = i — 2u 4 o,

and E, are the second central difference and displacement

operators in the z direction, which are defined by ij

1.n _ _n -1.n _ n
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(A12)

(A13)

(A19)

(A20)

(A21)

(A22)
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Appendix B
Derivation of Stability Criteria
1D Homogeneous Case

To obtain the stability conditions, we consider harmonic
solutions of equation (6). Substituting the solution

Uy = @ explikjh). (B1)

into equation (6) with relations (A4) to (A7), we can obtain
the following equation

(un-%—l’ ﬁn-%—l’ Vn+l’ ﬁn-%—l)T — A(l/ln, ﬁ”’ vn’ ﬁn)T’ (B2)

n—1 =~n

where k is the wavenumber, v = du/ox, a" = u"~ ", V" =

n—1

y"* 7" and the matrix A is

2—2a, —ib, -1 0
ia2 2_2b2 O _1

AT 0 o of
0 1 0 0
with
a; = (=2 + a)coskh) — 1),
a, = 15a*(1 — a®sinkh)/h,

b, = coAta(l — o?)sin(kh),

b, = o*[3(cos(kh) + 4) — 5a’(cos(kh) + 2)],

in which the Courant number (Dablain, 1986; Sei and

Symes, 1994) is defined by o = ¢y At/h with h = Ax.
From the matrix A we can obtain numerically the fol-

lowing stability condition via solving the eigenvalues of sat-

isfying I2(A)l = 1 of the matrix A:

a = ay, = 0.754, (B4)

or
h h

At = ap,, — =~ 0.754 —,
Co Co

where «,,,, denotes the maximum Courant number that
keeps the numerical calculation stable.

2D Homogeneous Case

For the 2D problem, we consider the case of Ax = Az
= h. In the case we are considering the derivation follows
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the same steps as in the 1D case and we can obtain the
stability condition for the 2D case similarly is follows:
o= an. = 0527, (B5)

or

Appendix C
Derivation of the Dispersion Relation

To minimize the dispersion error, we derive the disper-
sion relation of the ONADM. For this, following the analysis
methods presented in Dablain, (1986) and Wang et al.
(2002), we consider the harmonic solution of equation (6)
and substitute the solution

J

o = (50) explilopmnAt + k], (Cl)
0

into equations (6) and (A4) to (A7) to obtain the following
dispersion equation:

4(cos y — 1> + 2(a + b)(cos y — 1)
+ ab — dsin®> 0 = 0,

(€2
where

Y = Wpum Af, 0 = kh,

a = a(l — cos )4 — 2%,

b = a?[34 + cos 0) — 52 + cos 0)a?],

d

15¢*(1 — o®>

Using the dispersion relation (C2), we obtain the ratio
of the numerical velocity to the phase velocity ¢ as follows:

num — l (C3)

Ronabm =

where y satisfies the dispersion equation (C2).

For comparison, here we also present the dispersion re-
lation of Dablain’s high-order compact schemes (Dablain,
1986). On the basis of the Lax—Wendroff scheme, Dablain
(1986) developed the high-order compact methods with dif-
ferent accuracies as follows:

621/[ " l n - n n
o)~ Ax2 |0 + Dowiluf + )|, (CH
J

i=1
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Table C1
The Coefficients of the LWC with Different Accuracies (Dablain, 1986)
Methods Wo wy W3 Wy Ws
O(AF, Ax*) —5/2 4/3 -1/12
O(Ar, Ax®) —49/18 3R —3/20 1/90
O(AF, Ax®) —205/72 8/5 —1/5 8/315 —1/560
O(AF*, Ax'0) —2.927222 1.666667 —0.238095 0.039683 —0.004960 0.000317

where M = 2, 3,4, and 5 denote the methods with accuracies
of O(AF, Ax*), O(At*, Ax®), O(Ar*, Ax®), and O(Ar*, Ax'°),
respectively. These coefficients in equation (C4) are pre-
sented in Table Cl. Equation (C4) shows that Dablain’s
LWC or high-order compact scheme uses 5, 7,9, and 11 grid
points in a direction for the fourth-, sixth-, eighth-, and tenth-
order LWCs, respectively, whereas the ONADM only uses
three grid points seen from equations (A4) (AS), (A6), (A7)
presented in Appendix A.

Similarly, we can obtain the ratio of the numerical ve-
locity to the phase velocity for the high-order compact
schemes with different accuracies as follows:

wum _ arccos(l + e/2) (C5)

Co a@

R, _w =
where

1
e=a2b+6a4[—b+wocosﬁ

M

+ Dwcosi + 1O + cos(i — 1)9]], (C6)

i=1

M
b = wy + 22w, cos(if). (C7)
i=1

Appendix D
Derivation of Theoretical Errors
1D Case

We rewrite equation (1) as follows

Dy = DyJu = 0, (D1)
where: D,, = 0%/dr* and D,, = c}9*/0x* are the exact de-
rivative operators with respect to time and space.

We can define the following ONADM temporal operator,
derived from equation (6) and used equations (1) and (A4):

_ (coAD)?*

12 a4xujn:| > (D2)

1
Lyu! = A7 [5?»@"

and the ONADM spatial operator

Lyu!' = 2 oul — L(E1 — E-HYou!
2x Y Exl 2Ax X X xUj .

(D3)
Then the first equation of the vector equation (6) can be
written as follows:

(Ly — colouj = 0. (D4)

The operator error of the ONADM is computed by a
Taylor series expansion. Omitting details, we obtain the fol-
lowing errors of temporal and spatial operators:

Ar#
— — dqu! + O(AL°),

(Dy, — Lojuj = 360 (D5)
2A 4
(D, — RLy)u! = % deutt? + O(Ax®). (D6)

Using equation (1) and combining the preceding results, we
obtain the theoretical error £, of the ONDAM operator:

E,

[(Dy — Ly) — (Do —

4 4
_ e (o + DAx
360

C% L2x)] ujn (D7)

do 1] + O(AX® + Af).

In the ONADM algorithm we must solve the gradient of
the displacement u at each timestep. To keep the ONADM
calculation stable, we should also give the stable condition
of computing the gradient of the displacement.

Obviously, the gradient of the displacement u for the
homogeneous case satisfies the following equation:

& (au> L,

— |=—] = —. D8
ox €0 x> (D8)

o>

When we use the ONADM to solve equation (D8) to obtain
the gradient of the displacement, we similarly have the fol-
lowing theoretical error E, of the ONDAM operator:
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E, = [(th — L) — Dy _C(ZJLz)c)]ax“j"1

L, (T + 3)AY

= Co 2520 87xu_;' + 0(Ax6 + At6).

2D Case

For the 2D case, we consider the case of Ax = Az =
h. In the case we are considering the derivation follows the
same steps as in the 1D case and we can similarly obtain the
following theoretical error £, of the ONDAM operator for
solving equation (2):
cint

360

+ Do)l

E = [(1+ a0 + ) + 30" (0o

+ O + 1% = OA® + kY. (D10)

From equation (2) the gradient of the displacement u yields
the following equations:

0 (au) 2(83u N a%) d DI1D)
— |—] = col— — |, an

ar> \ox Nox®  oxoz

s (au) 2( u a*u>

—__ | ZZ) = _ 4+ —. D12
o2 \oz ooz © a2 (P12

(D9)
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When using the ONADM to solve equations (D11) and
(D12) to obtain the first derivative of the displacement u with
respect to x and z, we use a procedure deduced similarly, to
that stated previously to obtain the theoretical errors of the
ONADM. These errors are

E, = OA® + "), (D13)

Es = OA® + ). (D14)
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