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Abstract— This paper is the first part of a series of two differential-algebraic models [4], [6], [7], are not codered
papers which present a comprehensive and detailed study of in this paper, since these types of bifurcations have not bee
an optimization-based approach to identify and analyze saile-  ghqn in practice to be directly related to VS problems [4].
node bifurcations (SNB) and limit-induced bifurcations (LIB) of Conti tion P El CPE d Optimal-P El
a power system model, which are known to be directly associadl ontunuation Fower Flow ( ) an pumail-Fower-riow-
with voltage stability problems in these systems. Theoretal based Direct Methods (OPF-DM) are two different techniques
studies are presented, formally demonstrating that solutn points  that are used in practice to compute VS margins. The most
obtained from an optimization model, which is based on com- widely used method is the CPF, which is a technique that
plementarity constraints used to properly represent geneators’  ,nists in increasing the loading level until a voltagerent
voltage controls, correspond to either SNB or LIB points of his It tability limit is detected i fl ded
model; this is accomplished by showing that optimality condions pr_vo age stability 'm' IS detected in a power .OW modeigda
of these solution points yield the transversality conditios of it iS based on a predictor-corrector scheme to find the cample
the corresponding bifurcation points. A simple but realisic test equilibrium profile or bifurcation manifold (PV curve) of a
system is used to numerically illustrate the theoretical dicussions. set of power flow equations with respect to a given scalar

variable. This scalar parameter is typically referred to as

Index Terms— Saddle-node bifurcations, limit-induced bifur- the bifurcation parameter or loading factor, as it is used to
cations, transversality conditions, optimization method, voltage model changes in system demand [8], [9]. In [10], it is shown
stability, maximum loadability. that this method can be viewed as a Generalized Reduced

Gradient (GRG) approach for solving a maximum loadability
. INTRODUCTION optimization problem.
OLTAGE stability (VS) has become rather important in The QE‘E-DM is an opt|m|zat|on-ba_sed m_ethpd that consists
modern power systems, due to the fact that systeffsMaximizing the loading factor, while satlsf}/mg th_e pawe
are being operated close to their VS limits, as demonstrafé¥ €quations, bus-voltage and generators’ reactive power
by many recent major blackouts which can be directly ag_['mts, and other operating limits of interest (e.g. traission-

sociated with VS problems. Furthermore, the implememlatiéine thermal limits) [11], [12]. A variety of OPF models basse

and application of open market principles have exacerbaf@fy this problem definition have been proposed; for example,

this problem, since security margins are being reduced o authors in [13]-[15] propose a multi-objective OPF for

respond to market pressures [1]-[3]. Consequently, the pfggximizing both_ the ;ocial welfare and the loading factor.
diction, identification and avoidance of voltage instapili NS type of optimization problems can be solved by means

points play a significant role in power system planning arff Interior-Point Methods (IPM), which have been shown to
operation. Nonlinear phenomena, particularly saddleeriai be computationally efficient for power system studies [16].

furcations (SNB) and limit-induced bifurcations (LIB) hav An important difference between the CPF and the most

been shown to be directly associated with VS problems fpPular implementations of the OPF-DM is that, in the CPF,

power systems [4]. It is important to highlight the fact tha@ﬁe voltage is kept constant at generation buses while their

other types of bifurcations in power systems, such as Hoisiactive power output is within limits (PV bus modgl). In the
bifurcations (HB), associated with oscillatory instatists [5], Stendard” OPF-DM, generator voltages and reactive powers

and Singularity-induced bifurcations (SIB), associateithw are allowed to change within limits, so that “optimal” opiera

ing conditions are obtained. These different approaches ma
Manuscript submitted for review on March 2, 2007. lead to different solutions; an interesting discussionudlbleis
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The current paper, as the first part of a series of two papehs, System Models

presents a detailed theoretical analysis of the applicadio  pgwer systems are typically modeled with nonlinear

OPF-DM to the study of SNBs and LIBs in power sysyitferential-algebraic equations (DAE), which are a clags
tems. Previous works have formally shown that optimizatigfypjinear systems, as follows:
methods can be used to compute SNBs in power system

models, and that these methods are basically equivalent to x ] _ l f(z,y,A\,p) = F(z,\p) 1)
more “classical” computational approaches [10]. Furthemem 0 g(z,y,\,p) T

some issues associated with the application of OPF-DMs t% R7e i tor of the diff tial variabl hich
the computation of LIBs are discussed in [18]. However, up ynerex Et th I(Sj a vec ortot ef meren tla valnad es WI Ic i
now, to the authors’ knowledge, the links between solutioh§Presents the dynamic states ot generators, loads a ys

of OPF-DMs and SNBs and LIBS have not yet been deaﬁ{)r_\trollers;y €R™is a vegtor of algebrak_: variables that
with in the technical literature as formally and systemnsitjc typically results fro”.‘ neglecting fast d}/nam|cs, suchn@llo
as it is done here. Hence, the present paper concentrategd% vgltages magnitudes anq aTgIes,: (@) 6 R™
demonstrating that solution points obtained from a giverOp* < R stands for a slow varying “uncontrollable” parameter,

DM model correspond to either SNB or LIB points; this ijypically used to represent load changes that move therayste

accomplished by showing that the optimality conditions fom one equilibrium point to another; apds R™» represents

these solution points yield the transversality conditiohshe co%trollazli patr_amvetltters a;SOC'?ttEd VX{% conttrol _Stgﬁ"_:_h
corresponding bifurcation points. The second paper conc yich as Automatic Voltage Regulator ( ) set points. The

trates on formally demonstrating that formulas proposedl a nctlon_f ; Rnr x R x R+ x R.np — R is a ponlmear
developed for the study of sensitivities at SNBs and LIBs cafgetor f'el.d directly assocgted W't.h the sta_te variableand
also be obtained through an OPF-DM approach, discussingrggresfem'ng _the system differential eq_uat|ons, su_ch .eseth
well the advantages that the use of optimization approac oma;cled Wﬁh thf gene;ator mechanical dynam|cs,g§md
present for the computation of a variety of sensitivities. ® xR™ xR7xR"» 1 R™ represents the system nonlinear

simple but realistic test system example is used to nuM@ricaalgebra'C constraints, such as the power flow equations, and

illustrate the theoretical discussions presented in thege algebraic constraints associated with the synchronousimeac

papers. model.

This paper is structured as follows: Section Il presentﬁIf the Jacobianvfg(-) of the algebraic constraints is
a concise but thorough description of the VS problem, trLevertlbIe, -e. nonsingular along a "solution path” of (the

power system model used to study it, and its mathematlﬁgﬁ]\/;?; gfﬁg]rzn?i{jtggu;ior?\?gléIge:];r:)eddelby the following
characterization through bifurcation theory. The optiatian
models used for the OPF-DM studies of interest to this paper = f(z, y_l(x, A D), A D)
are discussed in detail in Section Ill. Section IV concersa . . -
were y~*(z, A, p) results from applying the Implicit Func-

on formally showing that the solution points of an optimiaat . . .
y g P prmie ion Theorem to the algebraic constraints along the system

. . - . At
model described in the previous section correspond to renge . . ) : .
SNB or LIB points, based on optimality conditions an rajectories of interest [10], [21]. The interested reader

the corresponding bifurcation transversality conditiolbe referrecti o d[2t2] gor_a dett."’lbllle_d tg!scussll)cl)n Wh@ig () IS tn;lt it

theoretical discussions are illustrated with the help of-a uaranteed to be nvertibie, this problem IS associate wi
; . . . : SIBs, which are beyond the scope of the present paper, since
bus test system in Section V. Finally, in Section VI, the malp : . ) .
- - his phenomenon is not directly related to VS problems in

contributions of the paper are highlighted. )
practice [4].
Equilibrium pointsz, = (x,,y,) of (1) are defined by the

solutions of the nonlinear equations:

[I. DEFINITIONS
A . . . f(To,Yos Aos Do
Voltage stability is associated with the capability of a gow F(20, Aoy Po) = l ESC Y N )) =0
system to maintain steady acceptable voltages at all buses, 9\%Fo: Yo Ao, Po

not only under normal operating conditions, but also aftdfis important to highlight the fact that the system equibb
being subjected to a disturbance [19]. It is a well establishare in practice obtained from a subset of equations:

fact that voltage collapse in power systems is associated ., . .

with system demand increasing beyond certain limits, a$ wel G20, AorPo) = Gilo = 0 C F(z0,X0,p0) = Flo =0 (2)
as with the lack or reactive power support in the systemhereG|, = 0 stands for the power flow equationS; C g;
caused by limitations in the generation or transmission 6f € R" C z is the set of voltage and angles at all buses as
reactive power. System contingencies such as generatorll as the reactive power of the generator (PV) buses; and
line unexpected outages exacerbate, if not trigger, the s e R™ C p usually represents the voltage levels and “base”
problems [4], [20]. Usually, VS analysis consist in detaring active power injections at PV buses, “base” active and igact
the system conditions at which the equilibrium points of power injections at load buses, transformer fixed-tap regti
dynamic model of the power system merge and disappeand other controller settings.

these points have been associated with certain bifuratbn Power flow models have been used in practice for voltage
the corresponding system models [4]. collapse studies, since these models form the basis foringfin
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the actual system operating conditions [4]. However, one
should be aware that the solutions of the power flow equations
do not necessarily correspond to system equilibria, since a
solution of G|, = 0 does not imply tha¥'|, = 0, even though

this is not a significant issue in practice. Therefore, irs thi
paper, actual SNBs and LIBs of (1) are assumed to correspond
to similar “bifurcation” points of the power flow equations,
which is the case of certain power system models [23], [24];
thus, the paper concentrates on the analysis of SNBs and LIBs
of (2).

B. Bifurcation Analysis

Bifurcation theory yields tools that are able to classify,
study, and give qualitative and quantitative informatidnoat
the behavior of a nonlinear system close to bifurcation or
“critical” equilibrium points as system parameters chafig.

The parameters are assumed to change “slowly”, so that the
system can be assumed to “move” from equilibrium point to
equilibrium point with these changes (quasi-static asgionp
Hence, bifurcation analysis are usually associated with th
study of equilibria of the nonlinear system model [4].

In power systems, SNBs and some types of LIBs are basi-
cally characterized by the local merging and disappearahce
power flow solutions as certain system parameters, paatigul
system demand, slowly change; this phenomena has been
associated with VS problems [4]. These kinds of bifurcation
are also referred to in the technical literature as fold anihg
points.

1) Saddle-Node Bifurcations (SNB): These types of bi-
furcations occur when two equilibrium points, typicallyeon
stable and one unstable in practice, merge and disappear as
the parameter\ slowly changes, as illustrated in the PV
curves of Figs. 1(a) and 1(b), whefé;, and Q¢, stand
for a generator’s terminal voltage magnitude and reactive
power, respectively. Mathematically, the SNB point for the
power flow model (2) is a solution poift., A., p,) where the
Jacobiarv? G|, has a simple and unique zero eigenvalue, with
nonzero eigenvectors [24], [26]. The followirigansversality
conditions can be used to characterize and detect SNBs [10]:

VEG|.0 = V:G|ab =0 (3)
e [VETGm] 540 (5)

where? andw € R™ are normalized right and left eigenvec-
tors of the JacobiafngGL:. The first condition implies that
the Jacobian matrix is singular; the second and third cmdit
ensure that there is no equilibria ngdg, A, p,) for A > A,

(or A < )., depending on the sign of (5)). Note that the
subscript is used throughout the paper to denote a bifurcation
point.

2) Limit-Induced Bifurcations (LIB): These types of bifur-
cations in power systems were first studied in detail in [27],
and can be typically encountered in these systems, sinteas t
load increases, reactive power demand generally increasks Fig. 1.

devices being reached. These bifurcations result in retlu P8
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VS margins, and in some cases the operating point “disdpllowing two sets of equations apply:
pears” causing a voltage collapse [4], as illustrated in Eig - -

Mathematically, the LIBs associated with power flow models 9(Zes Te, Acs Po)
are solution pointgZ., \., p,) where all the eigenvalues of Ga(Zc, Ac;Po) = | P, — Sk(Zc, Ay Do) VEk#i | =0 (8)
the corresponding Jacobi&i’ G|. have nonzero real parts, i, — 5i(Ze, Ae» Do)
i.e. the power flow Jacobian is nonsingular [28]. )

These bifurcations are divided into two types, namely,timi §(Z¢, Py Aey o)
induced dynamic bifurcations (LIDB), and limit-induced8t G, (2., \., p,) = i — 85 (Fes AeyPo) Yk #£d | =0 (9)
bifurcations (LISB). In the case of LIDBs, the equilibrium Fo—

points continue to exist after being reached as the bifimeat - -
parameter\ changes, as illustrated in Figs. 1(b) and 1(d). Owhere (8) corresponds to the system equations “before” a
the other hand, LISBs are somewhat similar to SNBs in thieit is reached, and (9) represents the system “after” at lim
sense that these correspond to points at which two solutioasreached as\ increases. These system conditions can be
merge and disappear as the bifurcation parametelnanges, referred to as the system in actuation regime and in sabuarati
as depicted in Fig. 1(c); thus, LISBs also are associateld wiegime, respectively, as depicted in Fig. 1. Notice that a
maximum loadability margins in power flow models. “critical” solution or bifurcation point must satisfy botsets

In general, the limits that triggered LIBs can be categatizéf equations, and that the difference between (8) and (9) is
into three basic types of limits, namely, actuation limitgte only the equation corresponding to actuation limitsince a
limits and switching limits [28]. The actuation limits age LIB occurs when a single generatomeaches its maximum
when certain variables, which are functions of some of tifeactive power limit.
state variables encounter a limit. These limits do not dyec The transversality conditions for LIBs may then be defined
affect the state variables but the overall dynamics, and ca# follows [28]:
be modeled through the use of actuation functions. In power) Gale = Gl =0
systems models, actuation limits typically depend on only2) Jacobiang? = VI G,|. and.J; = VIG,|. have nonzero
one state variable at a time, and one of these inequalities real parts, i.e.
becomes an equality on encountering a limit. The statedimit _ _
have a direct effect on the state variables, and occur when a detJ,) #0 and detJ,) #0 (10)
state reaches its limit, which results in the system dimmmsi .
dropping by one, since the state variable becomes a constaﬁ} The index:

in the model. These kinds of limits can be modeled by setting o= det J; £0 (11)

the state derivative equal to zero when the limits are rahche det Jy

Finally, the switching limits are followed by pre-estabksl defines the type of LIB; thusy > 0 for a LISB, and
actions (e.g. relaying mechanisms or protective limitarthie o < 0 for a LIDB.

physical system) that might result in a change in the whole

system, and consequently in the states. These limits can be

modeled, for instance, by introducing certain binary Jalga Il. OPF-BASED DIRECT METHOD (OPF-DM)

that represent the internal logic of a relay element. Optimization methods may be used to compute maximum

For the power flow model, actuation limits can be directljpadability points of power flow models, which are directly
associated with LIBs. Therefore, this paper focuses orethegssociated with SNBs and LISBs of the corresponding model
types of limits to analyze LIBs, using the following reprase equations, as initially proposed in [11]. Thus, based on the
tation that results from the proper ordering of the power floaforementioned SNB and LIB definitions, the bifurcation
equations (2), and with similar notation as the one proposgéint directly corresponds to the solution of the following

in [28]: optimization model, as formally demonstrated in Section IV
GaAp) = [ e ] ~0 ©) A (122)
=354z, AP v
sit. G(2,7, X, Do) = (12b)
wherez € Rz, 7 € R"*, Z = (Z,#), and the actuation limits E(i,f, A Do) =0 (12¢)
are modeled as: Frin < T < Frnag (12d)
Fir s if 3;(Z,\,p) < 7. where the nonlinear functiorh is used to represent the

@ actuation limit equations introduced in (6), since in these
optimization models, the actuation limits are typicallytno
Firmans if 8;(Z,\,p) > .. represented explicitly, as illustrated below. The issudaf
constraints (12c) are actually represented in this model, a
Since in power flow models, LIBs of interest are typicallghe effect of this modeling on the solution of optimization
associated with generators reaching their maximum reactproblem (12) is discussed in detail below. Note that (12d)
power limits, at a LIB point(Z., Ac, po) = (Z¢, Te, Ac, Do), the  basically corresponds to (7).

T = §7,(27 A’ﬁ)’ If fiwnin S gz(’g’ A7ﬁ) S ,r/;irnam
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A. OPF-DM in Sandard Form of the generator voltage regulation controls in the powew flo

For a typical power flow model, leE = (0,Vy, K¢g), models used in CPF techniques.

7 = (Qg,Ve), andp = (Ps, Pp). In this casey stands for ) ) )

all the bus voltage phasor angles but one (slack bidgsjand B- OPF-DM with Complementarity Constraints

Ve correspond to the load and generator bus voltage phasoAn optimization model that has been empirically shown
magnitudes, respectively, anQg represents the generatoito yield the same SNB or LISB points as a CPF technique
reactive power output. The variabldy, and Pp define the has been proposed in [17]. The authors in this paper propose
change in generation and demand powers, respectively, aisoptimization model that is based upon the idea that many

follows: problems encountered in engineering, physics or econpmics
which behave according to different rules under different

Pe=Pq, + (A + Kg)Ps (13) circumstances, can be modeled using complementarity con-

PL=Pr,,+ X Pp straints, since these constraints can be used to model gehan

Qr=Qr, + \K.Pp in system behavior. Thus, the change from a PV to a PQ

bus, when a generation reactive power limit is reached, ean b
wherePg,, P, andQ ., stand for the “base” generation andnodeled using these type of constraints in the OPF problem
load levels, thus defining an “initial” operating poinki; is as follows [29]:

a variable used to model a distributed slack bus; Andis a
' 0< - 1 Ve, >0
constant used to represent a constant power factor load. < Qo — Q) o=

Based on the aforementioned variable definition and if = (QGk’Qkam)Vak =0
the actuation functions (12c) are omitted, the model can be
restated as: 0 < (Qay,,,, —Qaci) LV, 20
= (QGk - QkaaI )%k =0
max A (14a) . . .
~ where V, and V,, are auxiliary, nonnegative variables that

st. G0, Ve, Ka,Qa, Ve, A\ s, Pp) =0 (14b) 54,y increasing or decreasing the generator voltage dat,po

Qa,  <Q¢ <Qg,,, Yieg (14c) depending on the state ¢f.. Thus:

Vounn S Vo < Veu,, Vi€G (149 if Qo = Qa,,, = Vo, = 0andVi, =0
where( stand for the classical active and reactive power bal- if Qa,,., <Qa, <Qay,,, = Va, =V, =0
anced equations for each generator and load bus (two foy ever if Qc, = Qq,,,.. = Va, =0andV;, >0

system bus), and basically containands, as defined in (12); This yields the following Mixed Complementarity Problem

andg is the set of generation buses. It is important to highligl&hcp) [17]:

the fact that in this optimization model no other limits suc '

as load bus voltage magnitude limits, generator active powe max A

limits, or power transfer limits, which are typical opergji st 6(57 Vi, Ke,Qa, Ve, A\, Ps, Pp) =0 (15a)
limits considered in such OPF models, are represented here.

The reason for this is that these are “hard” limits and not (Qcx = Qay,,, WVar =0 VEEG (15b)
actuation limits, i.e. limits that basically define “undedile” (Qar — Q4,0 )Wor =0 VEEG (15¢)
operating conditions which may be associated with system Vo, = Ve, +Va, = Vo, VkEG (15d)
protections rather than system controls, and hence do adt le Qa. < Q¢ <Qa, Vke G (15e)

to LIBs; these limits would only clutter the theoretical &rzs
presented in the next section, without adding much to the
discussions. whereVy, is the generator voltage regulator set point, i.e. the
It has been shown that if no limits become active, thgenerator terminal voltage level@ is within limits; and the
sufficient Karush-Kuhn Tucker (KKT) optimality conditionsconstraints (15b)-(15d), associated with the auxilianyaldes
evaluated at the solution point of (14) are equivalent to tHé andV}, are used to model the actuation limits associated
transversality conditions (3) and (4) for SNBs [10]; howevewith the generator voltage regulators. Hence, in this model
it has not yet been formally shown that the third transvéssal z = (6, Vi, Ko, Ve), 7 = (Qa, Va, Vb), p = (Ps, Pp, Vas.,),
condition (5) is also met, which is an issue addressed heaed § andh are contained within constraints (15a)-(15d); the
It can also be argued that this model may provide a differeattual representation of these two vector functions isudised
maximum loading point different from that obtained using thin detail in Section IV. Observe that generator bus voltage
CPF technique if reactive power limits become active [17[mits are not included in this model, since these limits \dou
This is due to the fact the objective of the optimization modéasically correspond to “hard” operating limits, such aadlo
(14) is to “optimize” the generator voltage and reactive powbus voltage limits, for this particular model, i.e. thesmits
levels so that the loading factor is maximized, and henceetheannot be associated with actuation limits that result fthen
is no guarantee that the voltage at generation buses wouldnb&deling of system controls, and lead to LIBs; hence, these
maintained constant while the reactive power output at sukimits are not considered in the formulation to simplify the
buses is within its limits, which is the typical represeiat theoretical analysis without loss of generality.

Vo, Vi, >0 VkeG (15f)
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IV. THEORETICAL ANALYSIS OF THEOPF-DM Bus 2 (GE;,SC% 3)
. . o ) (GENCO 2)

In this section, it is formally shown that a solution to
the OPF-DM model (15) corresponds to either an SNB or @7 @
a LISB, by demonstrating that the transversality condgioh
the corresponding bifurcations are met, based on the regess Bus 6 '
and sufficient optimality conditions of the optimal solutio (ESCO 3)
Only LIBs associated with maximum reactive power limits Bus 1
are analyzed here, since VS problems in practice are typical (GENCO 1)
associated with generators reaching these limits as thamigm v
in the system increases. '

The following theorem shows that an optimal solution (EB;‘égz)
of (15), at which a given generator is at its reactive power
limit while its terminal voltage is at its regulator set phin Bus 4 -

corresponds to a LISB and cannot be a LIDB, which is (EsCo1)
something one can intuitively deduce from Fig. 1(d), if th%_ 5 Sixh
following assumptions are met [30]: '9. 2. Six-bus test system.

« Regularity and strict complementarity conditions must be
met at the optimal point, i.e. there must not be degeneracyTheorem 2: Let (2., \.) be local optimum of (15) that
of the optimization problem at the solution point. meets the abovementioned OS assumptions ferp,, where
« The solution point must be in a convex region, with theome generators € G; C G satisfy:
constraints being’? and convex at this point.

These assumptions are referred throughout the rest of e pa Qa,, =Wy, } = { Vo, =0
as optimality solution (OS) assumptions for conveniencis. | Ve, < Vg, Vo; >0
important to highlight the fact that there is no guarantee & | hiie the rest of the generatojst j € G; € G, G = G; UG,
possible solutions of (15) would meet these OS assumptiogss not at their reactive power limits, ie.

However, from numerical results reported in [11] and [17],

where these types of optimization problems are solved for a Qc¢, = < Qg, <Qg,,..
variety of small and large systems, these solutions are show Ve, =Va,,

be robust, thus basically meeting these conditions in jmect o )
Theorem 1: Let (3e, \e), 2o = (3e, 7), be a local optimum (Assumptions (19) and (20) generalize the case where an SNB

fcurs after a LIDB in\ space, as depicted in Fig. 1(b).) Then,
(2c, \e, Do) is an SNB of the power flow model defined by
equations (15a)-(15d).

(19)

} = Vo, =V, =0 (20)

of (15) that meets the aforementioned OS assumptions
P = Po, Where a given generatorsatisfies:

Qc, = Qc, The formal proof to Theorem 2 can found in Appendix II.
Ve v = Vo, =W, =0 (16) Finally, the following corollary argues that an optimum @5}
Gic = VG, can only be a LISB or an SNB. The proof to this corollary
while some other generatojs# i € G; C G satisfy: can be found in Appendix Ill.
Corollary 1: Any solution point (2., A¢,p,) Of (15) that
- - meets the aforementioned OS assumptions is either a LISB
QjS QGhnaz Vaj 0 (17) or an SNB p
Va,, < Va,, Wy, >0 :
and the rest of the generators j # ¢ € G; C G are not at V. NUMERICAL EXAMPLES

their reactive power limits, i.e. This section presents a numerical comparison between the

OPF-DM and the CPF method to illustrate some of the
imin < Q6. < QG5 } = V,, =V, =0 (18) theoretical issues discussed in the previous section., Theas
Va,, =V, maximum loading factor, voltage and reactive power levels
_ . obtained from solving (15) are compared with those obtained
(Assumptions _(17) generalizes the_ case Whe_zre a LISB Occﬁrﬁng the a standard CPF, for a variety of test cases for the
after)\aALID.B 'nL/\lssel)Oﬁl(;et'haS deplcthd n F'dg'lld(df).‘) EhsnG-bus system shown in Fig. 2 [13], where the generators’
(26, Ae, Do) IS @ ot the power Tlow model detined by, iage set points and reactive power limits are assumed to

equations (15a)-(15d). b .
e Vg, = 1.05 p.u. andQg = +1.5 p.u., respectively.
The formal proof to Theorem 1 can be found in Appendix I. o P Qo P P y

This theorem basically proves that a given local optimum of ) )

(15) can be a LISB and not a LIDB, and that it can be precedéd Practical Implementation Issues

by some generators reaching reactive power limits, i.,eBdD  The OPF-DM with complementarity constraints can be im-
The following theorem shows that this local optimum can algglemented in AMPL, using theonpl erment s operator [31],
be an SNB. [32], which allows complementarity conditions to be ditgct

Qc

o
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TABLE |
OPF-DMvs CPFFOR THE6-BUS TEST SYSTEM 1.05 ‘ ‘ |
LISB SNB (Q limits) SNB (no Q limits) ir 1
OPF-DM| CPF || OPF-DM| CPF || OPF-DM| CPF 095} 1
Ve, || 1.0500 | 1.0500|| 0.9648 | 0.9657|| 1.0500 | 1.0500 = ool ]
Ve, || 1.0025 | 1.0026|| 1.0500 | 1.0500|| 1.0500 | 1.0500 % 0ssl |
Ve, || 1.0029 | 1.0029|| 1.0500 | 1.0500|| 1.0500 | 1.0500 g
Vi, || 0.8458 | 0.8458|| 0.6027 | 0.6048|| 0.5360 | 0.5360 g o8 v v ]
Vi, || 0.8546 | 0.8545|| 0.8586 | 0.8591| 0.7129 | 0.7125 3 o7 QGC:l: QGC’;“’ 1
Vi, || 0.8687 | 0.8686|| 0.9465 | 0.9466|| 0.7679 | 0.7677 0.7 1
Qc, 15 15 15 15 3.1588 | 3.1600 0.65 |
Qa, 15 15 0.9577 | 0.9511|| 6.2724 | 6.2734 o6 -- -gz:ﬁgg |
Qas, 15 15 1.4712 | 1.4682|| 3.5828 | 3.5856 - Genco 1
Ae 4.4966 | 4.5049|| 1.9046 | 1.9081|| 11.1141 | 11.1330 055, 1 5 3 " s
Loading factor §)
@)
specified in the constraint declarations, and then solvadjus
solvers specifically designed for complementarity proldel Los

such as KNITRO [33]. Alternatively, the complementarit
constraints can be specified as nonsmooth constraints
in (15), solving the optimization problem with nonlinee 1
programming solvers such as LOQO, KNITRO or IPOP

this is the approach used here to obtain the numerical ges g
discussed in this section. On the other hand, UWPFLC & 095 1
[34], which is a popular and well-tested software tool with §
robust implementation of a CPF technique, was used to ob é 00 |

PV curves for illustrative and comparison purposes. Foh b

techniques, the generation and load variations were asbu

to be defined by (13). 0.85
It is important to highlight the fact that the initial operag

Genco 3

= = =Genco 2
pointis rather important, since it is used to define the ggoer Genco 1
voltage set points for the optimization problem, as wellfas 1 8, 05 1 15 2
starting point for the CPF, and it must be obtained by runni Loading factor )
an initial power flow simulation. The auxiliary variablesedls (b)

in the definition of the complementarity constraints must
initialized to zero.

B. Numerical Results oSSR

The PV curves in Fig. 3 present three bifurcation profi 08
under different operating conditions: Fig. 3(a) shows aB.|
at A\, = 4.5049 p.u., preceded by LIDBs, for the base syst
topology; Fig. 3(b) shows an SNB at. = 1.9081 p.u.,
preceded by LIDBs, when line 2-4 is removed from t
system; and Fig. 3(c) shows another SNB at.a= 11.1330
p.u. when Q-limits are ignored for the base system. Obsi
in these plots that the bifurcations in the first two cases

0.6

Bus voltage [pu]

0.4

preceded by some LIDBs i space; also, in the last cas 02 Sence 1
the SNB occurs at a larger loading factor, with the voltage Eswg
.. . = = =L[Sco
generator buses remaining constant. Notice as well theps 0 ‘ ‘ ‘ ‘ ‘
0 2 4 6 8 10 12

“edge” of the bifurcation manifold at the maximum loadit
point defined by\., which is a characteristic of LISBs, and tf..
“quadratic” shape of the manifolds around the SNBs, which

IS a|SbC? typlcal. . f th uti btai Fi@. 3. Generators’ PV curves for the 6-bus test system: éspRase (LISB
Ta el pre_se_nts_ a comparison of the solutions o _tamﬁ ceded by LIDBs); (b) line 2-4 outage (SNB preceded by L3Ec) base
using the optimization model (15) as well as the equivalegyfstem neglecting reactive power limits (SNB).

results obtained from the CPF, depicted in Fig. 3. The rgsult

Loading factor {)
©
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presented in the first and second columns correspond oatimization problem yields the same results as those oddai
the base case, and show that GENCO 1 satisfies the LI&&h the more popular CPF techniques used to analyze these
condition Qg,. = Qg,,,.. and Vg, = Vg, at A, while types of bifurcations in power systems.

GENCO 2 and GENCO 3 are at their reactive power limits The advantages of stating the SNB/LIB problem as an
with their voltages below the corresponding set pointstihe optimization problem is that optimization solution teaiunes
system has undergone 2 LIDBs before reaching a LISB aan be computational more effective than CPF methods for
A space, as clearly illustrated in Fig. 3(a). The results maximum loadability studies, particularly when using well
the third and fourth columns, obtained by removing line Zested and efficient solution techniques such as InteriantPo

4, show GENCO 2 and GENCO 3 within their reactive powevlethods. Furthermore, optimization approaches are mare ve
limits and at their corresponding voltage set points, wagresatile than CPF techniques, since the problem can be readily
GENCO 1 has reached its maximum reactive power limit andstated so that optimal control parameter values can be
its voltage is below its set point, indicating the occuree€ calculated to increase the maximum loadability margins of a
a LIDB before the SNB in\ space, as depicted in Fig. 3(b)system, or readily carry out a variety of sensitivity stislias
Finally, the results presented in the last two columns, twvhidemonstrated on the second part of this paper.

correspond to the base system without generator reactive

power limits, show all generators at their voltage set int APPENDIX |

as well as large reactive power outputs, i.e. there are no PROOF OFTHEOREM 1

LIDBs before the SNB im\ space. This table shows that both

techniques basically give the same solution; the smalediff : .
q y 9 ' power variables are ordered so that generatis the last

ences can b_e basically attributed to numerical approanan variable; similarly forVg, V, andV,. Hence, the Lagrangian
particularly in the case of the CPF. The execution time f?r . )
unction of (15) may then be expressed as:

the OPF-DM was in the range of 0.12 sec, which was faster
than the CPF; the reader is referred to [17] for more numkericac = A — 47 Gg (2., Ac, po) — ﬂgaQa(ém e, Do)
comparisons in larger systems.

Proof: Let Q¢ = (Qa, Q¢,), i.e. the generator reactive

- A 5 - AT

The sequence of generators reaching the maximum reactive ~H13G e, (2e: Ae Do) = 1 (g — (g, )Va
power limit can be also obtained from the OPF-DM, by rank-  —/5 (Qz — Qg,...)Vs — fis(Qa. — Qi WV
ing in descending o_rder the differencd/o, = Ve, —Va,, - —fi7(Qc, — Qc,,.. WVo, — g (Qémm - Qg)
Thus, the largest difference corresponds to the first géorera T "
reaching its maximum reactive power limit, and so on. If ' (@z-Qg,,.) v Qo ~ Q)
the difference is negative, then the generator would have —/i1 (Qo; — Qa,...) — 2 (Vg — Vg, — Va+V3)
reached the minimum reactive power limit. For example, the —fi13 (Vci —Va,, = Va, + V},) — il (=va)

ranked differences for the base case akd;, = 0.0475, N . .

AVg, =0.0471 andAVg, =0, which agreGe2§ with what is ~Fis(=V5) - Mjs(_ym) B M”A(_VE”)

observed in Fig. 3(a). where the functions7s, Go. and Gq,, are appropriately
A test was carried out to study the effect of setting the uppgéfined subsets af; and thejis correspond to the Lagrange

voltage limits at generation buses at their correspondetg snultipliers of (15).

points for the model without complementarity constraid#)(  The KKT optimality conditions state that the gradient of

with the objective that by definingc,,,. = Vc,, the opti- the Lagrangian function must be equal to zero at the optimum
mization solution process would “fix” the generator voltage30]. Thus:

at their initial maximum voltage levels, thus yielding slami
results as those obtained solving (15), since voltages @t ge

eration buses, if not fixed, typically increase when indregs VsLle :—ngslcmc ~ VaGoglefa.

the load. It is interesting to notice that this approach gateel ~VsGag, lefis. =0 (21)
the same results as those depicted in Table I. However, this Vv, £|. =—Vv, Gs|eiun, — VVLéQaL:,LALQC

was not 'Fhe case for other test systems, since (14) dqes not _VVL/G\QGv"cﬂSC —0 22)
necessarily guarantees that generators are going to beiat th o

maximum voltage values (voltage set points in this case), if VieLle ==VkeGslefn. =0 (23)

their reactive power limits have not been reached, which is a Veg£le ==h2e = Ma.fus. — My fis. + fis. — fio. =0 (24)

condition in (15). Vag, Lle=—fs, = Va;_ fis. — Vo, 7. + flao. — fa1. = 0(25)
Ve Lle ==V Gslefir, — VigGoglefiz,
VI. CONCLUSIONS Vv Gag, lefiz, — firz, =0 (26)

This paper has presented a detailed, theoretical study of an Vve, £le ==Vvg, Gslefii. — Ve, Goglefiz,
optimization method able to determine two types of fold bifu —Vve Gag. lefis. — fus, =0 (27)
cations directly associated with voltage instabilitiespimwer ;
_ VA£|C
systems. It was demonstrated that the necessary and suifficie . A
optimality conditions yield the transversality conditgffior —VaGqg, lefise +1=0 (28)
SNBs and LISBs, thus showing that the solution of the studied VvaLle ==Mog . fu. + fuz. + fia. =0 (29)

~VaGslefn. — VaGoglez
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Vv Lle =—Mqg ﬂr — fuz, + flus, =0 (30) variablesr. Hence, for the optimal solution to be a LISB, one
Vv, Lle = (Qa,, — Q o Vi, + fins, +fue, =0 (31) ﬂ;:sgt mugt ‘plzove that th_e Ja::ob|ad§ and J; associated with
Vv, Lle ==(Qa,, — Qa,,,, )it = fus. + a7, =0 (32) (43) and (44) are nonsingular.

Let first prove thatJ; is not singular. Hence, from (21)-
(32) and with the proper ordering of variables and equations
in (44), and assuming that; = (Vg, V7 € G5, Vg, Vj € Gj),

where Mac = diag(Va) My, = diagVj,), MQG

mmlc

diagQg, — ), and Mg, = = diag Qg — ) and similarly forQg, it can be shown that:
are dlagonal matrlces Also, the ‘equality constralnts rbest iT 2
Jb Ty = bb (45)
equal to zero and the inequality constraints are less than or
equal to zero at the optimum, i.e. this point must be feasibihere
The complementarity slackness condition provides an in:" (46)
dication of whether an inequality constraint is active ot.no VsCsle VsCo_le VsGoole 0 0]0]
Hence, based on the regularity and strict complementaigy O Vv, Gs| v éG | Vo G L 0 0o
assumptions, which imply that. = (u1,,...,p17,) # 0 is VVL @S R 0% c Y OQGi "0 olo
unique, andy;. > 0 Vi € {Active Constraint Sét [30], it K Gsle 2 2
follows from (16)-(18) that: VigGsle  VvgGogle  VigGagle U 010
- 0 Ing 0 0 W|o
fisy, (Qcy, . —Qac,.) =0 = s, =0Vke G (33) 0 0 1 0 0|1
ﬂQjC (QG]C ]max) = ﬂQjc =0 Vj € gj (34) L vVGi GS": vVGi GQE": VVGi GQG«; |C 0 0 0 4
’ugjc (QGJ J7na1') =0 = ﬂgjc >0 v] € g] (35) — AT e :|
fi0,(Qc,, . —Qg,,) =0 = o, =0 (36) [ "0
i, (Qa,, — Qa,,,,,) =0 = fi1n, >0 (37) -
fia,, (—Va,,) =0 = fung,, >0Vk€G (38) Zlc
~ — 2C
fins;, (=Vb,.) =0 = fus, >0VY7€G; (39) fis,
M15]C( Vb,.) =0 = jus, =0VYjcgG; (40) o= fnzg,
6. (=Va;,) =0 = firg. >0 (41) fiog,
fur.(=Vo,,) =0 = ju7, >0 (42) fi11,
whereG = G; U G;. 8
Now, based on (16)-(18), the following actuation regime 0
and saturation regime equations, evaluated at the solpitior . Wi
(2> Aes Do), are the minimum subsets of constraints (15a)-(15f) ~ » = A Fzg,
that uniquely defing. for a given(\., p,), since the number —Ma.frac — My, fis. + fis.=Ufiog,
of equations and unknowns is the same, Ne= 2n; + ng, —Va,, fise — Vo, o + fao,
whereny is the number of system buses amnglis the number L 13, i
of generators: andfig = (flog, , flog, ), fl12 = (fl12g,» f2g, ),
[ G0, Vi, Ka., Qc., Ve, Aes Ps,, Pp,) | U — Ing, Wo— 0
Galc = Ve = Vg, VI€G =0 (43) 0 ]’ Ing,
Qq,. —Qa,,,,, Vi€y; . . . .
Vo — Ve wherel,, is ann x n identity matrix.
i ' ‘o ) Now, from (25), (36) and (37):
é 6C7VLc7KGc7QGc7Vch)‘wPSmPDo ~ ~
( Vo — Ve, Vj€G ) iz, = —fl11, # 0 (47)
Ghle = e 7o ‘ =0 (44
g Qc;, —Qqy,,.. Vi€G; “4 From (35)
L QGic - QGimam . l[l’ggjc # 0 (48)
Notice that these equations have a similar form as (8) afi@d from (32) and (42)
(9), respectively, wheré. = (6., V.., Kg., Va,), e = Qa.. fins, = fir, #0 (49)

ﬁO:(PSO7PDO7VGO)1,§|C:G|01 and .
Hence, from (47)-(49), it follows that:

Vo. —Vag. Vi€ gj R
. _ N ' . iy #0 and by, #0
rc*s|c = QjS - QGhnaz v] € g7 To # b #
Vo, —Va, and are both unique. Therefore, one can conclude from (45)

ic io

that J; is nonsingular, i.e.

det J;) # 0

Observe that in this case, some of the actuation limit fomsti

are implicit instead of explicit functions of the corresplarmg (50)



IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS-I: FUNDAMENTAL AEORY AND APPLICATIONS 10

With similar arguments, it can be readily shown that:

T G = bg (51)
where
T AT 10
Jo = T ] (52)
]
P,
. 3.
e T ﬂngic
'aggjc
fas.
- 0 i
0
0
b, = —Wﬂ12gjc
—Mafra. — Mg, fis, + fis.~Ufiog,
—Vai B, = Vo, fir, + flio, — fin1.
0

Therefore, from (47)-(49), it follows that:
Za#0 and by #0
and are both unique, yielding from (51) a nonsingulgy i.e.

det(J}) £ 0 (53)

Thus, from (50) and (53), it is clear that the solution poi

(2¢, Ac, Po) Meets transversality conditions (10).

The second transversality condition (11) simply states th@
the ratio of the determinants of} and J; must be positive
for (2., \¢, Do) t0 be a LISB. Thus from (46) and (52), and

based on Schur's Complements [35], it follows that:

detJ)) = detA)
detJi) = —ePA 'cdelA)
Terefore: det(J1) )
et(J!
= ar = 54
det(Jf) —eTA-le (54)
Now, from (43), it follows that:
VIG.|.d2+ V], GalcdVg, =0
which from (52) can be rewritten as:
Ale a2 | 10y, —
01| dve, 1 &
whereZ = (z, Vi, ). This yields:
dz = —-Aledig, (55)
dve, dvg, (56)

o

On the other hand, from (44) and (46), one has that:

A ‘ c - [%1 dQGimaiL‘ =0

T‘O

dz
dve,

e

which yields (55) as well as:

dQ¢, =" dz =dQg, (57)
Thus, from (55), (56) and (57), it follows that:
dQG T 41—
HCimaz | _ Ty 1
Ve, | 0 €
which, from (54), leads to:
dVg,
a = — o 58
dQac;,, .. |. 8)

Now, from the optimization model (15), the sensitivities of
the objective function with respect Q¢, . and andVg,
evaluated at the optimal point can be stated as [36]:

. dA

M1, dQGIMI .
. B dA

H13, = Ve, |,

Hence, from (37), (49), and (58), it follows that:

_ P

—<= >0
H13.

(59)

NWhich satisfies the second transversality condition (1hgre-

fore, the optimal solutior{z., A., p,) which meets the given

S assumptions is a LISB.

Finally, observe that, at a LIDB, assumptions (16)-(18) are
also met. However, (59) rules out the possibility of a LIDB
being a solution of (15). [ ]

APPENDIXII
PROOF OFTHEOREM 2

Proof: Following a similar approach to the proof of
Theorem 1, letQ¢ = (Qz, Qg), WhereQz = (Qq, VJ €
G5, Qc, Yj € G;), and similarly forVg, V, andV;. Hence,
the Lagrangian function of (15) may then be expressed as:

L=X— ﬂ,{aS(ém )\caﬁo) - ﬂgéQg(ém /\cvﬁo)

_,&3éQ~(éca)\caﬁo) - :&Z(QG QGmm)
(5 (Qz —Qg,. Vs — g Qs — Qs . WVa
—fi7 (QG QG ) fg (Qémm - Qg)

g (Qg — Qamw) - il (@, - Qa)
~ify (@5 - Qa,..) — ity (Vo= Vg, = Va + Vi)
—ins (Vg = Vg, = Va+ ;) — ilu(~Va)
—ii5(=V3) = fifs(=Va) — fii7(=V3)
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From the KKT optimality conditions, it follows that: From (60)-(71) and with the proper ordering of variables

N N and equations in (44), it can be shown that:
VsLle ==VsGslefn, — VsGaoglefia,

—VééQG~|cﬂ36 -0 (60) V:Glcw=5b (81)
Vv Lle ==Vv, Gsleiin, — Vv, Gogleiia, where,

—Vv,Goglefis. =0 61) v.q. = (82)
VikgLle==VkgGslefn, =0 (62) [ VsGsle V6@Q§|c vééQé|c 0 0
VogLle=—f2. — Ma fla. — My_fis. + fis. — fio. =0 (63) VviGsle Vv Gogle Vv Gogle 0 0
VaogLle=—fs. — Ma fis. — My_fir. + flio. — fa1, = 0(64) VieGsle 0 0 0 0
Vi Lle == VieGslofin, — Vies G lofiz, VigGsle  VvgGagle VigGagle Ing, 0

—VvaéQ@|cﬂ3c — fi12, =0 (65) Vvglsle  VvgGagle VvgGogle 0 0

. Gl 5 0 Ing, 0 0 0
Vg Lle ==V, AS|cﬂlc = Vv;Goglefiz. i 0 0 Lg, 0 I, |
—VviGaglefis. — fuz. =0 (66)
ViaLle :_v)\€5|cﬂlc = VaGogleiiz, r fi,

_VAGQ{;|C/13¢ +1=0 (67) ﬂ2c
Vvalle ==Mqy  fua, + fuz, + 1, =0 (68) W= 3. (83)
Vv, Lle ==Maog, fis. — jua. +jus, =0 (69) e

maxc ) R R H11, —+ MEC:‘”c
VviLle ==Mqg  fio. + fuuse + firs. =0 (70) - 0 -
Vv, Lle ==Mqy  fir. — fus, + finr, =0 (71) 0
. - 0
where M, = diagVs,), and similarly for My , M., po— 0
M ; and Mg = diag Qs — Qg . ), and similarly i
< mine c min —fi13,
for M_Qémamc' MQéminc, andMQémmc. Further-more, -alll the  Mayfua, — My, fis, + is, o,
equality constraints must be equal to zero, while the inkigua —Ma. jis, + fito

constraints must be less than or equal to zero.
From the regularity and strict complementarity OS assump-Now, from (71) and (79):
tions, which imply a unique:. = (p1,, ..., t17,) # 0, with
w, > 0Vl € {Active Constraint St it follows from (19) fus, = flir, =0 (84)

and (20) that: From (20), (72) and (73):

s, (Q,,, — Ry ) =0 = fis, =0¥7€ G5 (72) — Mg, fua, — My, fis, + fis,~fig, =0 (85)
Mgic (chc - QG%nar) = O = ’ugjc = Ovj € gi (73)
fuo,, (Qc, . —Qc,) =0 = fi, =0Yj€G; (74) From (19) and (74):
’[llljc (chc - chmam) = O = ’[llljc > 0 v] € gj (75) - &CIELGC +ﬂ10c = O (86)
g (=Vo ) =0 = fa. >0Y7€ G, (76 .
’fl‘*fc( i) = g - J_E g5 (76) Hence, from (84)-(86), it follows that:
fus;, (=Vb, ) =0 = s, >0Vj€ Gy (77)
16, (~Va,) =0 = fus, >0Yj € g; (78) ViGled =0
firr,, (=Vb;,) =0 = juz,, =0Vj €G; (79) Finally, since, from the regularity and strict complemeitya

) . OS assumptions, it follows that;, # 0, p2, # 0, and us, #
Now, based on (19) and (20), the following equatlon%,, asji. # 0 and is unique Hence # 0 and is unique, from

evaluated at the solution poifi., Ac, p,), form the minimum -\ e it can be concluded that the optimu#, A, p,) meets
subset of constraints (15a)-(15f) that uniquely defindor a o gNB transversality condition (3).

given (/\c,ﬁo),_ since the number of equations and unknowns Now, from (67), (80) and (83), it follows that:
is the same, i.eN:
V)\£|c = —VAG|C w+1=0

G(607 VLm KGw QGm VGc7 )‘07 PSO7 PDo)
Gle = Ve, — Vg, =0 (89)
Qa, —Qsa,,.. which corresponds to the SNB transversality condition (4).
The third SNB transversality condition (5) can be verified
Hence, for the optimal solution to be an SNB, one first mubly means of the second order conditions for optimality.
prove that the Jacobia = VI G|, is singular with unique Thus, from assumptions (19) and (20) regarding the optimum
nonzero eigenvectors, whete= (3, Vy,, K¢, Ve, Qa)- (2., A, Do), and from (80), as well as based on the previous

= VGl #£0
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analysis, the optimization model (15) can be restated gs]
follows, since it would yield the same optimal solution:

(5]

max A

st G(2,\,p,) =0

Thus, the corresponding Lagrangian function may be defind€l
as:

L(2,\ Po, ft) = X — T G(2, X, po) [71

which, based on the KKT optimality conditions, leads to:
(8]

ViLle = —V:Glefic = —V:Gleth = 0 (88)
Valle=—-Gl.=0 (89) 9
VaLle = —VaAG|ew +1=0 (90)

From the second order optimality conditions [30], whichesa (101
that the Hessian of the Lagrangian function is positive defin

it follows that: [11]

PTVGL(2e, ey Por 0)p >0 Vp # 0 0 1y
whereZ = (£, \, fi).
Now, from (88)-(90), it follows that:
[13]
VG| V:Gl. V3Gl
ViLle=1| VZIa. 0 vIG|. ©2) 4
W7V Gl VaGle V2G|

Hence, for a chosefp = (¢, 0,0) # 0, from (91) one has that: [15]
8" [VIG|cw] © > 0

Taking the transpose and considering the properties obteng®l
products:
T [VETGLJ;} 0> 0 [17]

This corresponds to the third SNB transversality condi{en

18

m [18]

APPENDIX I [19]
PROOF OFCOROLLARY 1 [20]

Proof: Observe that Theorem 1 proofs that a LIDByq;
cannot be a solution of (15). Now, notice that all possibiatli
conditions of the inequality constraints of (15) are coasid
in assumptions (16)-(18) and (19)-(20) of Theorems 1 and
respectively; thus, the cases of none or all generatorsiregc
their limits are simply particular cases of these assumptio 23]
Hence, any feasible solution of (15), would either meet a%-
sumptions (16)-(18) or (19)-(20). Therefore, the solu@int
(2¢, Ac, Do) Can only be a LISB or an SNB. [ ]

[52]

[24]
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AUTHORS” RESPONSE

We would like to thank the Editor and Reviewers for their thoughtful
comments, which we have taken into consideration to improve the paper.
Below, please find a detail explanation of how each one of the
reviewers" concerns has been addressed in the revised paper.

>

>

>Review Number 1.
N

>

>Comments to the Author

>This paper presents an interesting demonstration
>0f equivalency of continuation power flow (CPF)
>and optimal power flow based directed method
>(OPF-DM) in terms of occurrence of saddle-node
>and limit-induced bifurcation in power systems. The major
contributions

>include proofs of satisfaction of a complete set
>0f transversality conditions when a saddle-node
>or LISB bifurcation occurs. For the saddle-node
>pifurcation, it is an extension of reference
>[7], which fails to address the transversality
>condition (5) in this manuscript.

>General Comments:

>

>1. CPF can be used computes PV curves for the

>increased loading factor by keeping the voltage

>constant when the reactive power generation is

>within the limit. The OPF-DM is set up to

>maximize the loading factors, and it will also maintain the voltage
level

>if the reactive power is within the range after

>introducing a complementarity constraint. It is

>thus not surprising that the same type of

>pifurcation is produced at the maximum loading

>factor. The complementarity constraint modeling is critical for
>the equivalency of CPF and OPF-DM and should be

>mentioned the abstract/introduction.

Authors” response:

A comment has been included in the Abstract and Introduction (4%
paragraph) to emphasize the fact that the OPF-DM model is based on the
use of complementarity constraints.

>2. Another question can be asked is whether the
>CPF and the OPF-DM are equivalent in producing
>other types of bifurcation such as a Hopf
>pifurcation. It will be good to have at least
>some discussions about this issue.



Authors” response:

Other types of bifurcations in power systems, such as Hopf bifurcations
(associated with oscillatory instabilities) or Singularity-induced
bifurcations (associated with DAE systems), are out of the scope of
this paper, since it has been shown that SNBs and LIBs are the
bifurcations of most interest for voltage stability studies in
practice. This has been clearly stated on the first paragraph of the
Introduction.

>3. 0S assumptions in page 5 play a very
>important role. It is mentioned in the
>manuscript that there is no guarantee that all
>possible solutions of equation (15) would meet
>the 0S assumptions. It would help if further
>illustration is provided in this topic.

Authors” response:

Numerical results from practical implementations of these optimization
models have been widely reported in the literature, showing that
solutions are robust and that these conditions are basically met in
practice. A comment and a reference have been added to Section IV (2"
paragraph) to highlight this fact.

>Specific Comments:

>

>1. Please carefully check the English in the
>section of Introduction. There are a number of
>places that need to be fixed or rewritten. An
>incomplete set of the problems include:

> (1. "Mayor™ in line 7 under Section 1 Introduction should be
major;

> (2). "has™ in line 10 under section I Introduction should be
have;

> (3). "consists on ..." in the last line

> of column 1 and the Ffirst line of paragraph 2 in column 2, both in
Page 1.

(4). The first setence of paragraph 3
in column 2 of page 1 is too long and please rephrase.

V V V

Authors” response:

All of these typos have been corrected.

>2_. In equation (2), G]_o and

>g(x_o,y o,lambda_o,p _0) both represent the power
>Flow. Please spell out whether they are the same.

Authors” response:

Please note that G is a subset of g. This is now formally stated below
equation (2).



>3. w In equation (4), it should be w_hat.

>4 . Page 5, the second paragraph under Section
>V, "... shows that a an ...". "a" should be removed.

>5. Column 1 in page 7, immediately under
>equation "b~hat_b=...", \mu~hat_9 and \mu~hat_{12} should be fixed.

Authors” response:

These errors have been corrected.
>Review Number 2.

> AAAAA

>
>Comments to the Author

>The paper under review presents a theoretical

>study showing that solutions points obtained

>From an optimization model correspond to either

>SNB or LIB points. The authors provide a sound

>mathematical framework where demonstrations are well supported.
>

>Recommended Revisions

>

>1. The proofs of the theorems are not

>generally used in the paper iIn subsequent

>sections. The authors should consider moving

>the proofs into an appendix to enhance the "readability of the paper™.

Authors” response:

The proofs have been moved to appendices, as suggested by the reviewer.
T%-B A citation(s) should be added to the first sentence of Section
Authors” response:

An appropriate reference has been added, as suggested.

>3. A citation(s) should be added to: page 4, column 1, line 2 or
>the authors should

>provide a enhanced explanation of the actuation function.

Authors” response:

Please note that the explanation of the types of limits and their

association to LIBs comes basically from reference [28], as mentioned
at the beginning of the paragraph the reviewer refers to. Please



observe as well that the actuation limits and (implicit) functions are
defined in Section 111I.

>4 . Page 2 , column 2 , the authors should
>petter explain the inverse of y used in the unnumbered equation?

Authors” response:

The paragraph where the inverse of y is mentioned has been rewritten
and additional references have been added to better explain its
meaning.

>5. Fig.-1: Actuation and saturation regime
>should be better defined/discussed in the
>text. Also a vertical line at \lambda c may enhance the presentation.

Authors” response:

A vertical line to clearly shown the meaning of \lambda_c in Fig.1l has
been added as suggested. Please note that these regimes are formally
defined below egs. (8) and (9); a reference to Fig.l has been added to
clarify these definitions.

>6. Equation 6 and 7, "~ and "~
>superscripts variables should be better defined.
>Also q,l,c superscripts should be better defined.

Authors” response:

In both cases "~ and "~" are used to reorder the variables iIn subsets,
which are now formally defined immediately after eq. (6). Th-e
subscripts ""gq" and "I'" have been replaced by the less cryptic "max" and

"min" subscripts, and the subscript "c" is now formally defined at the
end of Section 11.B.1.

>7. Equations 8 and 9: An enhanced discussed
>0f the exclusion of i/th/ generator should be added.
Authors” response:

An explanation of why a single generator "i" is considered has been
added to the paragraph below egs. (8) and (9).

>8. Page 4, column 1, 5th line under

>equation 9, the sentence should be revised to clarify the authors”
intent.

Authors” response:

This sentence has been revised to clarify our meaning.

>9. An explanation should be added for equation 12d.

Authors” response:



We have added a sentence to the explanation below eqs. (12), defining
(12d).

>10. Page 5, column 2, section 1V paragraph 3
>(two bullet points) should be revised to clarify the authors”
intent/thought.

Authors” response:

The paragraph after the two bullet point has been revised to clarify
the meaning and validity of these assumptions in practice. Please note
that these two assumptions are formal conditions, which are explained
in great detail in [30], required of the optimal solution points.

>11. Page 8, column 1, theorem 1 and 2: using
>word "'may be'" is not suitable in a theorem.

Authors” response:

The words "may be"™ have been changed to '‘can be'. Please note that the
optimal solution can be either an SNB or a LISB.

>12. Fig-3 should be better labeled, for
>example it is not shown which point is LISB or
>LIDB. This would enhance the clarity of the numerical result section.

Authors” response:

Labels for the LIDB and LISB points have been added to this figure as
suggested.

>13. The main contribution should be enhanced
>or explained more clearly. Using "may be"™ in the
>conclusion does not seem suitable and strong.

Authors” response:
The words "may be' have been changed to "'can be'™ to strengthen our
concluding remarks. However, in practice, one cannot guarantee that the

OPF-DM method discussed would always generate better results than a
standard CPF method.

>Editorial suggestions/corrections

>

>1. page 1 , column 1 , Ffirst paragraph,

>line 7 : "major blackouts'™ instead of "mayor blackouts'.

>2. Page 3 , column 1 , Ffirst paragraph,

>line 2 : "analysis" instead of "analyses"

>3. Page 5, column 1, "\hat{G} stands for"™ instead of '"\hat{G}
stand for™

>4 . Equation 4: should it read \hat{\omega} instead of \omega ?

>5. Page 5, column 1, paragraph 3, the



>spacing between lines is not in correct format.

>6. Page 5, column 2, section 1V paragraph
>2, revise the first line, specifically "a an"

Authors” response:
All of these errors have been corrected.
>General Comment on Editorial suggestions: The

>paper should be reviewed thoroughly for simple
>editorial errors before consideration is made for resubmission.

V VVVYV

>Review Number 3.
>*****************

>

>Comments to the Author

>Review of the paper "Equivalency of Continuation and Optimization

>Methods to Determine Saddle-node and Limit-induced Bifurcations in
>Power Systems 1: Transversality Conditions" by Avalos, Canizares,

>Milano and Conejo.

>The above paper was written not for a wide audience. The paper makes
>often references to other papers even when the notation is considered.
>This makes the exposition of main idea of the paper to be rather
>difficult to follow. Besides, there are several typos and grammar
>errors in the paper. The authors often use very long sentences which
>makes their arguments to be blurred and not well exposed.

Authors” response:

Please note that the paper is mainly directed to people who have
particular interest on the VS issues discussed here. The reason why we
need to refer to other papers is because there are concepts which are
out of the scope of this paper, as well as space limitations. The paper
has been thoughtfully revised for typos and grammar errors, and several
long sentences have been rephrased.

>Here are some specific remarks/errors:
>

>(1)In the Introduction I found expressions: '‘consists on increasing’,
>""consists on maximizing', "control actions of a the generators*®
>voltage." Later in section lll: "nonnegative variables that allows,"
>and in Section 1V: "shows that a an optimal solution.”

Authors” response:
This has been corrected.

>(2)In the Definitions (section I1): there is no clear explanation of



>the notation used, particularly the many variables denoted by the
>letter z, z sub 0, z hat sub 0, z tilde, z hat sub c, z tilde sub c,
>etc. | was lost when trying to follow authors® notation. The g hat in
>(6) and h hat in (12c) are not defined.

Authors” response:

All the variables associated with z are clearly and formally defined as
they appear. For example, z is defined at the beginning of Section
I11_A, and z hat is defined below eq.(2). The need for this notation is
to clearly and formally distinguish among the different models used in
VS studies, i.e. dynamic versus power flow models, which is an
important issue. Standard non-linear notation to define equilibrium
points (0), critical or bifurcation points (c), etc., was used
throughout the paper. The need to rather formally distinguish among the
different models referred to throughout the paper, as needed, forced us
to use a wide variety of notation, all of which is properly and
formally defined. Please note that g hat is formally defined in eq. (6)
and a detailed explanation of what h hat stands for is provided below
egs. (12).

>(3)The concept of equilibria of DAEs defined in (2) is much more
>subtle than that discussed by the authors and includes also singular
>equilibria (see for example [1,2] below). Are singular equilibria not
> included in the authors® discussion of the SNBs and LIBs? It is not
>clear why only a subset of F is used to compute the system
>equilibria In (2). Which equations in F are not used in such a
>computation? Also, in any analysis of systems of DAEs it is important
>to discuss the concept of index of DAEs, as the index plays a very
>important role in all numerical methods for DAEs. The authors ignored
>this issue completely in their paper.

Authors” response:

A brief reference to SIBs and why these bifurcations are not considered
in this paper has been added to the first paragraph of the
Introduction. Please note, as discussed in great detail in [1], that
only SNBs and LIBs are of relevance for VS analysis in practice.

Please observe that the fourth paragraph in Section 1l1_A clearly states
that G (a subset of F) does not necessarily yield system equilibria. In
practice, LIBs and SNBs in power systems are studied using only G
(power flow equations). Thus, as mentioned in the Introduction and
explained in some detail in Section 1l1_A, the paper concentrates on the
analysis of SNBs and LIBs of eq. (2), given their use in practice to
study VS problems.

References to DAE systems and associated issues pertinent to power
system studies, which are beyond the scope of the present paper, are
appropriately provided. The pertinent papers mentioned by the reviewer
have been added to the bibliography.

>(4)The authors use G in (2) but G is given much later for the LIBs
>(formula (6))-

Authors” response:



Please note that G is formally defined in (2), whereas (6) is used to
define g hat and the necessary actuation limits for LIB studies.

>(5)The many long sentences make the paper rather difficult to read.
>For example, in Section 11l the authors begin Part A with "For a
>typical power flow model..." and end this sentence with ...a constant
>power factor load." The whole sentence is 14 lines long and also
>contains equations (13) inside. Another similar example: in Part B of
>Section 111 I found the following sentence: "Thus the typical power
>Flow model..." that ends with ".._has reached a limit or not." The
total

>length of this sentence is 10 lines plus two formulas inside the
>sentence.

Authors” response:

The specific sentences that the reviewer refers to have been rephrased.
Since we believe that the rest of the paper is properly written, no
other sentences have been revised, with the exception of another
sentence revision requested by Reviewer 1.

>(6)The two major theorems in the paper and particularly those huge
>systems of algebraic equations used in the proofs of the theorems are
>extremely unreadable and difficult to follow, particularly systems
>(19) through (30), (60) through (71) and (72) through (79). I think
>that the authors should change the proofs and write them in a much
>more reader-friendly way.

Authors” response:

Please note that, as mentioned below by the Reviewer, extreme care
should be exercised in the proofs. This is the reason why we have been
careful in clearly stating all of our assumptions as the theorems are
presented and the proofs are developed step by step. We have not been
able to devise a better way to carefully and formally prove the
proposed theorems and corollary.

>(7) 1t is difficult using the current presentation to realize how
>computationally difficult it is to numerically compare the OPF-DM and
>CPF methods for even a small power system (the one considered in
>Section V). It is my opinion that it would be beneficial to the
>readers to see some analysis of the complexity of two methods in terms
>0f the size of power systems.

Authors” response:

A comment and references have been added to Section V.B to address this
specific issue.

>Final remarks: 1 do not think that the paper should be published in
>its current version. Many improvements are needed to make the paper
>and its whole idea to be more reader-friendly. Extreme care should be



>exercised in the section of Definitions as well as in the proofs of
>two main theorems.

Authors” response:

As previously mentioned, extreme care has been exercised in stating and
proving the theorems, with all assumptions being clearly stated. The
proofs have been moved to appendices, as suggested by Reviewer 2, to
improve readability.
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