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Abstract

We investigate the application of Semidefinite Pro-
gramming (SDP) techniques to the VLSI macrocell
floorplanning problem. We propose a new mixed-
integer SDP formulation of the problem which leads
to new SDP relaxations. This approach has been im-
plemented and we report global lower bounds for some
MCNC benchmark macrocell problems.

1 Introduction

The VLSI macrocell floorplanning problem consists
of partitioning a given rectangular chip into N modules
with fixed areas so as to minimize the total cost associ-
ated with interactions between these modules and with
Np fixed I/O pads located all around the chip. It is
one of the most challenging problems in VLSI CAD. In
particular, we are interested in the fixed-outline floor-
planning. This problem, where the chip’s dimensions
are fixed, is receiving growing attention, since it ad-
dresses some of difficulties with classical floorplanning
in the context of ASIC and is adapted to hierarchical
design in ASIC and SoC (see [1], [6]). Even though our
primary interest is in fixed-outline floorplanning, our
formulation can be extended to the classical outline-
free case.

In this paper, we present a new formulation for the
problem using mixed-integer semidefinite programming
motivated by the tremendous progress in the area of
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semidefinite programming (SDP) and the recent work
[2] on single-row layout. More precisely, we derive a
model where rectilinear distances are used and the de-
sign of the layout of the modules on the chip is formu-
lated using integer and semidefinite constraints.

The paper is organised as follows. In the next sec-
tion, we introduce semidefinite optimization problems
and semidefinite relaxations of a binary optimization
problem. Section 3 introduces the new mixed inte-
ger and semidefinite optimization model for the prob-
lem. In Section 4, an SDP relaxation is derived, and in
Section 5, we present computational results for three
MCNC macrocell floorplanning benchmark problems.

Remark 1.1 The chip is a wF × hF rectangle with
area aF . We set the origin of our system of coordi-
nates at the center of the chip. A module i is a wi ×hi

rectangle with area ai and centroid (xi, yi). wmax
i (and

respectively wmin
i , hmax

i , hmin
i ) stands for the maximum

length (resp. minimum length, maximum width, mini-
mum width) of each module. The pads are determined
by their coordinates, and are denoted using the letters
p, q, r while the modules are denoted by i, j, k. We fi-
nally assume that the cost of the connection per unit of
distance between modules i, j is denoted by cij and the
cost per unit of distance between a module i and a pad
p is γip.

2 Semidefinite Relaxations

In the space Sn of symmetric matrices with real
entries, one can define a scalar product as 〈A,B〉 =
trace(A·B), A,B ∈ Sn, usually called Frobenius scalar
product. In Sn, a symmetric matrix A is said to be
positive semidefinite and denoted by A � 0 if all its
eigenvalues are nonnegative.



Definition 2.1 In Sn, a semidefinite programming
problem (SDP) is the following optimization problem:

min 〈C,X〉 C ∈ Sn (linear objective),
〈Ai,X〉 = bi, i = 1, . . . , m;Ai ∈ Sn, bi ∈ R

X � 0

SDP is a linear optimization problem in Sn, and can
be viewed as the generalization of linear programming
(LP). In particular, interior-point algorithms for LP
can be extended mutatis mutandis to efficiently solve
SDP problems. As a result, SDP has recently received
much attention from the optimization community.The
recent handbook of SDP [14] gives an extensive list of
applications together with a detailed treatment of the
theory and algorithms.

One major area of application of SDP has been the
derivation of improved relaxations for binary optimiza-
tion problems. A binary program is an optimization
problem where some of variables are restricted to take
one of two possible values (usually 0, 1 or −1, 1). It
is common for such problems to derive relaxations and
solve these relaxations to obtain global bounds on the
optimal value of the problem. These relaxations are
then used with rounding schemes or within a branch &
bound framework to obtain global optimal solutions.

We call relaxation of a binary optimization prob-
lem the optimization problem obtained by replacing
the constraints enforcing some variables to be binary
by “simpler” but weaker constraints. The most com-
mon relaxation is the well-known LP relaxation.

Let the binary variables be denoted by xi ∈
{−1, 1}, i = 1, . . . , n. For an integer k = 1, . . . , n,
define a kth order lifting or k-lifting to be a formu-
lation of the problem involving products xi1xi2 . . . xik

of k given binary variables. Such k-liftings are behind
some of the most powerful relaxation procedures that
have been used in recent years. Recently, a new relax-
ation procedure using k-liftings and SDP was proposed
and shown to be stronger than the previous procedures
(see [8], [9]). The idea is to derive relaxations where
for k ≥ 1, the binary variables are replaced by the fol-
lowing constraints:

y = (1, x1, . . . , xn, xixj , . . . , xi1xi2 · · ·xik
)T ,

Y � 0, Y = y · yT ,
(1)

where the entries of y are all the products of m variables
for 0 ≤ m ≤ k. In other words, the relaxation is an
SDP problem, whose matrix variable Y must satisfy the
constraints diag(Y ) = (1, . . . , 1)T , rank(Y ) = 1, Y � 0
where diag(Y ) is the vector of the diagonal entries of
Y . This procedure has been used successfully to obtain
strong relaxations for some challenging combinatorial
problems (see [13], [10], [7]).

3 A mixed integer SDP formulation for
floorplanning

We now derive a new formulation of the macrocell
floorplanning problem using semidefinite optimization.

3.1 Area constraints

We relax the area constraint wihi = ai for each mod-
ule as

hiwi ≥ ai. (2)

This is a standard relaxation in optimization, and (2)
can then easily be expressed as a semidefinite con-
straint: [

hi
√

ai√
ai wi

]
� 0, (3)

which is well defined since ai > 0. It is clear that
(3) ⇒ (2). In fact, (3) ⇔ (2) since wi, hi ≥ 0. Using
(3), there is no error due to linearization. Furthermore,
(3) simultaneously requires that hi, wi ≥ 0.

Theorem 3.1 Let aF be the area of the chip, and
ai, i = 1, . . . , N be the areas of the modules. If (3)
holds and aF =

∑
i ai, then the exact area constraints

are satisfied.

Proof: From (3) and the fact that all the modules
lie in the chip, we have:

0 ≤ ∑
wihi − ai︸ ︷︷ ︸

≥0

=
∑

wihi −
∑

ai ≤ aF −
∑

ai︸ ︷︷ ︸
=0

.

This obviously implies wihi = ai.
Requiring

∑
i ai = aF is not restrictive, because most

benchmark problem satisfy it. Moreover, this require-
ment is directly in the spirit of fixed-outline floorplan-
ning where, in addition to minimizing the connectivity
costs, one also wants to minimize dead-space in the
layout.

3.2 Fit-in-the-chip constraints

For module i to lie inside the chip, the following
inequalities have to be satisfied:

− 1
2 (wF − wi) ≤ xi ≤ 1

2 (wF − wi), (4)
− 1

2 (hF − hi) ≤ yi ≤ 1
2 (hF − hi). (5)

It is straightforward that (4) is equivalent to:

x2
i ≤ [

1
2 (wF − wi)

]2
, (6)

⇔
(

1
2 (wF − wi) xi

xi
1
2 (wF − wi)

)
� 0. (7)



And similarly we have for (5):

(
1
2 (hF − hi) yi

yi
1
2 (hF − hi)

)
� 0. (8)

This shows that the fit-in-the chip constraints can also
be exactly written as semidefinite constraints.

3.3 Aspect ratio constraints

Given βi ≥ 1, the aspect ratio requirement for mod-
ule i is: wi

hi
≤ βi and hi

wi
≤ βi.Using wi > 0, hi >

0, ai > 0, wihi = ai, it is equivalent to: h2
i ≤

βiai and w2
i ≤ βiai, and therefore to:

(
βi wi

wi ai

)
� 0,

(
βi hi

hi ai

)
� 0. (9)

3.4 Non-overlap constraints

Finally, we consider the non-overlap constraints.
These are disjunctive constraints, since they require
the modules to be separated in either the x direction
or the y direction. They can be expressed as follows:
∀i, j, i < j, dx

ij︸︷︷︸
|xi−xj |

≥ 1
2 (wi +wj) or dy

ij︸︷︷︸
|yi−yj |

≥ 1
2 (hi +hj).

It is important to notice that only one of the two in-
equalities has to be satisfied for each pair of modules.
These constraints are commonly modeled using binary
variables [12] or complementary constraints [3]. We de-
rive here a new formulation which, like in [5], uses only
two binary variables per pair of modules. The first
variable σij is used to decide the direction in which the
non-overlap is enforced:

σij =
{

+1 if i and j are separated along x,
−1 if i and j are separated along y,

(10)

Once this direction is selected, we determine the rela-
tive position of modules i and j in that direction using
a second binary variable:

αij =
{

+1 if i precedes j in the selected direction,
−1 if j precedes i in the selected direction.

(11)
Define the following quantities: Qx

ij = min{wF , wmax
i +

wmax
j }, Qy

ij = min{hF , wmax
i + wmax

j }, Qy
ij =

min{hF , wmax
i + wmax

j }, Ux
ij = wF − 1

2wmin
i − 1

2wmin
j ,

Uy
ij = hF − 1

2hmin
i − 1

2hmin
j , Uy

ij = hF − 1
2hmin

i − 1
2hmin

j

and consider the following inequalities:

dx
ij ≥ 1

2 (wi + wj) − 1
2 (1 − σij)Qx

ij (12)
dx

ij − 2Sx
ij = xj − xi (13)

0 ≤ Sx
ij (14)

Sx
ij ≤ 1

2

[
(1 − σij) + 1

2 (1 + σij)(1 − αij)
]
Ux

ij (15)
0 ≤ Sx

ij + (xj − xi) (16)

Sx
ij + (xj − xi) ≤ 1

2

[
(1 − σij) + 1

2 (1 + σij)(1 + αij)
]
Ux

ij .(17)

We claim that: When the separation between modules i
and j is in direction x, the constraints (12)-(17) enforce
non-overlap and compute exactly the x component dx

ij

of the distance dij . Indeed, when σij = 1,

• (12) ⇒ dx
ij ≥ 1

2 (wi + wj) which separates i and j
in the x-direction;

• either αij = 1 (xj ≥ xi), and from (15), (13),(17),
Sx

ij = 0, dx
ij = xj − xi ≥ 0; 0 ≤ xj − xi ≤ Ux

ij ;

• or αij = −1 (xj ≤ xi), and Sx
ij = −(xj−xi), dx

ij =
xi − xj ≥ 0; 0 ≤ xi − xj ≤ Ux

ij .

Theorem 3.2 Suppose σij and αij defined as in (10),
(11), then the non-overlap constraint is equivalent to

(12) − (17) (18)
dy

ij ≥ 1
2 (hi + hj) − 1

2 (1 + σij)Q
y
ij . (19)

dy
ij − 2Sy

ij = yj − yi (20)
0 ≤ Sy

ij (21)

Sy
ij ≤ 1

2

[
(1 + σij) + 1

2 (1 − σij)(1 − αij)
]
Uy

ij (22)
0 ≤ Sy

ij + (yj − yi) (23)

Sy
ij + (yj − yi) ≤ 1

2

[
(1 + σij) + 1

2 (1 − σij)(1 + αij)
]
Uy

ij .(24)

Proof: From the paragraph preceding the theo-
rem, if σij = 1, the equations (12), (15), (17) ensure
non-overlap between modules i and j in the x direction
and compute exactly dx

ij . At the same time, (19) is
equivalent to dy

ij ≥ 0 ≥ 1
2 (hi + hj)−Qy

ij which is obvi-
ous. By (22),(24): 0 ≤ Sy

ij , 0 ≤ Sy
ij + yj − yi and then

using (20), we obtain: dy
ij ≥ yi−yj , dy

ij ≥ yj−yi, which
is the linear relaxation of dy

ij = |yj − yi|. This proves
that when σij = 1, the constraints (12)-(24) enforce
separation in the x direction and compute exactly the
distance dx

ij while performing a linear relaxation of dy
ij .

The case σij = −1 is proved similarly.
Note that (15),(17),(22),(24) can be expanded as:

Sx
ij ≤ 1

4 (3 − σij − αij − σijαij) Ux
ij , (25)

Sx
ij + (xj − xi) ≤ 1

4 (3 − σij + αij + σijαij) Ux
ij ,(26)

Sy
ij ≤ 1

4 (3 + σij − αij + σijαij) Uy
ij , (27)

Sy
ij + (yj − yi) ≤ 1

4 (3 + σij + αij − σijαij) Uy
ij .(28)



Remark that products of sigmas by alphas arise in these
expressions. The strength of an SDP relaxation de-
pends on how well it approximates those products of
binary variables.

3.5 Complete formulation

To complete our formulation, we need to compute
the rectilinear distances dr

ip = |xi − xp|︸ ︷︷ ︸
dx

ip

+ |yi − yp|︸ ︷︷ ︸
dy

ip

be-

tween a module i and an I/O pad p. Since the xp’s
and yp’s are given data and either |xp| ≥ wF /2 or
|yp| ≥ hF /2, we have two cases. If |xp| ≥ wF /2:

dx
ip = xp − xi or dx

ip = xi − xp(whichever is positive)(29)
dy

ip ≥ yp − yi (30)
dy

ip ≥ yi − yp (31)

The case |yp| ≥ hF /2 is handled similarly.

Remark 3.3 Our formulation can be modified in a
straightforward way if one prefers to measure the dis-
tances using the Euclidean distance. The following con-
straints can be used:

d ≥
√

(dx)2 + (dy)2. (32)

These are second-order cone constraints, are a special
case of semidefinite constraints, and can also be han-
dled using interior-point algorithms (see [14]).

We now put together all the above results to obtain a
mixed-integer semidefinite programming (MISDP) for-
mulation for the VLSI macrocell floorplanning prob-
lem:

min
s.t.

∑N
ij=1 cij(dx

ij + dy
ij) +

∑N
i=1

∑Np

p=1 γip(dx
ip + dy

ip)

Area: (3)
Aspect: (9)

Fit-in-the-chip: (7), (8)
Non-overlap: (12), (19)

Distance (modules): (13) − (17), (20) − (24)
Distance (module-pad): (29) − (31)
Variables: σij , αij = −1 or 1, ∀i < j,

dx
ij , d

y
ij , d

x
ip, d

y
ip, S

x
ij , S

y
ij ∈ R, ∀i < j,

wi, hi, xi, yi ∈ R, ∀i < j.

4 Deriving the SDP relaxation

Often when deriving LP relaxations for integer prob-
lems, valid equalities or inequalities are added to the

models to avoid trivial solutions or strengthen the
bounds. When they involve the binary variables, they
are called special ordered sets (SOS) constraints.

4.1 Special Ordered Sets constraints

We first ensure that our formulation satisfies the fol-
lowing transitivity property between the modules:
“suppose that three modules i, j, k are separated in the
same direction, then in that direction, if i precedes j
and j precedes k, then i precedes k”. Such transitivity
constraints were used in [2] for the single row placement
problem. Note that:

• The modules i, j, k are separated in the same di-
rection if and only if σij = σjk = σik.

• The transitivity property in the selected direction
is then : αij = αjk ⇒ αij = αik.

Therefore, our transitivity property is stated as:
 σij = σjk = σik

and
αij = αjk


 ⇒ αij = αik. (33)

Proposition 4.1 A sufficient condition to have (33)
is : ∀i, j, k such that i < j < k,

(σij + σjk)(σij + σik)(αij + αjk)(αij − αik) = 0. (34)

Note the restriction i < j < k introduced.
Proof: For any i, j, k, one of the following cases

holds: (i) i < j < k, (ii) k < i < j, (iii) j < k <
i, (iv) i < k < j, (v) j < i < k, (vi) k < j <
i. From the definition of αij and σij , we have also:
σij = σji and αij = −αji, ∀i < j. Case (i) is
straightforward. For case (ii), we have:

(34) ⇒ (1 + σkiσkj + σkiσij + σkjσij)
(1 − αkiαkj + αkiαij − αkjαij) = 0,

⇒ (1 + σikσjk + σikσij + σjkσij)
(1 − αikαjk − αikαij + αjkαij) = 0,

⇒ (1 + σijσik + σijσjk + σikσjk)
(1 − αijαik + αijαjk − αikαjk) = 0,

⇒ (33).

The other cases can be proved in the same way.
Note that (34) can be expanded as : ∀i, j, k, i < j <
k,

1 = αijαik − αijαjk + αikαjk

−σijσik − σijσjk − σikσjk

+σijσikαijαik − σijσikαijαjk + σijσikαikαjk

+σijσjkαijαik − σijσjkαijαjk + σijσjkαikαjk

+σikσjkαijαik − σikσjkαijαjk + σikσjkαikαjk.
(35)



Because these constraints can be generated, as we will
see below, by the products of two sigmas or two alphas,
we call them second order special ordering sets
(SOS[2]) constraints.

4.2 SDP relaxation matrix

In (25)-(28), (35), some products of our binary
showed up. Therefore, we need an SDP relaxation ma-
trix in which all these products of binary variables ap-
pear. As a result, the relaxation matrix contains at
least second order liftings of the binary variables. We
introduce the following vector of 1 + 2tn + 2ttn binary
variables called bin:

bin = (1, σ12, . . . , σN−1,N , α12, . . . , αN−1,N , σ12σ13,
. . . , σN−2,NσN−1,N , α12α13, . . . , αN−2,NαN−1,N )T

where tn =
(

N
2

)
, ttn =

(
tn
2

)
. This vector con-

tains all our binary variables and their required prod-
ucts. Then, the classical rank-one SDP formulation
matrix is:

bin · binT � 0. (36)

4.3 Symmetry breaking and valid inequalities

We use the so-called p-q symmetry breaking method
of [12] by adding the constraints to our problem: σkl =
1;αkl = 1; yk ≤ yl, where the pair {k, l} is the one
with the largest connection cost. Then the B2 valid
inequalities (of [12]) are: dx

ij ≥ 1
4 (wmin

i + wmin
j ) · (1 +

σij), d
y
ij ≥ 1

4 (hmin
i + hmin

j ) · (1 − σij). The last valid
inequalities are used to enforce centroid separation. We
call them S valid inequalities:

xi + 1
2wi ≤ xj − 1

2wj + 1
2 (3 − σij − αij − σijαij) wF ,

xj + 1
2wj ≤ xi − 1

2wi + 1
2 (3 − σij + αij + σijαij) wF ,

yi + 1
2hi ≤ yj − 1

2hj + 1
2 (3 + σij − αij + σijαij) hF ,

yj + 1
2hj ≤ yi − 1

2hi + 1
2 (3 + σij + αij − σijαij) hF .

5 Computational results

We applied the SDP relaxation to three problems
from the MCNC benchmark: apte, xerox and hp. To
solve the SDP relaxation, we used the public domain
software CSDP [4] on a 2.0 GHz Dual Opteron with
16Gb of RAM. We compared the bounds we have ob-
tained with the best known solutions.

Table 1. Relaxation bounds
Circuit Ratio Bounds CPU

(sec.)

2 3135.9 891
3 3021.6 789

apte 5 2918.5 848
8 2848.8 815
10 2434.0 793
2 2434.0 1665
3 2051.0 2290

xerox 5 1539.8 2930
8 1217.1 2835
10 1153.1 2721
2 976.98 8156
3 893.25 8230

hp 5 822.11 8294
8 783.80 7840
10 773.23 7855

Table 2. SDP bounds vs. solution, βi = 10
Circuit Bounds Anjos-Vannelli Kuh-Murata

Solution Gap Solution Gap
(%) (%)

apte 2847.7 5205.4 45.3 4353.5 34.6
xerox 1153.1 6538 82.4 4976.5 76.8
hp 773.23 2101.2 63.2 1779.8 56.6

5.1 SDP relaxation bounds

We first solved the SDP relaxation for each of our
test problems and the lower bounds obtained are re-
ported in Table 1. These bounds are compared in Ta-
ble 2 with solutions to the problems computed using
the Anjos-Vannelli [3] formulation for the floorplan-
ning problem and with solutions obtained by Kuh-
Murata [11]. In particular, we evaluate the relative
gap between the computed solution and our bound us-
ing the following formula: solution−bound

solution . We make
the following observations about these results:

• First non-trivial bounds. Our SDP relaxation
provides non-trivial lower bounds on the optimal
value of the problem. This is the first time such
lower bounds have been computed, and they pro-
vide new information to evaluate current and fu-
ture floorplans.

• Size of the gaps. Some of the gaps in Table
2 are relatively large. This is partially explained
by the fact that we are comparing our bounds to
best known solutions, and those two quantities can
be improved. Indeed, we recall that our bound
is computed using second order liftings, where in
theory N(N−1) order liftings are needed to obtain
the best global lower bound. This means that our
lower bounds can be improved by using a larger



Table 3. Global bounds vs. solution, βi = 10
Circuit Bounds k Anjos-Vannelli Kuh-Murata

Solution Gap Solution Gap
(%) (%)

apte 3119.1 5 5205.4 40.1 4353.5 28.3
xerox 1153.1 4 6538 82.3 4976.5 76.8
hp 781.38 3 2101.2 62.8 1779.8 56.1

relaxation matrix. An alternative way to improve
the bounds is described in the next section.

5.2 Global lower bounds

In order to improve the lower bounds obtained,
we start a branch & bound tree, perform a four-way
branching on both σ and α for a given i, j, solve the 4k

nodes of a certain level k and report the lower bound
obtained. The results are reported in Table 3.

• Improved bounds. Table 3 shows that the lower
bounds can be significantly improved by making a
slice in a branch & bound tree. Here again, the
level of the slice highly influences the quality of
the bounds. There is a trade-off between the com-
putation time needed and the level of the slice.

• Time issues. Evidently, the depth of the level
solved to obtain improved global lower bounds has
an impact on the computation time needed. As
one can see from Table 1, solving a relaxation of
hp requires more than two hours of computation.
This is the reason why we only solved level 3 of
a branch & bound tree. Solving a deeper level
should lead us to better bounds, but will surely
be time consuming. Improving the computation
time by either using other solvers or implementing
an interior-point algorithm totally adapted to the
problem is a direction for future research.

6 Conclusion

We have presented a new mixed-integer and semi-
definite programming formulation for the VLSI macro-
cell floorplanning problem. The formulation models ex-
actly the different constraints of the problem. The SDP
relaxation of this formulation gives the first non-trivial
lower bounds on the optimal value for the small MCNC
benchmark problems. However, the computation time
of these relaxations is very large. We are working on
several extensions of this work: solving larger MCNC
benchmark problems, improving the bounds and SDP
solvers, deriving rounding schemes.
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