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Abstract

Difficulties in solving large-scale optimization problems often arise from structural pathologies
such as ill-conditioning, Hadamard ill-posedness, and degeneracy, particularly due to the failure
of constraint qualifications. While standard algorithms often struggle to address these issues,
preprocessing based on structural analysis offers an effective strategy for overcoming such challenges.
This thesis investigates several preprocessing methods targeting various sources of these difficulties.

In Part I, we study a nonclassical, average condition number of linear systems, the ω-condition
number. Our results demonstrate several advantages of the ω-condition number over the classical
κ-condition number. First, ω provides a more accurate measure of the conditioning of linear systems
by more faithfully capturing the effects of perturbations observed in practice. Second, ω exhibits
superior numerical stability compared to κ. Third, when used in preconditioner design, ω more
effectively promotes eigenvalue clustering, which is crucial for the efficiency of iterative solvers.
Finally, the analytical simplicity of ω enables the derivation of explicit optimality conditions, al-
lowing for closed-form expressions of optimal preconditioners under various frameworks, including
low rank updates of the generalized Jacobian for semismooth Newton methods and diagonal or
block-diagonal scaling. For diagonal preconditioning, we further include a comparison between two
distinct notions of conditioning.

In Part II, we first answer in the affirmative a long-standing open question of whether the smooth
stress function admits local nonglobal minimizers. This quartic nonconvex objective function arises
in the exact recovery of a Euclidean distance matrix (EDM) of a given embedding dimension. By
eliminating the Hadamard ill-posedness caused by translation and rotation invariance, we stabilize
Newton’s method and avoid singular Hessians.
We then consider the single-element error correction problem as a case study. We first show
that the projection onto the EDM cone fails to recover the correct EDM in this setting. We
then introduce divide-and-conquer strategies based on facial reduction. Our approach efficiently
recovers the correct EDM with high accuracy, and we further provide criteria characterizing the
existence of multiple solutions.

In Part III, we relate FR to the analysis of the convergence behaviour of a semismooth Newton
method for projection onto a spectrahedron, i.e., the intersection of a linear manifold and the
semidefinite cone. In this process, we derive an explicit formula for the projection onto a face of the
semidefinite cone obtained via regularization and analyze pathologies that arise in the absence of
strict feasibility. We further show that ill-conditioning of the Jacobian near optimality characterizes
the degeneracy of the projection point.
As an application, we consider a simplified Wasserstein barycenter problem, a well-known NP-
hard problem. We compute the Wasserstein barycenter by exploiting the structure of the linear
constraints to obtain a facially reduced doubly nonnegative (DNN) relaxation. This reduction
provides a natural splitting for applying the symmetric alternating direction method of multipliers
(sADMM). The resulting algorithm exploits structure in the subproblems to compute strong upper
and lower bounds. In most of the instances, we achieve the small gap between these bounds, which
means that the original problem is solved.
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Chapter 1

Introduction

In modern optimization, the importance of scalable methods has been steadily increasing. In
many cases, the difficulty of large-scale optimization problems lies not in their size per se, but
in the structural pathologies they exhibit. These pathologies include numerical ill-conditioning
of operators, Hadamard ill-posedness, and failures of constraint qualifications in conic programs.
In this thesis, we investigate various preprocessing techniques that enhance numerical stability in
challenging optimization problems by addressing these structural pathologies.

The thesis consists of three parts. Part I focuses on the numerical stability of linear systems. In
particular, we investigate the nonclassical, average-motivated ω-condition number as a practical al-
ternative to the standard κ-condition number. We demonstrate that ω provides a more informative
measure of the conditioning of linear systems while offering both numerical and analytical advan-
tages. We first justify the use of the ω-condition number through an error analysis of linear systems.
Our discussion emphasizes that ω is not inverse invariant and that, for linear systems Ax “ b, the
relevant quantity to minimize is

a

ωppATAq´1q. Numerical experiments are conducted to support
this observation. Specifically, we examine the correlation between the empirical condition number
of a system, computed from sampled perturbations, and various notions of condition numbers. Our
results clearly show that the ω-condition number more accurately captures the effects of pertur-
bations. We further present discussions and numerical experiments concerning the conditioning
of condition numbers and eigenvalue clustering. We then turn our attention to preconditioning
based on ω. In this context, the analytical simplicity of ω facilitates optimal preconditioning and
leads to superior performance in iterative solvers compared to κ. Unlike the κ-condition number,
which is difficult to differentiate and often nonsmooth, the ω-condition number admits a simple
analytical form, enabling the derivation of explicit formulas for optimal preconditioners under var-
ious frameworks. We include results on ω-optimal low rank updates, κ- and ω-optimal diagonal
preconditioning, and their comparative performance.

In Part II, we resolve a long-standing open question in the Euclidean Distance Matrix (EDM)
completion problem by proving the existence of local nonglobal minimizers of the smooth stress
function. A key difficulty in this problem arises from the singularity of the Hessian caused by
Hadamard ill-posedness. Our approach stabilizes Newton’s method by eliminating translation and
rotation invariance, allowing us to numerically identify neighborhoods containing local nonglobal
minimizers. The existence result is then established analytically using the classical Kantorovich
theorem.
We then turn our attention to the single-element error correction problem for a noisy EDM with
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a known embedding dimension. This problem is of particular interest because the standard nearest
EDM formulation fails in this setting. We develop divide-and-conquer strategies based on facial
reduction (FR) to identify the minimal face of the centered Gram matrix that guarantees a unique
solution to the reduced problem. Under the general position assumption, our approach efficiently
recovers the correct EDM with high accuracy. We further provide criteria for characterizing the
geometric conditions under which multiple solutions may arise due to the failure of the general
position assumption.

Finally, Part III addresses structural degeneracy, specifically the failure of strict feasibility, in
conic optimization problems. Chapter 7 discusses several computational consequences of the failure
of strict feasibility in the best approximation problem for spectrahedra. When Slater’s condition
fails, the generalized Jacobian of the optimality conditions becomes singular, causing semismooth
Newton methods to collapse. We show that applying FR eliminates redundant constraints, which in
turn restores dual attainment. Our numerical experiments show that this preprocessing technique
reduces the condition number of the Jacobian from the order of 1012 to 102. We further explore
the relationship between the failure of strict feasibility and the degeneracy of the projected point.
An application of FR to a distance geometry problem is also presented. In Chapter 8, we study a
simplified Wasserstein barycenter problem that is known to beNP -hard. We formulate the problem
as a binary-constrained quadratic program and obtain an exact solution by constructing a facially
reduced doubly nonnegative (DNN) relaxation. This FR provides a natural splitting, allowing
us to apply the Peaceman-Rachford splitting method. To promote low rank solutions without
sacrificing computational efficiency, we utilize redundant constraints. Our algorithm achieves a
provable zero duality gap for generic cases. We also provide a geometric characterization of the
nontrivial duality gaps that occur when the problem exhibits highly symmetric configurations.

1.1 Notation

We include Index.

We follow the work and notation in [68, 117, 123, 142, 181]. We work in a real Euclidean space
Rn of dimension n equipped with the inner product x¨, ¨y and induced norm }x} “

a

xx, xy. We
denote by Rn

` and Rn
`` the nonnegative and positive orthants, respectively. The space of m ˆ n

matrices is denoted Rmˆn.

Let Sn denote the space of real symmetric matrices of order n, equipped with the trace inner
product xS, T y “ tracepST q. The set Sn`Ď Sn denotes the closed convex cone of positive semidefinite
matrices, and Sn`` the cone of positive definite matrices. We write X ľ 0 (resp., X ą 0) to denote
X P Sn` (resp., X P Sn``). Additionally, X ě 0 and X ą 0 denote that all entries of X are
non-negative and positive, respectively.

We let N n :“ tX P Sn : X ě 0u denote n ˆ n nonnegative symmetric matrices. The cone of
doubly nonnegative matrices is DNN “ Sn` X N n.

We use the Kronecker product A b B and the Hadamard (elementwise) product A ˝ B. The
vectorization of a matrix X P Rnˆd is denoted by vecpXq, and Mat – vec˚ is the adjoint of vec,
satisfying MatpvecpXqq “ X for all X P Rnˆd. The linear operator Diag : Rn Ñ Rnˆn maps a
vector v to the diagonal matrix Diagpvq whose diagonal is v, and its adjoint is diag “ Diag˚. We
use the Matlab notation blkdiag to denote the block diagonal matrix formed from the arguments.

For A P Rmˆn, the Moore-Penrose pseudoinverse is A:.
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For B P Sn, eigenvalues are ordered as

λmaxpBq “ λ1pBq ě ¨ ¨ ¨ ě λnpBq “ λminpBq.

We often use the following matrix for a basis for the orthogonal complement eK
n ,

V “
1

?
2

„

In´1

´eTn´1

ȷ

, rangepV q “ eK
n . (1.1)

For integers s, t, and k, s ď t, we define

rs, ts “ ts, s ` 1, . . . , tu, rks “ t1, 2, . . . , ku,

and tpkq “ kpk ` 1q{2, triangular number.

For a set C Ď Rn, we denote the interior and relative interior by intpCq and relintpCq. The
open ball centered at x with radius ε is Bpx, εq.

We denote the zero vector in Rn by 0n and the zero matrix in Rnˆn by 0nˆn. The identity
matrix is I (or In when size matters). The vector of all ones is e, and ei denotes the i-th unit
vector. Moreover, we denote Ejk “ eje

T
k ` eke

T
j , unit matrix.

For index sets I,J , we denote submatrices by

Ap:,Iq, ApJ ,:q, ApJ ,Iq.

For x P Rn, we define

x` “ pmaxt0, xiuqni“1, x´ “ pmint0, xiuqni“1.

For a differentiable function f : Rn Ñ R, we write ∇f . If n “ 1, we use f 1. A differentiable
function f : Ω Ñ R on an open set Ω is pseudoconvex if

∇fpxqT py ´ xq ě 0 ùñ fpyq ě fpxq, @x, y P Ω.

In this case, ∇fpxq “ 0 characterizes global minimizers on convex domains. See, e.g., [126].

The Fenchel subdifferential, Bhpxq, of a convex function h is

Bhpxq “ tv : xv, y ´ xy ď hpyq ´ hpxq, @yu,

and the Clarke subdifferential, BChpxq, of a locally Lipschitz, not necessarily convex, function h is
defined as

BChpxq “ conv
!

s : Dxk Ñ x,∇hpxkq exists, and ∇hpxkq Ñ s
)

, (1.2)

where conv denotes the convex hull of a set. It is well known that the Fenchel subdifferential and
the Clarke subdifferential coincide for convex functions.

A function f : S Ñ R defined on a convex subset S Ď Rn is quasiconvex if

fpλx ` p1 ´ λqyq ď maxtfpxq, fpyqu, @x, y P S, λ P r0, 1s.
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Now we define a special subdifferential called the quasisubdifferential for a quasiconvex func-
tion f . Define the strict sublevel set or inner slice of f as:

S̄pxq :“
␣

y P int D̄ : fpyq ă fpxq
(

,

where int D̄ denotes the interior of the domain of f . The quasisubdifferential, B̄˝fpxq, of a quasi-
convex function f relative to the above sublevel set is defined as

B̄˝fpxq :“
␣

g : xg, y ´ xy ă 0, @y P S̄pxq
(

. (1.3)

For column and row index subset α Ď rns we let Dα denote the corresponding principal sub-
matrix of D, and

Pα : Sn Ñ Sα, PαpDq “ Dα,

is the projection, or coordinate shadow, corresponding to α. We abuse notation by using Sα rather
than S|α| to emphasize the actual coordinates used. The inverse image is

P´1
α pD̄q “ tD P Sn : Dα “ D̄u.

We extend the coordinate shadow for rectangular matrices

P P Rnˆd, PαpP q P R|α|ˆd,

corresponds to the rows indexed by α.

Further notation will be introduced as needed.

1.2 Contributions and Organization

We now summarize the organization and main contributions of the thesis. We begin in Chapter 2
by reviewing the necessary background on spectral functions, including eigenvalue functions and
projection operators, as well as convergence analysis for quasiconvex optimization, facial reduction,
semidefinite programming, and Euclidean distance matrices. The main results of the thesis are
divided into three parts.

In Part I, we study the ω-condition number and preconditioning for linear systems. The ob-
jective of this part is to demonstrate the advantages of using the ω-condition number over the
classical κ-condition number. Chapter 3 discusses various properties of the ω-condition number
and explains why these properties are favorable for analyzing the conditioning of linear systems.
The contributions of this chapter include:

• An error analysis of linear systems that justifies the use of the ω-condition number and, in
particular, highlights the importance of minimizing

ωinvpAq :“
b

ωppATAq´1q;

• Empirical evidence that ω exhibits improved computational stability and more effectively
promotes eigenvalue clustering; and
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• ω-optimal low rank updates that exploit the analytical simplicity of ω.

Chapter 4 focuses on optimal diagonal preconditioning and provides a careful comparison be-
tween κ- and ω-based approaches.The main contributions are as follows:

• A new approach for computing κ-optimal diagonal preconditioners, based on an affine refor-
mulation obtained by exploiting the invariance of eigenvalues;

• A theoretical validation of existing preconditioners, including Jacobi preconditioning and
matrix balancing methods such as Sinkhorn–Knopp scaling, through the lens of ω-optimal
preconditioning under various formulations; and

• A numerical comparison between ω-optimal and κ-optimal preconditioners for iterative meth-
ods, including PCG and LSQR.

Part II addresses EDM completion problems with a given embedding dimension. In Chap-
ter 5, we answer in the affirmative a long-standing open question concerning the existence of local
nonglobal minimizers of the smooth stress function arising in EDM completion. The main contri-
butions of this chapter include:

• A characterization of the condition in which every second-order stationary point of the smooth
stress function is a global minimizer; and

• The construction of local nonglobal minimizers, first identified numerically by a stabilized
Newton method and then certified analytically using Kantorovich’s theorem.

The methodology for the second contribution consists of:

• Stabilizing Newton’s method by eliminating translation and rotation invariance;

• Searching for nearly optimal points using second-order methods; and

• Certifying the existence of local nonglobal minimizers using the Kantorovich theorem.

Then Chapter 6 considers a single element error correction problem for EDMs, where the
embedding dimension is known and exactly one distance entry is corrupted. This problem is of
particular interest because the standard nearest EDM formulation fails generically in this setting.
Instead, we develop divide-and-conquer approaches based on facial reduction to recover the correct
EDM efficiently and accurately. The main contributions of this chapter are:

• A characterization of the exceptional cases in which the nearest EDM formulation recovers
the correct EDM , showing that this occurs only in a highly degenerate setting;

• Divide-and-conquer algorithms based on three forms of facial reduction: exposing vectors,
facial vectors, and Gale transforms;

• A clarification of the relationships among these facial reduction techniques, including their
connection to Gale transforms;
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• Complexity analysis and numerical experiments demonstrating that the proposed methods
solve very large instances to near machine precision; and

• A characterization of hard cases in which the general position assumption fails, including
conditions under which a single-entry perturbation preserves both the EDM property and
the prescribed embedding dimension, and examples where multiple solutions arise.

Part III then provides a more thorough discussion of facial reduction in conic programming.
In Chapter 7, we examine the effect of the failure of strict feasibility on projection problems over
spectrahedra. In particular, we study the convergence behaviour of a semismooth Newton method
for projection onto a spectrahedron in relation to FR. The contributions of this chapter include:

• An explicit formula for the projection onto a face of the semidefinite cone:

Pf puq “ V
´

PSr`pV TuV q

¯

V T ,

where f “ V Sr`V T and V TV “ I;

• The identification of two pathologies that arise in the absence of strict feasibility: failure of
dual attainment and unboundedness of the dual optimal set;

• A proof of the equivalence between degeneracy of the optimal projection point and singularity
of the Jacobian; and

• A connection between the eigenpairs associated with small eigenvalues of the Jacobian and
the construction of exposing vectors for FR.

We then extend our approach from the positive semidefinite cone to the doubly nonnegative
cone. In Chapter 8, we study the simplified Wasserstein barycenter problem, which is known to be
NP-hard. By applying FR , we obtain a facially reduced DNN relaxation, which naturally leads
to a splitting method. The main contributions of this chapter include:

• The symmetric alternating direction method of multipliers based on the facially reduced
DNN relaxation;

• The use of redundant constraints to promote low-rank solutions and improve algorithmic
performance;

• Provable lower and upper bounds that certify optimality when the duality gap vanishes; and

• A characterization of instances with nontrivial duality gaps.

Our algorithm solves most instances by producing a zero duality gap. We further characterize
nontrivial duality gaps that arise in highly symmetric configurations.

6



Chapter 2

Background

We first present some background on spectral functions, convergence results for quasiconvex opti-
mization, EDMs, and facial reduction.

2.1 Spectral Functions

2.1.1 Eigenvalue Functions

We now recall the well-known facts about the largest and smallest eigenvalues of symmetric matrices
and include a proof for completeness as it is useful further below.

Lemma 2.1.1. The maximum and minimum eigenvalue functions on Sn, λmax, λmin : Sn Ñ R, are
convex, concave, respectively.

Proof. Letting B P Sn and using the Rayleigh quotient, we get λmaxpBq “ maxtxTBx : }x} “ 1u,
which is a maximum of linear (so convex) functions in B, and therefore is convex. We get the
concavity part similarly from λminpBq “ mintxTBx : }x} “ 1u.

2.1.2 Projection Operators and Their Derivatives

We work with f : Sn Ñ R Y t`8u, a closed proper extended valued convex function on Sn. We
denote PS, projection onto a nonempty closed convex set S, i.e.,

PSpW q “ argmin
XPS

1

2
}W ´ X}2.

And for a convex set S, we denote the indicator function, ιS . The Moreau regularization of ιSn´ ,
Sn´ :“ ´Sn`, (see [142]) is given by

∆pXq “ min
ZPSn

"

1

2
}X ´ Z}2 ` ιSn´pZq

*

. (2.1)
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A spectral function g : Sn Ñ R Y t`8u is one that is invariant under orthogonal conjugation
(congruence)

gpXq “ gpUTXUq, @X P Sn,@U P On,

where On is the set of orthogonal matrices of order n. In [123, Lemmas 2.3-4], it is shown that
the Moreau regularization, ∆pXq, of ιSn´ is a spectral function with its gradient given as ∇∆pXq “

PSn`pXq. See Lemma 2.1.3 below. Let λ : Sn Ñ Rn denote the eigenvalue function, i.e., λpXq is the
vector of eigenvalues of X P Sn in nonincreasing order.

Lemma 2.1.2 ([123, Lemma 2.3]). The function ∆ in (2.1) is the spectral function ∆ “ δ ˝ λ,
where the function δ on x P Rn is:

δpxq “
1

2

n
ÿ

i“1

maxt0, xiu
2.

Proof. We include the proof from [123, Lemma 2.3] for completeness. For any X P Sn we have

∆pXq “ 1
2}X ´ PSn´pXq}2

“ 1
2}PSn`pXq}2

“ 1
2

řn
i“1maxt0, λipXqu2

“ δpλpXqq.

Lemma 2.1.3 ([123, Lemma 2.4]). The function ∆ in (2.1) is convex and differentiable. Moreover,
its gradient at X P Sn is PSn`pXq, i.e.,

∆pXq1pdXq “ x∇∆pXq, dXy “ xPSn`pXq, dXy “ tracePSn`pXqdX.

From spectral function theory e.g., [68,117,123], we know that the differentiability in Lemma 2.1.3
follows from the differentiability of δ ˝ λ. The formula for the derivative follows from the spectral
function formula with X “ U DiagpλpXqqUT :

∇pδ ˝ λqpXq “ U pDiag∇δpλpXqqqUT , U P On.

The derivative (Jacobian) of the projection can be found from the Hessian of the regularization
function

P 1
Sn`pXq “ ∇2∆pXq.

2.2 Convergence Analysis for Quasiconvex Optimization

In this section, we present a known convergence result for subgradient methods in quasiconvex
optimization problems [109]. Let f : Rn Ñ R̄ :“ R Y t´8,8u be an extended real-valued function
with domain D̄. The following minimization problem is considered:

f˚ :“ inf tfpxq : x P Xu , (2.2)

with the following assumptions on f and X:

8



A1 : int D̄ is nonempty and convex.

A2 : limtÓ0fpx ` tpy ´ xqq ď fpxq, @x P D̄, y P int D̄.

A3 : f is upper semicontinuous (usc) on int D̄, i.e., fpxq “ limϵÓ0 supBpx,ϵq f, @x P int D̄ where
Bpx, ϵq :“ ty : }y ´ x} ď ϵu.

A4 : f is quasiconvex on int D̄, i.e., the set tx P int D̄ : fpxq ď αu is convex @α P R.

A5 : The constraint set X Ă Rn is closed convex, and X X int D̄ ‰ H.

The following lemma from [109] discusses that fractional programs with certain structures are
quasiconvex and also provides one characterization of their quasisubgradients.

Lemma 2.2.1 ([109, Lemma 4]). Suppose fpxq “ apxq{bpxq for all x P int D̄, where a is a convex
function, b is finite and positive on int D̄, int D̄ is convex, and one of the following conditions holds:

(a) b is affine;

(b) a is nonnegative on int D̄ and b is concave;

(c) a is nonpositive on int D̄ and b is convex.

Then f is quasiconvex on int D̄ and for each x P int D̄, if α :“ fpxq is finite then a ´ αb is convex
and Bra ´ αbspxq Ă B̄˝fpxq.

The following lemma can be found in [109] and is useful for showing that assumptions (A1)-(A4)
hold for our set-up in (4.10) since κpDpdqq is the ratio of a convex and concave function that is
positive on Ω.

Lemma 2.2.2 ([109, Remark 2]). Suppose a and b̃ :“ ´b are proper convex functions on int D̄a X

int D̄b, a is nonnegative on the (open and convex set) C :“
␣

y P int D̄a X int D̄b : bpyq ą 0
(

‰ H,
and

fpxq :“

$

’

&

’

%

apxq{bpxq, if x P C,

supyPC limtÓ0fpx ` tpy ´ xqq, if x P bd C,

8, if x R clC

where clC denotes the closure, bd C denotes the boundary of C, and D̄a and D̄b denote the domains
of a and b, respectively. Then assumptions A1-A4 hold with int D̄ “ C.

2.3 Euclidean Distance Matrices

We introduce the necessary notation and background from distance geometry. Further details are
provided in [5]. For a set of n points pi P Rd, i “ 1, . . . , n, we denote the matrix of points, the

configuration matrix, P “
“

p1 p2 . . . pn
‰T

P Rnˆd. The Euclidean distance matrix (of squared
distances) is D “

`

}pi ´ pj}
2
˘

P En Ă Sn. We denote the closed convex cone of EDM, En. Here
0 ă d “ embdimpDq is the embedding dimension of the EDM. Without loss of generality, we can
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translate the points so that they are centered, i.e., with vector of ones, e, we have P T e “ 0. Note
that v :“ 1

nP
T e is the barycenter of the points. The translation is then given by

P T Ð P T ´ veT . (2.3)

Our approach works well under the assumption that the points are in general position, i.e., no d`1
of them lie in a proper hyperplane; or, equivalently, that every subset of d ` 1 points are affinely
independent, e.g., [4, 6]. This guarantees that our algorithms succeed as it is based on identifying
whether a Gram matrix corresponding to chosen principal submatrices has the correct rank d.
However, we have also extended our algorithms to allow for the case when the general position
assumption fails.

We denote the corresponding Gram matrix, G “ PP T . Then the classical result of Schoen-
berg [157] relates the matrix of squared distances, the Euclidean distance matrix, EDM, with a
Gram matrix by applying KpGq,

D “ KpGq “ diagpGqeT ` e diagpGqT ´ 2G P En. (2.4)

Moreover, this mapping is one-one and onto between the centered subspace, Sn
C , and hollow subspace,

Sn
H ,

Sn
C “ tX P Sn : Xe “ 0u, Sn

H “ tX P Sn : diagpXq “ 0u. (2.5)

We ignore the dimension n when the meaning is clear. Note that the centered assumption P T e “

0 ùñ G P Sn
C . Let

J “ I ´
1

n
eeT (2.6)

be the orthogonal projection onto the orthogonal complement eK. Note that the translation in (2.3)
is equivalent to

P Ð JP “ P ´
1

n
eeTP.

We let offDiag: Sn Ñ Sn denote the orthogonal projection onto Sn
H , the hollow matrices. Then the

Moore-Penrose generalized inverse, K:, is

K:pDq “ ´
1

2
J offDiagpDqJ.

2.3.1 Commutativity of Pα,K

We first include a useful and very interesting observation about the commutativity of K,Pα, α Ă rns.

Lemma 2.3.1. Let M P Rnˆn, α Ă rns. Then, by abuse of notation on the dimensions of e and
the transformations K,Pα, we get

PαKpMq “ KPαpMq.

Proof. We note that PαpdiagpMqq “ diagpPαpMqq. Therefore,

PαKpMq “ Pα

`

diagpMqeT ` e diagpMq ´ 2M
˘

“ diagpPαpMqqeT ` epdiagpPαMqq ´ 2Pα pMq

“ KPαpMq.
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We note that symmetry for M is not needed.

2.3.2 General Position

Lemma 2.3.2. Let P P Rnˆd be a configuration matrix with

G “ PP T , D “ KpGq P En, d “ embdimpDq.

Then the general position assumption is equivalent to

α Ă rns, |α| ě d ` 1 ùñ rankpK:pDαqq “ d. (2.7)

Proof. The general position assumption states that the dimension of the affine hull of the subset of
points in the columns of P T

α is full dimension d. Since a translation does not change this statement
nor change the distances between points, we can assume without loss of generality that the points
are centered, P T

α e “ 0, and general position is equivalent to spanpP T
α q “ Rd, or equivalently

rankpP T
α q “ d. We now note that

Gα :“ K:pDαq “: PαP
T
α ,

where Gα is the centered Gram matrix. The result now follows from rankpP T
α q “ rankpPαP

T
α q.

An equivalent result using the Gale matrix of D is given in [5, Cor. 3.1]. Further connections
with Gale matrices is given below, Section 6.3.3.

Moreover, we find the orthogonal projection PrangepK:q as

K:KpSq “ JSJ. (2.8)

Note that the orthogonal projection satisfies PrangepK:q “ PSn
C
. Throughout we abuse notation and

use K,P, J without indicating the dimension of the space that is involved.

2.4 Facial Reduction

The facial structure of cones plays an essential role when analyzing various stability concepts.
In this section we study various properties that arise from the absence of strict feasibility. Sec-
tion 2.4.1 presents the basics of the facial structure of Sn` and the facial reduction process for F . In
Section 2.4.1 we revisit known notions of singularities and the length of the facial reduction process
that connects to the dimension of the solution set of our problem in Part III.

2.4.1 Facial Reduction Process

We first review the basic facial structure of Sn`. Recall that the convex cone f Ď K is a face of a
convex cone K Ď Sn, denoted by f ⊴K, if

x, y P K, z “ x ` y, z P f ùñ x, y P f.
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The cone f is a proper face if t0u Ĺ f Ĺ K. Here we denote f∆, conjugate face of f , defined as the
intersection of the nonnegative polar cone with the orthogonal complement, f∆ “ fK XK`, where
K` :“ tϕ : xϕ, ky ě 0,@k P Ku is the nonnegative polar cone of K. The facial structure of Sn` is
well-studied and has an intuitive characterization. For any convex set C Ď Sn`, the minimal face of
Sn` containing C, i.e., the intersection of all faces of Sn` containing C, is denoted facepC, Sn`q. For
the singleton C “ tXu Ď Sn`, we get

facepX, Sn`q “ tY P Sn` : rangepY q Ď rangepXqu.

Consider the following conic programming problem:

min gpXq

s.t. ApXq “ b
X P Sn`,

(2.9)

where A : Sn Ñ Rm is a linear map defined by ApXq “ ptraceAiXq P Rm for given Ai P Sn,
i “ 1, . . . ,m. Without loss of generality, we assume that A is surjective and Ai’s are linearly
independent. Facial reduction (FR) for F :“ tX P Sn` : ApXq “ bu, the constraint system in (2.9),

is the process of identifying the minimal face of Sn` containing F . It is known that a point X̂ in
the relative interior of F , relintpFq, provides the following characterization

facepX̂, Sn`q “ facepF , Sn`q.

Furthermore, facepX̂, Sn`q “ V Sr`V T for some rank-r matrix V satisfying rangepV q “ rangepX̂q.

Such a matrix V is called a facial range vector for facepX̂, Sn`q.

Finding facepF ,Sn`q for an arbitrary F analytically is a challenging task. An alternative ap-
proach that is often used is to find the minimal face numerically. Proposition 2.4.1 below provides
a tool for the FR process. Below, A˚ refers to the adjoint of A.

Proposition 2.4.1 (theorem of the alternative). For the feasible constraint system F of (2.9),
exactly one of the following statements holds:

(i) there exists X ą 0 such that X P L;

(ii) there exists λ P Rm that satisfies the auxiliary system

0 ‰ Z “ A˚λ ľ 0, xb, λy “ 0. (2.10)

The vector Z in (2.10) is called an exposing vector for the face pZK XSn`q Ě F , as X P F implies

0 “ xb, λy “ xAX,λy “ xX,A˚λy “ xX,Zy.

Here the face pZK X Sn`q is exposed by the hyperplane ZK “ tZuK, and this allows for a simplified
expression of feasible points. This restriction results in an equivalent strictly smaller dimensional
problem. Finding a solution to (2.10) does not necessarily lead directly to the minimal face, i.e., we
can have pZK X Sn`q Ľ facepF ,Sn`q. For such a case, the process is reapplied until facepF ,Sn`q

is found. The number of times the system (2.10) needs to be solved varies, though it is at most
mintm,nu, see Section 2.4.1 below. A reader may refer to Example 7.2.5 for a brief illustration of
how the theorem of the alternative is used for the FR process.
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Three Notions of Singularity Degree

We now exhibit some properties that originate from the number of FR iterations.

Definition 2.4.2. The singularity degree of F , denoted sdpFq, is the minimum number of FR
iterations for finding facepF , Sn`q. The maximum singularity degree of F , denoted maxsdpFq, is
the maximum number of nontrivial FR iterations for finding facepF , Sn`q.

The singularity degree is often used to relate error bounds to explain the difficulty of solving
problems numerically; see [162, 166]. It is known that a high singularity degree results in a worse
forward error bound relative to the backward errors. The maximum singularity degree is a relatively
new notion, and this motivates the idea of implicit problem singularity, ipspFq. Every nontrivial step
of FR results in redundant linear constraints. More specifically, FR reveals redundant equalities
in Ap¨q “ b; see [100]. The total number of these implicitly redundant constraints is called ipspFq

and a short argument shows that ipspFq ě maxsdpFq. Proposition 2.4.3 below uses maxsdpFq to
extend the result in [161, Lemma 3.5.2] and shows an interesting property that a FR sequence
generates.1

Proposition 2.4.3. [121, Theorem 1],[161, Lemma 3.5.2] Let the exposing vector obtained in the
i-th FR iteration be nontrivial, Zi “ A˚pλiq ‰ 0, i “ 1, . . . , k ď maxsdpFq. Then the vectors,
λ1, λ2, . . . , λk, are linearly independent.

We relate Proposition 2.4.3 to the dimension of the set of the roots that arise in the algorithm
for solving the BAP, e.g., see Theorem 7.2.4.

2.4.2 Degeneracy and Relations to Strict Feasibility

Many of the concepts of degeneracy arise from the early work with the simplex method for linear
programs. The stalling phenomenon of the simplex method is a well-known subject of research
[26, 37, 129] and many methods are proposed to overcome this difficulty. In this section we use a
generalized definition of degeneracy proposed by Pataki [144] to extend the discussion to spectrahe-
dra. We then examine a connection between the Slater constraint qualification (strict feasibility),
and degeneracy of feasible points. We identify a type of degeneracy that inevitably arises in the
absence of strict feasibility.

Definition 2.4.4. [144, Definition 3.3.1] A point X P F is called nondegenerate if

linpfacepX,Sn`q∆q X rangepA˚q “ t0u.

Definition 2.4.4 immediately yields Lemma 2.4.5.

Lemma 2.4.5. [144, Corollary 3.3.2] Let X P F and let

X “
“

V V̄
‰

„

D 0
0 0

ȷ

“

V V̄
‰T

, D ą 0, (2.11)

1We note that the concepts of maxsdpFq, ipspFq did not yet exist in [161]. Moreover, it is shown empirically in
[100] that ips is directly related to the forward error for LPs.
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be a spectral decomposition of X. Then

X is a nondegenerate point of F
if, and only if,

"„

V TAiV V TAiV̄
V̄ TAiV 0

ȷ*m

i“1

is a set of linearly independent matrices in Sn.
(2.12)

Remark 2.4.6. The degeneracy of a point X P F can be identified by constructing a matrix

using the characterization (2.12). We let Wi :“

„

V TAiV V TAiV̄
V̄ TAiV 0

ȷ

, i “ 1, . . . ,m and denote

tpnq “ npn ` 1q{2, triangular number. We let vec denote the vectorization of a matrix by column;
and svec : Sk Ñ Rtpkq denotes the isometry that vectorizes a symmetric matrix using the upper
triangular part after multiplying the strict upper-triangular part by

?
2. We construct the following

matrix L P Rtpnqˆm with an appropriate permutation matrix Π and the i-th column:

Lei “ ΠsvecWi “

¨

˝

svecV TAiV?
2 vecV TAiV̄

svec 0

˛

‚, @i P t1, . . . ,mu,

where V and V̄ are given in Lemma 2.4.5. Consider the matrix L̄, with the i-th column L̄ei “
¨

˝

svecV TAiV?
2 vecV TAiV̄
svec V̄ TAiV̄

˛

‚. Note that L̄ is full-column rank given A is surjective. The matrix L is obtained

after zeroing out the last tpnullitypXqq rows of L̄. We note that rankpLq ă rankpL̄q (i.e., degeneracy
holds) if, and only if, the orthogonal complement of the span of the first tpnq ´ tpnullitypXqq rows
of L̄ has nonzero intersection with the span of the remaining rows that are then changed to 0.
Therefore, if tpnq ą m ` tpnullitypXqq, then generically nondegeneracy holds.

Theorem 2.4.7. Suppose that F fails strict feasibility and let X “ V DV T P F be found us-
ing (2.11). Then the set tAiV umi“1 is linearly dependent. In particular, any solution λ to (2.10)
certifies the linear dependence of the set tAiV umi“1. Thus every point in F is degenerate.

Proof. Suppose that F fails strict feasibility. LetX “ V DV T P F and let λ be a solution to the aux-
iliary system (2.10). Then A˚pλq is an exposing vector and hence the inner product xA˚pλq, Xy “ 0
which yields

0 “ A˚pλqX “ pA˚pλqV qDV T ùñ 0 “ A˚pλqV “

m
ÿ

i“1

λi pAiV q . (2.13)

Since λ is a nonzero vector, (2.13) shows the linear dependence.

The linear dependence of the set tAiV umi“1 shown above allows for verifying total degeneracy
that occurs in the absence of strict feasibility of F . Then the above provides

řm
i“1 λiAiV “ 0, λ ‰ 0.

We observe that
0 “ V T p

řm
i“1 λiAiV q “

řm
i“1 λiV

TAiV,
0 “ V̄ T p

řm
i“1 λiAiV q “

řm
i“1 λiV̄

TAiV.
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This immediately implies that the matrices in (2.12) are linearly dependent and hence X is degen-
erate.

In Corollary 2.4.8 we now connect nondegeneracy to strict feasibility.

Corollary 2.4.8. Let F be given. Then the following holds:

(i) If F contains a nondegenerate point, then strict feasibility holds.

(ii) Every X P F X Sn`` is nondegenerate.

Proof. Item (i) is the contrapositive of Theorem 2.4.7. Item (ii) is immediate from the definition
of nondegeneracy, Definition 2.4.4, since facepX, Sn`q∆ “ 0, for all X ą 0.

Propositions 2.4.9 and 2.4.10 below provide sufficient conditions for the nondegeneracy of certain
points of spectrahedra. They enable identifying nearest points where the semismooth Newton
method for the BAP performs effectively.

Proposition 2.4.9. Let X1, X2 P F and let X1 be a nondegenerate point. Then, γX1 ` p1 ´ γqX2

is a nondegenerate point of F , for all γ P p0, 1s.

Proof. LetX1, X2 P F and letX1 be a nondegenerate point. Let γ P p0, 1s andX 1 “ γX1`p1´γqX2.
We observe that

facepX1, Sn`q Ď facepX 1, Sn`q

ùñ facepX1, Sn`q∆ Ě facepX 1, Sn`q∆

ùñ lin
`

facepX1, Sn`q∆
˘

Ě lin
`

facepX 1, Sn`q∆
˘

ùñ lin
`

facepX1, Sn`q∆
˘

X rangepA˚q Ě lin
`

facepX 1, Sn`q∆
˘

X rangepA˚q.

Since X1 is a nondegenerate point, we have lin
`

facepX1, Sn`q∆
˘

X rangepA˚q “ t0u. Thus, X 1 is a
nondegenerate point.

Proposition 2.4.10. Let f be a face of F containing a nondegenerate point. Then every point in
relintpfq is nondegenerate.

Proof. Let X1 P f be a nondegenerate point. For any X P relintpfq there exists X2 such that X
belongs to the segment pX1, X2q. The nondegeneracy of X then follows from Proposition 2.4.9.

2.4.3 Facial Reduction for EDMs

Here we provide some properties of FR for EDMs. Recall that f “ facepX,Kq ⊴K denotes the
minimal face of K ontaining X. We denote f “ facepXq when K “ Sn`. For X P Sn` with spectral

decomposition X “
“

V U
‰

„

Λ 0
0 0

ȷ

“

V U
‰T

, Λ P Sr``, we get

facepXq “ V Sr`V T , facepXq∆ “ USn´r
` UT ,

where facepXq∆ is the conjugate face of facepXq. See e.g., [63].
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We follow notation and definitions in [5,63]. First we recall that both Sn`, En are closed convex
cones in Sn. We let W,V be two full column rank matrices that satisfy

rangepV q “ rangepXq, rangepW q “ nullpXq, Z “ WW T , d “ rankpXq.

Then X P relintpfq and we have two representations for f :

f “ V Sd`V T “ Sn` X ZK. (2.14)

We call V, Z a facial and exposing vector, respectively.

If we choose the facial vector to satisfy
“

V e
‰

nonsingular and V T e “ 0, then we can charac-
terize the face of centered Gram matrices

Sn
C X Sn` “ V Sn´1

` V T “ K:pEnq ⊴ Sn`.

This is used in [9] to regularize the EDM completion problem using KV pXq :“ KpV XV T q, i.e., KV :
Sn´1

` Ñ En and strict feasibility is satisfied for EDM completion problems. Here V is a centered
facial vector, i.e., V T e “ 0. Since we work with centered Gram matrices, we often use centered
facial vectors below, e.g., for the nearest EDM problem, NEDM, below.

Our divide and conquer methods use EDMs, Dn, principal submatrices Dα of Dn and corre-
sponding Gram matrices, with ordered integers α “ ri, i ` ks, 1 ď i ď i ` k ď n. The first FR
method finds exposing vectors for each submatrix and then adds these up to get an exposing vector
for the entire Gram matrix G, i.e., we exploit Lemma 2.4.11.

Lemma 2.4.11 ([63]). Let

G P Sn`, Zi P Sn`, tracepGZiq “ 0, i “ 1, . . . , k.

Then Z “
řk

i“1 Zi ľ 0 and GZ “ 0.

The second FR method uses adjacent pairs of principal submatrices in order to do FR by inter-
secting pairs of faces. We first consider the representation of FR for a single principal submatrix,
i.e., the representation of the smallest face obtained using the Gram matrix corresponding to Dα.
Without loss of generality we use the first, top left, principal submatrix. We modify the notation
in Theorem 2.4.12 to match the notation herein. Recall that P´1

α denotes the projection inverse
image.

Theorem 2.4.12 ([113, Theorem 2.3]). Let

D P En, d “ embdimpDq, α “ rks, D̄ “ Dα, t “ embdimpD̄q.

Let
Ḡ “ K:pD̄q “ ŪGSŪ

T
G , S P St``,

where
ŪG P Rkˆt, ŪT

G ŪG “ It, Ū
T
Ge “ 0.

Furthermore, let UG :“
”

ŪG
1?
k
e
ı

, U :“

„

UG 0
0 In´k

ȷ

, and
”

V 1
}UT e}

UT e
ı

P Rn´k`t`1ˆn´k`t`1
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be orthogonal. Then

face
`

K:
`

P´1
α pD̄q X En

˘˘

“

´

USn´k`t`1
` UT

¯

X Sn
C “

´

pUV qSn´k`t
` pUV qT

¯

.

The matrix UV in Theorem 2.4.12 provides a facial vector for the minimal face corresponding to
the block D̄. If we have two overlapping principal submatrices with the overlap having the proper
embedding dimension d, then we can efficiently find a facial vector for the intersection of the two
corresponding faces. This is given in [113, Lemma 2.9] and we have added that option to our code
and include the details here in Lemma 2.4.13 for completeness.

Lemma 2.4.13 ([113, Lemma 2.9]). Let

U1 :“

r ` 1
„ ȷ

s1 U 1
1

k U2
1

, U2 :“

r ` 1
„ ȷ

k U2
2

s2 U 1
2

, Û1 :“

r ` 1 s2
« ffs1 U 1

1 0
k U2

1 0
s2 0 I

, Û2 :“

s1 r ` 1
« ffs1 I 0

k 0 U2
2

s2 0 U 1
2

be appropriately blocked with U2
1 , U

2
2 P Mkˆpr`1q full column rank and rangepU2

1 q “ rangepU2
2 q.

Furthermore, let

Ū1 :“

r ` 1
« ffs1 U 1

1

k U2
1

s2 U 1
2pU2

2 q:U2
1

, Ū2 :“

r ` 1
« ffs1 U 1

1pU2
1 q:U2

2

k U2
2

s2 U 1
2

. (2.15)

Then Ū1 and Ū2 are full column rank and satisfy

rangepÛ1q X rangepÛ2q “ range
`

Ū1

˘

“ range
`

Ū2

˘

.

Moreover, if er`1 P Rr`1 is the pr ` 1qst standard unit vector, and Uier`1 “ αie, for some αi ‰ 0,
for i “ 1, 2, then Ūier`1 “ αie, for i “ 1, 2.

Remark 2.4.14. In Lemma 2.4.13, if we have two overlapping blocks Ds1Yk, DkYs2 we can get
facial vectors from bases of the corresponding Gram matrices in U1, U2, respectively. These are
matched up in Û1, Û2. Then a facial vector for the intersection of the minimal faces containing
these blocks is given in either of the formulae in (2.15). In our implementation, we choose the one
for which U2

1 , U
2
2 is better conditioned. Thus we use the two facial vectors and find a new facial

vector for the intersection of the overlapping ranges.

This emphasizes the importance of the conditioning of the overlap in U2
1 , U

2
2 . In fact, it is

essential that the rank of each overlap is eventually d, the embedding dimension of the problem.
But there is no reason that the ordering of the nodes (rows) of D cannot be changed. Therefore,
if we find a well-conditioned block of correct rank d, we can include that in the overlap for further
iterations, i.e., we can always save and use the best conditioned block with the largest rank in the
overlap.
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Part I

Preconditioning for Linear Systems
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Chapter 3

Condition Numbers

In numerical analysis, a condition number of a matrix A is the main tool in the study of error
propagation in the problem of solving a system of linear equations:

Ax “ b, A P Rmˆn, b P Rm.

The linear system Ax “ b is said to be well-conditioned when A has a small condition number.
It aims to be a measure of how strongly a relative error in the data affects the relative error in
the solution. Therefore, in simplified form the condition number of the linear system, it can be
estimated as the ratio

condpAq :“
}∆x}{}x}

}∆b}{}b}
, (rel. error output/rel. error input) (3.1)

e.g., [164, Sect. 1.3]. Note that the above ratio depends on the choice of the perturbation ∆b,
as well as on the choice of the norms. In general, iterative algorithms that solve Ax “ b require
a large number of iterations to achieve a solution with sufficient accuracy if the problem is not
well-conditioned, i.e., is ill-conditioned. In the literature κ “ κpAq “ σmaxpAq{σminpAq is taken as
a worst case estimator of the condition number as the inequality

condpAq “
}∆x}}b}

}x}}∆b}
ď κpAq,

holds for all ∆b P Rm. See, e.g., [163], [87] or [165, Chapter 7] for further details. From the
discussions in [51,91], the (worst case) condition number for the linear system Ax “ b is

condpA, bq :“ lim
ϵÓ0

sup
}∆A}ďϵ}A}

}∆b}ďϵ}b}

}pA`∆Aq´1pb`∆bq´A´1b}

ϵ}A´1b}

“ κpAq `
}A´1}}b}

}A´1b}
.

(3.2)

We emphasize that though many heuristics are given, the main measure of conditioning, e.g. [146],
is κ. However, in our view, κ has the misleading property that it is inverse invariant.1 In contrast,
the ω-condition number distinguishes between the conditioning of A and A´1. This observation

1κpAq “ }A}}A´1
} “ κpA´1

q.
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leads us to the discussion in Section 3.1, where we demonstrate that ω is a valid condition number.
In particular, Remark 3.1.3 suggests that we should use the measure

a

ωppATAq´1q, denoted ωinv,
rather than κpAq or ωpAq.2 As an empirical evidence, Section 3.1.1 provides numerical test that
ω and ωinv provide significantly better estimates for the conditioning of a linear system than κ.
Moreover, it is expensive to evaluate the κ-condition number as it uses both }A}, }A´1}. For large
scale, one often uses the ℓ1 approximation in [87]. We show in Section 3.1.2 that we can find the
exact value of ω when a Cholesky or LU factorization is done.

Then our interest naturally move to the discussions on preconditioners. In order to improve
the conditioning of a problem, preconditioners are employed for obtaining equivalent systems with
better condition number. A recent survey on preconditioning is given in [146]. For example, in [47]
a preconditioner that minimizes κ is obtained in the Broyden family of rank-two updates. Also,
for applications to inexact Newton methods see [23, 24], where it is emphasized that the goal is
to improve the clustering of eigenvalues around 1. The ω-condition number in particular uses all
the eigenvalues, rather than just the largest and smallest as in the classical κ.3 In Section 3.1.3,
our empirics show that ω is more effective in promoting the important property of clustering of
eigenvalues. The final and most important feature of the ω-condition number concerns optimal
preconditioning. Both κ and ω are pseudoconvex over the open convex cone of positive definite
matrices, Sn``; thus a local minimum is a global minimum. But, κ is differentiable if, and only if,
both largest and smallest eigenvalues are singletons, while ω is differentiable on all of Sn``. This
facilitates obtaining explicit formulae for optimal preconditioners and avoids expensive calculations.,
see e.g., [52]. In particular, our original motivation is to find well conditioned, ω-optimal, low rank
updates of the positive definite generalized Jacobian that arises in nonsmooth Newton methods
e.g., [35]. We use optimality conditions to find explicit formulae for these low rank updates.
See Section 3.2. We continue the discussion on the optimal diagonal preconditioners in Chapter 4.

3.1 ω-Condition Number

The nonstandard condition number ω, defined as the ratio of the arithmetic and geometric means of
the singular values, was proposed in [52]. Interestingly, the authors show that inverse-sized BFGS
and sized DFP [137] arise as optimal quasi-Newton updates with respect to this measure.

For our purposes, we restrict attention to positive definite matrices Mp“ ATAq ą 0. Indeed, the
solution to a linear system Ax “ b4 is given by x˚ “ A:b “ pATAq´1AT b when A is overdetermined.
Consequently, the conditioning of a linear system is closely related to the conditioning of M´1 “

pATAq´1 rather than that of A itself. See Remark 3.1.3 for further details.

The κ-, and ω-condition number for M ą 0 are, respectively, given by ratios of eigenvalues

κpMq “
λmaxpMq

λminpMq
; ωpMq “

ř

i λipMq{n
ś

ipλipMqq1{n
“

tracepMq{n

detpMq1{n
. (3.3)

2Though ωinv is currently for theoretical purposes only as it involves calculating pATAq
´1.

3Given a positive definite matrix M ą 0, ωpMq is defined with eigenvalues rather than singular values. Throughout
this thesis, we are working on a (possibly overdetermined) matrix A P Rmˆn, m ě n, with full column rank. If A is
symmetric, we use ωpAq. If not, we use ωpATAq instead. This explains how we can safely use eigenvalues without
modifying the definition of the condition numbers.

4Or to a least squares problem min }Ax ´ b}
2 when the system is inconsistent.
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The goal of this section is to demonstrate that the ω-condition number offers several advantages over
the classical κ-condition number. In particular, ω provides a more accurate measure of conditioning,
exhibits superior numerical stability, and is more sensitive to eigenvalue clustering. Moreover, its
analytical simplicity facilitates effective preconditioner design, enabling the explicit construction of
optimal low-rank updates.

In Section 3.1.1 we analytically and empirically illustrate that ω is a better indicator of condi-
tioning for linear equations. Remark 3.1.3 provides the justification for using ωinv :“

a

ωppATAq´1q

as a measure and emphasizing the advantage over κ of not being inverse invariant. Efficiency and
accuracy of computing ω is studied in Section 3.1.2. Indeed the condition number of the condition
number is the condition number holds for κ but not for ω indicating that numerical calculations
of ill-conditioned κ can be very inaccurate in contrast to ω. See Remark 3.1.4 Finally, we include
empirical results for better clustering of eigenvalues, Figure 3.5 in Section 3.1.3.

We first observe some basic properties of ω. The following Proposition 3.1.1 allows us to find
the ω-optimal preconditioners using the first-order optimality condition.

Proposition 3.1.1 ([52, Prop. 2.1 (iv)]). The measure ω is pseudoconvex on the cone of symmetric
positive definite matrices; thus every stationary point is a global minimizer of ω.

We now include the gradients of the condition numbers for use in the definitions below. In
the case of κ, for simplicity and to avoid the use of subgradients, we assume that the largest and
smallest eigenvalues are singletons.

Lemma 3.1.2. Let M P Sn`` with eigenvalues λ1 ě λ2 ě . . . ě λn´1 ě λn, with corresponding
orthonormal eigenvectors v1, . . . , vn. Then:

1.
∇ωpMq “ 1

ndetpMq1{n

`

I ´ traceM
n M´1

˘

is indefinite,

with }∇ωpMq} “ 1
ndetpMq1{n max

!

1 ´ traceM
nλ1

, traceMnλn
´ 1

)

.

2. In addition, assume that the largest and smallest eigenvaules of M are singletons, i.e., λ1 ą

λ2 ě . . . ě λn´1 ą λn. Then:

∇κpMq “
1

λn

`

v1v
T
1 ´ κpMqvnv

T
n

˘

, is indefinite, with }∇κpMq} “
κpMq

λn
.

Proof. 1. The gradient is

∇ωpMq “ 1
ndetpMq2{n

´

detpMq1{nI ´ traceM
n detpMq

1
n

´1 adjM
¯

“ 1
ndetpMq1{n

`

I ´ traceM
n M´1

˘

,

where adjM is the adjunct, the matrix of cofactors. The last expression follows from M´1 “
1

detpMq
adjM . The indefiniteness and norm follow from:

λmaxpI ´ traceM
n M´1q “ max}x}“1 x

T pI ´ traceM
n M´1qx

“ 1 ´ traceM
n min}x}“1 x

TM´1x

“ 1 ´ traceM
nλ1

, with attainment at x “ v1,

ą 0;
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λminpI ´ traceM
n M´1q “ min}x}“1 x

T pI ´ traceM
n M´1qx

“ 1 ` traceM
n min}x}“1p´xTM´1xq

“ 1 ´ traceM
n max}x}“1 x

TM´1x

“ 1 ´ traceM
nλn

, with attainement at x “ vn,

ă 0.

2. Since the eigenvalues are singletons, they are differentiable with gradients v1v
T
1 , vnv

T
n , respec-

tively. The result follows from the definitions of the gradient of the fractional function κ, the
spectral norm, and orthonormality of the eigenvectors.

3.1.1 Error Analysis for Linear System

Recall that we are interested in understanding how small changes in the data affect the solution of
the system. Let x ` ∆x be a solution of the perturbed system

Apx ` ∆xq “ b ` ∆b, (3.4)

where ∆x,∆b P Rn. The following remark provides new insight on the estimation of ill-conditioning
of linear systems.

Remark 3.1.3. Recall that we are interested in solving a linear system Ax “ b, where A P Rmˆn, b P

Rm. Without loss of generality, we can assume that A is overdetermined, i.e., m ě n and A has
full column rank. The solution is then given by x˚ “ A:b. Hence, the conditioning of the linear
system can be understood as the conditioning of the operator A:p ¨ q.

Let A “ USV T , U P Om, S P Rmˆn diagonal, and V P On, be the singular value decomposition
of A. We get A: “ V S:UT , and in particular, A:ui “ 1

σi
vi, for all i P rns. We can represent the

right-hand side and its perturbation as linear combinations of ui’s: b “
řm

i“1 βiui, ∆b “
řm

i“1 δiui.
Then,

}x}2 “ }A:b}2

“ }
řm

i“1 βiA
:ui}

2

“ }
řn

i“1
βi

σi
vi}

2

“
řn

i“1

´

βi

σi

¯2

“
řn

i“1
β2

λi

“ 1
n

ř

i β
2
i ¨

ř

i λ
´1
i ` Covpβ2, 1

λq,

where Covpβ2, 1
λq is the covariance of the vectors β2 :“ pβ2

1 , . . . , β
2
nqT and 1

λ :“ pλ´1
1 , . . . , λ´1

n qT .
Generally, it is reasonable to assume that β2 is uncorrelated with 1

λ . Consequently, the covariance
Covpβ2, 1

λq is assumed to be negligible. Under this assumption, we obtain the following approxima-
tion:

}x}2 “ 1
n

ř

i β
2
i ¨

ř

i λ
´1
i ` Covpβ2, 1

λq

« 1
n

ř

i β
2
i ¨

ř

i λ
´1
i “ }β}2

ř

i λ
´1
i {n.

Similarly,

}∆x}2 “ }A:∆b}2 « }δ}2
ÿ

i

λ´1
i {n ě }δ}2

ź

i

λ
´1{n
i .
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The last inequality is from the AM-GM inequality. From (3.1) (squared) we have:

condpAq2 “
}b}2

}x}2
}∆x}2

}∆b}2

À
}b}2

}∆b}2
}δ}2

ř

i λ
´1
i {n

}β}2
ś

i λ
´1{n
i

“

ř

i λ
´1
i {n

ś

i λ
´1{n
i

“ ωppATAq´1q

(3.5)

Moreover, from [52, Prop. 2.1 (i)] and the inverse invariance of κ we have

1 ď

b

ωppATAq´1q ď

b

κppATAq´1q “ κpAq ă

b

4ωnppATAq´1q “ 2
b

ωnppATAq´1q,

i.e., the measure
a

ωppATAq´1q (denoted ωinvpAq below) is a valid condition number.

The following numerical tests appear to confirm that it is indeed a more informative estimate
of ill-conditioning. To see this, we study the correlation between the three estimates of cond: (i)
κ, (ii) ω, and (iii) ωinv, with the estimate of cond evaluated by sampling.

We sample as follows:

1. Generate 500 linear systems Aix “ bi, i P r500s, where the overdetermined Ai P R300ˆ200 are
randomly generated with either uniformly or normally distributed positive singular values
and the column vectors are set as bi :“ Aixi, with xi sampled from the standard normal
distribution.

2. For each i P r500s, we generate 1000 perturbations t∆bjujPr1000s of norm 10´6 and set ∆xj :“

A:

i∆bj . Then, for each j P r1000s we compute the relative residual ratio in (3.1). We then
average over j to yield an estimate of the condition number, condpAiq, of the i-th system.

3. We then check the resulting correlation between the following vectors (i) pκpAiqq500i“1, (ii)
pωpAiqq500i“1, and (iii) pωinvpAiqq500i“1, with pcondpAiqq500i“1, by comparing the corresponding linear
regression models.

Figures 3.1 and 3.2 show the linear regression models between the condition number, cond, em-
pirically estimated from perturbed samples, and different notions of condition numbers pκ, ω, ωinvq

for a random matrix A with uniformly, or normally, distributed singular values respectively. This
numerical test reveals a significant linear correlation between cond and ω, ωinv; whereas in contrast,
cond and κ are not linearly correlated. The correlation coefficients are given in Table 3.1.

Distribution κ ω ωinv

Normal 0.0413 0.4012 0.7244

Uniform 0.4339 0.9182 0.9462

Table 3.1: Correlation between empirical condition estimate and different condition numbers.

3.1.2 Estimation of Condition Numbers

Since eigenvalue decompositions can be expensive, one issue with κpAq is how to estimate it effi-
ciently when the size of matrix A is large. A survey of estimates and, in particular, estimates using
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Figure 3.1: Linear regression models between cond and: κ, ω, ωinv, respectively; uniformly dis-
tributed singular values.
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Figure 3.2: Linear regression models between cond and: κ, ω, ωinv, respectively; normally dis-
tributed singular values.

the ℓ1-norm, is given in [87, 92]. Extensions to sparse matrices and block-oriented generalizations
are given in [84,93]. Results from these papers form the basis of the condest command in Matlab.
More recently [71] deals with scalable methods for finding the κ-optimal diagonal preconditioner.
This illustrates the difficulty in accurately estimating κpAq.

On the other hand, the measure ωpAq can be calculated using the trace and determinant function
that do not require eigenvalue decompositions. However, for large n, the determinant is also
numerically difficult to compute as it could easily result in an overflow `8 or an underflow 0 due
to the limits of finite precision arithmetic, e.g., if the order of A is n “ 50 and the eigenvalues
λi “ .5,@i, then the determinant .5n is zero to machine precision. A similar problem arises for
e.g., λi “ 2,@i with overflow. In order to overcome this problem, we take the n-th root first and
then the product, i.e., we define the value obtained from the spectral factorization as

ωeigpAq “

řn
i“1 λipAq{n

śn
i“1pλipAq1{nq

.

This quantity can be evaluated using either the Cholesky or LU factorization. LetA “ RTR “ LUP
denote the Cholesky and LU factorizations, respectively, with appropriate permutation matrix P .
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We assume that L is unit lower triangular. Therefore,

detpAq1{n “ detpRTRq1{n “ detpRq2{n “

n
ź

i“1

´

R
2{n
ii

¯

. (3.6)

Similarly,

detpAq1{n “ detpLUP q1{n “

n
ź

i“1

´

|Uii|
1{n

¯

. (3.7)

Therefore, we find ωpAq with numerator tracepAq{n and denominator given in (3.6) and (3.7),
respectively:

ωRpAq “
tracepAq{n
śn

i“1

´

R
2{n
ii

¯ , ωLU pAq “
tracepAq{n

śn
i“1

´

|Uii|
1{n

¯ .

Tables 3.2 and 3.3 provide comparisons on the time and precision from the three different
factorization methods. Each column presents different order of κ-condition number, while each row
corresponds to different decompositions with different size n of the problem. We form the random
matrix using A “ QDQT for random orthogonal Q and positive definite diagonal D. We then
symmetrize A Ð pA`AT q{2 to avoid roundoff error in the multiplications. Therefore, we consider
the evaluation using D as the exact value of ωpAq, i.e.,

ωpAq “

řn
i“1 pDiiq {n

śn
i“1

´

D
1{n
ii

¯ .

Table 3.3 shows the absolute value of the difference between the exact ω-condition number and
the ω-condition numbers obtained by making use of each factorization, namely, ωeig, ωR and ωLU .
Surprisingly, we see that both the Cholesky and LU decompositions give better results than the
eigenvalue decomposition.

n Fact. order κ 1e2 order κ 1e3 order κ 1e4 order κ 1e5 order κ 1e6 order κ 1e7 order κ 1e8 order κ 1e9

500
eig 5.5267e-02 5.7766e-02 5.2747e-02 5.9256e-02 6.0856e-02 6.2197e-02 5.5592e-02 5.7626e-02
R 1.1218e-02 8.0907e-03 7.5172e-03 8.4705e-03 9.2774e-03 8.5553e-03 8.1462e-03 7.9027e-03
LU 2.2893e-02 1.8159e-02 1.8910e-02 2.0902e-02 2.0057e-02 2.0308e-02 1.9060e-02 1.8879e-02

1000
eig 3.0664e-01 2.8968e-01 2.6095e-01 2.7796e-01 5.7083e-01 5.9007e-01 5.8351e-01 5.9630e-01
R 2.9328e-02 2.8339e-02 2.7869e-02 3.1909e-02 5.8628e-02 6.0873e-02 6.2429e-02 6.1074e-02
LU 7.5011e-02 7.2666e-02 7.0497e-02 7.6778e-02 1.6313e-01 1.7313e-01 1.7666e-01 1.7326e-01

2000
eig 3.4794e+00 3.4804e+00 3.1916e+00 3.4386e+00 3.4235e+00 3.4766e+00 3.2327e+00 3.3704e+00
R 3.5644e-01 3.5989e-01 2.9556e-01 3.6375e-01 3.5847e-01 3.5972e-01 3.2629e-01 3.4227e-01
LU 9.0136e-01 9.0537e-01 7.1161e-01 8.7445e-01 8.6420e-01 8.8027e-01 8.1990e-01 8.1383e-01

Table 3.2: CPU sec. for evaluating ωpAq, averaged over the same 10 random instances; eig, R, LU
are eigenvalue, Cholesky, LU decompositions, respectively.

Condition number of condition numbers

If we regard the condition numbers κ and ω as operators, we can define and compute the condition
number of condition numbers; see, e.g., [50,91]. The following Remark 3.1.4 discusses the first order
condition number of κ and ω. In particular, for κ, it is well known that the condition number of
the condition number is the condition number.
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n Fact. order κ 1e2 order κ 1e3 order κ 1e4 order κ 1e5 order κ 1e6 order κ 1e7 order κ 1e8 order κ 1e9

500
eig 1.5632e-13 2.7853e-12 2.2618e-10 1.2695e-08 8.9169e-07 5.4109e-05 2.2610e-03 1.7349e-01
R 1.7053e-13 2.5580e-12 1.0039e-10 1.1339e-08 4.9818e-07 2.6470e-05 1.3173e-03 1.6217e-01
LU 1.5987e-13 2.4585e-12 1.0652e-10 1.1987e-08 5.1592e-07 2.1372e-05 1.3641e-03 1.4268e-01

1000
eig 2.1316e-13 2.1032e-12 8.7653e-11 4.6271e-09 3.1477e-07 1.9602e-05 9.9290e-04 7.6469e-02
R 4.2633e-13 1.5632e-12 4.2235e-11 3.9297e-09 2.9562e-07 1.1498e-05 9.1506e-04 5.3287e-02
LU 4.4054e-13 1.4850e-12 3.7858e-11 3.8287e-09 2.7390e-07 1.3820e-05 6.0492e-04 4.8568e-02

2000
eig 2.4336e-13 4.1780e-12 4.2019e-10 2.0080e-08 7.7358e-07 6.4819e-05 5.5339e-03 3.7527e-01
R 4.3698e-13 2.0819e-12 5.0704e-11 2.3442e-09 1.8376e-07 8.9575e-06 5.5255e-04 4.8842e-02
LU 4.3165e-13 2.2595e-12 2.3249e-11 2.5057e-09 1.5020e-07 6.0479e-06 5.4228e-04 4.4205e-02

Table 3.3: Precision of evaluation of ωpAq averaged over the same 10 random instances. eig, R, LU
are eigenvalue, Cholesky, LU decompositions, respectively.

Remark 3.1.4. If we consider b as the input to a function G with output x, then a Taylor type
argument gives to first order condition number as in (3.1)

condpGq “
}b}

}Gpbq}

}∆G}

}∆b}
– }∇Gpbq}

}b}

}Gpbq}
, (3.8)

a first order approximation for the condition number of G. Using the result in Lemma 3.1.2, we
compute the condition number of κ:

condpκq “ }∇κpAq}
}A}

κpAq
“

κpAq

λn

λ1

κpAq
“ κpAq.

We have observed empirically that the condition number of ω is significantly smaller than the
condition number of κ. Figure 3.3 illustrates the difference in magnitude between the condition
numbers of κ and ω over random matrices of size 10 ď n ď 300. Figure 3.4 illustrates a comparison
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Figure 3.3: Condition number of condition numbers

of accuracy in evaluations of ω, κ. We use one positive definite matrix with spectral decomposition
A “ QDQT , and n “ 1000,density “ 10´4 with various κ from 10 to 1000. We use perturbations
of the eigenvalues }Dpϵq ´D}{}D} “ 1e´ 8 and reform Apϵq “ QDpϵqQT . Figure 3.4 clearly shows
that ω is calculated more accurately as the ill-conditioning grows. This relates to the condition
number of the condition number in Remark 3.1.4.
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3.1.3 Eigenvalue Clustering

As mentioned above, the clustering of eigenvalues is crucial for iterative methods for solving linear
systems. Many convergence results depend on the degree of eigenvalue clustering; see, e.g., [82].

A typical comparison of eigenvalue clustering for W ą 0 after optimal diagonal preconditioning
with respect to κ, ω, and ωinv is shown in Figure 3.5. See Chapter 4 for further details on optimal
diagonal preconditioning. The left panel illustrates the distribution of eigenvalues, while the right
panel shows the number of eigenvalues (out of 60) contained within bands of varying widths centered
at the mean eigenvalue. We interpret tighter clustering as having more eigenvalues contained within
narrower bands.

The left panel clearly demonstrates improved eigenvalue clustering under ω-based precondition-
ing. While κ-optimal preconditioning primarily rescales the spectrum to reduce the ratio λmax{λmin,
both ω-based measures drive the eigenvalues closer to 1, thereby promoting stronger clustering. This
improvement is reflected in the right panel, where more eigenvalues are concentrated near the mean
in the ω-optimal preconditioned matrices.

Table 3.4 further empirically illustrates that the ω-condition number correlates better with the
number of iterations needed for pcg. In the table we fix κ by fixing the smallest λmin and largest
λmax eigenvalues and also fix the orthogonal matrix of eigenvectors Q in the spectral decomposition
A “ QDiagpλqQT . We generate 5 random sparse matrices whose pn ´ 2q-non extremal eigenvalues
have the same mean but follow different distributions, i.e., they can be either uniformly distributed
or normally distributed with different standard deviations, resulting in different values of ω. The
first column of Table 3.4 reports the distribution used for the non-extremal eigenvalues, the second
column gives the corresponding standard deviation, and the third column lists the resulting ω-
condition number of each matrix. Next, we generate a column vector b which is in the range of the
sum of the 5 matrices plus a random error term of order 10´7. Finally, we use Matlab’s pcg with
a tolerance set at 10´6 and solve the 5 linear systems given by b and each of the 5 matrices. No
preconditioner is used in any of the experiments. The fourth column reports the number of PCG
iterations required for convergence for each system. The correlation (monotonicity) between the
std, ω, iteration count in Table 3.4 is clear. We include the fifth and sixth columns to highlight the
significant correlation in the percentage reductions relative to the worst case, namely the first row
of the table. Let ω1 and iter1 denote the ω value and iteration count in the first row, and let ωi
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and iteri denote the corresponding quantities for the i-th row. The fifth column reports the relative
reduction in ω,

pω1 ´ 1q ´ pωi ´ 1q

ω1 ´ 1
ˆ 100%,

which measures how much closer ωi is to the ideal value 1 compared with the worst case. Similarly,
the sixth column reports the relative reduction in the iteration count,

iter1 ´ iteri
iter1

ˆ 100%,

which measures the percentage decrease in the number of iterations required by pcg relative to the
first row.

Distribution std ω # Iterations % Reduct. ω % Reduct. Iter. Rel. Resid.
Uniform 1.163e+11 1.3682 264 - - 9.738e-07
Normal 4.031e+10 1.0308 14 91.63 94.70 5.596e-07
Normal 2.022e+10 1.0143 8 96.11 96.97 9.834e-07
Normal 9.205e+09 1.0101 6 97.25 97.73 4.432e-07
Normal 6.095e+09 1.0095 5 97.42 98.11 6.067e-07

Table 3.4: correlations: eigenvals standard deviation (std); ω; iterations
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3.2 ω-Optimal Low Rank Updating

In the second part of this chapter, we consider the problem of improving conditioning for low rank
updates of very ill-conditioned (close to singular) positive definite matrices. The analytic simplicity
of the definition of ω-condition number allows us to exploit the derivative of ω to derive optimality
conditions.
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3.2.1 Preliminaries

Given a positive definite matrix A P Sn`` and a matrix U P Rnˆt with t ăă n, we aim to find
γ P Rt so as to minimize the condition number of the low rank update

A ` U DiagpγqUT . (3.9)

This kind of updating arises when finding generalized Jacobians in nonsmooth optimization. We
provide insight on the problem in the following Example 3.2.1.

Example 3.2.1 (Generalized Jacobians). In many nonsmooth and semismooth Newton methods
one aims to find a root of a function F : Rn Ñ Rn of the form

F pyq :“ Bpv ` BT yq` ´ c,

where B P Rnˆm, v P Rm, c P Rn and p ¨ q` denotes the projection onto the nonnegative orthant,
e.g., [35,98,148]. At every iteration of these algorithms a generalized Jacobian of F of the form

J :“
ÿ

iPI`

BiB
T
i `

ÿ

jPI0

γjBjB
T
j , with γj P r0, 1s,

is computed. Here Bi and Bj denote columns of B over the set of indices

I` :“ ti P rms : pv ` BT yqi ą 0u; and
I0 :“ tj P rms : pv ` BT yqj “ 0 and pBjqjPI0 is a maximal linearly independent setu.

The generalized Jacobian J , is usually singular. It is used to obtain a Newton direction d P Rn

by solving a least-square problem for the system pJ ` ϵIq d “ ´F pyq, where ϵI, with ϵ ą 0, is
analogous to the regularization term of the well-known Levenberg–Marquardt method. Thus, this
linear system is in general very ill-conditioned. This makes preconditioning by optimal updating
appropriate.

The optimal preconditioned update can be done in our framework as we start with

A :“
ÿ

iPI`

BiB
T
i ` ϵI, U “ rBjsjPI0 , (3.10)

and then find an optimal low rank update as in (3.9); done with additional box constraints on γ,
namely, γ P r0, 1st.

Similar conditioning questions also appear in the normal equations matrix, ADAT , in interior
point methods, e.g., modifying the weights in D appropriately to avoid ill-conditioning [42,77]. For
other related work on minimizing condition numbers for low rank updates see, e.g., [39, 83].

Here, we propose obtaining an optimal conditioning of the update (3.9) by using the ω-condition
number of [52], instead of the classic κ-condition number. The ω-condition number presents some
advantages with respect to the classic condition number, since it is differentiable and pseudoconvex
in the interior of the positive semidefinite cone, which facilitates addressing minimization problems
involving it. Our empirical results show a significant decrease in the number of iterations required
for a requested accuracy in the residual.

29



3.2.2 Optimal Conditioning for Rank One Updates

We first consider the special case where the update is rank one. Related eigenvalue results for rank
one updates are well known in the quasi-Newton literature, e.g., [53, 156]. We include this special
rank one case as it yields interesting results. The general rank-t update is studied in Section 3.2.3,
below.

Theorem 3.2.2. Suppose we have a given A P Sn`` and u P Rn. Let A “ QDQT be the (orthogonal)
spectral decomposition of A. Let U “ uuT and define the rank one update

Apγq “ A ` γU, γ P R.

Set
w “ D´1{2QTu, (3.11)

and

γ˚ “
tracepAq}w}2 ´ n}u}2

pn ´ 1q}u}2}w}2
. (3.12)

Then, γ˚ P
‰

´}w}´2,`8
“

and it provides the ω-optimal conditioning, i.e.,

γ˚ “ argmin
Apγqą0

ωpγq. (3.13)

Proof. Let
fpγq :“ tracepApγqq{n and gpγq :“ detpApγqq1{n.

We want to find the optimal γ to minimize the condition number

ωpγq “ fpγq{gpγq

subject to Apγq being positive definite. By Proposition 3.1.1, ω : R Ñ R; γ Ñ ωpγq is pseudoconvex
as long as Apγq ą 0. We prove that the latter is true for γ belonging to an open interval in the real
line. Indeed, let A “ QDQT be the spectral decomposition of A and define

w “ D´1{2QTu and W “ wwT “ D´1{2QTuuTQD´1{2. (3.14)

Then we can rewrite
Apγq “ QD1{2pI ` γW qD1{2QT , (3.15)

which is positive definite if and only if the rank one update of I, I ` γW , belongs to the cone of
positive definite matrices. Now, note that the eigenvalues of this term are λ1 “ 1, with multiplicity
n ´ 1, and λ2 “ 1 ` γ}w}2 with multiplicity 1. We then conclude that

Apγq P Sn`` ðñ γ P

ȷ

´
1

}w}2
,`8

„

,

in which case λ2 ą 0. Moreover, ωpγq tends to 8 as γ approaches the extreme of the above
interval. Therefore ω possesses a minimizer in the open interval, γ˚ P

‰

´}w}´2,`8
“

, that satisfies
ω1pγ˚q “ 0. Note that since ω is pseudoconvex the fact that its derivative is equal to zero is also a
sufficient condition for global optimality (see Fact 3.2.7 below).
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In the following we obtain an explicit expression for the (unique) minimizer of (3.13), γ˚, by
studying the zeros of ω1. Using the notation introduced in (3.14), f and its derivative are expressed
as

fpγq “
`

tracepAq ` γ}u}2
˘

{n and f 1pγq “ }u}2{n,

respectively. By making use of (3.15), g becomes

gpγq :“ pdetpAq detpI ` γW qq
1{n ,

since detpDq “ detpAq. As explained above the eigenvalues of I ` γW , are λ1 “ 1 ` γ}w}2, and
the others are all 1, which yields that

gpγq “
`

detpAqp1 ` γ}w}2q
˘1{n

“ detpAq1{np1 ` γ}w}2q1{n.

We get

g1pγq “
1

n
detpAq1{n}w}2p1 ` γ}w}2qp1´nq{n.

The derivative of ω is then obtained as follows

ω1pγq “
f 1pγqgpγq ´ fpγqg1pγq

gpγq2

“
1

gpγq2

„

}u}2

n
detpAq1{n

`

1 ` γ}w}2
˘1{n

´
}w}2

n2

`

tracepAq ` γ}u}2
˘

detpAq1{n
`

1 ` γ}w}2
˘p1´nq{n

ȷ

“
detpAq1{n

gpγq2n2

`

1 ` γ}w}2
˘p1´nq{n “

n}u}2 ` pn ´ 1qγ}u}2}w}2 ´ tracepAq}w}2
‰

.

(3.16)

A simple computation shows that this derivative is 0 only when γ attains the value

γ˚ “
tracepAq}w}2 ´ n}u}2

pn ´ 1q}u}2}w}2
, (3.17)

that has to be in the open interval
‰

´}w}´2,`8
“

. Since ω is pseudoconvex, we conclude that γ˚

is the ω-optimal conditioning that solves (3.13).

Equivalently, we can deduce an expression for the ω-optimal conditioning by making use of the
Cholesky decomposition of A instead of the spectral decomposition. This is gathered in our next
corollary. The proof follows from the same calculations than Theorem 3.2.2 and thus is omitted.

Corollary 3.2.3. Given A and U as in Theorem 3.2.2. Let A “ LLT be the Cholesky decomposition
of A. Then, the formula for the ω-optimal conditioning γ˚ in (3.12) holds with the replacement

w Ð L´1u.

As shown in Example 3.2.1, in some applications the preconditioner multiplier γ is required to
take values in the interval r0, 1s. In the following, we analyze the optimal ω-preconditioner for the
rank 1 update subject to this interval constraint.
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Corollary 3.2.4. Let the assumptions of Theorem 3.2.2 hold and let γ̄ be the ω-optimal conditioning
in the interval r0, 1s, i.e.,

γ̄ “ arg min
0ďγď1

Apγqą0

ωpγq.

Then, if γ˚ P s ´ }w}2,`8r is the ω-optimal “unconstrained” conditioning obtained in Theo-
rem 3.2.2, the following hold:

(i) If γ˚ P r0, 1s ùñ γ̄ “ γ˚;

(ii) If γ˚ ă 0 ùñ γ̄ “ 0;

(iii) If γ˚ ą 1 ùñ γ̄ “ 1.

Proof. Item (i) In this case, since γ˚ is the global optimum of ω in s ´ }w}2,`8r, it would also be
so in the interval r0, 1s.

For Items (ii) and (iii), it suffices to observe that, by (3.16) and (3.17), when γ˚ ă 0 (respectively,
γ˚ ą 1) the derivative of ω is monotonically increasing (respectively, decreasing) in the interval
r0, 1s.

3.2.3 Optimal Conditioning with a Low Rank Update

We now consider the case where the update is low rank. We need the following notations. For a
matrix Z P Rnˆt, we use Matlab notation and define the function normspZq : Rnˆt Ñ Rt as the
(column) vector of column 2-norms of Z. We let normsαpZq denote the vector of column norms
with each norm to the power α.

Theorem 3.2.5 (Rank t-update). Let A P Sn``, U “ ru1, . . . , uts P Rnˆt, be given with n ą t ě 2,
and normspUq ą 0. We further assume that UTA´1U is diagonal.5 Set

Apγq “ A ` U DiagpγqUT , for γ P Rt.

Let the spectral decomposition of A be given by A “ QDQT , define wi “ D´1{2QTui, i P rts, as in
(3.11), with W “

“

w1 . . . wt

‰

. Let

KpUq “
“

nDiag
`

norms2pUq
˘

´ e norms2pUqT
‰

,

bpUq “

´

tracepAqe ´ nDiag
`

norms2pW q
˘´1

norms2pUq

¯

,
(3.18)

where e denotes the vector of all ones. Then, the ω-optimal conditioning,

γ˚ “ argmin
Apγqą0

ωpγq, (3.19)

5This assumption is not restrictive for the motivation in Example 3.2.1. An invertible change of coordinates can
be applied to the columns of B and the vectors v and c so that the corresponding analogue of UTA´1U is diagonal.
Consequently, the problem of finding a zero of F pyq remains equivalent up lto a reparameterization.
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is given component-wise for i P rts by

pγ˚qi “ pKpUq´1bpUqqi

“
1

pn ´ tq}ui}2

˜

trpAq ´ pn ´ tq
}ui}

2

}wi}
2

´

t
ÿ

j“1

}uj}
2

}wj}
2

¸

.
(3.20)

Proof. Let A ą 0 and
U “

“

u1 . . . ut
‰

P Rnˆt, with n ą t ě 2.

We consider the update of the form

Apγq “ A ` U DiagpγqUT “ A `

t
ÿ

i“1

γiuiu
t
i, γ P Rt.

Same than in Theorem 3.2.2, we start characterizing an open subset of Rt where Apγq is positive
definite. In order to do this, we again transform the problem using the spectral decomposition of
A, A “ QDQT , and setting

wi “ D´1{2QTui and Wi “ wiw
T
i for i P rts.

From the assumption that UTA´1U is diagonal, we know that the vectors wi, i “ 1, . . . , t, are
mutually orthogonal. Then, we can express Apγq as

Apγq “ A ` U DiagpγqUT

“ QD1{2
`

I ` D´1{2QTU DiagpγqUTQD´1{2
˘

D1{2QT

“ QD1{2

˜

I `

t
ÿ

i“1

γipD
´1{2QTuiqpuTi QD´1{2q

¸

D1{2QT

“ QD1{2

˜

I `

t
ÿ

i“1

γiWi

¸

D1{2QT .

Hence, we obtain the following expression for the determinant of Apγq

det
`

Apγq
˘

“ detpAq

t
ź

i“1

p1 ` γi}wi}
2q. (3.21)

Consequently, Apγq is nonsingular and, by continuity of the eigenvalues, positive definite for γ
belonging to the set

Ω :“

ȷ

´
1

}w1}2
,`8

„

ˆ

ȷ

´
1

}w2}2
,`8

„

ˆ . . . ˆ

ȷ

´
1

}wt}
2
,`8

„

. (3.22)

Now, note that the constraint Apγq ą 0 is a positive definite constraint, so it is convex. Therefore,
if there exists some γ outside of Ω such that Apγq ą 0, we would lose the convexity of the feasible
set, since Apγq is singular on the boundary of Ω. This implies that

Apγq ą 0 ðñ γ P Ω.

Moreover, since ωpγq Ñ `8 as γ tends to the border of Ω or to `8, we can ensure that γ
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has a minimizer in Ω. Since the function is pseudoconvex on this open set, the global minimum is
attained at a point γ˚ such that ∇ωpγ˚q “ 0. Next, we prove that γ˚ is given by (3.20).

For this, note that fpγq can be expressed as

fpγq “
1

n
tracepA ` U DiagpγqUT q “

1

n

˜

tracepAq `

t
ÿ

i“1

γi}ui}
2

¸

“
1

n

`

tracepAq ` γT norms2pUq
˘

,

and its gradient is ∇fpγq “ 1
n norms2pUq. On the other hand, by (3.21) gpγq can be expressed as

gpγq “ detpAq1{n

˜

t
ź

i“1

p1 ` γi}wi}
2q

¸1{n

.

The gradient of gpγq is then given component-wise by

Bgpγq

Bγj
“

1

n
detpAq1{n

˜

t
ź

i“1

p1 ` γi}wi}
2q

¸p1´nq{n˜ t
ź

i“1,i‰j

p1 ` γi}wi}
2q

¸

}wj}
2

“
1

n
detpAq1{n

˜

t
ź

i“1

p1 ` γi}wi}
2q

¸1{n

p1 ` γj}wj}
2q´1}wj}

2

“
gpγq

n

}wj}
2

1 ` γj}wj}
2
, j P rts.

We make use of these expressions in order to compute the partial derivatives of ω. For every j P rts,
we have

Bωpγq

Bγj
“

1

gpγq2

„

Bfpγq

Bγj
gpγq ´ fpγq

Bgpγq

Bγj

ȷ

“
1

n2gpγq

«

n}uj}
2 ´

}wj}
2
`

trpAq ` γT norms2pUq
˘

1 ` γj}wj}
2

ff

.

(3.23)

Since n2gpγq ą 0, the j-th partial derivative of ω is zero if, and only if,

n}uj}
2 ´

}wj}
2
`

trpAq ` γT norms2pUq
˘

1 ` γj}wj}
2

“ 0.

Therefore, the minimum of the pseudoconvex function is obtained as the solution of the linear
system defined by the t equations

pn ´ 1q}uk}2γk ´

t
ÿ

i“1,i‰k

}ui}
2γi “ trpAq ´ n

}uk}2

}wk}2
, k P rts.

Equivalently,
»

—

—

–

pn ´ 1q}u1}
2

´}u2}
2 . . . ´}ut}

2

´}u1}
2

pn ´ 1q}u2}
2

´}u3}
2 . . . ´}ut}

2

. . .
´}u1}

2 . . . . . . ´}ut´1}
2

pn ´ 1q}ut}
2

fi

ffi

ffi

fl

γ “

¨

˝

tracepAq ´ n}u1}
2
{}w1}

2

. . .
tracepAq ´ n}ut}

2
{}wt}

2

˛

‚.
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This is further equivalent to

“

nDiagpnorms2pUqq ´ e norms2pUqT
‰

γ “

´

tracepAqe ´ nDiag
`

norms2pW q
˘´1

norms2pUq

¯

,

which is the system KpUqγ “ bpUq using the notation in (3.18).

Now we derive an explicit expression for the optimal γ. In order to do this, note that KpUq

is given as the sum of an invertible matrix, nDiagpnorms2pUqq, and an outer product of vectors,
´e norms2pUqT . By the Sherman-Morrison formula, this sum is invertible if and only if

1 ´
1

n
norms2pUqT Diagpnorms2pUqq´1e ‰ 0.

This is always true for t ă n. Indeed, we have

1 ´
1

n
norms2pUqT Diagpnorms2pUqq´1e “ 1 ´

1

n
eT e “ 1 ´

t

n
ą 0.

Moreover, we obtain the following expression for the inverse

pn Diagpnorms2pUqq ´ e norms2pUqT
˘´1

“
1

n
Diagpnorms2pUqq´1 `

1
`

1 ´ t
n

˘

n2
Diagpnorms2pUqq´1e norms2pUqT Diagpnorms2pUqq´1

“
1

n
Diagpnorms-2pUqq `

1

pn ´ tqn
Diagpnorms-2pUqqeeT .

Therefore, the inverse of KpUq in matrix form is given by

KpUq´1 “
1

n

»

—

—

—

—

–

1
}u1}2

0 . . . 0

0 1
}u2}2

. . . 0
...

...
. . .

...
0 0 . . . 1

}ut}2

fi

ffi

ffi

ffi

ffi

fl

`
1

pn ´ tqn

»

—

—

—

—

–

1
}u1}2

1
}u1}2

. . . 1
}u1}2

1
}u2}2

1
}u2}2

. . . 1
}u2}2

...
...

...
...

1
}ut}2

1
}ut}2

. . . 1
}ut}2

fi

ffi

ffi

ffi

ffi

fl

.

Finally, we obtain γ˚ by calculating the product γ˚ “ KpUq´1bpUq which yields

γ˚
i “

1

pn ´ tq}ui}2

˜

trpAq ´ pn ´ tq
}ui}

2

}wi}
2

´

t
ÿ

j“1

}uj}
2

}wj}
2

¸

, (3.24)

for all i P rts. Since γ˚ is the unique zero of the gradient of ω, we conclude that it belongs to Ω
and solves (3.19).

We note that the ω-optimal conditioning for the rank one update in Theorem 3.2.2 is obtained
from (3.20) when t “ 1. On the other hand, we can also employ the Cholesky decomposition of A
to derive the ω-optimal conditioning in Theorem 3.2.5. We state this in the following corollary.

Corollary 3.2.6. Given A and U as in Theorem 3.2.5. Let A “ LLT be the Cholesky decomposition
of A. Then, the formula for the ω-optimal conditioning γ˚ in (3.20) holds with the replacement

wi Ð L´1ui, i P rts.
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Proof. The proof follows similarly to the one of Theorem 3.2.5 and thus is omitted.

With the same assumptions as in Theorem 3.2.5, we now consider the problem of finding the
ω-optimal conditioning in the box r0, 1st, i.e.,

γ̄ “ arg min
γPr0,1st

Apγqą0

ωpγq. (3.25)

For the rank one update (t “ 1), Corollary 3.2.4 shows that the solution to (3.25) can be obtained
by first computing the minimum of the unconstrained problem, whose explicit expression was given
in Theorem 3.2.2, and then projecting onto the box constraint, which in that case was the interval
r0, 1s. However, this simple projection can fail in general for the low rank update, as we now show
in Example 3.2.8 below.

The illustration of this phenomenon will require considering a constrained pseudoconvex mini-
mization problem. In the following Fact 3.2.7, see, e.g., [126, Chapter 10], we recall the sufficient
optimality conditions for this class of optimization problems. We note that no constraint qualifi-
cation is needed for sufficiency.

Fact 3.2.7 (Sufficient optimality conditions for pseudoconvex programming). Let Ω Ď Rn be
nonempty open and convex. Let f : Ω Ñ R be a pseudoconvex function and pgiq

m
i“1 : Ω Ñ R a

family of differentiable and quasiconvex functions. Consider the optimization problem

min fpxq

s.t. gipxq ď 0, i P rms,
x P Ω.

(3.26)

Let x̄ P Ω, λ̄ P Rm, be a KKT primal-dual pair, i.e., the following KKT conditions hold:

∇fpx̄q `

m
ÿ

i“1

λ̄i∇gipx̄q “ 0

λ̄i ě 0, i P rms,

λ̄igipx̄q “ 0, i P rms,

x̄ P Ω and gipx̄q ď 0, i P rms.

(3.27)

Then x̄ solves (3.26).

Example 3.2.8 (Failure of projection for constrained problem (3.25)). Let n “ 3, t “ 2 and
consider the following initial data for the ω-minimization problem:

A :“

»

–

1 0 0
0 2 0
0 0 2

fi

fl and U :“

»

—

–

1?
2

0
´1?
2

0

0 1

fi

ffi

fl

.

Then, we get the following:

• From (3.24) and Theorem 3.2.5, the ω-optimal preconditioner is γ˚ “ 1
3

ˆ

1
´1

˙

;
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• projecting onto r0, 1s2 yields γ˚
p “ 1

3

ˆ

1
0

˙

, where ωpγ˚
p q “ 16{p9 3

?
5q;

• however, with γ̄ :“ 1
2

ˆ

1
0

˙

, we get a lower value:

ωpγ̄q “ 1{

´

3 3
a

p2{11q2
¯

« 1.0386 ă 1.0397 « 16{p9
3
?
5q;

and γ̄ is the ω-optimal preconditioner in r0, 1s2, as we now show.

To prove the last statement, note that (3.25) can be written as the pseudoconvex program in (3.26)
by setting f :“ ω : R2 Ñ R, g1pγq “ ´γ1, g2pγq “ ´γ2, g3pγq “ γ1 ´ 1, g4pγq “ γ2 ´ 1 and Ω
defined as in (3.22). In particular, the only active constraint for γ̄ “ p1{2, 0qT is g2pγq “ 0, so the
KKT conditions become

0 “
Bωpγ̄q

Bγ1
,

0 “
Bωpγ̄q

Bγ2
´ λ̄2,

for some λ̄2 ě 0. This can be verified by simply substituting using the expressions of the partial
derivatives of ω obtained in (3.23). By Fact 3.2.7, we conclude that for the given data, γ̄ is the
solution of (3.25).

As done in the previous example, obtaining the ω-optimal preconditioner in the box r0, 1st would
require obtaining a KKT point for the constrained pseudoconvex problem (3.25). This is not an
easy task. To the author’s knowledge, closed formulas for this kind of box constrained minimization
problems are not known even when the objective is a quadratic. Nevertheless, using the projection
of γ˚ onto r0, 1st as an approximation to γ̄ appears to give good results in practice. We see this in
our numerical tests in Section 3.2.4.

Finally, observe that the computation of γ˚ in formula (3.20) might be as expensive as finding the
Newton direction without preconditioning, since it requires the spectral or Cholesky decomposition.
However, under the framework of Example 3.2.1, we now see in Proposition 3.2.9 that we can get
the following inexpensive and effective approximation γ “ γ˚

apr, given by the expression

“

γ˚
apr

‰

i
:“

trpAq

pn ´ tq}ui}2
, @i P rts. (3.28)

Proposition 3.2.9. Let A P Sn`, B P Rnˆm, U P Rnˆt,with t :“ |I0|, be defined as in Exam-
ple 3.2.1. For simplicity define the columns of the matrix B̄ :“

“

Bi

‰

iPI`
with r :“ rankpB̄q ă n.

Let j P I0 and let uj , wj be defined as in Theorem 3.2.5, and let ϵ ą 0 be the Levenberg–Marquardt
regularization parameter in (3.10). Then,

uj R rangepB̄q ùñ
}uj}

2

}wj}
2

ď ϵ
}uj}

2

distpuj , rangepB̄qq2
.

We conclude that (3.28) provides an efficient estimate of γ˚ in formula (3.20).
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Proof. Let x P rangepB̄q, y P nullpB̄T q such that uj “ x ` y. Then,

}wj}
2 “ uTj QD´1QTuj

“ px ` yqTQD´1QT px ` yq

“ xTQD´1QTx ` 2xTQD´1QT y ` yTQD´1QT y

“

r
ÿ

ℓ“1

1

λℓ ` ϵ
pqTℓ xq2 ` 0 `

n
ÿ

ℓ“r`1

1

ϵ
pqTℓ yq2

ě

n
ÿ

ℓ“r`1

1

ϵ
pqTℓ yq2

“
1

ϵ

n
ÿ

ℓ“r`1

pqTℓ yq2 “
1

ϵ

n
ÿ

ℓ“1

pqTℓ yq2 “
1

ϵ
}y}2,

where qℓ is ℓ-th column of Q. Since }y} “ distpuj , rangepB̄qq,

}uj}
2

}wj}
2

ď ϵ
}uj}

2

distpuj , rangepB̄qq2
.

Remark 3.2.10. We note that the approximate ω-optimal conditioning obtained in (3.28) is strictly
related to a popular choice of γ appearing in the literature (see, e.g., [35]), namely, taking

γi :“
1

}ui}2
, @i P rts. (3.29)

Indeed, the updates resulting from (3.28) and (3.29) only differ in a scaling given by tracepAq{pn´tq.
We will see in Proposition 4.2.1 that the selection of (3.29) corresponds to the ω-optimal diagonal
preconditioner of the matrix U , i.e., it aims to minimize the ω-condition number of only the update
term. In contrast, our proposed approach aims to minimize ω for the whole matrix Apγq “ A `

U DiagpγqUT . Numerical comparisons between both approaches are presented in the numerics in
Table 3.5 and Figure 3.6, below.

3.2.4 Numerical Tests

We now present tests with different choices of γ for efficient iterative solutions of linear systems

of the form Apγqx “ b , where Apγq is given in (3.30). We use Matlab’s builtin preconditioned

conjugate gradient function pcg. We focus our attention on the case where Apγq P Sn`` is a low rank
update that appears in choosing subgradients in nonsmooth Newton methods, see Example 3.2.1.
Our aim is to improve conditioning to improve convergence, thus we call this γ-conditioning.

Problem Generation and Definitions of γ

Specifically, we generate random instances as follows:

• Define
Apγq :“ A ` ϵI ` U DiagpγqUT ; (3.30)

38



• ϵ is a random number in the interval r10´7, 10´9s;

• A “ AT
0 A0 with A0 P Rrˆn a normally distributed random sparse matrix with density at

most 0.5{ logpnq; r P rn{2 ` 1, n ´ 1s is a random integer;

• t P r2, r{2s is the randomly chosen rank of the update, U P Rnˆt is a normally distributed
random sparse matrix of density at most 1{ logpnq;

• The right hand side, b, is chosen as the sum of two random vectors in the range of A and U ,
respectively. More precisely,

b “ Ab1 ` U b2,

with b1 P Rn and b2 P Rt vectors randomly generated using the standard normal distribution.

As explained in Example 3.2.1, in this application the γ for conditioning is required to belong to the
hypercube r0, 1st. Therefore, in our experiments we test the performance of four different choices
of γ-conditioning:

• (γ “ 0): the zero vector ;

• (γ “ e): the vector of ones;

• (γ “ u´2): projection onto r0, 1st of the ω-optimal diagonal preconditioner for the last term,
U DiagpγqUT , of (3.30). Recall from (3.29) (also, Proposition 4.2.1) that γ is given by

γi “ mint1, 1{}ui}
2u, i P rts,

where ui denotes the ith column of U ;

• (γ “ γ˚
p ) projection of γ˚, obtained in Theorem 3.2.5, onto r0, 1st;

• (γ “ γ˚
apr): projection of the approximated ω-optimal obtained in (3.28), onto r0, 1st.

Descriptions of Parameters and Outputs

For each dimension n P t1000, 2000, 3000, 5000u, we generate 10 instances of random problems
and solve the corresponding systems with Matlab’s pcg and with the five different choices of
γ-conditioning.

Table 3.5 shows the average over the 10 instances of: κ- and ω-condition numbers of every
Apγq; relative residual; number of iterations; time used by pcg for every choice of γ; and time for
computing each (nontrivial) γ. Both the spectral and Cholesky decompositions are implemented for
computing γ “ γ˚

p but the table only contains the time for more efficient approach. We indicated
the corresponding approach in the last column as well. We stop if a tolerance of 10´12 is reached
or the maximum 50, 000 iterations is exceeded. We use the origin as our initial starting point.

We also use performance profiles, e.g., [60], to compare the different choices of γ. Let P denote
the set of problems, and now set Γ :“ t0, e, u´2, γ˚

p , γ
˚
apru as the set of γ conditioners.

tp,γ “ ttime for computing the preconditioneru

` ttime for solving the preconditioned problem by pcgu.
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n γ κpApγqq ωpApγqq Rel.Res Iter T. Total T. Solve T. γ˚

1000

0 2.3249e+09 1.0173e+04 1.5146e-01 2734.30 0.0218 0.0218 -
e 2.2193e+11 4.7689e+03 1.7750e-06 4187.40 0.8181 0.8181 -

u´2 8.5539e+09 2.2114e+03 3.8172e-07 2730.10 0.0810 0.0807 0.0003
γ˚
p 1.0722e+10 2.2095e+03 1.8169e-07 2788.10 0.0880 0.0748 0.0132 (C)

γ˚
apr 1.0432e+10 2.2095e+03 1.5855e-07 2821.80 0.0757 0.0752 0.0005

2000

0 2.0729e+12 2.2127e+04 1.8829e-07 230.70 0.5887 0.5887 -
e 3.4235e+12 6.5292e+02 9.2055e-13 425.50 1.4527 1.4527 -

u´2 1.8491e+12 8.9700e+02 9.1536e-13 1364.40 0.7545 0.7541 0.0003
γ˚
p 2.0726e+12 5.6538e+02 9.1902e-13 376.20 0.6021 0.2319 0.3702 (S)

γ˚
apr 2.0644e+12 5.6538e+02 9.1737e-13 376.30 0.2391 0.2368 0.0023

3000

0 4.4961e+12 1.9718e+04 7.4824e-08 586.20 3.3928 3.3928 -
e 3.6078e+12 3.9795e+03 9.3498e-13 261.70 1.5414 1.5414 -

u´2 3.6699e+12 4.3747e+03 9.1465e-13 917.80 1.0956 1.0954 0.0002
γ˚
p 3.6544e+12 3.9795e+03 9.4326e-13 261.60 1.6990 0.3219 1.3770 (S)

γ˚
apr 3.5688e+12 3.9795e+03 9.4326e-13 261.60 0.3247 0.3199 0.0048

5000

0 1.0028e+13 3.0421e+04 2.6256e-07 698.80 11.5600 11.5600 -
e 1.1709e+13 8.9242e+02 9.3629e-13 362.90 5.9142 5.9142 -

u´2 8.2778e+12 1.4249e+03 1.2583e-09 1563.00 6.3804 6.3783 0.0021
γ˚
p 8.7440e+12 8.2755e+02 9.6946e-13 344.30 8.3604 1.4008 6.9596 (S)

γ˚
apr 8.8089e+12 8.2755e+02 9.5456e-13 344.30 1.4175 1.4026 0.0149

Table 3.5: For different dimensions n, every choice of γ for updating, average of 10 instances: κ-
and ω-condition numbers of Apγq; residual; number of iterations; total time (in seconds); solve
time; time for computing γ˚, (S) stands for spectral and (C) for Cholesky decomposition.
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Then, for every problem p P P and every γ P Γ, we define the performance ratio as

rp,γ :“

#

tp,γ
minttp,γ : γPΓu

if convergence test passed,

`8 if convergence test failed.

In our experiments, a convergence test passed if it succeeded in solving the linear system with the
required relative residual tolerance in less than 50, 000 iterations, and otherwise it failed. Note
that the best performing preconditioner with respect to the measure under study (time or number
of iterations), say γ̃, for problem p will have performance ratio rp,γ̃ “ 1. In contrast, if the
preconditioner γ underperforms in comparison with γ̃, but still manages to pass the test, then

rp,γ “
tp,γ
tp,γ̃

ą 1

is the ratio between the overall time (resp., number of iterations) required for solving the problem
p for this particular choice and the time (resp., number of iterations) employed by γ̃. Consequently,
the larger the value of rp,γ , the worse the preconditioner γ performed for problem p.

Finally, the performance profile of γ P Γ is defined as

ργpτq :“
1

|P |
size tp P P : rp,γ ď τu ,

where |P | is the number of problems in P . This can be understood as the relative portion of times
that the performance ratio rp,γ is within a factor of τ ě 1 of the best possible performance ratio. In
particular, ργp1q represents the number of problems where γ is the best choice. Also, the existence
of a τ ě 1 such that ργpτq “ 1, indicates that γ passed the convergence test for every single problem
in P . In Figure 3.6, we display our performance profiles, with log2 scale on τ .
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Figure 3.6: Time, iterations performance profiles; for system Apγqx “ b with different choices of γ
in Section 3.2.4; using Matlab’s pcg.

Summary of Empirics

Firstly, we observe that pcg with no γ-conditioning (γ“0) fails to achieve the desired residual, so
the problems under consideration are sufficiently ill-conditioned. The performance profiles reveal
that, in more than 90% of the tested instances, the ω-optimal conditioning leads to a problem
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that can be solved with the least number of iterations. However, the computation of the optimal
conditioning γ˚

p is too time expensive (see Table 3.5) which does not make it advantageous in
general6. Nonetheless, we observe that the approximated ω-optimal conditioning γ˚

apr maintains
the benefits of γ˚

p in terms of both solve time and number of iterations. In addition, it can be
computed very efficiently which makes it the best option among all γ-conditionings.

6Regarding the different approaches for computing γ “ γ˚
p , we want to mention that although obtaining the

Cholesky decomposition A “ LLT is in general less costly than computing its eigenvalue decomposition, the com-
putation of the ω-optimal conditioning in this case requires solving the system LW “ U , see Corollary 3.2.6. This
means that, for larger dimensions, employing the spectral decomposition for computing γ˚ seems to be more time
efficient.
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Chapter 4

Diagonal Preconditioners

Preconditioning is essential in iterative and direct solutions of large-scale linear systems e.g., [38,67,
70,71,76,79,149]. All of these works focus on studying the classical κ-condition number of a matrix
A. On the other hand, another line of research has focused on studying the ω-condition number.
Moreover, it is known that the simple scaling diagonal preconditioner using the norms of the columns
of A is the optimal diagonal preconditioner with respect to ω and is efficient in practice, see [52,147],
i.e., ω validates the use of this specific diagonal preconditioner.1 Although κ-optimal preconditioners
minimize the worst-case condition number, our results show that ω-optimal preconditioners are
cheaper to compute and are more predictive of PCG/LSQR performance. We emphasize that ω
provides a more average indication rather than a worst case measure of conditioning.

For simplicity, we restrict our comparisons to diagonal and block diagonal preconditioning for
large scale sparse positive definite and general invertible linear systems. The positive definite case
arises from many diverse applications including: finite element analysis, sparse regression, Newton
type optimization algorithms, and also from e.g., in [71, 74]: (i) the so-called normal equations
from interior point methods in solving linear programs and (ii) the Hessians in minimizing logistic
regression.

Recall that the κ- and ω-condition numbers for the positive definite caseM ą 0 are, respectively,
given by ratios of eigenvalues

κpMq “
λmaxpMq

λminpMq
; ωpMq “

tracepMq{n

detpMq1{n
“

ř

i λipMq{n
ś

ipλipMqq1{n
. (4.1)

Preconditioning with D uses

Ax “ b ðñ DpApDpD´1xqq “ Db,

and reduces a condition number of DAD. For our purposes we exploit the fact that the following
functions have the same values for nonsingular D:

κpDADq “
λmaxpDADq

λminpDADq
“

λmaxpADDq

λminpADDq
; ωpDADq “

tracepDADq{n

detpDADq1{n
“

tracepADDq{n

detpADDq1{n
.

(4.2)

1In [71] the motivation for numerically finding diagonal κ-optimal preconditioners was the lack of theoretical
validation. See also the near optimality results in [173]. Validation using ω is now provided in Proposition 4.2.1.
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Our algorithms exploit the functions with argument affine in D̄ “ DD rather than quadratic in D.

Main Contributions

The main contributions of this chapter consist of both theoretical and numerical analyses of the
κ and ω-condition numbers. First, we provide an affine based pseudoconvex reformulation of
the κ-optimal diagonal preconditioning problem that allows for an elegant characterization of its
optimality conditions. There are three advantages of this reformulation: all its stationary points
are global minima, its subgradients are inexpensive to compute, and its optimization variable is
just an n ˆ 1 vector rather than an n ˆ n matrix as in semidefinite programming, SDP [149]. Our
extensive numerical experiments show that subgradient methods based on our reformulation can
effectively converge to a κ-optimal diagonal preconditioner more efficiently in time and accuracy
than current SDP-based approaches in the literature [71,149].

Second, we provide and exploit the ability to find explicit formulae for ω-optimal diagonal
and block diagonal preconditioners. We demonstrate that many popular classic preconditioners,
such as the Jacobi preconditioner and row/column normalization preconditioners are ω-optimal
preconditioners. We also display that matrix balancing schemes reduce ω at every iteration and
converge to a stationary point of the two-sided ω-optimal diagonal preconditioning problem. To
the best of our knowledge, this is the first time that such a comprehensive characterization of
optimality conditions for both condition numbers is provided.

Finally, we conduct additional extensive numerical experiments that compare the efficiency of
the κ- and ω-condition numbers. Our results show that since ω-optimal preconditioners typically
have closed-form solutions, they are much cheaper to construct than κ-optimal preconditioners. Our
results further demonstrate that PCG iterations and LSQR iterations for solving linear systems
are, on average, more correlated with the ω-condition number than the κ-condition number.

We now continue with the organization of this chapter and more details on the main contribu-
tions. In Section 4.1, we present several formulations for minimizing κ along with the derivatives
and optimality conditions. The formulations are presented to take advantage of the affine approach
and then avoid the positive homogeneity of the problem in order to improve stability of the problem.
In particular, we include Theorem 4.1.7 that presents a characterization of a κ-optimally diagonally
preconditioned A that is based on the largest/smallest eigenpairs. This leads to an efficient sub-
gradient algorithm and we include convergence results. In Section 4.2, we characterize ω-optimal
preconditioners with special structures. A characterization for a ω-optimal diagonal preconditioner
is simple as it corresponds to the classical Jacobi preconditioner for symmetric positive definite
matrices and the row/column normalization preconditioner for general nonsingular matrices. We
also show that the matrix balancing algorithm, Sinkhorn-Knopp, linearly converges to a stationary
point of the two-sided ω-optimal diagonal preconditioning problem. Finally, we include results
on extending from diagonal to block diagonal preconditioning in Section 4.2.3. We show that the
right-sided ω-optimal block diagonal preconditioner for full column rank matrices A comes from
taking Q-less QR decompositions of the blocks of A. We also give a characterization for the left-
sided ω-optimal block diagonal preconditioner and show that when A is square that it is related to
applying the right-sided optimal preconditioner to AT .

Extensive numerical tests are then conducted in Section 4.3. We demonstrate that our subgra-
dient methods are more scalable and efficient at computing κ-optimal diagonal preconditioners than
existing SDP-based approaches in the literature [71, 149]. Moreover, the resulting preconditioners
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yield more substantial improvements in PCG performance for solving linear systems compared to
those produced by [71,149].

We further compare optimal diagonal preconditioning strategies based on the condition numbers
κ and ω. In particular, we observe that the Sinkhorn-Knopp algorithm, which converges to a
stationary point of the two-sided ω-optimal preconditioning problem, produces preconditioners
that significantly outperform the two-sided κ-optimal method of [149] in terms of LSQR iteration
counts for minimizing }b´Ax}. While Sinkhorn-Knopp dramatically reduces ω, the method of [149]
achieves a stronger reduction in κ. This is notable as despite this difference, Sinkhorn-Knopp yields
better LSQR performance on the majority of instances while also being computationally cheaper.

Finally, we demonstrate that applying ω-optimal diagonal scaling to positive definite linear
systems that are already κ-optimally scaled leads to significant improvements in PCG performance.
Overall, our results highlight two key advantages of ω-optimal preconditioners: they are inexpensive
to compute and substantially reduce the iteration counts of iterative methods.

4.1 κ-Optimal Diagonal Preconditioning

Preconditioning (or scaling) plays a fundamental role in numerical linear algebra and optimization;
see, for example, the surveys [22, 41, 176]. In this section, we study the problem of computing a
κ-optimal diagonal preconditioner for positive definite linear systems

Mx “ b, M “ ATA, A P Mn nonsingular.

Our objective is to find a diagonal matrix D ą 0 that minimizes the classical condition number
κpD1{2MD1{2q.

Rather than viewing this as a nonlinear problem in D1{2, we exploit the eigenvalue invarience
in (4.2) to reformulate to the simpler affine mapping MD and still minimize κpD1{2MD1{2). The
reformulation yields a pseudoconvex minimization problem with several advantages:

• all stationary points are global minimizers,

• subgradients are easy to compute,

• the composite functions are used to avoid homogeneity and design very efficient and scalable
algorithms.

Note that [71] also considers minimizing κpD1{2MD1{2q, although they aim to find a diagonal
preconditioner that is a convex combination of a small basis or list of diagonal preconditioners.

4.1.1 Optimality Conditions

Let M P Sn``. We denote the quadratic type scaling as follows:

Dq : Rn
`` Ñ Sn, Dqpdq “ Diagpdq1{2M Diagpdq1{2.

By abuse of notation, we let the argument determine the function,

κpdq “ κpDqpdqq “ pκ ˝ Dqqpdq.
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Similarly,

λmaxpdq “ λmaxpDqpdqq “ pλmax ˝ Dqqpdq, λminpdq “ λminpDqpdqq “ pλmin ˝ Dqqpdq.

In the literature, e.g., [70, 71,149], κ-optimal diagonal preconditioning refers to solving

d˚ P argmin

"

κpDqpdqq “
λmaxpDqpdqq

λminpDqpdqq
: d P Rn

``

*

. (4.3)

Here we restrict to d P Rn
`` as we are taking square roots, see also Remark 4.1.4, below.

We show below, that for our purposes, we can use the equivalent linear in d transformation

D : Rn
`` Ñ Sn, Dpdq “ M Diagpdq. (4.4)

With D “ Diagpdq, we first note the relationships in the eigenpairs of Dqpdq “ D1{2MD1{2 and
the nonsymmetric but similar Dpdq “ MD, and DpdqT “ DM ; as well we have the convexity and
concavity of the maximum and minimum eigenvalues of these nonsymmetric matrices MD.2

Lemma 4.1.1. Let M,D “ Diagpdq P Sn``, and pui, λiq, i “ 1, . . . , n, be orthogonal eigenpairs of
Dqpdq, i.e., xui, ujy “ 0,@i ‰ j. Define

xi “ D´1{2ui,@i, X “
“

x1 . . . xn
‰

, Y “ X´T , Λ “ Diagpλq.

Then X and Y are matrices of right and left eigenvectors of Dpdq, respectively, with corresponding
matrix of eigenvalues Λ; and Y is given by Y “ DXpXTDXq´1.
Moreover, λmaxpdq “ λ1pdq (respectively, λminpdq “ λnpdq) is a convex (respectively, concave)
function of d P Rn

``.

Proof. Let U :“ ru1 . . . uns be the corresponding matrix with orthogonal, not necessarily orthonor-
mal, eigenvectors. We have X “ D´1{2U and thus UTU “ XTDX. This brings us to

U´T “ UpXTDXq´1.

Notice that XTDX is a diagonal matrix with its diagonal entries given by }ui}
2, which are strictly

positive as eigenvectors are nonzero. Thus the inverse is well-defined. Now, observe that

Y “ X´T “ D1{2U´T

“ D1{2UpXTDXq´1

“ DXpXTDXq´1

as desired. Now,
D1{2MD1{2U “ UΛ ùñ MDD´1{2U “ D´1{2UΛ

ùñ MDX “ XΛ
ùñ XTDM “ ΛXT

ùñ DMX´T “ X´TΛ
ùñ DMY “ Y Λ.

2These are a special case of so-called K-pd matrices in the literature, i.e., a product of two symmetric matrices
where at least one is positive definite. The product of two positive definite matrices P “ AB arises in the optimality
conditions in semidefinite programming. One of the difficulties is that the symmetrization of P is not necessarily
positive definite, see e.g., [170].
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The second and last equation show that X and Y are right, and left, eigenvectors of MD, respec-
tively. Moreover, we note that M ą 0 has a positive definite square root and λipM Diagpdqq “

λipM
1{2DiagpdqM1{2q. Therefore,

maxλipDpdqq “ maxλipM
1{2DiagpdqM1{2q “ max

}x}“1
xTM1{2DiagpdqM1{2x.

As in the proof of Lemma 2.1.1, the latter is a maximum of linear functions in d and therefore is
convex. The concavity result follows similarly.

Corollary 4.1.2. Let M P Sn``, d P Rn
``. Then

λmaxpdq “ λmaxpDqpdqq “ λmaxpDpdqq, λminpdq “ λminpDqpdqq “ λminpDpdqq;

and

κpdq “
λmaxpDqpdqq

λminpDqpdqq
“

λmaxpDpdqq

λminpDpdqq
,

where recall Dpdq is as in (4.4).

Proof. The proof follows immediately from Lemma 4.1.1.

This allows us to consider the equivalent simplified view of finding a κ-optimal diagonal pre-
conditioner, i.e., we need to solve the fractional pseudoconvex3 minimization problem

d̄ P argmin

"

κpdq “
λmaxpDpdqq

λminpDpdqq
: d P Rn

``

*

. (4.5)

The following Lemma 4.1.3 shows that forM ą 0, the matrixMD having all positive eigenvalues
is equivalent to the positive definiteness of D. Combining this observation with Lemma 4.1.1, we
obtain that κpdq is the ratio of a convex function and a positive concave function on its domain,
and is therefore pseudoconvex.

Lemma 4.1.3. Let M P Sn``, d P Rn, D “ Diagpdq. Then

λipMDq ą 0,@i ðñ d P Rn
``.

Proof. We note that the eigenvalues of MD are the same as the eigenvalues of M1{2DM1{2.
Sylvester’s Lemma of inertia implies that the number of negative eigenvalues of M1{2DM1{2 is
the same as that of D and so it is the same as the number of negative elements in d.

Remark 4.1.4. Note that the two equivalent problems (4.3) and (4.5) are both essentially unconstrained,
and the optima are attained and characterized as stationary points in Rn

``. This is not obvious
but follows since we have the ratios of convex and concave functions using λmax, λmin and this is
over the open cone constraint d P Rn

``. If we add the constraints dT en “ n, d ą 0, or equivalently
that d “ en ` V v ą 0, with V P Rnˆpn´1q a matrix whose columns contain a basis for eK

n as done
above, then we have a bounded problem in v P Rn´1 and the spectral radius λmaxpMDq ď }M}}D}

3A function f : X Ď Rn
Ñ R is said to be pseudoconvex if for all x, y P X, ∇fpxq ¨ py ´ xq ě 0 ùñ fpyq ě fpxq.

A key property of pseudoconvex functions is that every stationary point is a global minimizer.
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is bounded above. Bounded below away from 0 follows from applying the greedy solution to the
knapsack problem with constraints

ř

i di “ n, d ě 0. We get

λmaxpdq ě tracepMDq{n “
ř

iMiidi{n ě miniMii ą 0.

Therefore, with the denominator going to 0, we have κ going to 8 as d “ en ` V v approaches the
boundary of the simplex. That is, minimizing κ provides a self-barrier function for this boundary.

Moreover, α ą 0 ùñ κpdq “ κpαdq, i.e., we have positive homogeneity of degree zero.
Therefore, the opimal d is not unique. By pseudoconvexity, the optimal set is a convex set. This
set can be large, see Proposition 4.1.8.

Characterization of κ-Optimal Scaling

Using eigenvalue derivative formulas in Lemmas 4.1.5 and 4.1.6, we compute the gradient of κpdq

in the smooth setting. When the largest and smallest eigenvalues of Dpdq are simple, the gradient
takes an explicit form in terms of the corresponding eigenvectors. The main result Theorem 4.1.7
provides a characterization for κ-optimality.

Lemma 4.1.5 ([172, (3.1)]). Let B : R Ñ Mn be differentiable with derivative 9B “ 9Bptq, and, at
t “ t̄, let Bpt̄q be diagonalizable with real eigenpairs (ignoring the argument t̄)

BX “ XΛ, BTY “ Y Λ, Λ “ Diagpλq.

And make the choice Y “ X´T . Let 1 ď k ď n and λk be a singleton eigenvalue with right and left
eigenvector xk, yk, respectively, taken from the corresponding columns of X,Y , respectively. Then
the derivative of eigenvalues is given by

9λkpt̄q “ yTk pt̄q 9Bpt̄qxkpt̄q “ trace 9Bxky
T
k .

4 (4.6)

Proof. The proof is in [172, Pg 303].5

Lemma 4.1.6. The Fréchet derivative of the linear transformation D at d acting on ∆d is (simply)

D1pdqp∆dq “ M Diagp∆dq.

Now, let λ be a singleton eigenvalue of Dpdq with a right eigenvector x. Then the gradient of the
composite function at d is

∇λpDpdqq “
λ

xTDx
x ˝ x.

Proof. The derivative of the linear transformation is clear.

Suppose as above that we have a linear transformation Dpdq with singleton eigenvalue λ. Let
y “ Dx{xTDx be the corresponding left eigenvector given in Lemma 4.1.1. Then the derivative of

4If Y is an invertible matrix of right eigenvectors not chosen using X´T , then the normalization scaling needs to
be added explicitly as 9λkpt̄q “ yT

k pt̄q 9Bpt̄qxkpt̄q{pykpt̄qTxpt̄qq.
5The derivative of eigenvectors is included in the reference along with a useful normalization that allows for

stability of the evaluations of the eigenvectors.
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the composite function at d acting on ∆d is

x∇pλ ˝ Dqpdq,∆dy “ λ1 pD1pdqp∆dqq “ yT pD1pdqp∆dqqx
“ 1

xTDx
xT pDM Diagp∆dqqx

“ λ
xTDx

xT Diagp∆dqx “ λ
xTDx

xx ˝ x,∆dy.

Theorem 4.1.7 shows that at optimal preconditioning, the extreme eigenvectors must “spread
mass equally” across coordinates. This balance condition is what characterizes optimal diagonal
preconditioners.

Theorem 4.1.7 (Characterization of κ-optimal diagonal preconditioning). Consider M P Sn``, d P

Rn
`` be given. Let D “ Diagpdq and let pλ1, x1q (resp. pλn, xnq) be a singleton maximum (resp.

minimum) eigenpair of Dpdq. Then the gradient of the composite function κpdq is

∇κpdq “ κpdq

ˆ

1

xT1 Dx1
px1 ˝ x1q ´

1

xTnDxn
pxn ˝ xnq

˙

,

where recall that κpdq is as in Corollary 4.1.2 . Hence, M is κ-optimally diagonally preconditioned
if, and only if, the orthonormal eigenvector pair satisfies

x1 ˝ x1 “ xn ˝ xn. (4.7)

Equivalently, after a permutation of the elements to account for the sign,

x1 “

ˆ

u
v

˙

, xn “

ˆ

u
´v

˙

, }u} “ }v}. (4.8)

In the nonsmooth case, we can choose the normalized x1, respectively xn, in the eigenspace of
λmaxpDpdqq, respectively λminpDpdqq.

Proof. From Lemma 4.1.6, we can find the gradient as follows:

∇κpdq “ 1
λ2
n

´

λn
9λ1 ´ λ1

9λn

¯

“ 1
λ2
n

´

λnλ1

xT
1 Dx1

x1 ˝ x1 ´ λ1λn

xT
nDxn

xn ˝ xn

¯

“ κpdq
`

px1 ˝ x1q{pxT1 Dx1q ´ pxn ˝ xnq{pxTnDxnq
˘

.

The characterization for κ-optimally diagonally preconditioned matrix A follows from solving
∇κpenq “ 0.

Because κpdq is positively homogeneous of degree zero, the minimizer is not unique. Propo-
sition 4.1.8 shows that this nonuniqueness is structural rather than pathological, i.e., when the
eigenspace for the largest and smallest eigenvalues is unique of dimension 2, the orthogonal com-
plement is unique. When the extreme eigenvectors do not uniquely determine the eigenspace of
the orthogonal complement, entire continua of optimal diagonal scalings exist. This observation
motivates the reformulation in Section 4.1.3, where homogeneity is removed.

Proposition 4.1.8 (Nonuniqueness of κ-optimal diagonal preconditioning). Let M ą 0 be a κ-
optimal diagonal preconditioned matrix as given in Theorem 4.1.7 with xi, λi, i “ 1, n, being two,
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singleton, eigenpairs that satisfy the optimality conditions in Theorem 4.1.7. Thus we have

λ1 ą λ2 ě . . . ě λn´1 ą λn ą 0, λ “ pλiq P Rn
``, Λ “ Diagpλq,

and we let Q “
“

x1 Q̄ xn
‰

be an orthogonal matrix and M “ QΛQT from the spectral theorem.
Let V be the basis for eK

n defined in (1.1). Suppose in addition that the lack of strict complementarity
condition holds, i.e., there exists v such that

0 ‰ v P tu P Rn
´ : 0 “ V u ˝ x1 “ V u ˝ xnu. (4.9)

Then with ∆D “ DiagpV vq, there exists ϵ ą 0 such that

κpMq “ κ ppI ` t∆DqMpI ` t∆Dqq , @|t| ď ϵ.

Proof. The result follows from expanding

pI ` ϵ∆DqMpI ` ϵ∆Dq “ M ` Opϵq

and using the continuity of eigenvalues and the fact that the optimality conditions imply

V v ˝ xi “ 0, i “ 1, n ðñ DiagpV vqxi “ 0, i “ 1, n
ðñ ∆Dxi “ 0, i “ 1, n.

Specifically, let
M2 “ Q̄Diagppλ2, . . . , λn´1qT qQ̄T , M1 “ M ´ M2.

The above equation then implies ∆DM1 “ M1∆D “ 0. Moreover, let D “ pI ` ϵ∆Dq, then

DMD “ M1 ` DM2D “ M ` ϵ∆DM2 ` ϵM2∆D ` ϵ2∆DM2∆D.

Since rangep∆Dq Ď nullpM1q “ rangepM2q, the range of the perturbation ofM above is restricted to
the eigenspace of M2, i.e., to the spanptx2, x3, . . . , xn´1uq. This means that after the perturbation,
with ϵ ą 0 sufficiently small, λ1 and λn remain the largest and smallest eigenvalues of DMD
respectively. As stated above, we are using the continuity of eigenvalues and the orthogonality
M1M2 “ 0 that arises using the spectral theorem and M1,M2 ľ 0.

Note that if condition (4.9) holds, then we get a nonsingleton set in Rn
´ of solutions. Moreover,

the structure of V and support of v implies that (4.9) restricts the support of the eigenspace
spanptx1, xnuq and we can permute to get the support in the last entries.6

4.1.2 Projected Subgradient Method

In Theorem 4.1.7, we derived the gradient and optimality conditions for minimizing the pseudo-
convex function κpdq in (4.5), over the open set d ą 0. Convergence of subgradient methods for
pseudoconvex minimization typically requires optimizing over a closed set. Hence, we consider the
following optimization problem:

6Necessity of (4.9) for nonuniqueness is still an open problem.

50



d̄ P argmin

"

κpdq “
λmaxpDpdqq

λminpDpdqq
: d P Ω :“ td : d ě δenu

*

, 0 ă δ ! 1. (4.10)

We now exploit the pseudoconvex structure that guarantees all stationary points are global
minimizers making subgradient methods natural. The search directions used in Algorithm 4.1 are
shown to lie in the quasisubdifferential of κ, allowing us to directly invoke classical convergence
results for quasiconvex minimization. We first treat the unconstrained formulation in Algorithm 4.1
and address homogeneity in Section 4.1.3.

Algorithm 4.1 A Subgradient Method for Minimizing κpdq over Ω

Inputs: symmetric positive definite matrix M ą 0; sequence of positive stepsizes ttku Ñ 0 with
ř8

k“1 tk “ 8, scalar δ P p0, 1q; tolerance tol; rule for the stopping criterion, stopcrit.
set k Ð 0;
set stopcrit Ð 8;
set d1 “ en P Rn;

1: while stopcritątol do (main outer loop)
2: set k Ð k ` 1;
3: compute min eigenpair pλk

n, x
k
nq and max eigenpair pλk

1, x
k
1q of M Diagpdkq;

4: compute direction

sk “
λk
1

λk
n

ˆ

1

xxk1, dk ˝ xk1y

´

xk1 ˝ xk1

¯

´
1

xxkn, dk ˝ xkny

´

xkn ˝ xkn

¯

˙

; (4.11)

5: perform projected gradient step

dk`1 “ max

"

dk ´ tk
sk

}sk}
, δen

*

; (4.12)

6: update stopcrit;
7: end while(main outer loop)

Output: D̂ :“ Diagpdk`1q.

Remark 4.1.9. For Algorithm 4.1, we use a popular choice for stepsize sequence ttku in subgradient
methods, tk “ 1{k, where k is the iteration index [109]. We note that since Algorithm 4.1 is a
subgradient method, in general it is not a descent method. Finally, the algorithm is general in that
it does not specify the stopping rule stopcrit. There are several possible rules that the user can
employ in practice for updating stopcrit in step 6. For example, at every iteration the user can take
stopcrit as }sk} or |κpdk`1q ´ κpdkq|.

We now briefly describe each of the steps of Algorithm 4.1. First, step 3 computes a maximal
and minimal eigenpair of M Diagpdkq to construct the search direction sk. It should be noted that
the user never has to form the matrix M Diagpdkq to compute the eigenpairs. Instead, the user only
has to construct subroutines which compute M Diagpdkq ˚ x and pM Diagpdkqq\x efficiently, where
x P Rn. Second, it will be shown in Section 4.1.2 that the direction sk computed in step 4 lies in the
quasisubdifferential (also to be defined in Section 4.1.2) of κpdkq. Finally, using this direction, step 5
performs the projected gradient update dk`1 “ ΠΩpdk ´ tk

sk
}sk}

q, where ΠΩpxq :“ argminyPΩ }x´ y}

denotes the projection onto Ω.
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Asymptotic Convergence Analysis

Our convergence analysis of Algorithm 4.1 relies mostly on [109] where efficient subgradient meth-
ods for minimizing quasiconvex functions are presented. Under various assumptions in addition
to quasiconvexity, the author establishes asymptotic convergence of subgradient methods with de-
caying stepsizes. Since our function κpdq is pseudoconvex, it is quasiconvex. For a more detailed
discussion related to the assumptions of Kiwiel [109] and how our set-up satisfies these assumptions,
the reader is referred to Section 2.2. In the remaining part of this subsection, we show that Algo-
rithm 4.1 asymptotically converges by showing that it is an instance of the subgradient framework
proposed by Kiwiel.

To minimize a quasiconvex function f over a closed convex set X, Kiwiel proposes in [109] the
following basic subgradient algorithm:

xk`1 :“ ΠXpxk ´ tkĝkq, ĝk :“ gk{}gk}, gk P B̄˝fpxkq, k “ 1, 2, . . . , x1 P X,

where B̄˝f is the quasisubdifferential of f defined in (1.3) and tk ą 0 are the stepsizes.

Hence, we need to characterize vectors that lie in the quasisubdifferential of κpdq to show that
Algorithm 4.1 is an instance of Kiwiel’s subgradient framework. The result below presents one
characterization of vectors that lie in the quasisubdifferential of fractional programs like the one in
our set-up (4.10).

Lemma 4.1.10. Suppose fpxq :“ apxq{bpxq is well-defined for all x P X where apxq is a convex
function that is positive on X, bpxq is a concave function that is positive on X. If for x P X,
B :“ 1{bpxq and A :“ apxq{b2pxq, then

BrBapxqs ` ArBp´bqpxqs Ď B̄˝fpxq.

Proof. Let x P X and consider B and A as in the assumptions of the lemma. It follows from the
fact that a and ´b are convex functions, B and A are positive scalars, and Fenchel subdifferential
calculus rules that

BrBapxqs ` ArBp´bqpxqs “ BpBaqpxq ` Bp´Abqpxq Ď BpBa ´ Abqpxq.

Now, let g P BrBapxqs`ArBp´bqpxqs Ď BpBa´Abqpxq, and suppose y P S̄pxq, i.e., y is in the interior
of the domain of f and fpyq ă fpxq. It then follows that

xg, y ´ xy ď Bapyq ´ Abpyq ´ Bapxq ` Abpxq

“
apyq

bpxq
´

apxqbpyq

b2pxq
ă 0,

where the first inequality follows from the definition of Fenchel subdifferential, the equality follows
from the definitions of A and B, and the last inequality follows from the fact that apyq{bpyq ă

apxq{bpxq and bpyq and bpxq are positive. It then follows from the definition of quasisubdifferential
in (1.3) that g P B̄˝fpxq.

Corollary 4.1.11 constructs a vector that lies in the quasisubdifferential of κpdq.
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Corollary 4.1.11. Let d P Ω and let pλ1, x1q and pλn, xnq be a maximal and minimal eigenpair of
Dpdq, respectively. Then, it holds that

λ1

λn

ˆ

1

xT1 pd ˝ x1q
px1 ˝ x1q ´

1

xTn pd ˝ xnq
pxn ˝ xnq

˙

P B̄˝ pκpdqq .

Proof. It follows from Lemma 4.1.1 that λmaxpDpdqq and λminpDpdqq are convex and concave func-
tions of d, respectively. Also, it is easy to see that λmaxpDpdqq and λminpDpdqq are positive on Ω.
Hence, it follows from Lemma 4.1.10 that

1

λminpDpdqq
BλmaxpDpdqq `

λmaxpDpdqq

λ2
minpDpdqq

B p´λminpDpdqqq Ď B̄˝ pκpdqq (4.13)

holds for d P Ω. Moreover, it follows from Lemma 4.1.6, the definition of Clarke subdifferential in
(1.2), and the fact that the Fenchel and Clarke subdifferentials coincide for convex functions that
the following inclusions hold.

λ1

xT1 pd ˝ x1q
px1 ˝ x1q P BλmaxpDpdqq, ´

λn

xTn pd ˝ xnq
pxn ˝ xnq P B p´λminpDpdqqq , (4.14)

where here pλ1, x1q and pλn, xnq are maximal and minimal eigenpairs of Dpdq, respectively. The
result then follows from (4.13) and (4.14).

Remark 4.1.12. It follows from Corollary 4.1.11 that the update rule (4.12) in step 5 is of the
form

dk`1 “ ΠΩ

ˆ

dk ´ tk
sk

}sk}

˙

, where sk P B̄˝ pκpdkqq .

We are now ready to present the main theorem that shows Algorithm 4.1 converges asymptot-
ically.

Theorem 4.1.13 (Asymptotic convergence). Let tdku be generated by Algorithm 4.1. Let

κ˚ :“ min tκpdq : d P Ωu ; κk˚ “ mintκpdjq, j “ 1 . . . , ku.

Then
limkÑ8κpdkq “ κ˚; and κk˚ Ó κ˚.

Proof. It follows from the last remark in Lemma 4.1.1 and the definitions of κpdq and Ω in (4.10),
that λmaxpDpdqq (resp. λminpDpdqq) is a convex (resp. concave) function that is positive on Ω.
It then follows from this observation, Lemma 2.2.2, and the definition of κpdq, that assumptions
A1-A4 in Section 2.2 hold for the minimization problem in (4.10). Clearly, also assumption A5
in Section 2.2 also holds since Ω in (4.10) is a closed set and the intersection of Ω with the interior
of the domain of κpdq is clearly nonempty. The result of the theorem then immediately follows
from this observation, Remark 4.1.12, the facts that tk Ñ 0, and

ř8
k“1 tk “ 8, and Theorem 1 in

[109].
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4.1.3 Avoiding Positive Homogeneity

As mentioned in Remark 4.1.4, κpdq is a positively homogenous function (of degree zero). Thus
there are multiple optimal solutions and our problem is Hadamard ill-posed. From a computational
stability perspective, it is more efficient to minimize an equivalent smaller dimensional formulation
that is not positively homogeneous. With this in mind, we let M ą 0 and and en P Rn be the
vector of all ones. We consider the function

V̊pvq :“ M Diagpen ` V vq, (4.15)

where v P Rn´1 and V is as in (1.1). In this subsection, we consider the following formulation

min

#

κpvq :“
λmaxpV̊pvqq

λminpV̊pvqq
: en ` V v ě δ̂en, v P Rn

´

+

, (4.16)

where δ̂ P p0, 1q is sufficiently small. It is easy to see that with the choice of V in (1.1), the above
(4.16) can be rewritten as

min
!

κpvq : v P Ω̂
)

, (4.17)

where

Ω̂ :“

#

v P Rn´1 :
n´1
ÿ

i“1

vi ď ´
?
2pδ̂ ´ 1q, vi ě

?
2pδ̂ ´ 1q, i “ 1, . . . n ´ 1

+

. (4.18)

Note that the set Ω̂ is convex and compact. Projecting onto it is also easy since it is just a simplex.
Also, since Ω̂ is bounded, we will be able to get nonasymptotic convergence guarantees for the
subgradient method that we propose to minimize (4.17).

The following lemma will be useful for developing our subgradient method. It gives useful
characterizations of the derivatives of V̊pvq and κpvq in the smooth setting when the maximum and
minimum eigenvalues of V̊pvq have multiplicity one.

Lemma 4.1.14 (Derivatives of V̊pvq, κpvq). Let M ą 0, v P Rn
´ be given and set w “ en`V v P Rn

``

and D “ Diagpwq. Also, let pλ1, x1q and pλn, xnq be maximal and minimal eigenpairs of V̊pvq,
respectively, where λ1 and λn have multiplicity one and x1 and xn are assumed to be normalized.
Then the following hold:

1. The derivative at v acting on ∆v P Rn
´ is

9̊Vpvqp∆vq :“ V̊ 1
pvqp∆vq “ M DiagpV∆vq.

2. The gradient of the composite function κpvq :“ κpV̊pvqq is

∇κpvq “ κpvqV T

ˆ

1

xT1 pw ˝ x1q
px1 ˝ x1q ´

1

xTn pw ˝ xnq
pxn ˝ xnq

˙

. (4.19)

Proof. 1. The proof follows from the function being affine.
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2. For a singleton eigenvalue λ with normalized right eigenvector x, we have the left eigenvector
y “ Dx{pxTDxq as in Lemma 4.1.1, which satisfies xT y “ 1. Then

x∇pλ ˝ V̊qpvq,∆vy “ yT
9̊Vpvqp∆vqx “ yT pM DiagpV∆vqqx

“ xV T diagpλD´1yxT q,∆vy

“ 1
xTDx

xV T diagpλD´1DxxT q,∆vy

“ 1
xT pw˝xq

xV T diagpλxxT q,∆vy “ 1
xT pw˝xq

xλV T px ˝ xq,∆vy.

Therefore the gradient of κpvq :“ κpV̊pvqq is:

∇κpvq “ λn
9λ1´λ1

9λn

λ2
n

“ 1
λ2
n

´

λn

xT
1 pw˝x1q

λ1V
T px1 ˝ x1q ´ λ1

xT
n pw˝xnq

λnV
T pxn ˝ xnq

¯

“ κpvqV T
´

1
xT
1 pw˝x1q

px1 ˝ x1q ´ 1
xT
n pw˝xnq

pxn ˝ xnq

¯

.
(4.20)

The following remark shows that, as in Lemma 4.1.14, ∇κpvq lies in the quasisubdifferential of
κpvq.

Remark 4.1.15. Let M ą 0 and v P Rn´1. Also, suppose that w “ en ` V v and let pxi, λiq,
i “ 1, n, be eigenpairs of V̊pvq, where }xi} “ 1. It then follows from Lemma 4.1.10 and a similar
argument as in the proof of Corollary 4.1.11 that

κpvqV T

ˆ

1

xT1 pw ˝ x1q
px1 ˝ x1q ´

1

xTn pw ˝ xnq
pxn ˝ xnq

˙

P B̄˝ pκpvqq (4.21)

where recall that κpvq :“ κpV̊pvqq.

We now present our subgradient algorithm for minimizing (4.17).
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Algorithm 4.2 A Subgradient Method for Minimizing κpvq :“ κpV̊pvqq over Ω̂

Inputs: symmetric positive definite matrix M ą 0; V P Rnˆpn´1q a basis matrix for the orthogonal
complement eK; sequence of stepsizes ttku “ 1{

?
k; scalar δ̂ P p0, 1q; a tolerance tolą 0; a rule

for the stopping criterion, stopcrit.
set k Ð 0;
set stopcrit Ð 8;
set v1 “ 0 P Rn´1 and w1 “ en P Rn

`;
1: while stopcritątol do (main outer loop)
2: set k Ð k ` 1.
3: compute min eigenpair pλk

n, x
k
nq and max eigenpair pλk

1, x
k
1q of M Diagpwkq;

4: compute direction

gk “
λk
1

λk
n

V T

ˆ

1

xxk1, wk ˝ xk1y

´

xk1 ˝ xk1

¯

´
1

xxkn, wk ˝ xkny

´

xkn ˝ xkn

¯

˙

(4.22)

5: perform projected gradient step

vk`1 “ ΠΩ̂

ˆ

vk ´ tk
gk

}gk}

˙

(4.23)

where Ω̂ is as in (4.18) and set

wk`1 “ e ` V vk`1; (4.24)

6: update stopcrit;
7: end while(main outer loop)

Output: D̂ :“ Diagpwk`1q.

Several remarks about Algorithm 4.2 are now given. First, the matrix V does not need to be
stored in memory and is actually not needed as input. All the user needs to input is a subroutine
that outputs V v given a vector v P Rn´1. Likewise, the matrix M Diagpwkq does not need to
be stored. Second, it follows from Remark 4.1.15 that gk P B̄˝ pκpvkqq, which is defined in (1.3).
Finally, the projected gradient step in (4.23) can be performed very efficiently since projecting onto
Ω̂ just involves computing the root of a simple equation.

Nonasymptotic Convergence Rate Analysis for Minimizing κpvq on Ω̂

In this subsection, we show a nonasymptotic convergence rate for Algorithm 4.2 for minimizing
κpvq over Ω̂. More specifically, we show that

min
1ďkďK

κpvkq ´ κ˚ ď ϵ

holds for K “ Op1{ϵ2q, where κ˚ “ minvPΩ̂ κpvq. Our nonasymptotic convergence analysis of
Algorithm 4.2 relies mostly on the results from [109] and [99]. The function κpvq is pseudoconvex
since it is the ratio of a convex function and a positive concave function. Also, observe that the set
Ω̂ is just a box so it is a convex compact set that is easy to project onto. The only other assumption
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that needs to be verified to be able to show a nonasymptotic convergence rate of Algorithm 4.2
is that the function κpvq is Lipschitz continuous on Ω̂. This result is proved in the following
proposition.

Proposition 4.1.16. The function κpvq is Lipschitz continuous on Ω̂, i.e.,

}κpv1q ´ κpv2q} ď L}v1 ´ v2}, @v1, v2 P Ω̂

where L ą 0 and Ω̂ is as in (4.18).

Proof. First, it is easy to see that λmaxpV̊pvqq (resp. λminpV̊pvqq) is a convex (resp. concave)
function. It then follows from this observation, the fact Ω̂ is a compact set that is contained in the
domain of both functions, and Proposition A.48(b) in [116] that λmaxpV̊pvqq (resp. λminpV̊pvqq) is
L1-Lipschitz (resp. L2-Lipschitz) on Ω̂. Consider now the composite function hpvq “ gpλminpV̊pvqqq

where gpyq “ 1{y. Note that by the choice of Ω̂, λminpV̊pvqq ą 0 for all v P Ω̂. The above conclusion
and the fact that gpyq “ 1{y is Lipchitz continuous on any positive open interval then imply that
h is L3-Lipschitz continuous on Ω̂, where L3 ą 0.

We now show that κpvq is Lipschitz continuous. First, it holds that |λmaxpvq| ď M1 and
|hpvq| ď M2 for v P Ω̂ since a Lipschitz function on a compact set is bounded. Then, for any v1 P Ω̂
and v2 P Ω̂, the following holds:

}κpV̊pv1qq ´ κpV̊pv2qq} “ }λmaxpV̊pv1qqhpv1q ´ λmaxpV̊pv2qqhpv2q}

“ }λmaxpV̊pv1qqhpv1q ´ λmaxpV̊pv1qqhpv2q ` λmaxpV̊pv1qqhpv2q ´ λmaxpv2qhpv2q}

ď M1}hpv1q ´ hpv2q} ` M2}λmaxpV̊pv1qq ´ λmaxpV̊pv2qq}

ď M1L3}v1 ´ v2} ` M2L1}v1 ´ v2} “ pM1L3 ` M2L1q}v1 ´ v2},

which immediately implies the statement of the proposition with L “ M1L3 ` M2L1.

We now state Theorem 4.1.17, which displays that Algorithm 4.2 is able to find an ϵ-approximate
optimal solution of (4.17) with a sublinear Op1{ϵ2q rate of convergence.

Theorem 4.1.17. Let ϵ ą 0 be a given tolerance and suppose that K “ Op1{ϵ2q. It then holds that

min
1ďkďK

κpvkq ´ κ˚ ď ϵ, (4.25)

where κ˚ “ minvPΩ̂ κpvq and κpvq :“ κpV̊pvqq.

Proof. It is immediate to see that Ω̂ is a convex compact set and that κpvq is a quasiconvex function
since it is the ratio of a convex and a positive concave function. It follows from Proposition 4.1.16
that κpvq is Lipschitz continuous on Ω̂. Finally, it follows from Remark 4.1.15 that the update

(4.23) in step 5 of Algorithm 4.2 is of the form vk`1 “ ΠΩ̂

´

vk ´ tk
gk

}gk}

¯

where gk P B̄˝ pκpvkqq.

Hence, it follows from these observations, the fact that ttku “ 1{
?
k, and Theorem 3.2(ii) in [99]

with s “ 1{2, δ “ ϵ, and p “ 1 that the statement of Theorem 4.1.17 holds.
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An Efficient Line-Search Subgradient Method

This section presents an efficient line-search subgradient method for minimizing κpvq :“ κpV̊pvqq

where V̊pvq is as in (4.15).

Let w “ e`V v P Rn
`` correspond to the current iterate v. Also, let σ be a small scalar between

0 and 1 and let ∆w “ V∆v where ∆v “ ´∇κpvq where κpvq is as in (4.16). From Lemma 4.1.3,
we can use a ratio test and guarantee positive definiteness from w ` tV∆v “ w ` t∆w ą σw, or
equivalently t∆w ą pσ ´ 1qw. Therefore, we conclude that the maximum step with safeguarding,
so as not to get too close to the boundary, is

tmaxpσq – tmax :“ min

"

pσ ´ 1qwi

∆wi
: ∆wi ă 0

*

ą 0. (4.26)

Recall the gradient ∇κpvq “ ∇pκ ˝ V̊pvqq in Lemma 4.1.14. Our line search in Algorithm 4.3
maintains:

LineSearch 4.1.18 (for Algorithm 4.3). Backtrack and maintain: (i) t ď tmax from (4.26); (ii)
monotonic nonincrease of the objective κpv ` t∆vq; and nonpositivity of the directional derivative
∇κpv ` t∆vqT∆v ď 0.

Algorithm 4.3 is presented below.

Algorithm 4.3 An Efficient Line-Search Subgradient Method for Minimizing κpvq.

Inputs: A symmetric positive definite matrix A ą 0, a max iteration count mainmaxiter, stopping
tolerances maintolerą 0 and linesrchtolerą 0, and a small scalar 0 ă σ ! 1.
set k Ð 0, v1 “ 0 P Rn´1, w1 “ en P Rn, and tk Ð 8;
compute a min eigenpair pλ1

n, x
1
nq and max eigenpair pλ1

1, x
1
1q of A;

compute κpv1q and ∇κpv1q according to (4.16) and (4.19), respectively;
set relnormg“ }∇κpv1q}2{p1 ` κpv1q2q;

1: while relnormg ą maintoler & tk ą linesrchtoler & k ď mainmaxiter do (main outer loop)
2: set k Ð k ` 1;
3: set ∆vk Ð ´∇κpvkq;
4: use (4.26) with ∆w :“ V∆vk and w :“ wk to evaluate tmaxpσq;
5: perform LineSearch 4.1.18 to find tk;
6: set vk`1 “ vk ` tk∆vk and wk`1 “ en ` V vk`1;
7: compute min eigenpair pλk`1

n , xk`1
n q and max eigenpair pλk`1

1 , xk`1
1 q of ADiagpwk`1q;

8: compute κpvk`1q and ∇κpvk`1q according to (4.16) and (4.19), respectively;
9: update relnormg“ }∇κpvk`1q}2{p1 ` κpvk`1q2q;

10: end while(main outer loop)
Output: D̂ :“ Diagpwk`1q.

We emphasize that LineSearch 4.1.18 does not perform an exact line search and is intended only
as a heuristic. In practice, we set linesearchtol to 10´7 and maintoler to 10´4. Numerical results
are presented in Section 4.3.1.
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4.2 ω-Optimal Structured Preconditioning

This section focuses on obtaining ω-optimal preconditioners of special structure for finding least
squares solutions of Ax “ b, where A might not be symmetric nor square. In what follows, A will
be assumed to have full column rank, so that the matrix M :“ ATA is positive definite. Recall
that for M ą 0, we define ωpMq as

ωpMq “
tracepMq{n

detpMq1{n
,

i.e., it is the ratio of the arithmetic to geometric means of the eigenvalues of M . Unlike the classical
condition number κ, the quantity ω is smooth, and closely related to eigenvalue clustering. These
properties make it particularly well suited to deriving explicit solutions to optimality conditions for
structured preconditioners.

This section is divided into three main subsections.

• Section 4.2.1 treats one-sided diagonal preconditioning, distinguishing between right- and
left-sided scalings.

• Section 4.2.2 addresses two-sided diagonal scaling, establishing optimality conditions and
linking them to matrix balancing.

• Section 4.2.3 extends the analysis to block-diagonal preconditioners, including triangular block
structures.

A unifying theme of this section is that many classical preconditioners—Jacobi scaling, row
and column normalization, and Sinkhorn–Knopp balancing—arise naturally as exact solutions or
stationary points of ω-optimal problems. Table 4.1 summarizes several of these connections.

Special Structure Preconditioner Location Literature

Right Diagonal Column Normalization Proposition 4.2.1 [52,57]

Diagonal for Symmetric M ą 0 Jacobi Preconditioner Corollary 4.2.2 [104]

Left Diagonal Row Normalization Theorem 4.2.3

Two-Sided Diagonal Sinkhorn-Knopp/Matrix Balancing Theorem 4.2.7 [110,154,160]

Right Block-Diagonal Block QR Corollary 4.2.11 [57,107]

Left Block-Diagonal Characterization Theorem 4.2.12

Table 4.1: Relation of ω-Optimal Preconditioners to the Literature

4.2.1 Right- and Left-Sided Diagonal

Suppose that diagpAq has no zero entries. The classical Jacobi preconditioner [104], [152, Sect.
10.2] is defined by:

P´1A “ P´1b, P “ DiagpdiagpAqq. (4.27)

We note that this can be found by using: a splitting A “ M´N so that A “ DiagpdiagpAqq´N ;
or the following variational problem that implicitly finds the best approximation of the identity
using diagonal matrices:

min
d

}A ´ Diagpdq}F , Diagpdq´1A « I.
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In what follows, we reinterpret such classical constructions through the lens of the ω-condition
number.

Right-Sided Diagonal

The following result shows that a ω-optimal right-sided diagonal scaling of an overdetermined full
rank matrix A is formed using (˘) column normalization, see [52].

Proposition 4.2.1. Let A be mˆn full column rank, and D :“ DiagpdiagpATAqq´1. Then AD1{2

is a ω-optimal right-sided diagonal scaling i.e.,

D P argmin
!

ωpD1{2ATAD1{2q : diagpDq P Rn
``

)

.

Proof. The proof of the result can be found in [52, Proposition 2.1(v)] and a modified proof in
[107, Proposition 2.1(3)].

As an immediate specialization, we obtain the following classical result.

Corollary 4.2.2. Let M P Sn``. Then the Jacobi preconditioner, D “ DiagpdiagpMqq´1, is the
ω-optimal diagonal scaling, i.e.,

D P argmin
!

ωpD1{2MD1{2q : diagpDq P Rn
``

)

.

Proof. The proof is immediate from Proposition 4.2.1 with ATA replaced by M P Sn``.

Thus, in contrast to its heuristic origins, Jacobi scaling is optimal in the precise sense of mini-
mizing ω.

Left-Sided Diagonal

In this section we let A P Mn be invertible, and we consider the optimal left-sided diagonal
preconditioning problem:

min ω
`

pDiagpcq1{2AqT Diagpcq1{2A
˘

s.t. c P Rn
``.

(4.28)

For simplicity, let C :“ Diagpcq. We can characterize the ω-optimal left-sided diagonal precondi-
tioner using the above results in Section 4.2.1 for the right preconditioner.

Theorem 4.2.3. Let A P Mn be nonsingular. Then a ω-optimal left-sided diagonal preconditioner
minimizing (4.28) is given by C “ DiagpdiagpAAT qq´1.

Proof. Note that

ω
`

pDiagpcq1{2AqT Diagpcq1{2A
˘

“ ω
`

AT DiagpcqA
˘

“ ω
`

Diagpcq1{2AAT Diagpcq1{2
˘

.
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Hence, Proposition 4.2.1 and the above equivalence implies that

C “ DiagpdiagpAAT qq´1 P argmin
␣

ωpC1{2AATC1{2q : C “ diagpcq P Sn``

(

“ argmin
␣

ω
`

pDiagpcq1{2AqT Diagpcq1{2A
˘

: C “ diagpcq P Sn``

(

.

4.2.2 Two-Sided Diagonal

We now consider the problem of finding the two-sided ω-optimal diagonal scaling for nonsingular
matrices A P Mn. This subsection is broken up into two smaller parts. The first part derives the
optimality conditions for the two-sided ω-optimal scaling problem. The second part presents an
iterative matrix balancing scheme that reduces ω at every iteration and whose output is proved to
be a stationary point of the two-sided ω-optimal scaling problem.

Optimality Conditions for Two-Sided Problem

This part presents the formulation of the two-sided ω-optimal diagonal scaling problem and derives
its optimality conditions. Namely, we consider

min ωppDiagpcq1{2ADiagpdq1{2qT pDiagpcq1{2ADiagpdq1{2qq

s.t. c, d P Rn
``,

(4.29)

where A P Mn is nonsingular. For simplicity, let C :“ Diagpcq and D :“ Diagpdq. We also define

Qpc, dq :“ AT DiagpcqADiagpdq, fpc, dq :“
1

n
tracepQpc, dqq, gpc, dq :“ detpQpc, dqq1{n. (4.30)

Therefore we have the following equivalent problem to (4.29):

min ωQpc, dq :“ fpc,dq

gpc,dq

s.t. c, d P Rn
``.

(4.31)

Finally, for notational convenience, we define inv : R2n Ñ R2n by

invpc, dq “

ˆ

diag
`

Diagpcq´1
˘

diag
`

Diagpdq´1
˘

˙

. (4.32)

The following result provides the gradient of ωQpc, dq.

Proposition 4.2.4. The gradient of ωQpc, dq is given by

∇ωQpc, dq “
1

ngpc, dq

ˆ

diagpADiagpdqAT q

diagpAT DiagpcqAq

˙

´
1

n
ωQpc, dqinvpc, dq, (4.33)

where gpc, dq is as in (4.30), ωQpc, dq is defined in (4.31), and invpc, dq is as in (4.32).

Proof. To compute ∇ωQpc, dq, we have to compute ∇fpc, dq and ∇gpc, dq. It is easy to see from
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the definition of fpc, dq in (4.30) that ∇fpc, dq can be computed as

∇fpc, dq “
1

n

ˆ

diagpADiagpdqAT q

diagpAT DiagpcqAq

˙

. (4.34)

To compute ∇gpc, dq, observe that it follows from the definition of gpc, dq in (4.30) and the formula
for the gradient of the determinant that

x∇gpc, dq, p∆c,∆dqy “ detpATAq1{nx∇ det
`

CD
˘1{n

, p∆c,∆dqy

“ detpATAq1{n
A

1
n det

`

CD
˘

1
n

´1
adj

`

CD
˘

, pC∆D ` ∆CDq

E

“ 1
ngpc, dq

A

`

CD
˘´1

, pC∆D ` ∆CDq

E

“ 1
ngpc, dq trace

`

C´1∆C ` D´1∆D
˘

.

Hence, it follows from the above equations

∇gpc, dq “
1

n
gpc, dq

ˆ

diag
`

Diagpcq´1
˘

diag
`

Diagpdq´1
˘

˙

“
1

n
gpc, dqinvpc, dq. (4.35)

It then follows from (4.34), (4.35) and the quotient rule that ∇ωQpc, dq can be computed as

∇ωQpc, dq “
1

gpc, dq2
pgpc, dq∇fpc, dq ´ fpc, dq∇gpc, dqq “

1

gpc, dq
∇fpc, dq ´

ωQpc, dq

gpc, dq
∇gpc, dq

“
1

ngpc, dq

ˆ

diagpADiagpdqAT q

diagpAT DiagpcqAq

˙

´
1

n
ωQpc, dqinvpc, dq.

Remark 4.2.5. It is easy to see that ∇ωQpc, dq can be equivalently written in the useful form:

∇ωQpc, dq “
1

n

„

0 A ˝ A
pA ˝ AqT 0

ȷˆ

c
d

˙

´
1

n
ωQpc, dqinvpc, dq.

The following lemma proves the convexity of our objective after a logarithmic reparameteriza-
tion. This observation was communicated to us by the external examiner.

Lemma 4.2.6. The objective ωQpc, dq in (4.31) is convex in pu, vq after the logarithmic change of
variables ci “ eui and dj “ evj .

Proof. We note that the trace is a posynomial, and thus a change of variables ci “ eui and dj “ evj

gives
nfpc, dq “ log trpQpc, dqq “ log

ÿ

ij

exppui ` vj ` log a2ijq, (4.36)

where fpc, dq and Qpc, dq are in (4.30) . Note that (4.36) is convex in pu, vq since it is a log-sum-exp
function. On the other hand, observe that

detpQpc, dqq “ detpAT DiagpcqADiagpdqq “ detpAq2
ź

i

eui
ź

j

evj ,
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and its log is affine in pu, vq. Therefore, logpωQpc, dqq turns out to be the difference between a
convex and an affine function. This completes the proof.

We now state our main theorem of this subsection on a necessary condition for a vector to be
globally optimal for (4.29). This relates to optimal matrix balancing discussed below.

Theorem 4.2.7. Let A P Rnˆn be nonsingular, and let e2n P R2n denote the vector of all ones.
Then c˚, d˚ P Rn

`` form a pair of globally optimal solutions to (4.29) if, and only if,

ˆ

diagpC˚AD˚AT q

diagpD˚ATC˚Aq

˙

“ αe2n, for some α ą 0, (4.37)

where C˚ “ Diagpc˚q, and D˚ “ Diagpd˚q. Hence, if c˚, d˚ is a global optimal solution of (4.29),
then all rows and columns of

?
C˚A

?
D˚ have identical Euclidean norms, i.e., optimal two-sided

ω-scaling produces a balanced matrix.

Proof. For c˚, d˚ P Rn
`` to be a global optimal solution of (4.29), it must satisfy the necessary

condition ∇ωQpc˚, d˚q “ 0. Thus, it follows from (4.33) that c˚, d˚ must satisfy

0 “
1

ngpc˚, d˚q

ˆ

diagpAD˚AT q

diagpATC˚Aq

˙

´
1

n
ωMpc˚, d˚qinvpc˚, d˚q.

It follows from taking the Hadamard product with the vector

ˆ

c˚

d˚

˙

on both sides of the above

equation as well as multiplying both sides by ngpc˚, d˚q that the following necessary condition
must hold

fpc˚, d˚qe2n “

ˆ

diagpC˚AD˚AT q

diagpD˚ATC˚Aq

˙

. (4.38)

Observe that the definition of fpc, dq in (4.30) implies that if c˚, d˚ satisfies the above relation then
any positive scalar multiple of c˚, d˚ also satisfies (4.38). It then follows from this observation and
(4.38) that a globally optimal solution c˚, d˚ must satisfy the necessary condition (4.37) for some
scalar α ą 0. The last observation of the theorem then immediately follows from the condition in
(4.37).

Square-Root Sinkhorn-Knopp Algorithm for Two Sided Problem

Let a nonsingular matrix A P Mn be given. We have seen above that the ω-optimal right-sided
preconditioner is equivalent to the column normalization preconditioner. Similarly, the ω-optimal
left-sided preconditioner is equivalent to the row normalization preconditioner. Therefore, we can
alternate between ω-optimal right- and left-sided preconditioners and decrease the value of ω at
each iteration. This yields the following computationally efficient matrix balancing scheme where
we alternate between column and row normalization. This algorithm can be seen as equivalent
to the Square-Root Sinkhorn-Knopp algorithm and is related to other balancing methods in the
literature [110,111,154,160].

We prove below in Theorem 4.2.9 that the Square-Root Sinkhorn-Knopp algorithm, namely
Algorithm 4.4, converges and the outputted two-sided diagonal preconditioner satisfies the necessary
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condition in (4.37) for global optimality of a two-sided ω-optimal preconditioner. This continues
the theme that the ω-measure provides justification for heuristics used in the literature.

Algorithm 4.4 Square-Root Sinkhorn-Knopp Algorithm for Two Sided ω-Optimal Preconditioner

Inputs: A square nonsingular matrix A P Mn, a tolerance tolą 0, and a rule for the stopping
criterion, stopcrit.
set stopcrit Ð 8;
set A0 Ð A;
set k Ð 0;

1: while stopcritątol do (main outer loop)
2: set k Ð k ` 1;
3: compute p

?
dkqi “ 1.{}pAk´1q:,i}, i “ 1, . . . n, where pAk´1q:,i is the i-th column of Ak´1;

4: set Ãk Ð Ak´1Diagp
?
dkq;

5: compute
?
ck P Rn with p

?
ckqi “ 1.{}pÃkqi,:}, i “ 1, . . . n, where pÃkqi,: is the i-th row of

Ãk;
6: update stopcrit;
7: set Ak Ð Diagp

?
ckqÃk;

8: end while(main outer loop)
Output:

Ĉ1{2 :“ Diag

˜

k
ź

j“1

?
cj

¸

and D̂1{2 :“ Diag

˜

k
ź

j“1

a

dj

¸

.

There several viable options for the choice of stopcrit in Algorithm 4.4. One natural choice is

stopcrit “ max

ˆ

max
i

|}pAkqi,: ´ 1}| ,max
j

|}pAkq:,j ´ 1}|

˙

.

It is shown in Theorem 4.2.9 that the sequence Ak converges to a matrix that is balanced, i.e., one
that has column and row norms all equal to one. The remark below also discusses that the ω values
of the iterates are monotonically decreasing.

Remark 4.2.8. At each iteration, Ãk (resp. Ak) is computed using the ω-optimal right-sided (resp.
left-sided) preconditioner. Hence, the ω values of the iterates are monotonically decreasing, i.e.,
ωpAkA

T
k q ď ωpÃkÃ

T
k q ď ωpAk´1xA

T
k´1q for all k ě 1. The output of Algorithm 4.4 thus satisfies

ωppĈ1{2AD̂1{2qT pĈ1{2AD̂1{2qq ď ωpATAq.

Theorem 4.2.9 now provides a convergence guarantee for Algorithm 4.4 and shows that the
necessary condition (4.37) for a two-sided ω-optimal diagonal preconditioner holds in the limit for
Algorithm 4.4.

Theorem 4.2.9. Let A be such that A ˝ A has total support.7 Then the sequence Ak converges

7A nonnegative square matrix B is said to have total support if B ‰ 0 and all its nonzero elements lie on a positive
diagonal. That is, for each nonzero entry b ą 0 of B, there exists a permutation σ of rns “ t1, . . . , nu such that
Bi,σpiq ą 0 for all i P rns, and b “ Bj,σpjq for some j P rns.
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linearly to a matrix Ā :“ C̄1{2AD̄1{2 that has column and row norms all equal to 1. That is,

lim
kÑ8

Diag

˜

k
ź

j“1

?
cj

¸

ADiag

˜

k
ź

j“1

a

dj

¸

“ C̄1{2AD̄1{2

with a linear rate of convergence. Hence, it follows from Theorem 4.2.7 that limiting matrices C̄
and D̄ satisfy the necessary condition (4.37) for a two-sided ω-optimal diagonal preconditioner.

Proof. Let P̃k “ Ãk ˝ Ãk and let Pk “ Ak ˝ Ak. It follows that P̃k “ pAk´1 ˝ Ak´1qDiagpdkq “

Pk´1Diagpdkq where pdkqi “ 1.{}pAk´1q:,i}
2. Note }pAk´1q:,i}

2 is exactly the i-th column sum
of Pk´1 so pdkqi “ 1.{

řn
l“1pPk´1ql,i. Moreover, also observe that Pk “ DiagpckqpÃk ˝ Ãkq “

DiagpckqP̃k. Note pckqi “ 1.{
řn

l“1pP̃kqi,l. Hence, the sequences of iterates P̃k and Pk can be viewed
as the iterates of Sinkhorn-Knopp Algorithm applied to A ˝ A. By [110], we know then that the
sequence Pk converges linearly to a matrix P̄ where P̄ :“ C̄pA ˝AqD̄ is a doubly stochastic matrix.
The sequences of iterates Ãk and Ak are just the square roots of the iterates of the Sinkhorn-Knopp
algorithm applied to A ˝ A. Therefore, it follows from the above argument that the sequence Ak

converges linearly to a matrix Ā :“ C̄1{2AD̄1{2 that has column and row norms all equal to 1. The
last conclusion of the theorem follows from this observation and the necessary condition (4.37) in
Theorem 4.2.7.

4.2.3 Right-, Left-Sided Block Diagonal

We now show that the above results extend directly to finding block diagonal preconditioners for
least squares solutions of full rank possibly overdetermined linear systems Ax “ b, A P Rmˆn,m ě

n. The preconditioner is extended from diagonal to block diagonal (block upper-triangular). This
relates to sparse QR preconditioning and extends the results for ω-optimal preconditioning with
partial Cholesky structure in [107, Theorem 2.7] and the block diagonal ω-optimal preconditioner
in [57, Prop. 3 part 3].

Right-Sided Block Diagonal

We let the linear transformation B “BlkdiagpBq P Mn denote the block diagonal matrix with
blocks formed from the set of square matrices B “ tBiu

k
i“1 of order ni,

řk
i“1 ni “ n. For our

application we restrict the blocks to be of upper-triangular structure denoted R “ tRiu
k
i“1, and

see that the best, with respect to the ω measure, comes from Q-less QR decompositions of the
corresponding blocks of A.

First we choose the number of blocks k and the block sizes ni,
řk

i“1 ni “ n. Thus we get the
block structure

A “
“

A1 A2 . . . Ak

‰

, A{BlkdiagpRq “
“

A1{R1 A2{R2 . . . Ak{Rk

‰

,

where we use the MATLAB notation that { denotes matrix division A{R “ AR´1. Optimally, we
want the sizes of the blocks chosen so that the matrices AT

i Ai are chordal so that there is no loss
of sparsity. Moreover, we can allow a preliminary permutation of the columns A Ð AP so that we
can increase the effect of the preconditioner.
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To extend the diagonal preconditioner results we solve:

min
B

tωppABqT pABqq : B “ BlkdiagpBqu.

The basic result we use follows.

Proposition 4.2.10 ([57, Prop. 3 part 3],[58, Prop. 2.2]). Let

A “
“

A1 A2 . . . Ak

‰

, Ai P Rmˆni ,@i,

be a full rank m ˆ n matrix, m ě n. Then an optimal block diagonal scaling

B :“ tB1, B2, . . . , Bku, Bi P Rniˆni , B :“ BlkdiagpBq,

that minimizes the measure ω, i.e.,

min tωppABqT pABqq : B “ BlkdiagpBqu,

is found by satisfying the factorization

BiB
T
i “ pAT

i Aiq
´1, i “ 1, . . . , k.

Corollary 4.2.11. Let A,B, B be as in Proposition 4.2.10.
(i) If we restrict the diagonal blocks Bi to be diagonal themselves, then we get the optimal diagonal
preconditioner in Proposition 4.2.1.
(ii) If we restrict the diagonal blocks Bi to be upper-triangular, then we get Bi “ R´1

i , Ai “ QiRi

from the QR decomposition of Ai (up to sign of rows of R).

Left-Sided Block Diagonal

We continue with A full column rank but with left-sided preconditioning. We present a nonlinear
equation that characterizes optimality.

Theorem 4.2.12. Let A P Rmˆn be full column rank with block structure given by

A “

»

—

—

—

–

Ā1

Ā2
...
Āℓ

fi

ffi

ffi

ffi

fl

, Āj P Rmjˆn, rankpĀjq “ mj , @j.

Then the ω-optimal left-sided block diagonal preconditioner

E :“ BlkdiagpE1, E2, . . . , Eℓq, Ej P Rmjˆmj ,

that minimizes the measure ω, i.e.,
minωppEAqTEAq,

is characterized by:

ĀjĀ
T
j “

1

n

˜

trace
ℓ
ÿ

t“1

`

ĀT
t pET

t EtqĀt

˘

¸

Āj

`

AT pETEqA
˘´1

ĀT
j , @j “ 1, . . . ℓ.
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Proof. To begin, we substitute K :“ ETE. That is, we solve

mintωpATKAq : K “ BlkdiagpK1,K2, . . . ,Kℓq, Kj P Rmjˆmju.

Notice that ATKA “
řℓ

j“1 Ā
T
j KjĀj . Define the linear transformation GpKq “

řℓ
j“1 Ā

T
j KjĀj .

This yields

ωGpKq :“
tracepATKAq{n

detpATKAq1{n
“

ℓ
ÿ

j“1

tracepĀT
j KjĀjq{n

detpATKAq1{n
.

Hence, for convenience and for the remainder of the proof define

fpKq :“
1

n

ℓ
ÿ

j“1

tracepĀT
j KjĀjq and gpKq :“ detpATKAq1{n.

The partial derivative of g with respect to the block Kj is given by

x∇KjgpKq,∆Kjy “ x∇detpGpKqq1{n,∆Kjy

“ x
1

n
detpGpKqq

1
n

´1 adjpGpKqq, ĀT
j ∆KjĀjy

“
1

n
gpKqxGpKq´1, ĀT

j ∆KjĀjy

“
1

n
gpKqxĀjGpKq´1ĀT

j ,∆Kjy.

Therefore, we have

∇KjfpKq “
1

n
ĀjĀ

T
j and ∇KjgpKq “

1

n
gpKqĀjpA

TKAq´1Āj .

These in turn lead to the partial derivative of ωG with respect to Kj given by

∇KjωGpKq “
1

gpKq2
pgpKq∇KjfpKq ´ fpKq∇KjgpKqq

“
1

ngpKq
pĀjĀ

T
j ´ fpKqĀjpA

TKAq´1ĀT
j q

Therefore

∇ωGpKq “ 0 ðñ ĀjĀ
T
j “

1

n

ℓ
ÿ

t“1

tracepĀtĀ
T
t Ktq ĀjpA

TKAq´1ĀT
j , @j.

We can then recover the Ej from K using factorizations of the blocks Kj “ ET
j Ej .

Finding an explicit solution for E in Theorem 4.2.12 is an open question. However, if we
assume further that A is a square matrix, the following Corollary 4.2.13 connects the result from
Corollary 4.2.11 to this left sided preconditioning.

Corollary 4.2.13. Let A P Mn be nonsingular. Let the block of rows, Āj P Rnjˆn, be given by
AT “ rĀT

1 ĀT
2 . . . ĀT

ℓ s,
ř

j nj “ n. Define E :“ tE1, E2, . . . , Eku by Ei :“ R̄´T
i , where ĀT

i :“ Q̄iR̄i
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is the QR decomposition of ĀT
i . Then, E is the optimal lower triangular block diagonal scaling for

min tωppEAqT pEAqq : E “ BlkdiagpE1, E2, . . . , Ekqu.

Proof. Since A and E are square matrices, we observe

ω
`

pEAqTEA
˘

“ ω
`

ATETEA
˘

“ ω
`

EAATET
˘

,

and thus Corollary 4.2.11 implies Ei “ R̄´T
i , where ĀiĀ

T
i :“ R̄T

i R̄i as defined above.

Remark 4.2.14. The result in Corollary 4.2.13 agrees with our characterization in Theorem 4.2.12.
Indeed, by defining Ei :“ R̄´T

i with ĀiĀ
T
i “ R̄T

i R̄i, we get that tracepĀtĀ
T
t E

T
t Etq “ tracepR̄T

t R̄tR̄
´1
t R̄´T

t q “

tracepIntq “ nt. Thus,
ℓ
ÿ

t“1

tracepĀtĀ
T
t E

T
t Etq “

ℓ
ÿ

t“1

nt “ n.

Now, define Ij :“
“

0 Inj 0
‰

P Rnjˆn, with the identity Inj P Mnj of order nj, appropriately
located such that IjA “ Āj. Then,

1

n

˜

trace
ℓ
ÿ

t“1

`

ĀT
t E

T
t EtĀt

˘

¸

Āj

`

ATETEA
˘´1

ĀT
j “ ĀjpA

TETEAq´1ĀT
j

“ IjAA´1E´1E´TA´TATIT
j

“ IjE´1E´TIT
j

“ E´1
j E´T

j “ R̄T
j R̄j “ ĀjĀ

T
j .

4.3 Computational Experiments

Our computational experiments are organized into four parts, each designed to evaluate different
aspects of the proposed methods.

In Section 4.3.1, we compare the computational efficiency of our subgradient-based algorithms with
existing SDP-based approaches for computing approximate κ-optimal diagonal preconditioners.
In Section 4.3.2, we assess the impact of these preconditioners on PCG performance for solving
symmetric positive definite systems.
In Section 4.3.3, we study two-sided preconditioning for LSQR and compare ω-optimal scaling with
κ-optimal approaches.
Finally, in Section 4.3.4, we investigate whether applying ω-optimal scaling to κ-optimally precon-
ditioned systems can further improve PCG performance.

All experiments in Sections 4.3.1 to 4.3.4 are run on a 2023 Macbook Pro with an 8-core CPU
and 128 GB of memory using MATLAB 2025b. The latest codes are available at this clickable-link
or with URL https://github.com/asujanani6/Optimal_Preconditioning.

4.3.1 Minimizing κ Efficiently

In this subsection, we study the practical performance of our subgradient methods, Algorithms 4.2
and 4.3, for computing approximate κ-optimal diagonal preconditioners. We first compare the
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proposed methods with the SDP-based approaches of [71, 149] on moderate-scale instances. We
then investigate the scalability of the proposed methods on substantially larger problems for which
SDP-based approaches become impractical.

Throughout this subsection, condition numbers are evaluated using MATLAB’s eigs routine
with tolerance 10´10. CPU times include all preprocessing and algorithmic overhead. Unless
otherwise stated, the default parameter settings from [71,149] are used. Algorithm 4.2 uses tolerance
10´4, maximum iteration limit 500, sets stopcrit=2|κpdk`1q ´ κpdkq|{|κpdk`1qq ` κpdkq| at every
iteration, and uses δ̂ “ 10´3. Algorithm 4.3 sets a maximum of 80 iterations and uses the same
tolerance 10´4.

Moderate Sizes

In this subsection, we compare our Algorithms 4.2 and 4.3, with the SDP-based approaches of
[71, 149] on moderate-scale SuiteSparse and randomly generated instances. The precise details of
our line-search variant Algorithm 4.3 are given in Section 4.1.3.

Our methods yield an optimal diagonal matrix D that minimizes κpD1{2MD1{2q for given
M ą 0. Convergence is proved for our Algorithm 4.2 that often achieved stronger reductions in κ
than Algorithm 4.3; our line-search variant Algorithm 4.3 was often slightly faster in practice than
Algorithm 4.2. In contrast, the method in [71] solves an SDP over a prescribed subspace of diagonal
preconditioners, while [149] computes a right-scaling E for M by minimizing κppBEqT pBEqq, with
M “ BTB for given nonsingular B. Hence, when implementing this latter method, we take B as
a Cholesky factorization of M .

Table 4.2 reports results on eighteen matrices from the SuiteSparse Matrix Collection [48], while
Table 4.3 considers randomly generated instances produced using MATLAB’s sprandsym routine.

The proposed methods consistently achieved substantially larger reductions in κ than the SDP-
based approaches. On the SuiteSparse instances, Algorithm 4.2 and Algorithm 4.3 reduced κ
on average by 79.7% and 68.5%, respectively, compared to 30.3% and 21.1% for [149] and [71].
Moreover, both proposed methods were substantially faster, with Algorithm 4.3 often providing
the best runtime performance.

For the random instances, a time limit of 3600 seconds was imposed on [71] due to its sub-
stantially higher computational cost. Across all tested instances, Algorithm 4.2 and Algorithm 4.3
consistently reduced κ more effectively and more efficiently than the competing methods.
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Dim & Density, & κpMq % Reduction in κ CPU Time (seconds) CPU Ratios
n density κpMq [149] [71] Algorithm 4.2 Algorithm 4.3 [149] [71] Algorithm 4.2 Algorithm 4.3 [149]/Algorithm 4.2 [149]/Algorithm 4.3

1074 1.1e-02 2.6e+07 0.0e+00 0.0e+00 9.9e+01 9.9e+01 48.203 51.700 8.469 5.644 5.7 8.5

2003 2.1e-02 1.1e+10 0.0e+00 0.0e+00 9.8e+01 6.8e+01 330.887 324.334 12.968 0.120 25.5 2752.3

3600 2.1e-03 1.8e+07 0.0e+00 0.0e+00 6.0e+01 6.0e+01 510.244 1102.270 24.644 9.538 20.7 53.5

3134 4.6e-03 2.6e+12 -9.7e-04 0.0e+00 7.5e+01 7.0e+01 178.360 1347.551 2.542 0.410 70.2 435.3

3562 1.3e-02 1.9e+11 0.0e+00 0.0e+00 8.6e+01 7.8e+01 1621.648 948.059 36.940 1.694 43.9 957.4

1922 8.2e-03 1.7e+08 0.0e+00 0.0e+00 9.6e+01 8.8e+01 182.146 448.809 4.524 0.405 40.3 450.0

4410 1.1e-02 9.5e+08 0.0e+00 8.7e+01 9.6e+01 8.3e+01 3170.182 2602.683 4.481 2.784 707.5 1138.7

588 6.2e-02 2.8e+04 9.9e+01 0.0e+00 9.0e+01 9.4e+01 19.195 7.152 0.463 1.379 41.5 13.9

494 6.8e-03 2.4e+06 9.0e+01 0.0e+00 9.1e+01 3.3e+01 9.222 2.959 0.832 0.116 11.1 79.8

662 5.6e-03 7.9e+05 9.5e+01 0.0e+00 7.4e+01 4.5e+01 16.293 5.947 0.324 0.203 50.2 80.3

1824 1.2e-02 1.9e+06 0.0e+00 0.0e+00 8.7e+01 7.1e+01 182.642 165.698 3.468 1.958 52.7 93.3

2146 1.6e-02 1.7e+03 0.0e+00 5.3e+01 5.5e+01 4.9e+01 428.711 137.240 2.604 16.508 164.6 26.0

2910 2.1e-02 6.0e+06 0.0e+00 0.0e+00 9.1e+01 7.5e+01 619.758 613.440 8.306 3.731 74.6 166.1

237 1.8e-02 2.0e+07 2.1e+01 5.5e+00 7.9e+01 6.5e+01 2.178 0.620 0.276 0.056 7.9 38.8

957 4.5e-03 5.1e+09 2.8e+01 3.5e+01 6.0e+01 6.5e+01 10.107 8.676 6.419 0.145 1.6 69.7

100 5.9e-02 1.6e+03 3.8e+01 3.1e+01 3.5e+01 3.5e+01 0.800 0.297 0.036 0.970 22.2 0.8

468 2.4e-02 1.1e+04 8.3e+01 7.9e+01 7.7e+01 7.1e+01 15.428 2.957 1.081 1.298 14.3 11.9

729 8.7e-03 2.4e+09 9.2e+01 8.9e+01 8.6e+01 8.4e+01 39.553 6.439 0.987 1.108 40.1 35.7

Table 4.2: Comparison of Algorithms for Min κ on SuiteSparse

Dim & Density, & κpAq % Reduction in κ CPU Time (seconds) CPU Ratios
n density κpMq [149] [71] Algorithm 4.2 Algorithm 4.3 [149] [71] Algorithm 4.2 Algorithm 4.3 [149]/Algorithm 4.2 [149]/Algorithm 4.3

2000 1.0e-03 2.0e+06 -4.8e+01 4.8e+01 5.3e+01 6.6e+01 14.498 76.446 4.470 1.154 3.2 12.6

2500 8.1e-04 2.5e+06 -5.0e+01 2.9e+01 5.2e+01 5.2e+01 21.500 229.744 9.068 1.233 2.4 17.4

3000 6.7e-04 3.0e+06 -1.8e+01 0.0e+00 1.9e+01 1.3e+01 32.757 358.866 5.011 0.476 6.5 68.8

3500 5.8e-04 3.5e+06 -1.9e+01 2.5e+01 4.3e+01 4.9e+01 43.032 565.527 8.757 1.961 4.9 21.9

4000 5.0e-04 4.0e+06 -4.4e+01 0.0e+00 2.8e+01 6.3e+00 56.246 631.303 11.281 0.519 5.0 108.4

4500 4.5e-04 4.5e+06 -3.0e+01 0.0e+00 3.3e+01 4.2e+01 69.000 888.172 3.774 2.202 18.3 31.3

5000 4.0e-04 5.0e+06 -4.4e+01 0.0e+00 3.9e+01 3.9e+01 85.069 2009.496 13.994 2.341 6.1 36.3

5500 3.7e-04 5.5e+06 -3.5e+01 1.4e+01 2.8e+01 2.8e+01 104.179 2512.849 2.763 2.614 37.7 39.8

6000 3.3e-04 6.0e+06 -4.3e+01 0.0e+00 3.0e+01 3.4e+01 127.060 3680.562 5.383 2.748 23.6 46.2

6500 3.1e-04 6.5e+06 -2.9e+01 1.9e+01 2.7e+01 3.2e+01 146.476 3755.564 4.694 3.124 31.2 46.9

7000 2.9e-04 7.0e+06 -2.9e+01 2.4e+01 3.3e+01 3.0e+01 168.726 3838.763 11.441 3.243 14.7 52.0

7500 2.7e-04 7.5e+06 -4.1e+01 2.5e+01 3.2e+01 2.8e+01 193.993 3879.417 12.929 3.649 15.0 53.2

8000 2.5e-04 8.0e+06 -1.9e+01 3.0e+01 3.2e+01 2.7e+01 215.347 3790.944 16.234 3.645 13.3 59.1

8500 2.4e-04 8.5e+06 -2.8e+01 3.6e+01 2.5e+01 2.6e+01 246.213 3929.044 8.086 4.716 30.5 52.2

9000 2.2e-04 9.0e+06 -1.5e+01 -9.9e+00 9.1e+00 3.2e+00 271.863 3903.914 7.354 0.931 37.0 292.1

9500 2.1e-04 9.5e+06 -4.2e+01 3.6e+01 2.6e+01 2.3e+01 323.748 4147.347 13.329 5.681 24.3 57.0

10000 2.0e-04 1.0e+07 -3.2e+01 1.2e+01 2.2e+01 1.8e+01 341.504 4304.042 8.240 5.232 41.4 65.3

10500 1.9e-04 1.0e+07 -1.2e+01 0.0e+00 2.7e+01 2.1e+01 384.690 4302.243 20.255 6.627 19.0 58.0

11000 1.8e-04 1.1e+07 -4.1e+01 3.0e+00 2.2e+01 1.9e+01 463.158 4273.218 11.945 6.085 38.8 76.1

11500 1.7e-04 1.1e+07 -3.4e+01 0.0e+00 2.3e+01 2.0e+01 487.216 4000.550 9.915 6.705 49.1 72.7

12000 1.7e-04 1.2e+07 -3.0e+01 0.0e+00 2.2e+01 1.9e+01 511.686 4581.828 10.963 6.709 46.7 76.3

12500 1.6e-04 1.3e+07 -3.1e+01 0.0e+00 4.0e+00 3.2e+00 546.856 4059.532 3.496 2.080 156.4 263.0

13000 1.5e-04 1.3e+07 -2.9e+01 0.0e+00 2.4e+01 1.8e+01 593.252 4586.045 40.099 7.383 14.8 80.4

13500 1.5e-04 1.4e+07 -3.0e+01 0.0e+00 2.2e+01 1.8e+01 665.554 5145.811 15.941 8.300 41.8 80.2

14000 1.4e-04 1.4e+07 -3.0e+01 0.0e+00 2.2e+01 1.7e+01 719.336 4122.784 14.430 7.864 49.9 91.5

14500 1.4e-04 1.4e+07 -3.4e+01 0.0e+00 2.1e+01 1.2e+01 901.989 4606.777 24.572 6.888 36.7 130.9

15000 1.3e-04 1.5e+07 -4.1e+01 0.0e+00 1.6e+01 1.1e+01 920.641 5115.021 14.827 6.354 62.1 144.9

Table 4.3: Comparison of Algorithms for Min κ on Random

Large Sizes

Tables 4.4 and 4.5 illustrate the scalability of Algorithms 4.2 and 4.3 on substantially larger in-
stances for which the SDP-based methods of [71, 149] became computationally impractical. Ta-
ble 4.4 considers matrices from the SuiteSparse Matrix Collection, while Table 4.5 considers ran-
domly generated matrices with very large condition numbers.

On the SuiteSparse instances, Algorithm 4.2 and Algorithm 4.3 reduced κ by averages of 45.7%
and 41.9%, respectively, while often requiring less than one minute. On the random instances,
which satisfy κpMq ą 1011, the corresponding average reductions were 11.6% and 4.4%.
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Dim & Density, & κpMq % Reduction in κ CPU Time
n density κpMq Algorithm 4.2 Algorithm 4.3 Algorithm 4.2 Algorithm 4.3

14822 3.3e-03 2.0e+06 3.9e+01 3.0e+01 7.850 283.641
15439 1.1e-03 4.4e+12 8.0e+01 7.2e+01 8.734 2.185
15439 6.5e-05 6.1e+09 4.2e+01 5.4e+01 2.283 2.725
17361 1.1e-03 2.5e+06 1.3e+01 1.2e+01 1.097 9.086
17361 3.4e-03 1.1e+09 5.6e+01 3.0e+01 19.675 9.306
23052 2.2e-03 7.4e+11 9.0e+01 7.2e+01 503.668 6.933
30401 5.1e-04 5.8e+03 9.1e+01 9.3e+01 204.718 14.951
36441 4.3e-04 2.6e+03 8.5e+01 9.2e+01 459.869 59.632
40806 1.2e-04 8.1e+01 4.5e-02 1.1e-01 29.901 16.301
48962 2.1e-04 1.6e+05 6.2e+00 4.1e+00 22.109 43.123
150102 3.2e-05 1.3e+07 4.6e-03 1.5e+00 53.450 864.384

Table 4.4: Comparison of Algorithms for Min κ on Large SuiteSparse

Dim & Density, & κpMq % Reduction in κ CPU Time
n density κpMq Algorithm 4.2 Algorithm 4.3 Algorithm 4.2 Algorithm 4.3

50000 3.8e-05 1.0e+11 1.7e+01 7.7e+00 244.577 74.798
60000 3.2e-05 1.2e+11 1.5e+01 6.5e+00 400.467 103.404
70000 2.7e-05 1.4e+11 1.4e+01 5.6e+00 492.698 123.284
80000 2.4e-05 1.6e+11 1.1e+01 5.0e+00 436.111 198.894
90000 2.1e-05 1.8e+11 1.0e+01 4.3e+00 550.245 223.299
100000 1.9e-05 2.0e+11 1.2e+01 4.0e+00 986.187 250.367
110000 1.7e-05 2.2e+11 1.1e+01 3.7e+00 1162.321 293.284
120000 1.6e-05 2.4e+11 1.1e+01 3.4e+00 1172.119 332.887
130000 1.5e-05 2.6e+11 8.5e+00 3.1e+00 1274.404 386.352
140000 1.4e-05 2.8e+11 9.1e+00 2.9e+00 1500.467 480.042
150000 1.3e-05 3.0e+11 8.7e+00 2.7e+00 1677.360 498.512

Table 4.5: Comparison of Algorithms for Min κ on Large Random

In summary, the results show that the proposed subgradient-based methods not only scale
substantially better than existing SDP-based approaches, but also achieve significantly larger re-
ductions in κ at a fraction of the computational cost.

4.3.2 PCG Comparison for Solving Linear Systems

In this subsection, we evaluate the effect of preconditioning on PCG performance for solving sym-
metric positive definite systems Mx “ b. We compare the diagonal preconditioners computed by
Algorithm 4.3 with those obtained using the κ-optimal scaling method from [149]. PCG is run with
a relative residual tolerance of 10´4 and a maximum of 5ˆ 106 iterations. The results are reported
in Table 4.6. All test matrices are randomly generated using MATLAB’s sprandsym function with
varying dimensions, densities, and κ values.

Table 4.6 shows that, over the 47 test instances, PCG requires on average 442,147 iterations
with the preconditioner from Algorithm 4.3, compared to 549,002 iterations with the preconditioner
from [149]. Averaged over all test instances, PCG with Algorithm 4.3 requires approximately 20%
fewer iterations while reducing total CPU time by nearly an order of magnitude compared with the
method of [149].
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Dim, Density, & κpAq % Reduction in κ PCG Iterations PCG CPU Time Total CPU Time
n density κpMq [149] Algorithm 4.3 [149] Algorithm 4.3 [149] Algorithm 4.3 [149] Algorithm 4.3

1000 3.3e-03 1.0e+09 -2.6e+01 3.6e+01 115264 99023 1.14 0.99 5.33 1.29
1300 2.5e-03 1.3e+09 -2.6e+01 6.0e+01 153760 101197 1.89 1.23 8.41 1.49
1600 2.0e-03 1.6e+09 -4.3e+01 -1.0e-13 180929 179469 2.67 2.67 12.17 2.71
1900 1.7e-03 1.9e+09 -3.5e+01 6.9e+01 202276 121629 3.43 2.07 16.17 2.87
2200 1.4e-03 2.2e+09 -4.9e+01 7.1e+01 245521 126567 4.82 2.50 21.54 3.39
2500 1.2e-03 2.5e+09 -2.3e+01 2.7e+01 252757 221181 5.43 4.69 29.06 5.07
2800 1.1e-03 2.8e+09 -4.2e+01 1.9e+01 289351 248376 6.69 5.74 33.60 6.12
3100 9.9e-04 3.1e+09 -2.9e+01 6.6e+01 306195 174755 8.02 4.56 45.28 6.01
3400 9.0e-04 3.4e+09 -3.3e+01 5.4e+01 325838 215488 9.07 6.05 54.35 7.46
3700 8.3e-04 3.7e+09 -2.5e+01 4.4e+01 330583 256787 9.89 7.67 63.61 9.21
4000 7.6e-04 4.0e+09 -4.4e+01 5.7e+01 366269 234646 11.60 7.40 65.77 9.21
4300 7.1e-04 4.3e+09 -2.9e+01 5.4e+01 378370 252209 13.49 9.00 88.27 10.97
4600 6.6e-04 4.6e+09 -4.2e+01 4.1e-13 408179 384608 15.52 14.65 89.55 14.74
4900 6.2e-04 4.9e+09 -1.1e+01 8.7e+00 399371 382842 15.87 15.31 108.88 15.75
5200 5.8e-04 5.2e+09 -3.7e+01 -3.7e-14 458497 418282 19.04 17.32 115.01 17.43
5500 5.5e-04 5.5e+09 -3.3e+01 3.9e+01 460157 340511 19.97 14.79 128.37 16.99
5800 5.2e-04 5.8e+09 -3.2e+01 4.6e+01 469674 336957 21.25 15.32 143.80 17.73
6100 4.9e-04 6.1e+09 -5.0e+01 4.3e+01 506736 353612 23.89 16.68 157.42 19.34
6400 4.7e-04 6.4e+09 -2.2e+01 4.3e+01 492739 361695 23.98 17.59 166.18 20.56
6700 4.4e-04 6.7e+09 -4.0e+01 4.1e+01 526574 378065 25.65 18.54 189.81 21.40
7000 4.2e-04 7.0e+09 -2.9e+01 3.9e+01 533440 394622 28.16 20.13 202.50 22.93
7300 4.1e-04 7.3e+09 -5.3e+01 2.7e+00 572826 511612 32.32 27.95 234.05 28.40
7600 3.9e-04 7.6e+09 -2.9e+01 -3.8e-14 555453 528584 31.27 29.77 232.71 29.89
7900 3.7e-04 7.9e+09 -2.2e+01 3.5e+01 569653 434589 33.24 25.44 274.74 29.14
8200 3.6e-04 8.2e+09 -6.6e+01 3.5e+01 614529 448278 37.09 26.97 323.07 30.42
8500 3.5e-04 8.5e+09 -2.7e+01 3.4e+01 573590 458996 35.49 28.28 292.58 32.18
8800 3.3e-04 8.8e+09 -3.6e+01 1.6e+01 625430 532398 40.04 34.12 322.79 35.85
9100 3.2e-04 9.1e+09 -1.8e+01 1.5e+01 597815 541439 39.21 35.60 324.73 37.50
9400 3.1e-04 9.4e+09 -2.0e+01 1.1e+01 635767 565196 42.77 37.92 374.03 39.77
9700 3.0e-04 9.7e+09 -2.9e+01 3.1e+01 639683 508698 44.28 35.17 391.15 40.05
10000 2.9e-04 1.0e+10 -4.5e+01 3.1e+01 687294 521357 48.91 37.36 454.89 41.62
10300 2.8e-04 1.0e+10 -2.5e+01 2.9e+01 667536 538749 49.08 39.58 506.66 44.78
10600 2.8e-04 1.1e+10 -4.4e+01 2.9e+01 725311 548238 54.63 41.32 510.40 46.14
10900 2.7e-04 1.1e+10 -3.9e+01 2.6e+01 725604 566231 55.80 43.64 491.97 49.26
11200 2.6e-04 1.1e+10 -2.4e+01 2.8e+01 693639 569480 55.03 44.93 498.31 49.79
11500 2.5e-04 1.1e+10 -8.9e+00 2.4e+01 673910 597322 54.77 48.20 521.32 53.85
11800 2.5e-04 1.2e+10 -3.9e+01 1.7e+01 757749 627850 62.92 52.02 581.98 55.67
12100 2.4e-04 1.2e+10 -2.9e+01 2.6e+01 748235 601448 63.64 51.45 640.96 57.59
12400 2.3e-04 1.2e+10 -4.3e+01 2.5e+01 777435 614047 68.12 54.42 653.76 60.37
12700 2.3e-04 1.3e+10 -3.3e+01 2.5e+01 775871 620193 70.07 56.35 686.85 63.40
13000 2.2e-04 1.3e+10 -3.2e+01 1.1e+01 771101 681834 73.02 65.22 703.04 68.91
13300 2.2e-04 1.3e+10 -2.7e+01 2.4e+01 766793 648685 75.93 64.69 727.64 71.98
13600 2.1e-04 1.4e+10 -3.5e+01 1.0e+01 814120 708483 82.37 72.15 752.62 75.16
13900 2.1e-04 1.4e+10 -5.5e+01 2.3e+01 863835 662119 89.35 68.57 824.58 76.07
14200 2.0e-04 1.4e+10 -4.4e+01 2.3e+01 858674 673736 90.12 71.18 887.64 78.25
14500 2.0e-04 1.5e+10 -4.3e+01 9.4e+00 872710 741010 94.29 80.77 869.02 84.41
14800 2.0e-04 1.5e+10 -3.0e+01 8.5e+00 836054 747797 91.59 82.12 874.94 84.96

Table 4.6: PCG Comparison Using Preconditioners Found by Algorithm in [149] and Algorithm 4.3

4.3.3 LSQR Comparison: Algorithm 4.4 vs. Two-Sided κ-optimal Scaling in
[149]

In Section 4.3.3, we compare our two-sided Algorithm 4.4, which decreases ω at every iteration,
with the two-sided κ-optimal preconditioner of [149] for solving minx }b ´ Ax} with LSQR.

The results are reported in Tables 4.7 to 4.9. Table 4.7 and Table 4.8 consider SuiteSparse
and randomly generated matrices, respectively, with n ď 300, since the method of [149] could not
handle larger instances. In these experiments, LSQR is run with tolerance 10´8 and a maximum
of 5000 iterations. Table 4.9 considers SuiteSparse matrices with n ě 2000 and compares LSQR
with and without the preconditioner from Algorithm 4.4. Here, LSQR is run with tolerance 10´6

and a maximum of 100000 iterations.

In all tables, S :“ pĈ1{2AD̂1{2qT pĈ1{2AD̂1{2q and T :“ pD
1{2
1 AD

´1{2
2 qT pD

1{2
1 AD

´1{2
2 q where

Ĉ1{2, D̂1{2 and D
1{2
1 , D

´1{2
2 are the preconditioners computed by Algorithm 4.4 and [149], respec-

tively. Reported CPU times include both preconditioning and LSQR runtimes.
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Dim & Density, & κpAq Ratio of Condition Numbers CPU Time for Prec LSQR Iterations Total CPU Time
n density κpAq κpSq{κpT q ωpSq{ωpT q Algorithm 4.4 [149] Algorithm 4.4 [149] Algorithm 4.4 [149]

300 6.6e-03 5.2e+03 1.3e+00 1.0e+00 0.006 23.358 5 4 0.015 23.36

130 6.1e-02 6.1e+10 1.1e-01 8.2e-01 0.002 27.943 9 35 0.005 27.95

200 2.0e-02 2.4e+03 1.0e+00 1.0e+00 0.000 19.308 750 756 0.022 19.32

104 9.2e-02 5.5e+03 1.6e+00 9.7e-01 0.001 10.056 301 288 0.004 10.06

216 9.3e-02 3.3e+04 8.9e-01 4.6e-01 0.002 309.028 56 175 0.004 309.03

115 9.3e-02 3.7e+02 1.5e+00 6.7e-01 0.001 14.324 267 363 0.004 14.33

185 2.8e-02 1.8e+05 5.7e+00 7.5e-01 0.003 40.382 242 328 0.006 40.39

216 1.7e-02 1.0e+02 1.3e+00 9.0e-01 0.001 17.672 183 215 0.004 17.67

207 1.3e-02 1.4e+08 3.9e-01 3.4e-01 0.003 19.862 122 709 0.006 19.87

137 2.1e-02 1.8e+04 1.2e+00 7.9e-01 0.002 12.505 61 95 0.003 12.51

225 2.6e-02 7.1e+06 2.5e+00 8.1e-01 0.003 146.868 78 86 0.004 146.87

198 1.4e-01 3.0e+03 1.3e+00 5.8e-01 0.002 88.701 631 973 0.010 88.71

265 2.5e-02 1.4e+03 1.6e+00 5.0e-01 0.002 38.714 735 1379 0.010 38.73

100 4.0e-02 1.5e+04 1.0e+00 9.7e-01 0.000 8.944 114 132 0.002 8.95

105 8.0e-02 7.2e+02 1.5e+00 6.6e-01 0.000 14.751 163 227 0.002 14.75

135 3.6e-02 9.2e+05 1.0e+00 2.3e-01 0.000 17.484 164 850 0.002 17.49

120 6.0e-02 4.3e+08 3.1e-03 2.7e-02 0.001 24.967 77 845 0.003 24.97

100 7.1e-02 2.4e+12 5.8e-02 2.4e-01 0.001 28.979 19 108 0.003 28.98

136 2.6e-02 2.5e+05 1.9e+00 8.0e-01 0.001 19.051 132 175 0.003 19.05

100 4.0e-02 1.3e+04 2.3e+00 9.3e-01 0.000 10.800 339 385 0.003 10.80

300 3.5e-02 8.5e+05 2.2e+00 6.0e-01 0.002 581.259 1195 1983 0.016 581.28

132 2.4e-02 4.2e+11 2.1e+00 1.0e-01 0.000 22.553 93 1356 0.002 22.56

Table 4.7: LSQR Comparison on Small Suitesparse Matrices: Algorithm 4.4 vs [149]

Dim & Density, & κpAq Ratio of Condition Numbers CPU Time for Prec LSQR Iterations Total CPU Time
n density κpAq κpSq{κpT q ωpSq{ωpT q Algorithm 4.4 [149] Algorithm 4.4 [149] Algorithm 4.4 [149]

50 2.5e-01 1.0e+03 1.2e+00 9.4e-01 0.007 16.583 18 18 0.02 16.59

60 2.4e-01 1.0e+03 5.2e+00 5.1e-01 0.001 11.914 46 67 0.01 11.92

70 2.3e-01 1.1e+03 1.4e+00 8.3e-01 0.001 17.909 22 27 0.00 17.91

80 2.2e-01 1.1e+03 2.0e+00 2.6e-01 0.002 13.848 51 191 0.00 13.85

90 2.2e-01 1.2e+03 2.2e+00 5.0e-01 0.002 18.674 43 90 0.00 18.68

100 2.1e-01 1.2e+03 5.2e+00 4.9e-01 0.003 27.400 52 72 0.00 27.40

110 2.1e-01 1.3e+03 2.2e+00 6.4e-01 0.003 45.059 52 52 0.00 45.06

120 2.0e-01 1.4e+03 2.0e+00 7.0e-01 0.002 37.248 63 57 0.00 37.25

130 2.0e-01 1.5e+03 7.3e+00 4.0e-01 0.002 42.239 96 140 0.00 42.24

140 1.9e-01 1.6e+03 1.1e+01 5.4e-01 0.002 55.521 54 83 0.00 55.52

150 1.9e-01 1.7e+03 2.4e+00 8.0e-01 0.001 102.427 46 35 0.00 102.43

160 1.9e-01 1.8e+03 6.2e+00 5.3e-01 0.002 90.146 66 81 0.00 90.15

170 1.9e-01 1.9e+03 2.4e+01 5.1e-01 0.003 101.889 84 111 0.01 101.89

180 1.8e-01 2.1e+03 9.3e+00 4.3e-01 0.001 128.101 90 109 0.00 128.10

190 1.8e-01 2.2e+03 8.1e+00 3.4e-01 0.001 116.720 113 219 0.00 116.72

200 1.8e-01 2.5e+03 9.1e+00 4.7e-01 0.001 147.824 94 124 0.00 147.83

210 1.8e-01 2.7e+03 1.2e+01 5.2e-01 0.002 191.344 121 113 0.00 191.35

220 1.8e-01 3.1e+03 4.6e+00 5.3e-01 0.002 293.214 94 75 0.00 293.22

230 1.7e-01 3.5e+03 2.2e+00 3.8e-01 0.001 175.652 105 508 0.00 175.66

240 1.7e-01 4.0e+03 6.1e+00 4.5e-01 0.001 287.572 129 116 0.00 287.57

250 1.7e-01 4.8e+03 1.1e+01 5.4e-01 0.002 433.302 107 92 0.00 433.30

260 1.7e-01 5.9e+03 4.0e+00 5.1e-01 0.002 384.679 139 166 0.01 384.68

270 1.7e-01 7.8e+03 3.6e+00 6.3e-01 0.002 431.242 121 75 0.00 431.24

280 1.7e-01 1.1e+04 1.5e+01 3.9e-01 0.002 498.242 153 298 0.01 498.25

290 1.7e-01 2.0e+04 1.6e+01 4.5e-01 0.002 750.635 178 128 0.01 750.64

300 1.7e-01 1.0e+05 1.0e+01 2.8e-01 0.002 751.572 197 264 0.01 751.58

Table 4.8: LSQR Comparison on Small Random Matrices: Algorithm 4.4 vs [149]
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Dim & Density, & ωpAq Ratio of Omega & Prec CPU Time LSQR Iter Total CPU Time
n density ωpAq ωpSq{ωpAq Algorithm 4.4 CPU No Prec Algorithm 4.4 No Prec Algorithm 4.4

14214 1.3e-03 5.1e+01 3.2e-02 1.0e-01 100000 8963 3.63e+01 3.43e+00

4119 2.1e-03 4.1e+05 3.6e-06 1.7e-02 5461 946 4.98e-01 1.04e-01

7479 1.2e-03 2.8e+04 4.8e-05 3.0e-02 9393 1758 1.85e+00 3.81e-01

9271 1.4e-03 8.2e+06 1.7e-07 4.1e-02 1798 377 4.44e-01 1.37e-01

4562 6.3e-03 2.3e+02 7.4e-03 1.3e-02 6497 1070 1.11e+00 2.00e-01

3072 1.3e-02 1.9e+00 1.0e+00 9.8e-03 1358 1357 5.43e-01 6.06e-01

11341 7.6e-04 6.0e+01 5.0e-02 3.9e-02 26647 3050 7.55e+00 9.09e-01

2048 2.9e-03 2.8e+00 9.3e-01 1.6e-03 4730 4187 2.10e-01 1.93e-01

8192 7.3e-04 2.8e+00 9.4e-01 6.1e-03 19233 16963 3.15e+00 2.79e+00

14734 4.4e-04 2.3e+00 7.2e-01 4.2e-02 10631 6883 3.43e+00 2.26e+00

2283 9.2e-03 3.6e+01 5.6e-02 9.1e-03 17604 1305 1.15e+00 9.74e-02

2000 2.0e-03 2.5e+00 1.0e+00 7.9e-04 1578 1578 6.33e-02 6.54e-02

2000 5.9e-03 4.2e+00 5.9e-01 3.5e-03 9674 3842 4.76e-01 1.95e-01

5000 2.4e-03 4.2e+00 5.7e-01 6.9e-03 29362 7483 4.56e+00 1.15e+00

7000 1.7e-03 4.3e+00 5.7e-01 9.3e-03 50422 13747 9.93e+00 2.82e+00

7000 1.7e-03 4.2e+00 5.7e-01 9.4e-03 48882 11272 9.71e+00 2.23e+00

3175 8.4e-03 3.0e+01 7.0e-02 9.3e-03 16004 2157 2.06e+00 2.90e-01

5952 6.3e-04 3.7e+02 4.6e-03 1.8e-02 13984 5192 1.55e+00 5.96e-01

13694 3.9e-04 1.8e+02 7.1e-03 8.0e-02 100000 2551 3.08e+01 8.70e-01

5832 9.0e-03 1.7e+00 1.0e+00 1.0e-02 2397 2390 6.25e-01 6.36e-01

9801 9.1e-04 1.5e+00 1.0e+00 2.6e-03 3132 3036 7.93e-01 7.72e-01

4000 5.5e-04 1.3e+09 7.5e-10 7.3e-03 7194 5 5.05e-01 8.63e-03

5940 2.4e-03 6.6e+00 4.6e-01 3.6e-02 100000 44539 1.74e+01 7.78e+00

4326 3.3e-03 1.1e+05 1.7e-05 1.4e-02 34107 2486 4.85e+00 3.69e-01

9800 6.0e-04 2.6e+00 9.9e-01 6.4e-03 18382 18177 4.37e+00 4.29e+00

Table 4.9: LSQR Comparison on Large Suitesparse Matrices: Algorithm 4.4 vs No Preconditioning

The results in Tables 4.7 and 4.8 show that although the two-sided κ-optimal preconditioner in
[149] often achieves a stronger reduction in κ, Algorithm 4.4 consistently yields lower ω values at a
significantly lower computational cost. Importantly, reductions in ω correlate more strongly with
LSQR iteration counts, resulting in faster convergence on the majority of tested instances.

In summary, these experiments reinforce that ω-optimal preconditioning offers a more practical
and computationally efficient alternative to κ-optimal scaling for LSQR, particularly in large-scale
and nonsymmetric settings.

4.3.4 From κ-optimal M to “Improve PCG” using ω-Optimal Scaling

We study the effect of applying ω-optimal (Jacobi) diagonal scaling to a κ-optimally scaled matrix
M ą 0.8 To this end, we construct the matrix M using Theorem 4.1.7: the extreme eigen-
pairs satisfy (4.7) and (4.8), while the remaining eigenvalues are spread uniformly in pλn, λ1q with
orthonormal eigenvectors chosen in the orthogonal complement of spantx1, xnu. The remaining
eigenvectors are generated via a sparse QR factorization, so the density of M cannot be prescribed
exactly in advance. A more detailed description of the construction is provided in our code.

After constructing M , we apply the ω-optimal (Jacobi) scaling J “ D1{2MD1{2 where D “

Diagp1.{diagpMqq, and compare PCG applied to Mx “ b and to the scaled system JpD´1{2xq “

8For the large problems in Table 4.11 we used the fastlinux server, cpu155.math.private, a Dell PowerEdge R650
with two Intel Xeon Gold 6334 8-core 3.6 GHz (Ice Lake) processors and 256 GB RAM.
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D1{2b. Iteration counts and runtimes are averaged over five initial points. The results are reported
in Tables 4.10 and 4.11.

Dim & Density Ratios in conds pJ,Mq J: ω-opt of M Ratios M/J
n density κpJq{κpMq ωpJq{ωpMq iters cpu iters cpu

5000 9.40e-03 2.98e+00 7.368e-01 19.4 3.927e-03 25.2 13.9
10000 7.44e-03 3.31e+00 7.362e-01 18.8 6.698e-03 36.6 30.5
15000 6.02e-03 2.64e+00 7.365e-01 17.0 1.418e-02 41.6 39.0
20000 4.57e-03 3.56e+00 7.363e-01 20.6 2.861e-02 41.6 41.1
25000 3.47e-03 3.71e+00 7.370e-01 20.6 8.006e-02 30.9 29.1
30000 2.42e-03 3.52e+00 7.362e-01 20.2 4.327e-02 48.0 43.0
35000 1.56e-03 2.77e+00 7.371e-01 16.0 4.174e-02 36.5 36.1
40000 8.93e-04 2.89e+00 7.364e-01 18.0 2.535e-02 46.7 38.9
45000 4.15e-04 3.93e+00 7.370e-01 21.8 1.820e-02 28.5 27.0
50000 4.12e-04 4.12e+00 7.361e-01 24.0 2.679e-02 49.5 43.7

Table 4.10: PCG tol. 1e´7; Medium; κ-opt VS J, ω-opt of M

Dim & Density Ratios in conds pJ,Mq J: ω-opt of M Ratios M/J
n density κpJq{κpMq ωpJq{ωpMq iters cpu iters cpu

50000 9.05e-03 3.26e+00 7.366e-01 15.6 3.332e-01 48.7 42.5
52000 8.17e-03 4.34e+00 7.362e-01 20.8 4.245e-01 51.7 46.9
54000 7.49e-03 3.55e+00 7.365e-01 17.0 3.578e-01 47.5 42.4
56000 6.71e-03 3.73e+00 7.363e-01 18.0 3.672e-01 57.1 51.0
58000 5.98e-03 3.33e+00 7.369e-01 16.8 3.367e-01 38.5 34.1
60000 5.24e-03 3.90e+00 7.362e-01 17.6 3.316e-01 62.1 55.4
62000 4.63e-03 4.43e+00 7.371e-01 18.0 3.233e-01 33.2 29.7
64000 4.01e-03 4.37e+00 7.365e-01 22.0 3.582e-01 38.9 35.5
66000 3.46e-03 3.24e+00 7.369e-01 16.0 2.457e-01 38.9 34.4
68000 2.87e-03 4.31e+00 7.361e-01 20.8 2.756e-01 59.8 54.0
70000 2.40e-03 4.25e+00 7.363e-01 20.4 2.445e-01 46.5 42.0
72000 1.96e-03 4.05e+00 7.369e-01 17.8 1.883e-01 36.4 32.1
74000 1.54e-03 3.68e+00 7.362e-01 17.2 1.438e-01 64.8 56.9
76000 1.22e-03 3.95e+00 7.366e-01 18.0 1.194e-01 43.6 38.4
78000 9.02e-04 2.98e+00 7.361e-01 16.4 8.235e-02 72.1 62.2
80000 6.44e-04 3.50e+00 7.366e-01 17.0 6.009e-02 43.4 36.6
82000 4.20e-04 3.81e+00 7.366e-01 19.2 4.669e-02 40.2 33.9
84000 2.46e-04 4.12e+00 7.363e-01 20.2 3.227e-02 46.2 37.8
86000 1.20e-04 2.92e+00 7.370e-01 17.0 1.930e-02 35.8 27.8
88000 4.12e-05 3.25e+00 7.366e-01 21.6 1.801e-02 36.7 23.2
90000 1.14e-05 1.81e+00 7.366e-01 18.8 1.303e-02 38.2 21.9

Table 4.11: PCG tol. 1e´7; Large; κ-opt VS J, ω-opt of M

The experiments show that surprisingly, despite increasing the κ-condition number, the ω-optimal
(Jacobi) scaling consistently yields dramatic improvements in PCG convergence. Across all medium
and large instances presented in Tables 4.10 and 4.11, PCG requires between 96–98.6% fewer iter-
ations and correspondingly less CPU time after ω-optimal scaling. This improvement is especially
pronounced on the large-scale instances presented in Table 4.11.

In summary, our computational experiments in Section 4.3 provide compelling evidence that
the ω-condition number is a stronger predictor of iterative solver performance than κ, and that
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ω-optimal preconditioners strike a superior balance between computational cost and practical ef-
fectiveness.
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Part II

EDM Completion
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Chapter 5

Local and Global Minimizers of the
Smooth Stress Function

5.1 Introduction

EDM (completion) problems have long been studied in the scientific literature, see e.g., the surveys,
book collections, and some recent papers [3,5,15,114,119,132]. It is well known that one can obtain
the Gram matrix Ḡ from a given EDM D̄. Then, a configuration matrix P̄ of points p̄i P Rd such
that D̄ij “ }p̄i ´ p̄j}

2, i, j “ 1, . . . , n, can be obtained from a full rank factorization

Ḡ “ P̄ P̄ T , P̄ T “
“

p̄1, . . . , p̄n
‰

P Rdˆn.

In this chapter, we consider the question of exact recovery from the unconstrained minimization
problem

min
PPRnˆd

}KpPP T q ´ D̄}2F , (5.1)

where K : Sn Ñ Sn is the Lindenstrauss operator on symmetric matrix space:

KpGq “ diagpGqeT ` e diagpGqT ´ 2G.

Here e is the vector of ones and } ¨ }F denote Frobenius norm.

The optimization problem (5.1) is a Euclidean distance geometry problem (DGP), see e.g., [119].
DGP includes the EDM Completion Problem, where D̄ can have missing entries as well as noisy
entries. This latter problem has been proven to be NP-hard [153].

The objective function of (5.1) is denoted and expressed as a quartic in P :

σ2pP q “ }KpPP T q ´ D̄}2F “

n
ÿ

i“1

n
ÿ

j“1

`

}pi ´ pj}
2 ´ }p̄i ´ p̄j}

2
˘2

,

which is referred to as the smooth stress in the multidimensional scaling (MDS) literature. (Through-
out this chapter, for notational convenience, we use fpP q “ 1

2σ2pP q as our objective function.)

Since the function σ2pP q is nonconvex, and optimization methods generally find local minima,
we investigate the possibility for such a quartic function to have all local minimizers as global
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minimizers. This question has been considered as open and has been widely studied in the MDS
literature; see for example, [124, 125, 128, 141]. One of the motivations for the research about the
local nonglobal minima (lngm) of σ2pP q is that the characterization of the lngm is critical to de-
veloping efficient algorithms without resorting to convex (semidefinite programming) relaxations.
This is also closely related to tightness results for low-rank semidefinite programming reformula-
tions, where a central question is whether nonconvex formulations admit spurious local minima or
whether all local minima are globally optimal [17,31,175].

The question about the existence of a lngmwas also considered for another type of stress
function, called the raw stress:

σ1pP q “

n
ÿ

i“1

n
ÿ

j“1

p}pi ´ pj} ´ }p̄i ´ p̄j}q
2 .

Trosset and Mathar [128] analytically verified that the raw stress function σ1pP q admits a lngm ,
where P̄ is a square configuration with vertices at the four points p̄1 “ r1{2, 1{2s, p̄2 “ r´1{2, 1{2s, p̄3 “

r´1{2,´1{2s, and p̄4 “ r1{2,´1{2s. The authors of [174] applied this example to the smooth func-
tion σ2pP q but did not find a lngm. Instead, they present an example of the inexact EDM recovery
problem having a lngm; specifically, problem (5.1) with D̄ replaced by ∆ P Sn that is not an EDM
. However, the question about the existence of a lngm for the exact problem σ2pP q remained open.
Addressing this challenge involves two main difficulties: (1) the apparent lack of simple examples
exhibiting lngm ; and (2) the inherent complexity in proving the existence of a lngm for such a
complex problem.

In this chapter, we provide a definitive answer to this open question. We prove that all second-
order stationary points are global minimizers whenever n ď d ` 1. For n ą d ` 1, we present an
example in dimension d “ 1, with a very special structure, for which we can analytically exhibit a
lngm . For more general cases, we find examples where the function σ2pP q has a lngm, and we
provide analytic verification using techniques from the local convergence proof of Newton’s method.
The examples are obtained using the trust region approach with random initializations.

The rest of this chapter is arranged as follows. We continue in Section 5.2 with a description
of our main unconstrained minimization problem (5.1). We introduce two additional equivalent
problems with reduced numbers of variables. The reduction allows for strict second-order sufficient
optimality conditions and thus is necessary for the analytic existence proof. In Section 5.3, we
include various linear transformations, derivatives, and adjoints. Many of these are used through-
out this chapter. We suggest that they provide a useful addition to the literature on EDM, as it
emphasizes the use of matrix transformations rather than individual elements or points. In Sec-
tion 5.4, we study the optimality conditions and establish that σ2pP q has no lngm if n ď d ` 1.
In Section 5.5.1, we give a special example with d “ 1 where a lngm can be explictly illustrated.
In Section 5.5.2, we provide two examples and use the Kantorovich theorem to (numerically) prove
the existence of lngms in this more general setting.

5.2 Notation and Main Problem Formulations

We follow notations in Section 2.3. For a set of points pi P Rd, i P rns :“ t1, 2, ¨ ¨ ¨ , nu, denote the
configuration matrix by

P “
“

p1 p2 . . . pn
‰T

P Rnˆd.
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Here d is the embedding dimension. Denote the quadratic mappingM : Rnˆd Ñ Sn, MpP q “ PP T .
Recall that e denotes the column vector of ones of appropriate dimension. Then, the classical result
of Schöenberg [157] relates an EDM , DpP q, with the corresponding Gram matrix, G “ MpP q, by
applying the linear operator K : Sn

C Ñ Sn
H :

KpGq “ diagpGqeT ` e diagpGqT ´ 2G “
`

}pi ´ pj}
2
˘

ij
“: DpP q, (5.2)

where the centered subspace, Sn
C and the hollow subspace, Sn

H are defined by

Sn
C “ tS P Sn : Se “ 0u, Sn

H “ tS P Sn : diagpSq “ 0u.

Denote Se : Rn Ñ Sn: Sepvq “ veT `evT . Then, KpGq “ SepdiagpGqq´2G. Note that the centered
assumption P T e “ 0 ô G “ PP T P Sn

C . Also, when the domain of K is restricted to be Sn
C , the

mapping K is a bijection between Sn
C and KpSn

Cq.

Further detailed properties and a list of (non)linear transformations and adjoints are given
in Section 5.3.

5.2.1 Main Problem Formulations

Suppose that we are given a centered configuration matrix P̄ P Rnˆd, P̄ T e “ 0. This gives rise to
the corresponding Gram matrix Ḡ “ P̄ P̄ T P Sn

C and EDM, D̄ “ KpḠq. We now present the main
problem and two reformulations that reduce the size of variables and help with stability.

Problem 5.2.1. Let D̄ “ DpP̄ q be a EDM obtained from some given configuration matrix P̄ .
Consider the nonconvex minimization problem of recovering a corresponding configuration matrix

P̂ given by

P̂ P argmin
PPRnˆd

fpP q :“
1

2
}KpPP T q ´ D̄}2F “:

1

2
}F pP q}2F ; (5.3)

thus defining the function F : Rnˆd Ñ Sn
H .

Problem 5.2.1 is a nonlinear least squares problem. It has nd variables. By taking advantage of
symmetry and the zero-diagonal constraints, the objective function can be seen as a sum of squares
of tpn´ 1q quadratic functions, where tpn´ 1q :“ npn´ 1q{2 is the triangular number. Note that P̄
is a global minimizer for (5.3) with the optimal value fpP̄ q “ 0. We study whether all stationary
points where the second-order necessary optimality conditions hold are global minimizers.

Note that the distance matrix is invariant under translations and rotations of P . Without loss
of generality, we assume P is centered (P T e “ 0). Let V P Rnˆpn´1q be such that

V TV “ In´1, V T e “ 0. (5.4)

By the fact that V V T is the orthogonal projection onto eK (the orthogonal complement of e), we
have P T e “ 0 if, and only if, P “ V L for some L P Rpn´1qˆd.1 We exploit this property for
deducing an equivalent problem formulation having a smaller dimension.

Problem 5.2.2. Let P̄ , D̄ be as given in Problem 5.2.1, and let V be as in (5.4). Consider
the nonconvex minimization problem of recovering a corresponding centered configuration matrix

1This is similar to the application of facial reduction for the semidefinite relaxation, see [9].
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P̂ “ V L̂ by finding

L̂ P argmin
LPRpn´1qˆd

fLpLq :“
1

2
}KpV LpV LqT q ´ D̄}2F “:

1

2
}FLpLq}2F ; (5.5)

thus defining the function FL : Rpn´1qˆd Ñ Sn
H .

LetO “ tQ P Rdˆd : QTQ “ Idu be the orthogonal group of order d. Note that LLT “ LQQTLT

holds for all Q P O. If LT “ QR is the QR factorization, then

RT “ LQ ñ fLpLq “ fLpRTQT q “ fLpRT q,

where R P Rdˆpn´1q is upper triangular (trapezoidal when d ă n ´ 1). The problem can be further
reduced using rotation invariance: fLpLQq “ fLpLq, @Q P O.

Recall that the linear transformation svec : Sn Ñ Rtpnq is a generalization of the vectorization
vec applied to symmetric matrices that avoids the duplication of the lower triangular part. We
now extend this idea to triangular (trapezoidal) matrices to avoid the zeros. We define the linear
operator that maps a vector ℓ P Rtℓ to a lower triangular (trapezoidal) matrix in Rpn´1qˆd given by

LTriagpℓqpi,jq “

"

ℓnj´n´tpjq`i`1, if j ď i

0, otherwise,
(5.6)

where

tℓ “

"

tpn ´ 1q, if d ě n ´ 1
pn ´ 1qd ´ tpd ´ 1q, otherwise.

(5.7)

For L P Rpn´1qˆd lower trapezoidal, tℓ counts its entries where nonzero values are allowed. For
d ă n ´ 1, LTriagpℓq has tpd ´ 1q zero elements at the top right; whereas for d ě n ´ 1, LTriagpℓq
has tpn ´ 1q nonzero elements at the bottom left.

Using the above definition, we define

fℓ : Rtℓ Ñ R, fℓpℓq :“ fLpLTriagpℓqq. (5.8)

Notice that the adjoint of LTriag, LTriag˚ : Rpn´1qˆd Ñ Rtℓ , takes the lower triangular (trape-
zoidal) part of L P Rpn´1qˆd and maps it to the corresponding vector ℓ P Rtℓ , such that LTriag˚ LTriagpℓq “

ℓ. Moreover, LTriagLTriag˚pLq is the projection of L onto the subspace of lower triangular (trape-
zoidal) matrices.

Problem 5.2.3. Let P̄ , D̄ be as given in Problem 5.2.2 (and in Problem 5.2.1), and let V, tℓ, fℓpℓq,
be as in (5.4), (5.7) and (5.8), respectively. Consider the nonconvex minimization problem of
recovering a corresponding centered configuration matrix P̂ “ V L̂ “ V LTriagpℓ̂qQ̂T , with Q̂ P O,
by finding

ℓ̂ P argminℓPRtℓ fℓpℓq :“ 1
2}KpV LTriagpℓqpV LTriagpℓqqT q ´ D̄}2F

“ 1
2}FLpLTriagpℓqq}2F “: 1

2}Fℓpℓq}2F ;
(5.9)

thus defining the function Fℓ : Rtℓ Ñ Sn
H .

Remark 5.2.4. Compared to Problem 5.2.1, Problem 5.2.3 is a nonlinear least squares problem,
with fewer variables and the same number of quadratic terms

`

KpV LTriagpℓqpV LTriagpℓqqT q ´ D̄
˘

ij
, i ă

j. For d ă n ´ 1, the underlying system of equations is overdetermined, as tℓ ă tpn ´ 1q. For
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d ě n ´ 1, from (5.7), the number of variables is tpn ´ 1q, the same as the number of quadratic
equations. Thus we no longer have the singularity that arises for the Jacobian of an underdeter-
mined nonlinear least squares problem.

In order to determine whether a lngm exists, the next section provides useful formulae for linear
transformations and derivatives.

5.3 Properties and auxiliary results

We now provide appropriate notation and formulae for transformations, adjoints and derivatives
involved in EDM, and then give the equivalence relationships among local minimizers of the above
three reformulations.

5.3.1 Transformations, Derivatives, Adjoints, Range and Null Spaces

Lemma 5.3.1 below presents a list of auxiliary results. It concerns the following vectors, matrices
and functions:

P P Rnˆd, p “ vecpP q P Rnd,∆P P Rnˆd, ∆p “ vecp∆P q P Rnd,

L P Rpn´1qˆd, ℓ P Rtℓ , tℓ in (5.7), S, T P Sn;

M : Rnˆd Ñ Sn, K : Sn Ñ Sn, F : Rnˆd Ñ Sn
H , f : Rnˆd Ñ R,

LTriag : Rtℓ Ñ Rpn´1qˆd, Se : Rn Ñ Sn, FL : Rpn´1qˆd Ñ Sn
H , fL : Rpn´1qˆd Ñ R,

Fℓ : Rtℓ Ñ Sn
H , fℓ : Rtℓ Ñ R.

Lemma 5.3.1. We have the following first and second Fréchet derivatives and adjoints:

1. M1pP qp∆P q “ P∆P T ` ∆PP T , M2pP qp∆P,∆P q “ 2∆P∆P T .

2. M1pP q˚pSq “ 2SP .

3. S˚
e pSq “ 2Se.

4. KpGq “ SepdiagpGqq ´ 2G, rangepKq “ Sn
H , nullpKq “ rangepSeq.

5. K˚pSq “ 2pDiagpSeq ´ Sq, rangepK˚q “ Sn
C , nullpK˚q “ DiagpRnq. Moreover, S ě pďq0 ùñ

K˚pSq ľ pĺq0.

6. DpP q “ SepdiagpMpP qqq ´ 2MpP q.

7. D1pP qp∆P q “ SepdiagpM1pP qp∆P qq ´ 2M1pP qp∆P q.

8. F 1pP qp∆P q “ K pM1pP qp∆P qq, F 2pP qp∆P,∆P q “ K pM2pP qp∆P,∆P qq.

9. F 1pP q˚pSq “ M1pP q˚pK˚pSqq “ 4pDiagpSeq ´ SqP .

10. We have
f 1pP q “ F 1pP q˚pF pP qq “ 4rDiagpF pP qeq ´ F pP qsP, (5.10)
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and
f2pP qp∆P,∆P q “ xKpP∆P T ` ∆PP T q,KpP∆P T ` ∆PP T qy

`2xF pP q,Kp∆P∆P T qy.
(5.11)

Proof. 1. It follows directly from the expansion

MpP ` ∆P q “ pP ` ∆P qpP ` ∆P qT

“ PP T ` ∆PP T ` P∆P T ` ∆P∆P T

“ MpP q ` M1pP qp∆P q ` 1
2M

2pP qp∆P,∆P q.

2. Note that
xM1pP qp∆P q, Sy “ xP∆P T ` ∆PP T , Sy

“ tracepP∆P TS ` ∆PP TSq

“ tracepSP∆P T ` SP∆P T q

“ xM1pP q˚pSq,∆P y.

3. From the trace inner product,

xSepvq, Sy “ tracepevTS ` veTSq “ tracepvTSeq ` tracepSevT q “ x2Se, vy.

4. See [2, Prop. 2.2].

5. See [2, Prop. 2.2] for the characterization of the nullspace of K˚. The identity K˚pSq “

2pDiagpSeq ´ Sq follows from

xKpT q, Sy “ xdiagpT qeT ` e diagpT qT ´ 2T, Sy

“ 2 tracepeTS diagpT qq ´ 2 tracepTSq

“ 2xSe,diagpT qy ´ 2xT, Sy

“ 2xDiagpSeq ´ S, T y,

where the last equality is due to Diag “ diag˚. Moreover, for S P Sn, we have by diagonal
dominance that S ě pďq0 ùñ K˚pSq ľ pĺq0.

6. It follows directly from Item 5.

7. This follows from the linearity of diag and Se.

8. Both follow from the definitions and linearity of K.

9. It follows from
xF 1pP qp∆P q, Sy “ xKpM1pP qp∆P qq, Sy

“ xM1pP qp∆P q,K˚pSqy

“ x∆P,M1pP q˚pK˚pSqqy,

and M1pP q˚ and K˚pSq presented in Items 2 and 5.
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10. From the expansion of fpP ` ∆P q,

fpP ` ∆P q

“ 1
2xF pP ` ∆P q, F pP ` ∆P qy

“ 1
2}F pP q ` F 1pP qp∆P q ` 1

2F
2pP qp∆P,∆P q ` op}∆P }

2
q}2,

“ 1
2xF pP q, F pP qy ` xF pP q, F 1pP qp∆P qy

`1
2xF 1pP qp∆P q, F 1pP qp∆P qy ` 1

2xF pP q, F 2pP qp∆P,∆P qy ` op}∆P }2q,

we get (5.10). Then we obtain

f2pP qp∆P,∆P q

“ xF 1pP qp∆P q, F 1pP qp∆P qy ` xF pP q, F 2pP qp∆P,∆P qy

“ xKpM1pP qp∆P qq,KpM1pP qp∆P qqy ` xF pP q,KpM2pP qp∆P,∆P qqy

“ xKpP∆P T ` ∆PP T q,KpP∆P T ` ∆PP T qy ` 2xF pP q,Kp∆P∆P T qy,

(5.12)

where the second equality follows from Item 8. Define ∆p :“ vecp∆P q. Now, we can isolate
the matrix representation with

f2pP qp∆P,∆P q “ xf2pP qpMat vecp∆P qq,Mat vecp∆P qy

“ xrvec f2pP qMats p∆pq , p∆pqy.

Denote the symmetrization S : Rnˆn Ñ Sn,SpKq “ pK`KT q{2, and let T be the self-adjoint
transpose operator. The first term in (5.12) is

4xKpSpP pMat vec∆P qT qq,KpSpP pMat vec∆P qT qqy

“ 4xpP TS˚K˚KSP qppMat vec∆P qT q, pMat vec∆P qT y

“ 4xpP TS˚K˚KSP qpT Mat vec∆P q, pT Mat vec∆P qy

“ 4
@“

vec T ˚P TS˚K˚KSPT Mat
‰

∆p,∆p
D

.

(5.13)

The second term in (5.12) is

2xF pP q,K
`

∆P∆P T
˘

y

“ 2
@

K˚ pF pP qq ,∆P∆P T
D

“ 2 x∆P,K˚pF pP qq∆P y

“ 2 xrvecK˚F pP qMats∆p,∆py .

(5.14)

Recall that F 1pP qp∆P q “ KpM1pP qp∆P qq. We combine (5.13) and (5.14) and obtain the
matrix representation of the Hessian (not necessarily positive semidefinite) :

rvec f2pP qMats “ 4
“

vec T ˚P TS˚K˚KSPT Mat
‰

`2 rvecK˚F pP qMats
“ 4 rJ˚Js ` 2 rvecK˚F pP qMats ,

(5.15)

where
Jp∆pq :“ KSPT Mat∆p. (5.16)
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Theorem 5.3.2. The second-order necessary optimality conditions for (5.3) are:

0 “ f 1pP q “ F 1pP q˚pF pP qq “ 2K˚pF pP qqP, (5.17)

0 ĺ rvec f2pP qMats “ 4 rJ˚Js ` 2 rvecK˚pF pP qqMats . (5.18)

Proof. The second equality in (5.17) follows from (5.10), and the third equality in (5.17) follows
from Items 2 and 9 of Lemma 5.3.1. In particular, we have

f 1pP q “ F 1pP q˚pF pP qq “ M1pP q˚pK˚pF pP qqq “ 2K˚pF pP qqP. (5.19)

The expression for the second-order term in (5.18) follows from (5.15) in Item 10 of Lemma 5.3.1.

Throughout this chapter, we denote the following two matrices in Snd:

H1 “ rJ˚Js, H2 “ rvec pK˚ pF pP qqqMats. (5.20)

By abuse of notation, H1 and H2 represent both the linear maps and their matrix representations.
The meaning will be clear from the context. We call P a stationary point if (5.17) holds, and we
call P a second-order stationary point if both (5.17) and (5.18) hold.

5.3.2 Optimality Conditions of Three Problem Formulations

According to the chain rule, the derivatives and optimality conditions of fL defined in (5.5) and fℓ
defined in (5.9) can be easily obtained from that of f .

Proposition 5.3.3. The derivatives of fLpLq : Rpn´1qˆd Ñ R are

f 1
LpLq “ V T f 1pV Lq, (5.21)

and
f2
LpLq “ V T f2pV LqV. (5.22)

Proposition 5.3.4. The derivatives of fℓpℓq : Rtℓ Ñ R are

f 1
ℓpℓq “ LTriag˚ f 1

LpLTriagpℓqq, (5.23)

and
f2
ℓ pℓq “ LTriag˚ f2

LpLTriagpℓqqLTriag . (5.24)

In the following, we show that any local minimizer of (5.5) corresponds to a family of local
minimizers of (5.3), obtained by translations. Similarly, any local minimizer of (5.9) corresponds
to a family of local minimizers of (5.5), derived from rotations.

Proposition 5.3.5. The configuration matrix P˚ P Rnˆd is a local minimizer of the function f
(see (5.3)) if, and only if, all configurations in tP˚ ` evT : v P Rdu are local minimizers of the
function f .
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Proof. We exploit the fact that the function f is invariant w.r.t. translations: for any point P , we
have

fpP q “ fpP ` evT q.

If P˚ is a local minimizer of f , there must be a δ ą 0 such that:

@P : }P˚ ´ P }F ď δ, fpP˚q ď fpP q.

Then, for all P̂ such that }P̂ ´ pP˚ ` evT q}F ď δ, we have }pP̂ ´ evT q ´ P˚}F ď δ, thus

fpP̂ q “ fpP̂ ´ evT q ě fpP˚q “ fpP˚ ` evT q

implying that P˚ ` evT is also a local minimizer. The other implication follows similarly.

Proposition 5.3.6. The configuration matrix L˚ P Rpn´1qˆd is a local minimizer of the function fL
(see (5.5)) if, and only if, all configurations in tL˚Q : Q P Ou are local minimizers of fL.

Proof. We now exploit the fact that the function fL is invariant w.r.t. rotations: for any configu-
ration L, and Q P O, we have

fLpLq “ fLpLQq.

If L˚ is a local minimizer of fL, there must be a δ ą 0 such that:

@L : }L˚ ´ L}F ď δ, fLpL˚q ď fLpLq.

Then, for all L̂ such that }L̂ ´ L˚Q}F ď δ, we have

}L̂QT ´ L˚}F “ }L̂ ´ L˚Q}F ď δ,

thus
fLpL̂q “ fLpL̂QT q ě fLpL˚q “ fLpL˚Qq

implying that L˚Q is also a local minimizer. The other implication follows similarly.

The local minimizers of the two functions in equations (5.3) and (5.5) have the following rela-
tionships.

Theorem 5.3.7. Let P˚ P Rnˆd and V be as defined in (5.4). Denote

v˚ “
1

n
P T

˚ e P Rd, Pv˚ “ P˚ ´ evT˚ , L˚ “ V TPv˚ .

Then, L˚ is a local minimizer of (5.5) if, and only if, Pv˚ and P˚ are local minimizers of (5.3).

Proof. First, recall that V V T is the orthogonal projection onto eK and that the columns of Pv˚

are centered. Thus, we have V L˚ “ V V TPv˚ “ Pv˚ . Sufficiency: Let Pv˚ be a local minimizer of
(5.3). Then, there exists δ ą 0 such that

fpPv˚q ď fpP q, @P : }P ´ Pv˚}F ď δ. (5.25)

For any L P Rpn´1qˆp such that }L ´ L˚}F ď δ, let P̂ “ V L. Then, we have

fLpL˚q “ fpV L˚q “ fpPv˚q ď fpP̂ q “ fpV Lq “ fLpLq,
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where the inequality is due to }P̂ ´ Pv˚}F “ }V L ´ V L˚}F “ }L ´ L˚}F ď δ and (5.25), and the
equalities hold by the definition of fL.
Necessity: Suppose L˚ is a local minimizer of fLpLq, meaning there exists δ ą 0 such that

fLpL˚q ď fLpLq, @L : }L ´ L˚}F ď δ. (5.26)

For any configuration P with }P ´ Pv˚}F ď δ, define its centroid v “ P T e{n. Then, there exists
L P Rpn´1qˆd such that the centered configuration can be expressed as P “ V L` evT . This implies
that P ´ Pv˚ “ V pL ´ L˚q ` evT . As V pL ´ L˚q and evT are orthogonal, we get

}L ´ L˚}2F “ }V pL ´ L˚q}2F “ }P ´ Pv˚}2F ´ }evT }2F ď δ2. (5.27)

Now, from (5.26) and (5.27), we have

fpP q “ fpV L ` evT q “ fpV Lq ě fpV L˚q “ fpPv˚q,

implying that Pv˚ is a local minimizer of fpP q. According to Proposition 5.3.5, P˚ is also a local
minimizer of fpP q.

From Proposition 5.3.6, we know that for the case of d ě 2, if L is a local minimizer of fLpLq,
then tLQ : Q P Ou is a local minimizer of fLpLq. This means that when d ě 2, any local minimizer
of fLpLq is nonisolated and has a singular Hessian matrix.

Next, we consider the correspondence between the local minimizers of (5.5) and its rotation-
reduced formulation (5.9).

Theorem 5.3.8. The following statements hold.

1. If L˚ is a local minimizer of fL, then any ℓ˚ satisfying

L˚ “ LTriagpℓ˚qQT , (5.28)

for some Q P O, is a local minimizer of fℓ.

2. If ℓ˚ is a local minimizer of fℓ, and the first d rows of LTriagpℓ˚q are linearly independent,
then L˚ “ LTriagpℓ˚q is a local minimizer of fL.

Proof. 1. Suppose L˚ is a local minimizer of fL, meaning there exists r ą 0 such that

fLpLq ě fLpL˚q, @L : }L ´ L˚}F ď r. (5.29)

For any ℓ P Rtℓ satisfying }ℓ ´ ℓ˚} ď r, we let L “ LTriagpℓqQT and we have

}L ´ L˚}F “ }LTriagpℓq ´ LTriagpℓ˚q}F “ }ℓ ´ ℓ˚} ď r.

Then, from (5.28) and (5.29) we have

fℓpℓq “ fLpLTriagpℓqq “ fLpLq ě fLpL˚q “ fLpLTriagpℓ˚qq “ fℓpℓ˚q.

Therefore, ℓ˚ is a local minimizer of fℓ.

87



2. We prove Item 2 by contradiction. Suppose L˚ “ LTriagpℓ˚q is not a local minimizer of fL.
Then there exists a sequence Lk, k “ 1, 2, . . . such that

lim
kÑ`8

Lk “ L˚, fLpLkq ă fLpL˚q. (5.30)

Consider the QR decompositions of LT
k , k “ 1, 2, . . ., i.e., there exist Qk P O, k “ 1, 2, . . ., and

upper triangular matrices Rk, k “ 1, 2, . . ., such that

LT
k “ QkRk, k “ 1, 2, . . . . (5.31)

Since }Qk}2 “ 1 for all k “ 1, 2, . . ., the bounded sequence tQku has a convergent subsequence.
Without loss of generality, we directly assume that limkÑ`8 Qk “ Q˚. According to (5.30)
and (5.31), we have

RT
˚ :“ L˚Q˚ “ lim

kÑ`8
LkQk “ lim

kÑ`8
RT

k . (5.32)

By (5.32), RT
˚ is a triangular matrix. Since the first d rows of L˚ “ LTriagpℓ˚q are linearly

independent, the QR factorization of LT
˚ is unique except for signs in each dimension. Thus,

Q˚ is a diagonal matrix with diagonal elements being ´1 or 1. Let

ℓk “ LTriag˚pRT
kQ

T
˚ q, k “ 1, 2, . . . .

By (5.32), we get
lim

kÑ`8
ℓk “ ℓ˚.

By (5.30), we have

fℓpℓkq “ fLpRT
k q “ fLpLkq ă fLpL˚q “ fLpRT

˚ Q
T
˚ q

“ fLpRT
˚ q “ fℓpℓ˚q.

Thus, ℓ˚ is not a local minimizer of fℓ, a contradiction.

The optimality conditions of (5.3) and (5.5) also have an equivalence relationship. To this end,
we first note that the directional derivatives of fpP q are zero in any translation.

Lemma 5.3.9. For any v P Rd, we have

xf 1pP q, evT y “ 0 and f2pP qpevT , evT q “ 0.

Proof. For t P R, we have

fpP ` tevT q “ fpP q ` txf 1pP q, evT y ` t2

2 xf2pP qpevT q, evT y ` opt2q.

Since fpP ` tevT q “ fpP q holds for all v P Rd and t P R, we get

xf 1pP q, evT y “ xf2pP qpevT q, evT y “ 0.

Moreover, we claim that
f2pP qpevT q “ 0. (5.33)
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According to (5.15) and (5.16), we have

f2pP qpevT q “ 4 rJ˚Js vecpevT q ` 2 rvecK˚F pP qMats vecpevT q.

Since nullpKq “ rangepSeq and rangepK˚q “ tS P Sn : Se “ 0u in Items 4 and 5 of Lemma 5.3.1,
we have

JpvecpevT qq “ K
ˆ

PveT ` evTP T

2

˙

“ 0, K˚F pP qpevT q “ 0.

Thus, (5.33) holds.

Theorem 5.3.10. For P P Rnˆd, denote v “ pP T eq{n P Rd, Pv “ P ´ evT , L “ V TPv where V is
defined in (5.4), denote LT “ QR where R is upper triangular and Q P Rdˆd is orthogonal. Then,
the following are equivalent:

(i) the first (resp., second)-order necessary conditions of (5.3) hold at P ;

(ii) the first (resp., second)-order necessary conditions of (5.3) hold at Pv;

(iii) the first (resp., second)-order necessary conditions of (5.5) hold at L;

(iv) the first (resp., second)-order necessary conditions of (5.5) hold at RT .

Proof. Since

fpP ` t∆P q “ fpP q ` txf 1pP q,∆P y `
t2

2
xf2pP qp∆P q,∆P y ` opt2q

“ fpPv ` t∆P q “ fpPvq ` txf 1pPvq,∆P y `
t2

2
xf2pPvqp∆P q,∆P y ` opt2q

holds for all ∆P P Rnˆd and t P R, we have

f 1pPvq “ f 1pP q, f2pPvq “ f2pP q. (5.34)

By

fLpL ` t∆Lq “ fLpLq ` txf 1
LpLq,∆Ly `

t2

2
xf2

LpLqp∆Lq,∆Ly ` opt2q

“ fLpRT ` t∆LQq “ fLpRT q ` txf 1
LpRT q,∆LQy `

t2

2
xf2

LpRT qp∆LQq,∆LQy ` opt2q,

we have
f 1
LpRT q “ 0 ô f 1

LpLq “ 0, f2
LpRT q ľ 0 ô f2

LpLq ľ 0.2

Thus, (i)ô(ii) and (iii)ô(iv).

Now we prove (ii)ô(iii). First, we prove the equivalence of their first-order necessary conditions.
According to (5.19) and rangepK˚q “ Sn

C (Lemma 5.3.1, Item 5), we have

eT f 1pP q “ 2eTK˚pF pP qqP “ 0. (5.35)

2Note that f2
LpLq is a positive semidefinite linear operator on Rpn´1qˆd.
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By Proposition 5.3.3, (5.34), (5.35), the definition of V , and Item 5 of Lemma 5.3.1, we obtain

f 1pPvq “ 0 ðñ f 1
LpLq “ V T f 1pPvq “ 0.

Secondly, we prove the equivalence of their second-order necessary optimality conditions. According
to (5.22), for any ∆L P Rpn´1qˆd, we have

f2
LpLqp∆L,∆Lq “ V T f2pV LqV p∆L,∆Lq “ f2pV LqpV∆L, V∆Lq. (5.36)

According to (5.33) in Lemma 5.3.9 and (5.36), we have f2
LpLqp∆L,∆Lq ě 0 if, and only if,

f2pPvqp∆P,∆P q “ f2pPvqpV∆L ` evT , V∆L ` evT q ě 0.

(Note that we have proved a slightly stronger statement as the semidefinite condition is treated
separately from stationarity.)

Remark 5.3.11. The reduction from (5.5) to (5.9) may introduce additional stationary points. Let
LTriagpℓ˚q “ RT

˚ . According to (5.23), f 1
ℓpℓq “ 0 holds if, and only if, the lower triangular part of

f 1
LpRT

˚ q is zero. Moreover, to have a local minimizer correspondence, the assumption that the first
d rows of RT

˚ is linear independent in Theorem 5.3.8, Item 2 is needed.

5.4 Second-Order Optimality Conditions

In this section, we present the optimality conditions and derive a sufficient condition such that
there is no lngm. First of all, the necessary and sufficient characterization for the global minimizer
is clear.

Lemma 5.4.1. A matrix P P Rnˆd is a global minimizer of (5.3) if, and only if, DpP q “ D̄.

Proof. Since fpP q ě 0 holds for all P P Rnˆd and fpP̄ q “ 0, the global minimum of f is 0. By the
definition of f and property of norms , fpP q “ 0 holds if, and only if, F pP q “ DpP q ´ D̄ “ 0.

In order to further characterize the second-order optimality conditions, we discuss essential
properties of the matrices

H1 “ rJ˚Js and H2 “ rvec pK˚ pF pP qqqMats.

Lemma 5.4.2. The matrix H1 defined in (5.20) is always positive semidefinite. For H2, the
following holds:

• H2 ľ 0 when F pP q is element-wise nonnegative,

• H2 ĺ 0 when F pP q is element-wise nonpositive.

Proof. For any x P Rnd,
xTH1x “ xx, J˚Jxy “ xJx, Jxy ě 0.
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Thus, H1 is always positive semidefinite. By Lemma 5.3.1, Item 5, if F pP q ě pďq 0, then
K˚pF pP qq ľ pĺq 0, which implies

xTH2x “ xx,Mat˚ K˚F pP qMatxy “ xMatx,K˚pF pP qqMatxy ě pďq 0

for all x P Rnd. Thus, H2 ľ pĺq 0 if F pP q ě pďq 0.

Lemma 5.4.3. The matrix H2 is the zero matrix if, and only if, F pP q “ 0 holds, which is equivalent
to P being a global minimizer of (5.3).

Proof. By Lemma 5.3.1, Item 5, K˚pSq “ 2pDiagpSeq ´ Sq and nullpK˚q “ DiagpRnq. Since
diagpF pP qq “ diagpDpP qq ´ diagpD̄q “ 0 is always true, K˚pF pP qq “ 0 holds if, and only if,
F pP q “ 0.

Lemma 5.4.4. Let P̄ , with P̄ T e “ 0, be a global minimizer of (5.3). Suppose that P is a stationary
point for (5.3) but is not a global optimizer. Then H2 is not positive semidefinite. Specifically,
vecpP̄ qTH2 vecpP̄ q ă 0.

Proof. By (5.17), we have xP,K˚F pP qP y=0, and then

vecpP̄ qTH2 vecpP̄ q “ xP̄ ,K˚F pP qP̄ y ´ xP,K˚F pP qP y

“ xKpP̄ P̄ T q, F pP qy ´ xKpPP T q, F pP qy

“ xKpP̄ P̄ T q ´ KpPP T q, F pP qy

“ xD̄ ´ DpP q, F pP qy

“ ´xF pP q, F pP qy

ă 0.

The last inequality holds because P is not a global minimizer, which implies F pP q ‰ 0 according
to Lemma 5.4.1.

Under the condition of Lemma 5.4.4, we have known that

xP̄ ,K˚F pP qP̄ y ă 0,

which implies that
K˚F pP q ń 0. (5.37)

We analyze the extreme case of D̄ “ 0.

Corollary 5.4.5. If D̄ “ 0, then every stationary point is a global minimizer.

Proof. Suppose P is a stationary point. As D̄ “ 0, we get p̄1 “ . . . “ p̄n holds. Since K˚F pP q is a
Laplacian (sum of its columns is zero), we have K˚F pP qP̄ “ 0. Combining this with the first-order
condition (5.17), we have

vecpP̄ qTH2 vecpP̄ q “ xP̄ ,K˚pF pP qqP̄ y ´ xP,K˚pF pP qqP y

“ 0.

From Lemma 5.4.4, we conclude that any stationary point P for fpP q is a global minimizer.
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Next, we consider another extreme case of D̄ ‰ 0,DpP q “ 0.

Theorem 5.4.6. For D̄ ‰ 0 and P with DpP q “ 0 (i.e., all pi ” p), P is a stationary point and
has nontrivial negative semidefinite Hessian:

0 ‰ 4H1 ` 2H2 ĺ 0.

Proof. Since p1 “ . . . “ pn “ p and K˚pF pP qq is a Laplacian, P satisfies the first-order optimality

condition (5.17). Since fpP q “ }D̄ ´ DpP q}
2
F “ }D̄}

2
F ą 0, P is not a global minimizer. By

P∆P T ` ∆PP T “ epT∆P T ` ∆PpeT “ ep∆PpqT ` p∆PpqeT ,

and nullpKq “ rangepSeq (Lemma 5.3.1, Item 4), J “ 0 defined in (5.16) holds, and then H1 “ 0.
Since DpP q “ 0 and D̄ ě 0, F pP q ď 0 holds. According to Lemma 5.4.2 and Lemma 5.4.3,
0 ‰ H2 ĺ 0 holds. Therefore, the Hessian matrix satisfies 0 ‰ 4H1 ` 2H2 ĺ 0.

Remark 5.4.7. If P is a local maximizer of f , then necessarily DpP q “ 0 (p1 “ ¨ ¨ ¨ “ pn). To
see this, observe that t “ 1 must locally maximize gptq “ fptP q. By the second-order necessary
conditions, we have g1p1q “ 0 and g2p1q ď 0. Since g1ptq “ 4t3}DpP q}2F ´ 4txD̄,DpP qy, 0 “ g1p1q

implies that }DpP q}2F “ xD̄,DpP qy. Then, 0 ě g2p1q “ 8}DpP q}2F and we conclude that DpP q “ 0.

In the following, we present the condition under which there is no lngm . Recall the equivalence
between local minimizers of (5.5) and (5.3) in Theorem 5.3.7, we analyze (5.5) for convenience.

Theorem 5.4.8. Any stationary point L of (5.5) satisfying rankpLq “ n´1 is a global minimizer.

Proof. Since 0 “ f 1
LpLq “ 2V TK˚F pV LqV L, where the last equality follows from (5.21) and (5.19),

the span of columns of L is an n ´ 1 dimensional eigenvector space corresponding to the zero
eigenvalue of the pn´1qˆpn´1q matrix V TK˚F pV LqV . Therefore V TK˚pF pP qqV “ 0. Combining
this with rangepK˚q “ Sn

C from Lemma 5.3.1, Item 5, we conclude that K˚pF pP qq “ 0, and then
H2 “ 0. Thus, L is a global minimizer according to Lemma 5.4.3.

As L P Rpn´1qˆd, the condition in Theorem 5.4.8 holds in the case that d ě n ´ 1 and L is of
full row rank. Next, we consider another case where L is not full column rank.

Theorem 5.4.9. Suppose that L is a non-globally-optimal stationary point of (5.5) and

rankpLq ă d. (5.38)

Then, the second-order necessary optimality conditions fail at L.

Proof. Denote P “ V L. According to Lemma 5.4.4 and the subsequent discussion, (5.37) holds.
Thus there exists a P Rn such that aTK˚F pP qa ă 0. Then, for any nonzero w P Rd,

vecpawT qTH2 vecpawT q “ xawT ,K˚F pP qpawT qy

“ trpK˚F pP qpawT qpawT qT q

“ wTw trpK˚F pP qaaT q

“ wTwaTK˚F pP qa
ă 0.
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By (5.38), there exists a nonzero w P Rd such that w P nullpLq, meaning,

Lw “ 0. (5.39)

We claim that H1 vecpawT q “ 0 holds. First, we have

J vecpawT q “ KSV LT pawT q.

By (5.39), we have
LT pawT q “ L

“

a1w a2w . . . an´1w
‰

“ 0.

Thus, H1 vecpawT q “ 0 holds. In sum, we have

vecpawT qT p4H1 ` 2H2q vecpawT q ă 0,

which implies the second-order necessary optimality condition (5.18) fails.

Combining Theorem 5.4.8 and Theorem 5.4.9, we present the main result of this section.

Theorem 5.4.10. If n ď d ` 1, then any stationary point satisfying the second-order necessary
optimality conditions is a global minimizer.

Proof. Suppose that n ď d ` 1, and L is a stationary point satisfying the second-order necessary
optimality condition. If rankpLq “ n´1, then L is globally optimal by Theorem 5.4.8. If rankpLq ă

n ´ 1, then rankpLq ă d. If we assume L is not a global minimizer, according to Theorem 5.4.9, L
does not satisfy the second-order necessary optimality condition, a contradiction.

Recalling Remark 5.2.4, we note that n ď d`1 is exactly the condition such that the underlying
system of equations is square. When n ą d`1 (overdetermined), it is possible to find local nonglobal
minimizers.

5.5 lngms Examples

We now provide instances with lngms. The data and codes are available at GitHub repository.

We first provide an analytical example with d “ 1 with a specific simple structure for the points
in Rd, see Section 5.5.1. Then in Section 5.5.2 we give two examples where we numerically obtain
approximate second-order stationary points. Then, we analytically prove that the assumptions of
the Kantorovich theorem hold at these two points, i.e., this implies that there exists lngms in the
neighborhoods. We consider the sensitivity analysis needed to analytically prove that our examples
have lngms. We exploit the strength of the classical Kantorovich theorem for the convergence of
Newton’s Method to exact stationary points when using the approximate stationary points that we
found as starting points. See Theorem 5.5.6 and Corollary 5.5.10, below.

5.5.1 An Explicit Example with a lngmwith d “ 1

We now present a simple explicit example with an lngm, where we can analytically verify the
lngm .
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Example 5.5.1. Let

d “ 1, n ą 6; P̄ T “ rp̄1, ¨ ¨ ¨ , p̄ns, P̃ T “ rp̃1, ¨ ¨ ¨ , p̃ns P Rdˆn,

with
p̄1 “ 2, p̄2 “ 0, p̄3 “ ¨ ¨ ¨ “ p̄n “ 1 and p̃1 “ p̃2 “ 0, p̃3 “ ¨ ¨ ¨ “ p̃n “ 1.

We now continue and illustrate that P̃ is a lngm of (5.3) in Problem 5.2.1. Let E2,n´2 be the
2 ˆ n ´ 2 matrix of all ones, and

“

0
‰

denote the matrix of zeros of appropriate size. From the
definitions of F p¨q, Kp¨q and K˚p¨q, we have:

F pP̃ q “ DpP̃ q ´ DpP̄ q

“

»

–

„

0 0
0 0

ȷ

E2,n´2

ET
2,n´2

“

0
‰

fi

fl ´

»

–

„

0 4
4 0

ȷ

E2,n´2

ET
2,n´2

“

0
‰

fi

fl (5.40)

“

»

–

„

0 ´4
´4 0

ȷ

02,n´2

0T2,n´2

“

0
‰

fi

fl ; (5.41)

K˚pF pP̃ qq “ 2

»

–

„

´4 4
4 ´4

ȷ

“

0
‰

“

0
‰ “

0
‰

fi

fl .

Moreover, we have

xKpP̃∆P T ` ∆PP̃ T q,KpP̃∆P T ` ∆PP̃ T qy

“ 4
ÿ

i‰j

rpp̃i ´ p̃jqp∆pi ´ ∆pjqs2

“ 8∆P T

»

—

—

—

–

řn
i“1pp̃1 ´ p̃iq

2 ´pp̃1 ´ p̃2q2 ¨ ¨ ¨ ´pp̃1 ´ p̃nq2

´pp̃1 ´ p̃2q2
řn

i“1pp̃2 ´ p̃iq
2 ¨ ¨ ¨ ´pp̃2 ´ p̃nq2

...
... ¨ ¨ ¨

...
´pp̃1 ´ p̃2q2 ´pp̃2 ´ p̃nq2 ¨ ¨ ¨

řn
i“1pp̃n ´ p̃iq

2

fi

ffi

ffi

ffi

fl

∆P

“ 8∆P T

„

pn ´ 2qI ´E2,n´2

´ET
2,n´2 2I

ȷ

∆P.

Then we can compute from (5.10) and (5.11) that the derivative (gradient) is

f 1pP̃ q “ 4rDiagpF pP̃ qeq ´ F pP̃ qsP̃ “ 0. (5.42)

And the Hessian quadratic form is

f2pP̃ qp∆P,∆P q

“ xKpP̃∆P T ` ∆PP̃ T q,KpP̃∆P T ` ∆PP̃ T qy ` 2xF pP̃ q,Kp∆P∆P T qy

“ 8∆P T

¨

˝

„

pn ´ 2qI ´E2,n´2

´ET
2,n´2 2I

ȷ

`

»

–

„

´2 2
2 ´2

ȷ

“

0
‰

“

0
‰ “

0
‰

fi

fl

˛

‚∆P.
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The Hessian f2pP̃ q “ ∇2fpP̃ q is a rank 3 update of 16I. It is positive semidefinite with nullspace
spanpeq if, and only if, n ě 7. (It is indefinite when n ă 6.) Thus, P̃ is a second-order stationary
point of the problem with data given above. Next, we prove that P̃ is a lngm by considering the
reduced formulation (5.5).

To center as done in Theorem 5.3.7, we let

ṽ “
P̃ T e

n
P R, P̃˚ “ P̃ ´ eṽT , L̃ “ V T P̃˚,

to obtain L̃. According to Theorem 5.3.10, L̃ is a second-order stationary point of the function
fLpLq. By Proposition 5.3.3, we have f2

LpL̃q “ V T f2pV L̃qV “ V T f2pP̃ qV . Since f2pP̃ q has a
one-dimensional nullspace (spanteu), its restriction to spanteuK is positive definite. Thus, f2

LpL̃q

is positive definite. This implies that L̃ satisfies the second-order sufficient optimality conditions
for a strict local minimum of fLpLq. By Theorem 5.3.7 and Lemma 5.4.1, P̃ is in fact a lngm of
fpP q. Note that the objective function value fpP̃ q “ 16 ą 0 “ fpP̄ q, thus confirming that P̃ is not
a global minimum.

5.5.2 Examples via Kantorovich Theorem and Sensitivity Analysis

We now present Examples 5.5.2 and 5.5.7, with d “ 1, 2, respectively, where we first find an
approximate second-order stationary point L̃ numerically that has a sufficiently large (positive)
objective value; and then we prove that there is a lngm nearby using the Kantorovich theorem and
sensitivity analysis.

Case d “ 1

In this case we analyze a configuration matrix P̃ “ V L̃ P Rnˆ1, L̃ P Rpn´1qˆ1, satisfying:

Objective value : fpP̃ q “ fLpL̃q ą f̃L, for some (large) f̃L ą 0;

Near stationarity : }∇fLpL̃q} ă g̃L, for some (small) g̃L ą 0;

Local Convexity : λminp∇2fLpL̃qq ą λ̃L, for some (large) λ̃L ą 0.

(5.43)

While theoretically exact, the floating-point representations introduce round-off errors in finite-
precision computations. Our MATLAB implementation performs complete finite-precision arith-
metic analysis in order to compute the rigorous bounds f̃L, g̃L, and λ̃L (see Footnote 3).

We apply the classical Kantorovich theorem, e.g., [54, Thm 5.3.1], to show that there is a point
nearby that satisfies: (i) it is an exact stationary point; (ii) the function value is positive; and (iii)
the Hessian is still positive definite. This provides an analytic proof that we have a theoretically
verified lngmnear L̃.

Example 5.5.2. An example with n “ 50, d “ 1 is given, with data P̄ “ V L̄, P̃ “ V L̃ P Rnˆd.
(See the footnote below.3) Matrix D̄ is the distance matrix obtained from L̄ by D̄ “ KpV L̄pV L̄qT q.

3 The data and codes are available at https://github.com/MengmengSong97/EDM-code
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Thus, L̄ is a global minimizer. L̃ is a numerically convergence point obtained by a trust region
method with random initialization, where the objective value is

fLpL̃q ą 2.65 ˆ 103, (5.44)

the absolute and relative gradient norms are

}∇fLpL̃q} ă 10´7,
}∇fLpL̃q}

1 ` fLpL̃q
ă 3.53 ˆ 10´18, (5.45)

and the least eigenvalue of the Hessian matrix is

2.12 ˆ 102 ą λminp∇2fLpL̃qq ą 2.10 ˆ 102. (5.46)

In the following, we will verify that fLpLq has a lngm .

Remark 5.5.3. The problem to find a lngm is a nonlinear least squares problem. The standard ap-
proach for nonlinear least squares is to use the Gauss-Newton method, which simplifies the Hessian
4H1 ` 2H2 (see (5.15) and (5.20)) by keeping only 4H1 and omitting 2H2 (same for L, cf. (5.22)).
This approximation relies on the assumption that fLpLq is near zero, a condition we intentionally
avoid, as this would yield the global minimum.

Now, we find an estimate for the Lipschitz constant γ ą 0 for the Hessian matrix of fL. From
our numerical output, we know that the smallest eigenvalue λminp∇2fLpL̃qq ą 0. By continuity of
eigenvalues, we are guaranteed that this holds in a neighbourhood of L̃, which is now estimated in
Proposition 5.5.4.

Proposition 5.5.4. Let r ą 0 and L̃ P Rpn´1qˆd be given. If

γ ě 24
?
2

˜

ÿ

i,j

}pV L̃qri, :s ´ pV L̃qrj, :s}F ` 2n3{2r

¸

, (5.47)

then γ is a Lipschitz constant for the Hessian of fL in the radius-r neighborhood of L̃, i.e.,

}∇2fLpL̂q ´ ∇2fLpĽq}2 ď γ}L̂ ´ Ľ}F , for all L̂, Ľ P BrpL̃q. (5.48)

Moreover,
λminp∇2fLpLqq ě λminp∇2fLpL̃qq ´ γr, for all L P BrpL̃q. (5.49)

Proof. By the definition of the induced norm, (5.48) is equivalent to

|f2
LpL̂qp∆L,∆Lq ´ f2

LpĽqp∆L,∆Lq| ď γ}L̂ ´ Ľ}, (5.50)

for all L̂, Ľ P BrpL̃q, }∆L} “ 1. Let

P̂ “ V L̂, P̌ “ V Ľ,∆P “ V∆L, P̃ “ V L̃.
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According to (5.12) and Proposition 5.3.3, we have

f2
LpL̂qp∆L,∆Lq “ f2pP̂ qp∆P,∆P q

“ }KpP̂∆P T ` ∆PP̂ T q}2F ` 2xF pP̂ q,Kp∆P∆P T qy

“
ř

i,jp2p̂
T
i ∆pi ` 2p̂Tj ∆pj ´ 2p̂Ti ∆pj ´ 2p̂Tj ∆piq

2

`2
ř

i,j }p̂i ´ p̂j}
2}∆pi ´ ∆pj}

2

“ 4
ř

i,jrpp̂i ´ p̂jq
T p∆pi ´ ∆pjqs2 ` 2

ř

i,j }p̂i ´ p̂j}
2}∆pi ´ ∆pj}

2.

The calculations about Ľ are similar, implying

f2
LpL̂qp∆L,∆Lq ´ f2

LpĽqp∆L,∆Lq

“ 4
ř

i,jrpp̂i ´ p̂jq
T p∆pi ´ ∆pjqs2 ´ rpp̌i ´ p̌jq

T p∆pi ´ ∆pjqs2

`2
ř

i,jp}p̂i ´ p̂j}
2 ´ }p̌i ´ p̌j}

2q}∆pi ´ ∆pj}
2

“ 4
ř

i,jpp̂i ´ p̂j ´ p̌i ` p̌jq
T p∆pi ´ ∆pjqpp̂i ´ p̂j ` p̌i ´ p̌jq

T p∆pi ´ ∆pjq

`2
ř

i,jpp̂i ´ p̂j ´ p̌i ` p̌jq
T pp̂i ´ p̂j ` p̌i ´ p̌jq}∆pi ´ ∆pj}

2.

Then,
|f2

LpL̂qp∆L,∆Lq ´ f2
LpĽqp∆L,∆Lq|

ď 6
ř

i,j }p̂i ´ p̂j ´ p̌i ` p̌j}}p̂i ´ p̂j ` p̌i ´ p̌j}}∆pi ´ ∆pj}
2.

Since }∆P }F “ }V∆L}F “ }∆L}F “ 1,

}∆pi ´ ∆pj}
2 ď 2p}∆pi}

2 ` }∆pj}
2q ď 2.

From L̂, Ľ P BrpL̃q, it follows that P̂ , P̌ P BrpP̃ q. Then, we have

}p̂i ´ p̂j ´ p̌i ` p̌j} ď }p̂i ´ p̌i} ` }p̂j ´ p̌j}

ď
?
2
a

}p̂i ´ p̌i}2 ` }p̂j ´ p̌j}2

ď
?
2}L̂ ´ Ľ}F ,

where the first inequality follows from the triangle inequality, the second from the Cauchy-Schwarz
inequality, and the third from the fact that

}P̂ ´ P̌ }F “ }V L̂ ´ V Ľ}F “ }L̂ ´ Ľ}F .

We also have
ř

i,j }p̂i ´ p̂j ` p̌i ´ p̌j}

“
ř

i,j }2pp̃i ´ p̃jq ` pp̂i ´ p̃iq ´ pp̂j ´ p̃jq ` pp̌i ´ p̃iq ´ pp̌j ´ p̃jq}

ď 2
ř

i,j }p̃i ´ p̃j} `
ř

i,j }p̂i ´ p̃i} `
ř

i,j }p̂j ´ p̃j}`
ř

i,j }p̌i ´ p̃i} `
ř

i,j }p̌j ´ p̃j}

“ 2
ř

i,j }p̃i ´ p̃j} ` n
ř

i }p̂i ´ p̃i} ` n
ř

j }p̂j ´ p̃j}`

n
ř

i }p̌i ´ p̃i} ` n
ř

j }p̌j ´ p̃j}

ď 2
ř

i,j }p̃i ´ p̃j} ` 4n3{2r,

where the last inequality follows from the Hölder inequality. Thus,

|f2
LpL̂qp∆L,∆Lq ´ f2

LpĽqp∆L,∆Lq| ď 12
?
2}L̂ ´ Ľ}F

ř

i,j }p̂i ´ p̂j ` p̌i ´ p̌j}

ď 24
?
2}L̂ ´ Ľ}F

´

ř

i,j }p̃i ´ p̃j} ` 2n3{2r
¯

,
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applying (5.47) turns out (5.48). By (5.50), we have

f2
LpLqp∆L,∆Lq “ f2

LpL̃qp∆L,∆Lq ´ pf2
LpL̃qp∆L,∆Lq ´ f2

LpLqp∆L,∆Lqq

ě f2
LpL̃qp∆L,∆Lq ´ |f2

LpLqp∆L,∆Lq ´ f2
LpL̃qp∆L,∆Lq|

ě λminp∇2fLpL̃qq ´ γ}L̂ ´ L̃}F

ě λminp∇2fLpL̃qq ´ γr, for all L P BrpL̃q, }∆L}F “ 1.

Thus, we obtain (5.49).

To verify the existence of a lngm for Example 5.5.2, we calculate the Lipschitz constant esti-
mated in Proposition 5.5.4. Let r “ 10´3. Since

ÿ

i,j

}pV L̃qri, :s ´ pV L̃qrj, :s} ă 2.13 ˆ 103,

(5.47) gives
γ “ 7.24 ˆ 104.

Moreover, by (5.49), we have

λminp∇2fLpLqq ě 211 ´ 7.24 ˆ 104 ˆ r “ 138.6 ą 0, for all L P BrpL̃q. (5.51)

That is, we find a neighbourhood where the Hessian stays positive semidefinite. Next, we prove
that the objective stays sufficiently positive in a region around L̃.

Lemma 5.5.5. Let the configuration P̃ “ V L̃ P Rpn´1qˆd, L̃ P Rpn´1qˆd and positive parameters
f̄L, r P R``, be given. Suppose that fLpL̃q ą f̄L and that the Hessian ∇2fL is uniformly positive
definite in the r-ball around L̃, i.e.,

λminp∇2fLpLqq ą 0, for all L P BrpL̃q. (5.52)

Then fL is positively uniformly bounded from below in BrpL̃q, i.e.,

fLpLq ą f̄L ą 0, for all }L ´ L̃}F ď min

#

r,
fLpL̃q ´ f̄L

}∇fLpL̃q}F

+

.

Proof. By the positive definiteness assumption of the Hessian in the r-ball BrpL̃q, we can apply con-

vexity of fL in the ball. Therefore, for all L P Rpn´1qˆd such that }L´L̃}F ď min
!

r, pfLpL̃q ´ f̄Lq{}∇fLpL̃q}F

)

,

we have
fLpLq ě fLpL̃q ` x∇fLpL̃q, L ´ L̃y

ě fLpL̃q ´ }∇fLpL̃q}F }L ´ L̃}F

ą f̄L ą 0.

By (5.44), (5.45) and considering f̄L “ 103, we get

fLpL̃q ´ f̄L

}∇fLpL̃q}
ą

2.65 ˆ 103 ´ 103

10´7
ą r.
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According to Lemma 5.5.5 with (5.51) we conclude that

fLpLq ą f̄L ą 0, for all L P BrpL̃q. (5.53)

We now apply the classical Kantorovich theorem to prove the existence of a unique lngm point
within a certain neighborhood. We reword the version in [54, Thm 5.3.1].

Theorem 5.5.6. Let the configuration matrix P̃ “ V L̃ P Rnˆd, L̃ P Rpn´1qˆd be given. Let r P R``

be found such that
∇2fLpLq ą 0, for all L P BrpL̃q,

and f̄L satisfying
fLpLq ą f̄L ą 0, for all L P BrpL̃q.

Let γ be a Lipschitz constant for the Hessian of fL in the r-ball about L̃. Set

β :“ }∇2fLpL̃q´1}2 and η :“ }∇2fLpL̃q´1∇fLpL̃q}.

Define γR “ βγ and α “ γRη. If α ď 1
2 and r ě r0 :“ 1´

?
1´2α
βγ , then the sequence L0 “

L̃, L1, L2, . . ., produced by

Lk`1 “ Lk ´ ∇2fLpLkq´1∇fLpLkq, k “ 0, 1, . . .

is well defined and converges to L˚, a unique root of the gradient ∇fL in the closure of Br0pL̃q. If
α ă 1

2 , then L˚ is the unique zero of ∇fL in Br1pL̃q, where

r1 :“ min

"

r,
1 `

?
1 ´ 2α

βγ

*

,

and }Lk ´ L˚}F ď p2αq2k
η
α , k “ 0, 1, . . . . Moreover, L˚ is a lngm .

Proof. The proof is a direct application of the Kantorovich theorem, e.g., [54, Thm 5.3.1], along
with the above lemmas and corollaries in this section.

As mentioned previously in this section, the conditions required in Lemma 5.5.5 and Theo-
rem 5.5.6 are fulfilled with

r “ 10´3, γ “ 7.24 ˆ 104, f̄L “ 103.

Plugging them and (5.44), (5.45), (5.46) into Theorem 5.5.6, we have

1{212 ă β ă 1{210,

η ď }∇2fLpL̃q´1}2}∇fLpL̃q} ď 1{210 ˆ 10´7,
γR “ βγ ă 1{210 ˆ 7.24 ˆ 104,
α “ γRη ă p1{210 ˆ 7.24 ˆ 104q ˆ p1{210 ˆ 10´7q ă 1{2,

r0 “
p1´

?
1´2αq

βγ ă
1´

?
1´2ˆ1{2102ˆ7.24ˆ10´3

1{212ˆ7.24ˆ104
ă r.

Combining these with (5.51) and (5.53) via Theorem 5.5.6, we conclude that fL has a lngm in
BrpL̃q.
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In Figure 5.1 we plot the known centered global minimizer P̄ and the centered numerically
found P̃ near which it has been proved there exists a lngm . It is interesting to observe that the
p̃i « p̄i for all i ‰ i0, all except the one p̄i0 with the biggest absolute value, i.e., |p̄i0 | ą |p̄i|, for all
i ‰ i0; the corresponding p̃i0 has the biggest absolute value among all p̃i for i “ 1, . . . , n “ 50, and
has an opposite sign to p̄i0 .
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Figure 5.1: values of global min P P R50ˆ1 and numerical configuration near lngm P̃ P R50ˆ1 in
Example 5.5.2.

Based on these observations, we generated examples with d “ 1 and n “ 100. We randomly
generated L̄, then get centered P̄ by setting P̄ “ V L̄. Next, we find p̄i0 , which has the biggest
absolute value among all p̄i for i “ 1, . . . , n. We define the starting point P̂ by setting p̂i “ p̄i for
i ‰ i0 and p̂i0 “ ´p̄i0 . Starting from L̂ “ V T P̂ , the trust region method converges to a nonglobal
second-order stationary point of fLpLq with high frequency.

Case d “ 2

As mentioned in Section 5.2 for the case of d ą 1, all local minimizers of fLpLq are nonisolated,
implying that the Hessian matrix, at any local minimizer of fLpLq, is singular. We consider the
model fℓpℓq for an example with d “ 2, and we analyze a configuration ℓ̃ P Rtℓ satisfying equivalent
conditions to (5.43) but for fℓ:

Objective value : fℓpℓ̃q “ fℓpℓ̃q ą f̃ℓ, for some (large) f̃ℓ ą 0;

Near stationarity : }∇fℓpℓ̃q} ă g̃ℓ, for some (small) g̃ℓ ą 0;

Local Convexity : λminp∇2fℓpℓ̃qq ą λ̃ℓ, for some (large) λ̃ℓ ą 0.

(5.54)
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We use Kantorovich Theorem to verify that this example has a strict local nonglobal minimizer
ℓ˚, where the first 2 rows of LTriagpℓ˚q are linearly independent. According to Theorems 5.3.7
and 5.3.8, LTriagpℓ˚q is a local nonglobal minimizer of fLpLq, and V LTriagpℓ˚q is a local nonglobal
minimizer of fpP q.

Example 5.5.7. An example with n “ 100, d “ 2 is given, with data ℓ̄, ℓ̃ P R197 presented, see
Footnote 3. Matrix D̄ is the distance matrix obtained from ℓ̄ by

D̄ “ KpV LTriagpℓ̄qLTriagpℓ̄qTV T q.

Thus, ℓ̄ is a global minimizer; ℓ̃ is a numerically convergence point obtained by a trust region method
with random initialization. The objective value is

fℓpℓ̃q ą 9.99 ˆ 103, (5.55)

the absolute and relative gradient norms are

}∇fℓpℓ̃q} ă 9.23 ˆ 10´8,
}∇fℓpℓ̃q}

1 ` fℓpℓ̃q
ă 9.24 ˆ 10´12, (5.56)

and the least eigenvalue of the Hessian matrix is

8.58 ą λminp∇2fℓpℓ̃qq ą 7.93. (5.57)

In the following Corollary 5.5.8, we verify that there exists a lngm of fℓpℓq.

Corollary 5.5.8. Let r ą 0, ℓ̃ P Rpn´1qˆd be given. If

γ ě 24
?
2

˜

ÿ

i,j

}pV LTriagpℓ̃qqri, :s ´ pV LTriagpℓ̃qqrj, :s}F ` 2n3{2r

¸

, (5.58)

then γ is a Lipschitz constant for the Hessian of fℓ in the radius-r neighborhood of ℓ̃:

}∇2fℓpℓ̂q ´ ∇2fℓpℓ̌q}2 ď γ}ℓ̂ ´ ℓ̌}, for all ℓ̂, ℓ̌ P Brpℓ̃q.

Moreover,
λminp∇2fℓpℓqq ě λminp∇2fℓpℓ̃qq ´ γr, for all ℓ P Brpℓ̃q.

Proof. The results follow from the fact that, according to (5.24), the Hessian matrix of fℓ at ℓ̃
is a submatrix of the Hessian matrix of fL at LTriagpℓ̃q. The steps are similar to the proof of
Proposition 5.5.4.

In Example 5.5.7, we have

ÿ

i,j

}pV LTriagpℓ̃qqri, :s ´ pV LTriagpℓ̃qqrj, :s} ă 1.803 ˆ 104.

Let r “ 10´5. Then γ “ 6.12 ˆ 105 satisfies (5.58). According to Corollary 5.5.8 and (5.57), we
have

λminp∇2fℓpℓqq ě λminp∇2fℓpℓ̃qq ´ γr ą 0, for all ℓ P Brpℓ̃q. (5.59)
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We now continue to extend the results from Section 5.5.2 to this d “ 2 case.

Corollary 5.5.9. Suppose that fℓpℓ̃q ą f̄ℓ and that the Hessian ∇2fℓ is uniformly positive definite
in the r-ball around ℓ̃:

λminp∇2fℓpℓqq ą 0, for all ℓ P Brpℓ̃q.

Then, fℓ is positively uniformly bounded below in Brpℓ̃q:

fℓpℓq ą f̄ℓ ą 0, for all }ℓ ´ ℓ̃} ď min

#

r,
fℓpℓ̃q ´ f̄ℓ

}∇fℓpℓ̃q}

+

.

Proof. The results follow as in Lemma 5.5.5.

Let f̄L “ 103. By (5.55) and (5.56), we have

fℓpℓ̃q ´ f̄ℓ

}∇fℓpℓ̃q}
ą

8.99 ˆ 103

9.23 ˆ 10´8
ą r.

Thus, according to Corollary 5.5.9, we have

fℓpℓq ą f̄ℓ ą 0, for all ℓ P Brpℓ̃q. (5.60)

Corollary 5.5.10. Let ℓ̃ P Rtℓ be given and r P R`` be found such that

∇2fℓpℓq ą 0, for all ℓ P Brpℓ̃q, (5.61)

and f̄ℓ satisfy
fℓpℓq ą f̄ℓ ą 0, for all ℓ P Brpℓ̃q.

Let γ be a Lipschitz constant for the Hessian of fℓ in the r-ball about ℓ̃. Set

β :“ }∇2fℓpℓ̃q
´1}2, and η :“ }∇2fℓpℓ̃q

´1∇fℓpℓ̃q}.

Define γR “ βγ and α “ γRη. If α ď 1
2 and r ě r0 :“

1´
?
1´2α
βγ , then the sequence ℓ0 “ ℓ̃, ℓ1, ℓ2, . . .,

produced by
ℓk`1 “ ℓk ´ ∇2fℓpℓkq´1∇fℓpℓkq, k “ 0, 1, . . . ,

is well defined and converges to ℓ˚, a unique root of the gradient ∇fℓ in the closure of Br0pℓ̃q. If
α ă 1

2 , then ℓ˚ is the unique zero of ∇fℓ in the closure of Br1pℓ̃q,

r1 :“ min

"

r,
1 `

?
1 ´ 2α

βγ

*

and
}ℓk ´ ℓ˚} ď p2αq2k

η

α
, k “ 0, 1, . . . .

Moreover, ℓ˚ is a lngm .

Proof. As in Theorem 5.5.6, the proof is a direct application of the Kantorovich theorem.
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Plugging (5.55), (5.56), (5.57), and

r “ 10´5, γ “ 6.12 ˆ 105, f̄L “ 103,

into Corollary 5.5.10, we have

1{7.93 ą β ą 1{8.58,

η ď }∇2fℓpℓ̃q
´1}2}∇fℓpℓ̃q} ă 1{7.93 ˆ 9.23 ˆ 10´8,

γR “ βγ ă 1{7.93 ˆ 6.12 ˆ 105,
α “ γRη ă p1{7.93 ˆ 6.12 ˆ 105q ˆ p1{7.93 ˆ 9.23 ˆ 10´8q ă 1{2,

r0 “
1´

?
1´2α
βγ ă

1´
?

1´2ˆ1{7.932ˆ6.12ˆ9.23ˆ10´3

1{8.58ˆ6.12ˆ105
ă r.

Combining this with (5.59) and (5.60), we conclude from Corollary 5.5.10 that there exists a lngm in
Brpℓ̃q.

In Figure 5.2 we plot: the points p̄i P R2, i “ 1, . . . , n “ 100, of the global configuration
P̄ P R100ˆ2, and the corresponding points p̃i P R2, i “ 1, . . . , n, of the numerical configuration
P̃ P R100ˆ2 near a proven lngm. We note that p̄i « p̃i,@i “ 1, . . . , n, except for two indices i0
and i1; while p̃i0 and p̃i1 appear to be the reflections of p̄i0 and p̄i1 . This interesting observation is
similar to what happens in Example 5.5.2 as seen in Figure 5.1.

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5 3

-3

-2

-1

0

1

2

3

p̄i, i 6= i0, i1

p̃i, i 6= i0, i1

p̄i0

p̃i0

p̄i1

p̃i1

Figure 5.2: coordinates of global min P P R100ˆ2 and numerical configuration near lngm P̃ P

R100ˆ2 in Example 5.5.7.
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Chapter 6

Single Element Error Correction in an
EDM

6.1 Introduction

We consider error correction for a given Euclidean distance matrix, EDM, D, where the elements
are the squared distances between n points in Rd with d the embedding dimension and d ě 1.
For our problem, we know the embedding dimension, and it is given that exactly one distance is
corrupted with nonzero noise. But we do not know the magnitude or position of the noisy distance.
Thus our problem is a EDM completion problem with known embedding dimension where the
position of the noisy unknown element is not given. This means that there is a hard combinatorial
element to the problem. We use three different divide and conquer, D&C, approaches in combi-
nation with three different versions of facial reduction, FR, one of which involves Gale transforms.
These methods solve this problem efficiently and accurately in all but two hard cases. The results
are related to yielding in an EDM studied in [6], i.e., characterizing when a perturbation of one
element yields an EDM. We also show that the intuitive approach of finding the nearest EDM
only works in the trivial case where the original distance is 0, degenerate, and the perturbation is
negative.

The first D&C approach divides the matrix into two overlapping principal submatrix blocks.
We then either identify a block that contains the corrupted element and continue with the smaller
problem for that block; otherwise we use EDM completion to identify the correct position and
magnitude of the noise. The second approach divides the matrix into the largest number of over-
lapping principal submatrix blocks with minimal overlap that allows for EDM completion. Again,
we either identify one block to further subdivide the problem or we complete the EDM to locate
the correct position and identify the noise. The third approach divides the matrix into principal
submatrix blocks of smallest size that can be completed and we again apply the divide and conquer
approach.

The three D&C approaches are used in combination with three different types of facial reduc-
tion: (i) finding exposing vectors Zi for each block and then using the exposing vector Z “

ř

i Zi

to identify the face f “ Sn` X ZK ⊴ Sn`; (ii) finding a facial vector, FV , denoted Vi, for each block,
and then finding the intersection rangepV q “ Xi rangepViq efficiently so as to identify the face
f “ V Sd`V T ⊴ Sn`, of the semidefinite cone Sn`; (iii) a combination of exposing and facial vectors
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first finds a Gale matrix N so that Z “ NNT is an exposing vector and yields a facial vector V to
identify the face f . Identifying the correct face allows one to find the correct full rank factorization
of the Gram matrix to complete the EDM.

Included are several interesting results on: the commutativity of some operators for this distance
geometry problem; and properties of having exactly one noisy element. Our main result is three
successful algorithms that efficiently find the position and magnitude of the corrupted distance.
The algorithms scale well. The best algorithm can solve problems of the order of 100, 000 points
in approximately one minute, and to machine precision. With embedding dimension d, the data
is then size 100, 000d with resulting D P EDM of size n “ 100, 000. Theoretical difficulties arise
when the points are not in general position. Note that the n points are in general position if the
affine hull of every subset of k ě d ` 1 points is all of Rd. In fact, we prove that difficulties arise
only when all but at most d ` 1 points are in a linear manifold of dimension d ´ 2.1

In the process of this study, we review the relationships between three methods of facial reduc-
tion and Gale transforms. In addition, we show that the only time that the intuitive approach, the
nearest EDM problem, solves our problem is the case where the original distance is 0, and the
perturbation is negative, i.e., a trivial case.

6.1.1 Related Literature

The literature for EDM and more generally distance geometry is vast and includes many surveys
and books with many applications in multiple areas of mathematics, engineering, health sciences.
Classical results on EDM completion problems appear in e.g., [16, 18, 105, 106, 115] and relate to
applications in protein folding and molecular conformations, e.g., [34,158], as well as sensor network
localization, e.g., [34, 113].

Completing a partial EDM using facial reduction, FR, and exploiting cliques and facial vectors
was presented in [113]. This approach was extended to the noisy case in [61] by exploiting the
exposing vector representation for FR. Other approaches that do not necessarily use FR are
discussed in e.g., [8, 56, 112] and the more recent surveys [59, 120] and the references therein. The
paper [86] discusses perturbation analysis for EDM completion and convergence of algorithms
under perturbations. Matrix completion with noise and outliers is discussed in [178]. Further
applications of EDM for finding the so-called kissing number are found in sphere packing that has
further applications to error correcting codes from the fields of communications. A recent discussion
on EDM completion with noisy data is in [133]. More recently, finding the nearest EDM in the
ℓ0 norm, the least number of changed elements, is studied in [44]. Many applications are included
as well.

An application to finding a single node in the graph where the edges to the node are known
but can be noisy was done in [145]. This is closely related to our problem and the paper includes
applications to real world problems, e.g., when the unknown node is a cellular phone and the other
nodes are cellular towers. Our application would consider the case when one tower is partially
obstructed and provides a noisy distance to the cellular phone. Further results related to our
problem is [5, Section 7.1] that deals with the completion problem for one missing entry of an
EDM. See also [16].

1These exact conditions for difficulties arise in finding examples of local nonglobal minima for configuration matrix
problems presented in [159, Example 5.1].
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Further, we relate FR to Gale transforms. Details for Gale transforms are presented in [69]
and discussed further in e.g., [7].

6.1.2 Outline and Main Results

In Section 6.2 we present the main problem description. This includes the relationship with semidef-
inite programming, SDP and the Gram matrix. We include the background on FR and results
on commutativity involving the mapping between the semidefinite cone Sn` and the EDM cone.
Further definitions and results are presented as needed.

In addition, in Section 6.2.2 we show that the only case when the nearest EDM formulation,
NEDM,, solves our problem is when the original element (distance) is zero and the perturbation is
negative. This emphasizes the difference in our approach and that of FR with a NEDM approach.
Solving FR for NEDM allows for reduction in the size of the problem while also improving ro-
bustness, e.g., [61]. FR for our approach also reduces the size of the problem but it allows for
recognizing the location of the single corrupted element in an efficient way. We note that moving
to more than one corrupted element greatly increases the difficulty of the problem, as one moves
from characterizing intervals to higher dimensional objects that maintain the EDM property as
well as the embedding dimension. In Section 6.3 we present the three algorithms: Section 6.3.1
presents the bisection D&Cwith facial reduction using exposing vectors, BIEV; Section 6.3.2
presents the multi-block case with FVs, MBFV, and is based on an efficient technique for finding
the intersection of faces. A proof of finite convergence for this algorithm can be given based on
the characterization of so-called restricted yielding in Theorem 6.5.2, i.e., characterizing an interval
of perturbation of an element that preservers both the EDM property as well as the embedding
dimension d. Finite convergence for the other approaches can be proved similarly. Section 6.3.3
presents an equivalent approach that uses small blocks with Gale transforms, SBGT. This sec-
tion also highlights the interesting relationships, equivalences, between facial reduction and Gale
transforms.

In Section 6.4 we present a complexity analysis of the methods as well as present the empirical
results. We solve small, large, huge problems.

In Section 6.5 we discuss the two hard cases where the algorithms can fail. We present a
characterization in Theorem 6.5.2 for detecting one noisy distance. Here we extend the results on
yielding in [5, Section 7.2], i.e., characterizing when the EDM property is preserved under a single
element perturbation. We provide a characterization when a perturbation yields (preserves) not
only an EDM but also maintains embedding dimension d. The result states that all but two points
are on a linear manifold of dimension d ´ 2; and this is particularly elegant for d “ 2. We include
empirics for the hard case.

6.2 Problem Description

We recall basic results about EDM and SDP in Section 2.3. In particular, Lemma 2.3.1 provides a
useful commutativity result for K,Pα, while Lemma 2.4.11 recalls the result that a sum of exposing
vectors is an exposing vector. Theorem 2.4.12 shows how to find a (centered) FV for the face
corresponding to a given principal submatrix Dα. Then Lemma 2.4.13 illustrates an efficient and
accurate way to find the intersection of two given faces by finding a FV from the corresponding
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two given FVs. Many of these can be found in classical references e.g, [5,46,114] and the references
therein.

The results here use the general position assumption. Further results are in Theorem 6.5.2 that
characterizes when the perturbation of a single element in an EDM with embedding dimension d
can still be an EDM with embedding dimension d. This is important for our general algorithm
in identifying the location of the corrupted element in the EDM. The main problem is presented
in Section 6.2.1.

6.2.1 Main Problem Description and Model

We begin with a description of the main problem.

Problem 6.2.1 (Find magnitude/location of noise in EDM). Let the original data D0 P En, the
cone of EDMs, and let d “ embdimpD0q ě 1. Let 1 ď i ă j ď n be unknown fixed indices and
let the unknown noise magnitude be 0 ‰ ϵ P R. Define the corrupted data matrix Dn “ D0 ` ϵEij.
Then:

Find the position i,j and the value of the noise ϵ from the given corrupted data matrix
Dn with one noisy data element.

Remark 6.2.2 (Naive Discrete Model). The fact that we have a single noisy element and a known
embedding dimension leads to the following rank constrained mixed integer MIP and SDP:

pMIP ,SDP q

p˚ “ min }H ˝ pKpGq ´ Dnq}2F
s.t. G ľ 0, rankpGq “ d

diagpHq “ 0
H P Sn X t0, 1unˆn

eTHe “ n2 ´ n ´ 2,

(6.1)

where H ˝ D denotes the Hadamard product and H is the adjacency matrix of the complete graph
where one edge is missing as characterized by the last constraint. Since exactly one element is
noisy, we know that the optimal value p˚ “ 0 when the correct position i, j is chosen for H. This
problem looks extremely difficult as we deal with binary variables as well as semidefinite and rank
constraints. Our approach in this chapter takes advantage of the structure to get extremely accurate
solutions very quickly, while avoiding the difficult nature of the hard discrete problem (6.1).

6.2.2 Nearest EDM, NEDM, Formulation and Solving Main Problem 6.2.1

It is natural to try and solve Problem 6.2.1 by finding the nearest EDM, (NEDM , see (6.3)
below) to the given noisy Dn, i.e., relax the MIP formulation (6.1). This emphasizes the difficulty
of Problem 6.2.1 when the noisy data Dn P En. We now see that the NEDM approach works
only in the case where the corrupted element arises from a negative noise at a zero distance in the
original D0 P En, i.e., the degenerate case of one point on top of another.

We now choose a facial vector V that allows for facial reduction for EDM completion problems.
We let V be chosen so that rV es is an orthogonal matrix and forX P Sn´1 let KV pXq :“ KpV XV T q,
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where K is given in (2.4). Results on adjoints, ranges and nullspaces are given in [2]. For example,
the adjoints are:

K˚pDq “ 2pDiagpDeq ´ Dq, K˚
V pDq “ V TK˚pDqV ,

Moreover,
0 “ V XV T ðñ 0 “ V TV XV TV ðñ X “ 0,

and therefore, for D “ KpV XV T q we get that V XV T is a centered matrix by definition of V , and
so D is a hollow matrix and

X ‰ 0 ùñ xX,K˚
V pKV pXqqy “ }KV pXq}2F “ }D}2F ‰ 0 ùñ K˚

V KV ą 0, (6.2)

i.e., K˚
V pKV p¨qq ą 0, is a positive definite linear operator. The facially reduced NEDM then has a

unique solution and is:

X̄pDnq “ X̄ “ argmin
Xľ0

1

2
}KV pXq ´ Dn}2F . (6.3)

Lemma 6.2.3 (NSn`pX̄q, normal cone). Let

X̄ “
“

Q1 Q2

‰

„

Λ̄ 0
0 0

ȷ

“

Q1 Q2

‰T
P Sn`, Λ̄ P Sr``,

with Q “
“

Q1 Q2

‰

orthogonal. Let λ P Rn
` be the vector of eigenvalues of X̄. Then the normal

cone
NSn`pX̄q “ QDiag

´

NRn
`

pλq

¯

QT

“ tX P ´Sn` : XX̄ “ 0u

“

"

X P ´Sn` : X “
“

Q1 Q2

‰

„

0 0

0 Λ̂

ȷ

“

Q1 Q2

‰T
, Λ̂ P ´Sn´r

`

*

“ ´
`

Sn` ´ X̄
˘`

pnonnegative polar coneq

“ ´ facepX̄q∆, pthe conjugate faceq.

Proof. Results on normal cones for SDP are well known, e.g., [25, 144]. We include a proof for
completeness.

The proof follows from using the Eckart-Young-Mirsky, e.g., [65], and the Moreau decomposition,
e.g., [131], theorems. That is X̄ is the nearest point in Sn` to a given Y P Sn if, and only if,
Y ´ X̄ P NSn`pX̄q, and Y has an orthogonal decomposition

Y “ Y` ` Y´, Y`,´Y´ P Sn`, Y`Y´ “ 0,

using the projections Y`, Y´ onto the nonnegative and nonpositive semidefinite cones, respectively.
Therefore Y ´ Y` “ Y´, Y` “ X̄ yields the result. Note that the Eckart-Young-Mirsky theorem
characterizes the projections as being the same as using the Moreau decomposition.

We now present a characterization for when the nearest point finds the original EDM after a
single element is corrupted. Note that for our problem the i, j are not known.

Theorem 6.2.4 (When NEDM finds D0). We define D0 P En, Eij P Sn, indices i, j as above, and
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let the corrupted Dn “ D0 ` ϵEij R En. Further let

Y :“ K˚
V pEijq “ V TK˚pEijqV

“ 2
“

vTi vi ` vTj vj ´ vTi vj ´ vTj vi
‰

,

where vi is the i-th row of V . Then ϵ ‰ 0, 0 ‰ Y ľ 0, and

D0 is the nearest EDM to Dn ðñ D0 “ KV pX̄q, for X̄ from (6.3),

ðñ X0 :“ K:

V pD0q P Y ∆ :“ Sn´1
` X Y K, and ϵ ă 0,

ðñ X0 :“ K:

V pD0q P Y ∆ :“ Sn´1
` X Y K, @ϵ ă 0,

ðñ pD0qij “ 0, and ϵ ă 0.

(6.4)

Proof. We consider the nearest EDM problem in (6.3) with X0 “ K:

V pD0q as the original data.
We want to characterize D0, or equivalently X0, so that the optimum X̄ in (6.3) equals X0, i.e, the
NEDM problem solves our Problem 6.2.1.

First we note from (6.2) that K˚
V KV ą 0 so that the objective in (6.3) is strongly convex and

we have a unique optimum. The optimality conditions for X0 for the nearest point problem are
that the gradient of the objective function is in the polar cone (negative normal cone) of the SDP
cone at X, see Lemma 6.2.3, i.e., we have the equivalences

K˚
V pKV pX0q ´ Dnq P pSn´1

` ´ X0q` ðñ K˚
V pKV K:

V pD0q ´ Dnq P pSn´1
` ´ X0q`

ðñ K˚
V pD0 ´ Dnq P pSn´1

` ´ X0q`

ðñ ϵK˚
V p´Eijq P pSn´1

` ´ K:

V pD0qq`

ðñ ´ϵK˚
V pEijq P pSn´1

` ´ K:

V pD0qq`.

Note that rangepKq “ rangepKV q “ Sn
H , the hollow subspace defined in (2.5). Therefore

nullpK˚
V q “ pSn

HqK “ rangepDiagq. As Eij is not diagonal, we get K˚
V pEijq ‰ 0. Alternatively, we

recall that the choice of V implies V̄ :“
”

V 1?
n
e
ı

is orthogonal. Therefore, the rows satisfy

vTi vj `
1

n
“ 0, vTi vi `

1

n
“ 1 ùñ vTi vi ` vTj vj ´ vTi vj ´ vTj vi “ 2

ˆ

1 ´
1

n
`

1

n

˙

“ 2 ‰ 0,

i.e., we see again that K˚
V pEijq ‰ 0.

We now observe that necessarily ϵ ď 0. Without loss of generality, we assume ϵ ă 0. To have
the nearest matrix be the original data D0, X0, we need to have

K˚
V pEijq P pSn´1

` ´ K:

V pD0qq`

“ pSn´1
` ´ X0q`

“ tX P Sn´1
` : XX0 “ 0u

“ facepX0q∆,

i.e., the conjugate face to facepX0q.

109



Next we see the equivalence using vi, the rows of V :

Y “ K˚
V pEijq “ V TK˚pEijqV

“ 2V T pDiagpEijeq ´ EijqV, pľ 0, since congruence of a Laplacian matrixq

“ 2V T peie
T
i ` eje

T
j ´ eie

T
j ` eje

T
i qV

“ 2
“

vTi vi ` vTj vj ´ vTi vj ´ vTj vi
‰

.

Since Y,X0 P Sn´1
` , we have

Y P facepX0q∆ ðñ X0 P facepY q∆ ðñ Y X0 “ 0 ðñ traceY X0 “ 0.

Therefore, the first two equivalences in (6.4) follow as D0 “ KV pX0q.

Finally, we note that the conjugate face condition is equivalent to

0 “ traceX0Y “ traceX0V
TK˚pEijqV “ traceKpV X0V

T qEij “ traceD0Eij .

Therefore, we can only have a negative perturbation from pD0qij “ 0.

6.3 Three D&Cand Three FR Methods

We have three differentD&Cmethods: bisection; minimum block overlap; and minimum block size.
And we have three different FR methods: exposing vector; facial vector; and Gale transform. The
result is nine possible algorithms. We now pair each D&Cmethod with exactly one FR method
and describe and implement these three methods. For simplicity, we assume that the general
position assumption holds, i.e., we can easily find a principal submatrix of the Gram matrix with
rank d, see Remark 6.3.1.

6.3.1 Bisection D&Cwith Exposing Vector for FR

The first algorithm combines the bisection approach for D&Cwith the exposing vector approach
for FR, denoted BIEV. We divide the corrupted data matrix Dn into 2 properly overlapping blocks
corresponding to principal submatrices. We first identify whether the noisy element is within one
of these two principal blocks and reduce the problem to that block. Or if it is outside both chosen
principal blocks, then we apply FR explicitly to solve the problem and find the position pi, jq and
noise ϵ.

Recall that d is the embedding dimension. We assume that n " d, i.e., is sufficiently larger than
d. Then we use the two blocks indexed by columns (rows)

I1 “ t1, . . . , rpn ` d ` 2q{2su , I2 “ ttpn ´ d ´ 2q{2u, . . . , nu , (6.5)

i.e., we have the two principal submatrices D1 “ DI1 , D2 “ DI2 which overlap in the block of size
at least 1

2ppn ` d ` 2q ´ pn ´ d ´ 2qq “ d ` 2. In addition, the assumption n " d implies each block
is at least size d ` 1.

Remark 6.3.1. The overlap corresponds to the sets of points

I :“ I1 X I2 “ ttpn ´ d ´ 2q{2u, . . . , rpn ` d ` 2q{2su .
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If the corresponding (centered) Gram matrix has rank d, then we know that the overlap of the
graph is rigid, i.e., the missing distances in I1 Y I2 can be uniquely found using e.g., FR, see
e.g., [113, Lemma 2.9] and further clarification in Section 6.3.2, below. If this is not the case, then
we need to permute the columns of Dn in order to obtain a rigid overlap.

This raises the hard question of how to find the best overlap. The simple case occurs if the
overlap is in general position, i.e., each principal submatrix Dα, α Ă rns, |I| ě d ` 1 corresponds to
a Gram matrix with rank d.

We now find the supposed Gram matrices Gi “ K:pDiq, i “ 1, 2, i.e., these are indeed centered
Gram matrices with rank d if Di is an EDM. There are now three cases to consider for this current
approach.

Case 1: Reducing Size of Problem

Suppose that one of Gi, i “ 1, 2, is not positive semidefinite of rank d, i.e., as a result of the noise in
the data, the corresponding submatrix Di is not an EDM or does not have embedding dimension
d. Then we can continue on the D&C approach and reduce our problem to that submatrix. And
then we continue the division, i.e., we have reduced the problem by a factor of roughly 2. We then
redefine n and Dn appropriately and return to dividing the indices in (6.5).

Case 2: EDM Completion using FR

We first recall that for G ľ 0, facepGq denotes the smallest face containing G. Let V,N denote
matrices with columns that are orthonormal basis for rangepGq, nullpGq, respectively, e.g., made up
of an orthonormal set of eigenvectors. Let d “ rankpGq. Then as stated above,

facepGq “ V Sd`V T “ Sn` X pNNT qK. (6.6)

V is a facial vector, [103], while Z “ NNT is an exposing vector, e.g., [61]. And moreover, the sum
of exposing vectors is an exposing vector, Lemma 2.4.11:

Zi ľ 0, traceZiG “ 0, i “ 1, . . . , k ùñ
ÿ

i

Zi ľ 0, trace

˜˜

ÿ

i

Zi

¸

G

¸

“ 0. (6.7)

Suppose both Gi, i “ 1, 2, are centered Gram matrices with rank d. Then we know the corrupted
element/distance is outside the principal blocks. We now continue to completely solve the problem
using FR as we can now complete the partial EDM formed from the two blocks. We now give the
details.2

1. Using the spectral decomposition of Gi, i “ 1, 2, given above, we obtain orthonormal bases of
centered null vectors for the nullspaces of the Gram matrices Gi, i “ 1, 2,

GiNi “ 0, NT
i e “ 0, NT

i Ni “ I, i “ 1, 2. (6.8)

2See e.g., [61, Algor. 1, Pg. 2308] for more details.
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Let Zi “ NiN
T
i ľ 0, i “ 1, 2, be the corresponding centered exposing vectors, i.e., we have

ZiGi “ 0, Gie “ 0, Zie “ 0, Gi ` Zi ` eeT ą 0, i “ 1, 2. (6.9)

By centering Ni we get that both Gi, Zi are centered and thus we add the missing element e
to get positive definite.

2. Let Wi be zero matrices of order n and set

pWiqIi “ Zi, i “ 1, 2,

i.e., we place the centered exposing vectors Zi into the correct blocks. Now each Wi, i “ 1, 2,
is a centered exposing vector for the true centered Gram matrix G. As the sum of exposing
vectors is an exposing vector, we form the centered exposing vector of the true centered Gram
matrix G,

Z “ W1 ` W2. (6.10)

This yields a maximum rank exposing vector

GZ “ 0, Ge “ 0, Ze “ 0, Z ľ 0, G ` Z ` eeT ą 0. (6.11)

3. We choose V, V TV “ I, to be full column rank and to span nullprZ esT q.3 This completes
the FR as we have

G “ V RV T , R P Sd``, Ge “ 0. (6.12)

4. We denote the adjacency matrix, Hα to be the matrix of zeros with ones in the positions
indexed by α. Recall that H ˝ D denotes the Hadamard product. We solve the cone least
squares problem that does not include the noisy element:

min
Rľ0

}HI1YI2 ˝ KpV RV T q ´ HI1YI2 ˝ Dn}2F . (6.13)

Since R is order d and at the start d ăă n, this can be a very overdetermined problem and
can be helped by using a sketch matrix, see e.g. [61].

5. In the case of random data, we expect all non-noisy blocks of size at least d ` 1 to be proper
EDMs. Therefore, the optimal solution R in (6.13) is unique and in Sd``. Therefore, we can
solve this least squares problem as an unconstrained problem and improve on the accuracy
and speed. There is one constraint, linear equation, for each distinct pair in the set

IR :“ tpi, jq : pi, jq P pI1 ˆ I1q Y pI2 ˆ I2q, i ă ju .

We let svec : Sn Ñ Rtpnq denote the isometric mapping that vectorizes a symmetric matrix
columnwise with multiplying the off-diagonal elements by

?
2. The inverse (and adjoint) is

sMat “ svec˚. Similarly, usvec : Sn Ñ Rtpn´1q is for the strict triangular part with usMat “

usvec˚. Let the unknown variable be r “ svecpRq P Rtpdq, where we denote triangular number,
tpdq:“ dpd`1q{2. The mR ˆnR system, mR “ tp|I1|´1q` tp|I2|´1q´ tp|I1 XI2|´1qˆpnR :“
tpdqq linear system to solve for r is

usvecHI1YI2 ˝ KpV sMatprqV T q “ usvecHI1YI2 ˝ Dn, p: Rtpdq Ñ Rtpn´1qq. (6.14)

3As noted following (6.6), this is called a facial vector [103]. In fact, this is a centered facial vector.
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The columns of the matrix representation are obtained by replacing r with unit vectors
ei, i “ 1, . . . tpdq. We note that the rows corresponding to i, j not in the union of the two
blocks are zero and can be discarded.

Alternatively, we could find the transpose of the matrix representation by taking the adjoint of
the left-hand side in (6.14) and working on Rtpnq Ñ Rtpdq. We use g “ eι P Rtpn´1q , usMatpgq.
The adjoint is given by

svec
`

V TK˚ rHI1YI2 ˝ usMatpgqsV
˘

. (6.15)

We first simplify HI1YI2 ˝ usMatpeιq to get the row of the matrix representation. For each
ι P rtpn ´ 1qs, we can find i, j P rns such that ι “ i `

řj´2
ℓ“0 ℓ and observe

HI1YI2 ˝ usMatpeιq “

#

1?
2

´

eie
T
j ` eje

T
i

¯

if Hij “ 1;

0 otherwise,

where Hij denotes the i, j-th entry of HI1YI2 . Restricting g to the case when Hij “ 1, gives

K˚ rHI1YI2 ˝ usMatpeιqs “ K˚
”

1?
2

´

eie
T
j ` eje

T
i

¯ı

“
?
2
”

Diag
´

peie
T
j ` eje

T
i qe

¯

´ peie
T
j ` eje

T
i q

ı

“
?
2
”

Diag pei ` ejq ´ eie
T
j ´ eje

T
i

ı

“
?
2
´

eie
T
i ` eje

T
j ´ eie

T
j ´ eje

T
i

¯

.

Plugging this into (6.15), we obtain

?
2 svec

´

vTi vi ` vTj vj ´ vTi vj ´ vTj vi

¯

“
?
2 svec

´

vTi pvi ´ vjq ´ vTj pvi ´ vjq
¯

“
?
2 svec

`

pvi ´ vjq
T pvi ´ vjq

˘

(6.16)

as a column of the matrix representation of the adjoint. Here vi is the i-th row vector of V .
The advantage here is that we can use unit vectors for g restricted to the indices corresponding
to I1 Y I2 when finding the columns.

In our implementations, the calculation of the matrix representation was the most expensive
step. We now show how to avoid this step.

This provides a simplification for solving the least squares problem in (6.13).

Corollary 6.3.2. Let
D P En, G “ K:pDq,

and let α Ă rns, |I| ě d ` 1. Define

Dα :“ PαpDq, Gα :“ K:pDαq.

Suppose that rankpGαq “ rankpGq “ d. Then

K:PαKpGq “ K:KpPαpGqq

“ JpPαpGqqJ.

Moreover, if G “ WW T , Gα “ WαW
T
α are full rank factorizations, and V, Vα are centered facial
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vectors with
rangepV q “ rangepGq, rangepVαq “ rangepGαq,

then
Q “ V :W “ pJVαq:Wα, W “ Wα,

and the EDM can be recovered with D “ KpV QQTV T q.

Proof. Let G P Sn` X Sn
C , facepGq “ V Sd`V T ⊴ Sn`, V a given centered, V T e “ 0, facial vector of

full rank. The first part of the corollary is a direct consequence from Lemma 2.3.1. Let G “ WW T

be a full rank factorization and let Q be a solution of

JPαV Q “ Wα.

Then,
K:PαKpV QQTV T q “ JpPαpV QQTV T qqJ

“ JVαQQTV T
α J

“ JVαQpJVαQqT

“ WαW
T
α “ Gα.

Therefore,
PαKpV QQTV T q “ KpGαq “ Dα

and thus
Pα

`

KpV QQTV T q ´ D
˘

“ 0.

Using the above lemma we can avoid finding the matrix representation and find the full rank
factoriazation of the small R instead.

Case 3: Small Remaining Block

Suppose that there is a single last block I with Gα that is not a proper Gram matrix with the
correct rank but is too small to divide further, e.g., ă 2d`2. Without loss of generality, we assume
I “ t1, 2, . . . , ℓu. Then there are ℓpℓ´ 1q{2 possible elements that are noisy. We can now use other
distances to find the noisy one, i.e., for i, j P I, i ‰ j, we set

Iij “ ti, j, ℓ ` 1, ℓ ` 2, . . . ℓ ` tu, |Iij | “ d ` 1,

and verify whether or not K:
`

DIij

˘

is a Gram matrix with rank d. As soon as we find the one
that is not, then we have found the noisy position i, j. We then choose a well conditioned block
I0, |I0| ě d ` 1 and set

I1 “ I0 Y tiu, I2 “ I0 Y tju.

We then use Section 6.3.1 to find the true value of Dij .

6.3.2 Multi-Blocks with Facial Vectors, FV, for FR, MBFV

The second approach uses overlapping principal submatrices, matrix blocks, where the overlap is
minimal size ě d ` 1 but with embedding dimension d. Therefore, we have a larger number of
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principal submatrices but they are significantly smaller. If at anytime we find a block that is not
a EDM, then we stop and find the noise for this small problem by using submatrices with the
correct embedding dimension. We denote this approach MBFV .

Rather than using exposing vectors as done above in the bisection approach Section 6.3.1, the
FR is done by efficiently finding the intersection of two faces corresponding to two blocks by
finding the FV using the approach in [113, Lemma 2.9]. We find a FV for the small blocks using
Theorem 2.4.12. We then find the new FV that represents the intersection of faces, i.e., the union
of blocks, using Lemma 2.4.13. If we end up with a small final block, we use the same strategy as
in Section 6.3.1.

Remark 6.3.3. Notice that once the problem is divided into principal submatrices, it becomes an
EDM completion problem. But it is clear that we could permute the columns and rows Dn Ð

QDnQ
T , where Q P Π is a permutation matrix, before applying the subdivisions and the algorithm.

In fact, we could use overlapping cliques in the graph as long as we maintain a chordal structure,
as chordalty allows for EDM completion, see e.g., [16,106].

6.3.3 Equivalent Approach Using Gale Transforms

In this section we present an alternative approach, using Gale transforms that is equivalent to
that of FR and exposing vectors discussed above. We use the smallest blocks along with Gale
transforms and denote this as SBGT. We note that the notion of Gale transform [69, 85] is well
known and widely used in the theory of polytopes. Our approach reveals interesting relationships
between FR and Gale transforms. We only consider the multi-block case presented in Section 6.3.2.

Recall that we have points p1, . . . , pn in Rd and we assume that the affine hull of these points
has full dimension d. (In fact after centering as in (2.3), we can assume they are centered and span
Rd.) Recall that the n ˆ d matrix of points P with P T “

“

p1 . . . pn
‰

, is called the configuration
matrix of these points. Note that P has full column rank, and the Gram and EDM matrices
defined by these points are G “ PP T and D “ KpGq, respectively. The Gale space of D, galpDq,
is given by

galpDq “ null

ˆ„

P T

eT

ȷ˙

“ null

ˆ„

G
eT

ȷ˙

. (6.17)

Any n ˆ pn ´ d ´ 1q matrix N such that the columns of N form a basis of gal(D) is called a Gale
matrix of D. (This is the matrix Ni for Gi in (6.8).) The i-th row of N is called a Gale transform
of pi. Note that N is not unique. In addition, we recall that a face f ⊴ Sn` is characterized by the
nullspace or range space of any X P relintpfq and f “ facepXq, i.e., f is the minimal face containing
X. We know that the full rank factorization X “ PP T yields a configuration matrix P . Now we
note Lemma 6.3.4 that a maximum rank exposing vector Z P f∆ and a full rank factorization
Z “ NNT yields a Gale matrix N .

Lemma 6.3.4. Let G P Sn` XSn
C
4 be a centered Gram matrix of the EDM D. Let Z be a maximum

rank centered exposing vector for G as given in (6.11). Equivalently, Z P relintpfacepGq∆ X Sn
Cq,

where ¨∆ denotes conjugate face. Then any full rank factorization Z “ NNT yields a Gale matrix
N of D. Conversely, if N is a Gale matrix of D, then Z “ NNT is a maximum rank centered
exposing vector of G.

4The centered subset Sn
C is defined in (2.5).
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Proof. This follows from the definitions in (6.11) and (6.17).

Recall that a set of points tp1, . . . , pku in Rd is said to be affinely independent if

null

ˆ„

p1 ¨ ¨ ¨ pk
1 ¨ ¨ ¨ 1

ȷ˙

“ t0u.

It is easy to see that the columns of the Gale matrix N encode the affine dependency of the points
p1, . . . , pn.

Given D P En of embedding dimension d, and j P rn´d´1s, let Dj “ Drj,j`d`1s be the principal
submatrix of D induced by the columns (rows) rj, j ` d ` 1s. Therefore, each Dj is an EDM of
order d`2. Furthermore, for j P rn´d´2s, the submatrices Dj and Dj`1 overlap in d`1 columns
(rows).

Now suppose we have an incomplete D P En where only the principal diagonal blocks Di, i P

rn ´ d ´ 1s are known, while the entries of D outside these diagonal submatrices are not known or
are noisy. The problem addressed in this chapter is how to recover all the entries of D, i.e., how to
complete the EDM. We now show how to recover D by computing P 0, a configuration matrix of
D, using the Gale matrix N . Recall that we have assumed that the points p1, . . . , pn that generate
D are in general position. We now build N using only information from the diagonal submatrices
Di, i P rn ´ d ´ 1s. We compare this to (6.8) and see the relation between the Gale matrix and
exposing vectors.

Recall that K:pDjq “ ´1
2JDjJ . Let

Gj “ K:pDjq (6.18)

be the Gram matrix of Dj . Then a Gale matrix Nj corresponding to Dj is the (d`2)-vector which
forms a basis of5

null

ˆ„

Gj

eT

ȷ˙

. (6.19)

Moreover, it follows from Lemma 2.3.2 that all the entries of Nj are nonzero. Now a Gale matrix
N for the entire matrix D can be built one column at a time6 as follows: the entries of the jth
column of N are zeros except in the positions i “ j, . . . j ` d ` 1 which are equal to those of Nj .
Obviously, by construction, N is n ˆ pn ´ d ´ 1q matrix of full column rank.

Now let V be the n ˆ d matrix whose columns form a basis of7

null

ˆ„

NT

eT

ȷ˙

.

Note that a configuration matrix of D is given by

P 0 “ V Q, (6.20)

for some nonsingular Q of order d, since the columns of both P 0 and V are both bases of the same
space. Once we find Q, both P 0 and consequently D “ KpP 0P 0T q can be recovered. Note that

5See also (6.8) where Ni is not necessarily a single column as the size of Gi can be larger than Gj in (6.19).
6This step is equivalent to the summation of exposing vectors in (6.10). It is shown in [61] that the summation

reduces noise if the data is random and from a (Gaussian) normal distribution.
7This is equivalent to the V found in (6.12).
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(6.20) is an overdetermined system. We see next how to find Q by considering only the first d ` 2
equations of (6.20) that we denote by:

P 0
1 “ V1Q. (6.21)

Here both P 0
1 and V1 are pd ` 2q ˆ d.8

Now (6.21) cannot be solved as is since both P 0
1 and Q are unknown. In order to overcome this

hurdle, we multiply both sides of (6.21) from the left with J and let V 0
1 :“ JP 0

1 . Thus we get

V 0
1 “ JP 0

1 “ JV1Q. (6.22)

Note that V 0
1 is a configuration matrix corresponding to D1 and pV 0

1 qT ed`2 “ 0. Recall that D1

is the principal submatrix of D induced by the rows (columns): 1, . . . , d ` 2. Now let B1 be the
Gram matrix corresponding to D1. Then V 0

1 be can be found by the full-rank factorization of

B1, i.e., B1 “ V 0
1 V

0
1
T
. Thus, Equation (6.22) can be solved since Q is the only unknown. Then

Lemma 6.3.5 shows that (6.21) and (6.22) are equivalent.

.

Lemma 6.3.5. Let V1, P
0
1 and V 0

1 be as defined above. Under the general position assumption,
consider the two systems in the d ˆ d variable matrix X

System I: V1X “ P 0
1 System II: JV1X “ JP 0

1 “ V 0
1 .

Then both systems have the same unique solution.

Proof. First note that, by relabeling the points if necessary, we can assume without loss of generality
that P 0

1 has full column rank. Moreover, it follows from (6.21) that rank pV1q = rank pP 0
1 q and

rank prV1 esq = rank prP 0
1 esq since rP 0

1 es = rV1 es

„

Q 0
0 1

ȷ

. Thus, V1 has full column rank.

Now Q is the unique solution of System I. It is easy to see that the solution of System II is Q`Y
where the columns of Y are in nullpJV1q. Let y be a nonzero vector in nullpJV1q, then V1y “ γe for
some scalar γ. Thus rank prV1 esq = rank prP 0

1 esq “ d which contradicts Lemma 2.3.2 since we
assume that p1, . . . , pn are in general position. Thus nullpJV1q is trivial and the result follows.

An immediate consequence of Lemma 6.3.5 is that Q in (6.20) can be calculated from System

II, for example Q “ pV1
TJV1q´1V1

TV 0
1 . Consequently, P

0 “ V Q and D = KpP 0P 0T q.

8Finding Q is equivalent to solving the system for r in (6.14). In fact, we have the equivalence R “ QQT , G “

V QQTV T
“ V RV T . Using the smaller system with V1 would be equivalent to not using the entire overdetermined

system in (6.14).
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Example Using Gale Transforms

Example 6.3.6. Consider the following EDM D of embedding dimension d “ 2,

D “

»

—

—

—

—

—

—

–

0 2 5 9 5 2
0 1 5 5 4

0 2 4 5
0 2 5

0 1
0

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

(For both the EDM and Gram matrices we only provide the upper triangular parts.) And assume
that noise is added to the entries d15, d16 and d26. Then the Gram matrix corresponding to D1

is G1 “ 1
2

»

—

—

–

5 1 ´2 ´4
1 0 ´2

1 1
5

fi

ffi

ffi

fl

. Therefore, V 0
1 , a configuration matrix of D1, is obtained by the

full-rank factorization of G1, i.e., V 0
1 “ 1

2

»

—

—

–

1 ´3
´1 ´1
´1 1
1 3

fi

ffi

ffi

fl

. Furthermore, a Gale matrix for D is

N “

»

—

—

—

—

—

—

–

´1 0 0
3 ´2 0

´3 3 ´1
1 ´2 2
0 1 ´3
0 0 2

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

. Hence, V , the matrix whose columns form a basis of null

ˆ„

NT

eT

ȷ˙

, is

V “

»

—

—

—

—

—

—

–

3 0
0 1

´2 1
´3 0
0 ´1
2 ´1

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

and hence V1 “

»

—

—

–

3 0
0 1

´2 1
´3 0

fi

ffi

ffi

fl

and JV1 “ 1
2

»

—

—

–

7 ´1
1 1

´3 1
´5 ´1

fi

ffi

ffi

fl

. Hence, solving (6.22)

V 0
1 “ JV1Q, we get Q “ 1

2

„

0 ´1
´2 ´1

ȷ

Therefore, P 0 “ V Q “ 1
2

»

—

—

—

—

—

—

–

0 ´3
´2 ´1
´2 1
0 3
2 1
2 ´1

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

and the full EDM

D is recovered by using D “ KpP 0P 0T q.
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6.4 Empirics and Complexity under General Position Assumption

We generate random problems based on: the number of points n; the embedding dimension d; the
magnitude of the noise.9 Table 6.2 compares three methods as outline in Table 6.1:

method # 3 D&Cmethods 3 FR methods

1 2 blocks exposing vectors

2 min multi-blocks FR facial vectors

3 max multi-blocks Gale transforms

Table 6.1: Three combinations of D&C and FR.

The first uses two blocks and FR with exposing vectors; the second uses a minimum number of
multiblocks with facial vectors; and the third uses Gale transforms with the maximum number of
multiblocks. In this way we illustrate all threeD&C and all three FR methods. The Gale transform
method goes naturally with small blocks and so we used the maximum number of blocks. We found
that the facial vector goes best with the minimum number of blocks. Our output indicates that
all the problems were solved successfully and this follows from the fact that the general position
property holds generically. The output includes: the relative error for the accurate EDM found;
and the time in cpu seconds. We discuss the hard cases below in Section 6.5.

6.4.1 Random Problems

Tables 6.2 and 6.3 (on pages 120, 121) illustrate the high efficiency of the algorithms for speed,
accuracy, and size. The noise ϵ was a normal random variable with nonzero absolute value greater
than .01. Both the position and a near machine precision accurate value for the noise was found
in 100% of the instances.

6.4.2 Complexity Estimates

We now look at theoretical complexity estimate results and compare them to the empirical output.
For randomly generated problems, we have plotted dimension versus solution time in Figure 6.1,
page 121. This agrees with the estimates in (6.23) to (6.25) for the three methods, respectively:

BIEV,MBFV,SBGT : Opn3q, Opnq, Opn3q.

Note that the expense for generating the random problems is Opn2q as the main work is the
multiplication using the configuration matrix PP T .

Bisection with Exposing Vectors, BIEV

At each step, we divide an nˆ n matrix into two blocks with size n`d`2
2 so they overlap in a block

of size d ` 2. The most time consuming calculation in each iteration is calculating the spectral

9We used Matlab version R2022b on the two servers at University of Waterloo: biglinux, cpu149.math.private
Dell PowerEdge R840 four Intel Xeon Gold 6230 20-core 2.1 GHz (Cascade Lake) 768 GB; and fastlinux,
cpu157.math.private Dell PowerEdge R660 Two Intel Xeon Gold 6434 8-core 3.7 GHz (Sapphire Rapids) 256 GB.
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Data specifications BIEV MBFV SBGT
n d noise rel-error time(s) rel-error time(s) rel-error time(s)

1000 5 0.289 1.86e-12 0.200 8.44e-14 0.022 3.10e-12 0.121
2000 5 -0.235 1.22e-12 0.916 1.28e-13 0.044 3.84e-13 0.364
3000 5 -0.843 2.33e-12 1.713 3.36e-13 0.130 1.28e-13 0.638
4000 5 0.570 7.01e-13 1.842 3.41e-13 0.195 2.74e-13 1.342
5000 5 0.517 1.10e-12 4.394 8.80e-14 0.292 2.07e-13 1.847
6000 5 0.659 1.30e-12 6.861 3.07e-13 0.414 1.31e-12 2.889
7000 5 0.200 2.16e-12 11.759 7.95e-14 0.631 2.01e-13 3.895
8000 5 -0.240 1.71e-12 10.993 1.12e-13 0.768 2.01e-13 5.338
9000 5 -0.294 4.63e-13 18.939 1.73e-13 0.974 1.54e-13 7.299
10000 5 0.197 2.01e-12 23.177 1.63e-13 1.179 5.51e-13 9.529
11000 5 -0.405 4.42e-12 18.598 7.43e-14 1.383 3.15e-13 11.282
12000 5 0.085 4.99e-12 20.521 3.88e-13 1.732 3.16e-13 14.150
13000 5 0.311 1.42e-12 44.017 3.35e-13 2.097 2.55e-13 17.511
14000 5 -0.390 4.50e-12 53.028 7.69e-14 2.201 2.14e-11 20.961
15000 5 -0.348 5.31e-12 54.837 3.78e-13 2.383 6.69e-12 25.517
16000 5 -0.294 6.14e-12 51.610 1.30e-13 2.780 6.97e-13 29.842
17000 5 0.063 3.08e-12 64.764 2.12e-13 3.176 3.78e-13 33.774
18000 5 -0.064 1.33e-11 92.478 2.20e-13 3.485 1.27e-12 38.898
19000 5 0.001 2.81e-11 99.526 3.89e-13 3.986 2.99e-13 43.750
20000 5 -0.004 9.56e-13 97.926 9.13e-13 4.229 4.21e-13 51.621
21000 5 0.368 1.09e-12 130.590 1.93e-13 4.749 9.99e-13 58.367
22000 5 0.035 1.21e-11 177.391 7.86e-14 5.232 1.34e-13 66.882
23000 5 0.018 5.76e-12 173.445 2.44e-13 5.786 1.06e-12 73.720
24000 5 1.000 2.69e-12 160.173 1.38e-13 5.970 2.18e-13 82.715
25000 5 0.139 4.08e-12 242.229 3.11e-13 6.804 3.07e-12 91.045
26000 5 -0.385 1.91e-12 91.091 1.28e-13 6.946 3.23e-13 102.973
27000 5 -0.131 7.17e-12 173.206 9.43e-14 7.791 2.47e-13 112.248
28000 5 0.022 1.18e-11 245.353 3.61e-13 8.199 2.10e-10 124.508
29000 5 0.109 1.05e-11 264.581 6.11e-13 8.728 3.85e-12 134.517
30000 5 0.089 2.68e-12 299.627 2.58e-13 8.793 7.09e-13 149.871

Table 6.2: Fastlinux; 3 methods: n = 1K to 30K; mean of 3 instances per row

decomposition of the corresponding Gram matrices G1, G2 with runtime 2O
´

`

n`d`2
2

˘3
¯

“ Opn3q,

as n " d. The number of points outside of the two principal submatrices is 2
`

n´d´2
2

˘2
“

pn´d´2q2

2 .
If the noisy element is outside of the two principal submatrices, the algorithm will terminate in this
step. Thus, the probability to continue to another step is

1 ´
pn ´ d ´ 2q2

2n2
«

1

2
.

If the noisy element is in one of the principal submatrices, then we continue with the divide and
conquer algorithm. After the division, the smaller matrix has size n`d`2

2 , i.e., we reduce the size of

problem by approximately half. After i divisions, the size of the matrix is n`2i´1pd`2q

2i
. The total

runtime of this algorithm is Opn3q. We now drop the d and constants in the analysis as n " d.
Let T pnq be the total runtime of the algorithm, and fpnq be the runtime of one iteration of the
subproblem. Then, we have the recurrence

T pnq “
1

2
T
´n

2

¯

` fpnq “
1

2
T
´n

2

¯

` Opn3q.
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Data specifications MBFV

n d noise gen-time rel-error time(s)

60000 5 0.436 90.767 1.32e-13 53.049

70000 5 0.026 109.262 3.37e-13 72.006

80000 5 0.550 155.565 3.12e-13 93.529

90000 5 0.435 196.015 8.91e-13 114.084

100000 5 0.420 243.331 9.21e-13 144.727

110000 5 0.330 315.411 3.01e-13 196.053

120000 5 0.205 385.318 7.16e-13 237.335

Table 6.3: BigLinux; Multi-block solver with gen time; mean of 3 instances per row
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Figure 6.1: Semilogy plot; dimension versus solution time

The Opn3q term dominates the recursive relationship. We get:

total runtime is Opn3q. (6.23)

Multi-Block with Facial Vectors, MBFV

We build up the full facial vector from overlapping small principal submatrices of size 2d` 6. Each
overlaps with the previous one with a block of size d ` 3. Solving for the final connecting matrix
Q also involves solving a small system of equations using the first block, thus costing a constant
time. Finding the facial vector of each small matrix has constant runtime as well, since n is large.
The number of small blocks we look at is roughly n

d`2 . Therefore, we get the

total runtime is Opnq. (6.24)
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Small Blocks with Gale Transform, SBGT

We calculate the Gale matrix of each small principal submatrix of size d` 2, and then build up the
Gale matrix for the entire matrix D. The most time consuming step is in finding V P Rnˆd, the

FV , whose columns form a basis of null

ˆ„

NT

eT

ȷ˙

. This has runtime complexity of:

total runtime is Opn3q. (6.25)

6.5 Hard Cases; No General Position Assumption

We now consider problems where the general position assumption may not hold. This can lead to
hard cases for our algorithm. The hard cases are related to problems where all but 2 points are in
a linear manifold of dimension d ´ 2. We present examples as well as empirics for the hard cases.

Our modified algorithm for the hard case finds a block with rank d by checking all consecutive
principal diagonal blocks Dri,i`ds of size d ` 1. If we can find a block with the correct embedding
dimension d from the principal diagonal blocks, we can proceed with the Gale algorithm as before.
Otherwise, we calculate the Gale matrix

Ni “

»

—

–

nT
i
...

nT
i`d

fi

ffi

fl

, whose columns form a basis for null

ˆ„

Gi

eT

ȷ˙

,

for each small block Di :“ Dri,i`ds. Since the Gi does not have rank d, the points pi, ¨ ¨ ¨ , pi`d are
not in general position. We identify the indices where the corresponding Gale transform results in a
row of zeros. If nj “ 0, then pj is not in the affine hull of tpi, ¨ ¨ ¨ , pi`duztpju [5, Section 7.2.1]. We
collect these indices in a set I, so j P I if there is some i P t1, ¨ ¨ ¨ , n´du such that j P ti, ¨ ¨ ¨ , i`du

and nj “ 0 in Ni. Additionally, let I 1 “ t1, ¨ ¨ ¨ , nuzI. We repeat the process on DIYI 1p1:d`1q until
we have d ` 1 points that are in general position.

There are certain cases where we can not solve the problem, so-called hard cases. The results
in Section 6.5.1 show that critical to our conclusions is the difficult case when all but two points
are in a linear manifold of dimension d ´ 2.

Definition 6.5.1 (good, bad blocks). Let Dn be the noisy EDM as above. Let pi, jq be the
corrupted index.

1. By a good block we mean a principal submatrix pDnqα, such that the corresponding K: ppDnqαq

is positive semidefinite with rank d.

2. By a bad block we mean a principal submatrix pDnqα, such that the corresponding K: ppDnqαq

is either not positive semidefinite or the rank is greater than d.

3. An uncorrupted good block signifies a principal submatrix pDnqα, such that the corresponding
K: ppDnqαq is positive semidefinite with rank d, and α does not contain either corrupted index
i or j.
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Suppose that there exists an uncorrupted good block, then we never encounter an unsolvable
case. After we found a block Dα of size d ` 1 with embedding dimension d, we calculate the Gale
matrix for DαYtiu for each i P t1, ¨ ¨ ¨ , nuzα. If Dα contains the corrupted entry, then by the result
in Section 6.5.1, the only case we cannot recognize DαYtiu to be a corrupted EDM is if all but two
points in this set are in a linear manifold of dimension d ´ 2. However, under the assumption of
the data, there exists d` 1 points: tpi1 , ¨ ¨ ¨ , pid`1

u in general position and the corresponding block
is uncorrupted. Therefore, it cannot be that DαYti1u, ¨ ¨ ¨ , DαYtid`1u all result in the case of all but
two points are in a linear manifold of dimension d ´ 2. Thus, if Dα contains the corrupted entry,
we can recognize it as not being a proper EDM.

6.5.1 Characterizing Good and Bad Blocks; embdimpDq “ 2 and Beyond

We know that an EDM D with embedding dimension d corresponds to a Gram matrix G “

K:pDq ľ 0 with rankpGq “ d. The question that arises is whether, when a single element is
perturbed in D, can this corrupted block always be verified correctly by checking that there are
no longer exactly d nonzero and positive eigenvalues for the corresponding Gram matrix G? More
precisely, does a corrupted block always have a negative eigenvalue and/or more than d positive
eigenvalues. We show that indeed this can always be detected except when all but two points of a
corresponding configuration matrix P lie in a linear manifold of dimension d ´ 2. In addition, we
show how to handle these cases by extending the notion of yielding in [5, Section 7.2]. Note that
the 2 in the results arises from the fact that the perturbation matrix ϵEij is rank 2.

The case when the embedding dimension d “ 2 is special. We conclude that no failures in
detection can occur if the distances are positive, an easy check. For this special case d “ 2, we do
not have to assume that the problem is in general position to recognize a corrupt entry.

In our algorithms we have to identify whether the corrupted element is within a principal
submatrix Dα, where for MBFV the cardinality |α| ě d` 2 and is often relatively small |α| ăă n.
We do not assume general position, see Lemma 2.3.2. We present the characterization in the
general d case in Theorem 6.5.2. This is related to the results on yielding intervals in [5, Section
7.2], [6], i.e., characterizations of intervals of perturbations that maintain the EDM property but
the embedding dimension is not fixed. Also, this is related to the general question of when a matrix
pencil is positive semidefinite. The interval for this is studied recently in [134]. Our case is special
in that we look at rank two updates

Dpϵq :“ D ` ϵEij P En, D P En, Gpϵq :“ G ` ϵK:pEijq ľ 0, G ľ 0.

The specific case of a rank two perturbation as in our case is studied in [33]. However, we have the
additional condition that the rank is maintained at d.

Essentially we characterize the cases when the perturbation Dpϵq results in a corresponding
Gram matrix with the correct rank, thus fooling the algorithm. Recall that blkdiag denotes the
block diagonal matrix formed from the arguments.

Theorem 6.5.2. Let D P Ek with embdimpDq “ d ď k´2. Suppose that there is a single, nonzero
corrupted distance Dij , i ă j, and the noisy EDM is denoted by the singular matrix pencil

Dpϵq :“ D ` ϵEij , ϵ P Rzt0u.

123



Let G :“ K:pDq “ QΛQT be the Gram matrix with its spectral decomposition and, without loss of
generality,

Λ “ blkdiagp0,Λ`q, Λ` P Sd``.

Denote GE :“ K:pEijq “ ´1
2JEijJ and let ḠE be defined and appropriately blocked with size d:

ḠE :“ QTGEQ “

„

Ḡ11 Ḡ12

ḠT
12 Ḡ22,

ȷ

, Ḡ22 P Sd.

Define the open interval Iϵ for maintaining Λ` ` ϵḠ22 ą 0, equivalently for maintaining Id `

ϵΛ
´1{2
` Ḡ22Λ

´1{2
` ą 0, as

Iϵ “

¨

˝

´1

max
!

0, λmax

´

Λ
´1{2
` Ḡ22Λ

´1{2
`

¯) ,
´1

min
!

0, λmin

´

Λ
´1{2
` Ḡ22Λ

´1{2
`

¯)

˛

‚Ď p´8,`8q, (6.26)

where a 0 in the denominator results in ´8,`8, for the left/right bound of the interval, appropri-
ately. Define the condition:

EDM condition: ϵ P Iϵ and ϵ
´

Ḡ11 ´ ϵḠ12

`

Λ` ` ϵḠ22

˘´1
Ḡ21

¯

ľ 0 . (6.27)

Then:

1. The EDM condition (6.27) defines the convex yielding interval for Dij. More precisely,
suppose that the EDM condition (6.27) holds. Then:

Dpϵq P Ek and embdimpDpϵqq ě d; (6.28a)

Ḡ11 “ 0 ùñ Dpϵq P Ek, embdimpDpϵqq “ d; (6.28b)

Ḡ11 ´ ϵḠ12

`

Λ` ` ϵḠ22

˘´1
Ḡ21 “ 0

ùñ Dpϵq P Ek, embdimpDpϵqq “ d. (6.28c)

2. Conversely, we have the following necessary conditions for restricted yielding. Suppose that
there exists δ P R`` such that

Dpϵq P Ek, embdimpDpϵqq “ d, @ϵ P p´δ, δq.

Then the configuration matrix P of D, PP T “ G “ K:pDq, has k ´ 2 ě d points that are
in a linear manifold L of dimension d ´ 2. Necessarily, the two points i, j outside the linear
manifold define the corrupted distance Dij.

Proof. We define the matrix pencil

Gpϵq :“ K:pDpϵqq “ G ` ϵGE .

Our results depend on identifying when the perturbed Gram matrix, the matrix pencil, maintains:
Gpϵq “ G` ϵGE ľ 0 with rankGpϵq “ d. We use the spectral decompositions and the Sylvester law

124



of inertia. The latter identifies when positive semidefiniteness and rank d are maintained under a
congruence.

To begin, we need to consider the eigenpairs for the two nonzero eigenvalues of

GE :“ K:pEijq “ ´
1

2
JEijJ.

An orthogonal pair of eigenvectors of Eij is ei ˘ ej . We have the properties Eij ‰ 0, tracepEijq “ 0
and

λ1pEijq “ 1 ą 0 “ λ2pEijq “ . . . “ λn´1pEijq “ 0 ą λnpEijq “ ´1.

Therefore, the above singular congruence JEijJ “ PSn
C

pEijq, by (2.8), implies

λ1pGEq ą 0 “ λ2pGEq “ . . . “ λn´1pGEq “ 0 ą λnpGEq,

i.e., there are exactly two nonzero eigenvalues of GE ; verified as well in the following. Define the
two orthogonal vectors

eij :“ ei ´ ej , eijc :“
2

k
e ´ pei ` ejq P eK Ă Rk. (6.29)

One can verify that eij and eijc are eigenvectors of GE and the corresponding eigenvalues are:

λ1pGEq “
1

2
ą 0 ą λkpGEq “

2 ´ k

2k
. (6.30)

Notice that signs of the eigenvalues are strictly positive and strictly negative. The congruences with
Q and the interlace theorem for eigenvalues yield λmaxpḠ22q ě 0 ě λminpḠ22q. The congruence

with Λ
´1{2
` and the definition (6.26) of Iϵ bring us to 0 P Iϵ and we conclude that

ϵ P Iϵ ðñ Id ` ϵΛ
´1{2
` Ḡ22Λ

´1{2
` ą 0

ðñ Λ` ` ϵḠ22 ą 0,

and that
G ` ϵGE “ QpΛ ` ϵḠEqQT ľ 0 ðñ Λ ` ϵḠE ľ 0.

1. Assuming (6.27), we have Λ` ` ϵḠE ą 0. By the Schur complement theorem,

ϵ
´

Ḡ11 ´ ϵḠ12

`

Λ` ` ϵḠ22

˘´1
Ḡ21

¯

ľ 0 ðñ Gpϵq ľ 0.

Under the assumptions and definitions on Dpϵq, Iϵ, and by continuity of eigenvalues and of
the linear transformation K:, we get that the d positive eigenvalues of G are perturbed but
stay positive in Gpϵq, i.e., recalling the assumption that embdimpDq “ d, we have

rankpGpϵqq ě rankpGq “ d ùñ embdimpDpϵqq ě d.

This proves (6.28a).
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(6.28b) and (6.28c) follow from a Schur complement argument. That is,

Λ ` ϵḠE “

„

ϵḠ11 ϵḠ12

ϵḠT
12 Λ` ` ϵḠ22

ȷ

–

«

ϵ
´

Ḡ11 ´ ϵḠ12

`

Λ` ` ϵḠ22

˘´1
Ḡ21

¯

ϵḠ12

0 Λ` ` ϵḠ22

ff

.

Since rankpΛ` ` ϵḠ22q “ d, Ḡ11 ´ ϵḠ12

`

Λ` ` ϵḠ22

˘´1
Ḡ21 “ 0 implies

rankpΛ ` ϵḠEq “ rankpG ` ϵGEq “ d.

Similarly, Ḡ11 “ 0 leads to Ḡ12 “ 0 and thus rankpG ` ϵGEq “ d. Therefore (6.28c) holds.

2. Suppose that there exists δ ą 0 such that, for all |ϵ| ă δ, we haveDpϵq P Ek and embdimpDpϵqq “

d. This is equivalent to

G ` ϵGE ľ 0 and rankpG ` ϵGEq “ d.

We want to show that

G ` ϵGE ľ 0, rankpG ` ϵGEq “ rankpGq ùñ rangepGEq Ă rangepGq.

Recall that G ` ϵGE ľ 0 ðñ Λ ` ϵḠE ľ 0 and that

Λ ` ϵḠE –

«

ϵ
´

Ḡ11 ´ ϵḠ12

`

Λ` ` ϵḠ22

˘´1
Ḡ21

¯

ϵḠ12

0 Λ` ` ϵḠ22

ff

.

Since 0 P Iϵ, we can find small enough |ϵ| ą 0, namely ϵ P Iϵ X p´δ, δq, so that Λ` ` ϵḠ22 ą 0.
Hence rankpΛ` ` ϵḠ22q “ d and note that the rank of the entire matrix is the sum of the
ranks of the diagonal blocks. Hence, the top left block after the elimination has to have rank
0, by rankpG ` ϵGEq “ d assumption. Therefore,

Ḡ11 ´ ϵḠ12

`

Λ` ` ϵḠ22

˘´1
Ḡ21 “ 0. (6.31)

(6.31) is violated for small enough |ϵ| unless Ḡ11 “ 0. Hence Ḡ11 “ 0, which also implies
Ḡ12 “ 0. Hence,

rangepḠEq Ď rangepblkdiagp0, Idqq “ rangepblkdiagp0,Λ`qq “ rangepΛq,

which is equivalent to

rangepGEq “ rangepQḠEQ
T q Ď rangepQΛQT q “ rangepGq.

This implies that the facial vector V for G “ K:pDq must have range that contains the span
of the two eigenvectors of GE “ K:pEijq. Otherwise, at least one of the following happens: (i)
we lose positive semidefiniteness; (ii) the number of positive eigenvalues increases. Therefore,
we must have

range
`“

eij eijc
‰˘

Ă rangepV q, V “
“

eij eijc V̄
‰

,
“

eij eijc
‰T

V̄ “ 0. (6.32)
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Thus, the ℓ-th row of V is

V pℓ, :q “
“

0 2
k V̄ pℓ, :q

‰

P t0u ˆ t2{ku ˆ Rd´2,

for all ℓ ‰ i, j. This shows that for R “ Id, all but two points are in a manifold of dimension
d ´ 2. This means the same is true for general R P Sd``. Without loss of generality, let
i “ n ´ 1, j “ n. Then,

V “

„

V1

V2

ȷ

P Rkˆd, V1 P Rpk´2qˆd, V2 P R2ˆk.

Note that rows of V1 are in a d ´ 2 dimensional manifold if, and only if, rankV1 ď d ´ 2.
Since R ą 0, V1R

1{2 maintains the same rank as V1, i.e., the rows of V1R
1{2 are in a manifold

of dimension d ´ 2 where

G “ V RV T “ rV R1{2srV R1{2sT

“

„

V1R
1{2

V2R
1{2

ȷ „

V1R
1{2

V2R
1{2

ȷT

.

Corollary 6.5.3. Let D P Ek with embdimpDq “ 2 ă k ´ 1. Suppose that there is a corrupted
position i ă j and the noisy EDM is

Dn “ D ` ϵEij , ϵ ‰ 0. (6.33)

If Dn P Ek, embdimpDnq ď d, and |ϵ| is sufficiently small, then the (centered) configuration matrix
P of D, PP T “ G “ K:pDq, has (at least) k ´ 2 ě 2 points that are equal, i.e., the rows
Ps: “ p P Rd,@s P rks, s ‰ i, s ‰ j. Thus

Dst “ pDnqst “ 0,@s, t P rks, s ‰ i, t ‰ j.

Proof. We apply Theorem 6.5.2, Item 2 for this special d “ 2 case with |ϵ| small to guarantee we
are within the interval.

6.5.2 Example of Hard Case; Multiple Solutions

The following is an example where we have determined a bad block but where we cannot determine
the position of the entry that is corrupted. Consider the following corrupted EDM in embedding
dimension 3.

Dp18q :“ Dn “

»

—

—

—

—

—

—

–

0 4 16 8 6 14
4 0 4 4 6 6
16 4 0 8 14 6

8 4 8 0 18 14

6 6 14 18 0 20
14 6 6 14 20 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

Gn “ K:pDnq; λpGp18qq “ λpGnq «

¨

˚

˚

˚

˚

˚

˚

˝

´0.7252
0.0000
0.0000
4.7157
7.4003
13.2759

˛

‹

‹

‹

‹

‹

‹

‚

.
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This is not an EDM , as its corresponding Gn “ K:pDnq is not positive semidefinite. However,
there is more than one way to change only one entry of this matrix and obtain an EDM . We can
change the 18 in the p4, 5q entry in two different ways, to 14 and 6{5, respectively, and get EDMs
D1 :“ Dp14q, D2 :“ Dp6{5q, with corresponding positive semidefinite Gpαq “ K:pDpαqq:

λpGp14qq «

¨

˚

˚

˚

˚

˚

˚

˝

0.000000
0.000000
0.000000
4.876894
6.000000
13.123106

˛

‹

‹

‹

‹

‹

‹

‚

, λ

ˆ

G

ˆ

6

5

˙˙

«

¨

˚

˚

˚

˚

˚

˚

˝

0.000000
0.000000
0.000000
1.562857
6.189609
14.114201

˛

‹

‹

‹

‹

‹

‹

‚

.

However, if we use a value in the middle of the changes r6{5, 14s, e.g., Dp5q, then the corresponding
Gp5q is indeed a Gram matrix but has 4 ą d positive eigenvalues. This corresponds with Theo-
rem 6.5.2 and means that we have the end points of a yielding interval where Dp6{5q ` ϵE45 P E6

if, and only if, ϵ P r0, 12.8s. This also means that the two eigenvectors of GE “ K:pE45q are not in
rangepGp6{5q or rangepGp14qq. In fact, by checking the rank of rG vs, with v one of the eigenvec-
tors for GE , we can see that one eigenvector is in the range while the other is not, thus explaining
the finite yielding intervals. The example can be extended to higher embedding dimension using
yelding intervals formed with the eigenvectors in the appropriate range.

Figure 6.2: Three points off the line

Or we can change the p4, 6q entry in 2 different ways and obtain a proper EDM

D3 “

»

—

—

—

—

—

—

—

—

–

0 4 16 8 6 14
4 0 4 4 6 6
16 4 0 8 14 6

8 4 8 0 18 42
5

6 6 14 18 0 20

14 6 6 42
5 20 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

D4 “

»

—

—

—

—

—

—

–

0 4 16 8 6 14
4 0 4 4 6 6
16 4 0 8 14 6

8 4 8 0 18 2
6 6 14 18 0 20

14 6 6 2 20 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl
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Similarly, changing the p5, 6q entry can also make Dn into an EDM

D5 “

»

—

—

—

—

—

—

–

0 4 16 8 6 14
4 0 4 4 6 6
16 4 0 8 14 6
8 4 8 0 18 14

6 6 14 18 0 14

14 6 6 14 14 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

D6 “

»

—

—

—

—

—

—

–

0 4 16 8 6 14
4 0 4 4 6 6
16 4 0 8 14 6
8 4 8 0 18 14

6 6 14 18 0 6

14 6 6 14 6 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

This situation occurs in general when all but 3 points are in a manifold of dimension d´ 2. In this
case, points 1-3 are on a line in R3, and point 4-6 are off the line.
For example, the configuration of D1, see Figure 6.2, page 128, is

P1 “

»

—

—

—

—

—

—

–

0 0 2
0 0 0
0 0 ´2

´2 0 0
1 2 1
1 ´2 ´1

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

If we perturb the distance between points 4 and 5, then we no longer have a EDM . However, if
we ignore the existence of point 6, then all but 2 points are on a manifold of dimension d ´ 2 so
the p4, 5q entry is yielding. Thus, the submatrix formed by points 1 to 5 is still a proper EDM .
Thus we can fix the corrupted EDM by changing the p4, 6q entry instead.

6.5.3 Empirics for the Hard Case

We now generate random hard problems where some points are generated to be on a linear man-
ifold of dimension less than d. Thus, many points are not in general position. Under the Data
specification columns, the fourth column indicates the number of points not in general position.
The fifth column indicate the dimension of manifold these points live in. We run the problems with
n “ 100 and d from 2 to 10. For each embedding dimension, we run 50 problems. Our output
demonstrate the algorithm works well for the hard problems.

Data specifications Hard Gale Transform with Multi Blocks
n d noise # pts not in general position dim of pts tol-attained rel-error time(s)

100 2 0.016 79 1 100% 1.64e-12 0.058
100 3 0.071 86 1 100% 1.62e-13 0.050
100 4 -0.472 82 3 100% 5.08e-13 0.034
100 5 -0.328 78 3 100% 6.98e-13 0.032
100 6 0.185 89 1 100% 1.08e-12 0.048
100 7 0.334 91 1 100% 3.09e-12 0.045
100 8 -0.193 78 2 100% 3.98e-12 0.041
100 9 0.394 76 8 100% 9.31e-12 0.028
100 10 0.222 83 5 100% 1.91e-11 0.047

Table 6.4: Average of 50 hard problems; hard problems where many point are generated to be on
a manifold of dimension less than the embedding dimension d
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Chapter 7

Projection onto Spectrahedra

7.1 Introduction

Facial reduction, FR, is a finite step process that regularizes convex programs where the strict
feasibility constraint qualification, CQ, fails. This CQholds generically for linear conic programs,
see e.g., [64]. However, failure is pervasive in applications such as semidefinite programming, SDP,
relaxations of hard discrete optimization problems, e.g., [63]. The minimum number of FR steps
is denoted as the singularity degree of F , sdpFq, of the program with feasible set F . It has been
shown to be related to stability, error analysis, and convergence rates, see e.g., [55, 62, 162, 166].
Further generalized notions of singularity degree such as the maximum number of FR steps are
studied in [100, 103] and shown to also relate to stability and convergence rates. In this chapter
we study sdpFq and relations to the projection problem, or best approximation problem (BAP),
onto a spectrahedron, the intersection of a linear manifold and the positive semidefinite cone in
symmetric matrix space.

Our main purpose is to examine the effect of failure of strict feasibility on the projection
problem. In the absence of strict feasibility, we find surprising relationships between the eigenpairs
of small eigenvalues of the Jacobian in a newly proposed Newton method for the projection problem
and finding exposing vectors for FR. Furthermore, we provide a characterization that links the
degeneracy of a point X̄ in the spectrahedron, which pertains solely to the feasible set, to the
singularity of the Jacobian computed in the course of the Newton method applied to the BAP,
where X̄ is the projected point. This establishes a connection between the degeneracy and the
behaviour of the Newton method. We apply the results, both theoretically and empirically, to
the problem of finding nearest points to the sets of: (i) correlation matrices or the elliptope; and
(ii) semidefinite relaxations of permutation matrices or the vontope, i.e., the feasible sets for the
semidefinite relaxations of the max-cut and quadratic assignment problems, respectively.

7.1.1 Projection Problem

Let the data, W P Sn, be given. The projection, or basic best approximation problem, BAP, is

X˚ “ argmin 1
2}X ´ W }2, p˚ “ 1

2}X˚ ´ W }2,
s.t. X P F :“ L X Sn`,

(7.1)
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where L Ď Sn is a linear manifold; and, p˚, X˚ are the optimal value and optimum, respectively.
The representation of the linear manifold is essential in algorithms and different representations can
result in different stability properties for the problem, e.g., [171]. We let L “ tX P Sn : AX “ bu,
where A : Sn Ñ Rm is a given surjective (without loss of generality) linear transformation; AX “

ptraceAiXq P Rm for given fixed linearly independent Ai P Sn, i “ 1, . . . ,m. We assume that F is
a nonempty feasible set; it is called a spectrahedron. Here the data of BAP is W,A, b.

Nearest point problems are pervasive in the literature and are often the essential step in feasiblity
seeking problems, e.g., [20, 36, 127]. We study these problems and show that they reveal hidden
structure and information about the stability and conditioning of feasible sets and the degeneracy
of optimal points. Related convergence analysis and new types of singularity degree are given
in [62,103]. Recall that a correlation matrix is a positive semidefinite matrix with diagonal all one.
The set of correlation matrices is often called the elliptope. Finding the nearest correlation matrix
is one application [27,94,95] that arises in many areas, e.g., finance. In addition, we specifically look
at the feasible set of the SDP relaxation of the quadratic assignment problems QAP, which we
call the vontope. We characterize degeneracy of nearest points and the resulting effects on stability
of the nearest point algorithm for these two special instances.

Related Results

The BAP for the polyhedral case is studied in [35] with application to linear programming. (In
the linear programming, LP, case, Sn Ð Rn, Sn` Ð Rn

`.) Generalized Jacobians play a critical role,
though the relation to stability is not studied. The SDP case is studied in e.g., [90, 122]. They
use a quasi-Newton method to solve a dual problem similar to our dual problem; though we use a
regularized semismooth Newton method with a generalized Jacobian and illustrate fast quadratic
convergence for well-posed problems. Further related results on spectral functions, projections, and
Jacobians, appear in [123].

In [101] it is shown that any conic program that fails strict feasibility has implicit redundancies
and every point is degenerate. Relationships with the Barvinok-Pataki bound and strengthened
bound [19, 102, 143] for conic programs is discussed. Further discussions on degeneracy related to
loss of strict complementarity appear in [49].

The paper [62] provides a sublinear upper bound based on the singularity degree for the con-
vergence rate of the method of alternating projections applied to spectrahedra. The paper [135]
furnishes analytic formulas for the sequence generated by alternative projection that reveal that this
upper bound can fail to be tight. Although this work is not restricted to the singleton case, much
of the analysis is developed with emphasis on the singleton setting. Further results on accuracy
and differentiability appear in [78,123].

7.1.2 Outline

Section 7.2 presents the equation to be solved using the semismooth Newton root finding method,
which is derived through a detailed examination of the optimality conditions along with notions
on facial structure. We also derive a useful formula for the projection onto a face of the semidef-
inite cone. In Section 7.3 we introduce the semismooth Newton method for the BAP and derive
Jacobians associated with the Newton method. In Section 7.4, we investigate various phenomena
arising in the absence of strict feasibility. This includes the relationships between the eigenpairs
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of small eigenvalues of the Jacobian in the Newton method and identification of exposing vectors
for FR (Section 7.4.1); the singularity of the Jacobian and its link to degeneracy (Section 7.4.2);
and applications to the set of correlation matrices and the feasible set of the SDP relaxations
of the QAP (Section 7.4.3). We present numerical experiments in Section 7.5 with results and
observations discussed in Section 7.4.

7.2 Characterization of Optimality for the BAP

We now study the optimality conditions of the BAP (7.1) and present several properties, including
an equation for the application of Newton’s method.

Theorem 7.2.1. Consider the projection problem (7.1). Then the following hold:

(i) p˚ is finite and the optimum X˚ exists and is unique.

(ii) There is a zero duality gap between the primal and the dual problem of (7.1), where the
Lagrangian dual is the maximization of the dual functional, ϕpy, Zq, i.e.,

p˚ “ d˚ “ maxZľ0,yPRm ´1
2}Z ` A˚y}2 ` xy, b ´ AW y ´ xZ,W y. (7.2)

(iii) Strong duality (zero duality gap and dual attainment) holds in (7.1) if, and only if, there
exists a root ȳ, F pȳq “ 0, of the function

F pyq :“ APSn`pW ` A˚yq ´ b. (7.3)

Moreover, in this case the solution to the primal problem is given by

X˚ “ PSn`pW ` A˚ȳq.

Proof. Item (i): The primal problem (7.1) is the minimization of a strongly convex function over a
nonempty closed convex set. This yields that the optimal value is finite and is attained at a unique
point.

Item (ii): Since the primal objective function is coercive, there is a zero duality gap, see e.g., [14,
Theorem 5.4.1]. Let Z ľ 0. The Lagrangian function of problem (7.1) and its gradient are given
by

LpX, y, Zq “
1

2
}X ´ W }2 ` xy, b ´ AXy ´ xZ,Xy, ∇XLpX, y, Zq “ X ´ W ´ A˚y ´ Z.

It follows that X is a stationary point of the Lagrangian if

X “ W ` A˚y ` Z. (7.4)

By means of this equality, we can eliminate X and write the Lagrangian dual as the following
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maximization problem in Z, y.

d˚ “ max
Zľ0,y

min
X

LpX, y, Zq

“ max
Zľ0,y

min
X

1

2
}X ´ W }2 ` xy, b ´ AXy ´ xZ,Xy

“ max
Zľ0,y,X

"

1

2
}X ´ W }2 ` xy, b ´ AXy ´ xZ,Xy : ∇XLpX, y, Zq “ 0

*

“ max
Zľ0,y

´
1

2
}Z ` A˚y}2 ` xy, b ´ AW y ´ xZ,W y.

Item (iii): Let X̄ be the unique optimal solution, as found by the above. Then strong dual-
ity holds if, and only if, there exists pȳ, Z̄q such that the following Karush-Kuhn-Tucker, KKT
conditions hold:

X̄ ´ W ´ A˚ȳ ´ Z̄ “ 0, Z̄ ľ 0, (dual feasibility),
AX̄ ´ b “ 0, X̄ ľ 0, (primal feasibility),
xZ̄, X̄y “ 0, (complementary slackness).

(7.5)

Note that the complementary slackness condition and the fact that X̄, Z̄ ľ 0 yield

PSn`pW ` A˚ȳq “ X̄ and PSn´pW ` A˚ȳq “ ´Z̄, (7.6)

due to X̄ `p´Z̄q “ W `A˚ȳ being the Moreau decomposition. Finally, substituting X̄ “ PSn`pW `

A˚ȳq in the primal feasibility condition, we conclude that the KKT conditions imply F pȳq “

APSn`pW ` A˚ȳq ´ b “ 0.

Conversely, directly from the Moreau decomposition theorem, if we are given some ȳ P Y
satisfying F pȳq “ 0, then the tuple pX̄, ȳ, Z̄q, with X̄ and Z̄ defined as in (7.6), satisfies the above
KKT conditions.

Theorem 7.2.1 (iii) shows how to obtain a solution to the primal problem (7.1) from a root of
F . In addition, the pair pȳ, Z̄q, with

Z̄ “ ´PSn´pW ` A˚ȳq,

is a dual optimal solution of the dual problem (7.2). This fact immediately follows from the proof
of Theorem 7.2.1 (iii), where we showed that the tuple pX̄, ȳ, Z̄q satisfies the KKT conditions of
problem (7.1).

7.2.1 Regularization for Strong Duality

The projection problem (7.1) always admits a solution given that the feasible set F is nonempty. If
the dual (7.2) of (7.1) has an optimal solution, one can verify that the system given by the function
in (7.3), i.e.,

F pyq “ A
´

PSn`pW ` A˚yq

¯

´ b

has a root y P Rm. However, when (7.3) does not have a root, then strong duality fails. We
elaborate on this pathology further in Section 7.4.1. One way to guarantee that dual optimal set is
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nonempty is to regularize (7.1) using FR. In Theorem 7.2.2 below, we list some properties induced
by FR properties that guarantee strong duality.

Theorem 7.2.2. Consider the projection problem (7.1) with data W,A, b. Denote f :“ facepF , Sn`q,

the minimal face of Sn` containing F . Let X̂ P relint f and let V be a full column rank facial range

vector with orthonormal columns with rangeV “ range X̂, rankpV q “ r. Let ĎW “ V TWV P Sr.
Define the linear transformation

VpRq :“ V RV T , R P Sr.

Let Ā, b̄ define the affine constraints obtained from pA˝Vqp¨q, b after deleting redundant constraints.
Then the following hold:

(i) A facially reduced problem of (7.1) in the original space Sn is

X˚pW q :“ argmin 1
2}X ´ W }2

s.t. AX “ b, X P f pX ľf 0, f ⊴ Sn`q.
(7.7)

The KKT conditions hold at X˚pW q with optimal dual pair y˚ P Rm, Z˚ P f`.

(ii) A facially reduced problem of (7.1) in the smaller space Sr with surjective constraint Ā :
Sr` Ñ Rm̄ is

V:pX˚pW qq “ R˚pĎW q :“ argmin
␣

1
2}R ´ ĎW }2 : ĀR “ b̄, R P Sr`

(

, (7.8)

where we denote V: for the Moore-Penrose generalized inverse of V.1 The KKT conditions
hold at R˚pĎW q with optimal dual pair y˚ P Rm̄, Z˚ P Sr`.

(iii) Strong duality holds for the FR problems (7.7) and (7.8). Moreover:

X˚ “ VpR˚pĎW qq solves the original problem (7.1);

and, sR “ R˚pĎW q is a solution to the FR primal problem (7.8) if, and only if,

sR “ PSr`pĎW ` Ā˚ȳq,

where ȳ is a root of the function

sF pyq :“ ĀPSr`pĎW ` Ā˚yq ´ b̄. (7.9)

Equivalently, X˚pW q is a solution to the original primal problem (7.1) if, and only if, there
exists ŷ such that

0 “ Ff pŷq :“ APf pW ` A˚ŷq ´ b, X˚pW q “ Pf pW ` A˚ŷq, (7.10)

where Pf stands for the projection onto f :“ facepF , Sn`q given by:

Pf puq “ V
´

PSr`pV T puqV q

¯

V T
´

“ V
´

PSr`V
˚puq

¯

, V˚V “ I
¯

. (7.11)

1The Moore-Penrose generalized inverse of a linear transformation V is the unique linear transformation satisfying
the four Penrose equations, e.g., [21].
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Proof. The proof for Items (i) and (ii) follows from the regularization in [28]. Recall that the
KKT conditions for conic programming problems are:

X ´ W ´ A˚y ´ Z “ 0, Z ľf` 0, (dual feasibility),
AX ´ b “ 0, X ľf 0, (primal feasibility),
xZ,Xy “ 0, (complementary slackness).

(7.12)

The first-order optimality follows directly from [28, Theorem 6.1] by taking Ω “ Sn, S “ 0nˆp´Sn`q,
where 0n P Rn denotes the vector of zeros, and g : Ω Ñ Rn ˆ Sn defined by

gpXq “

ˆ

b ´ Ax
´X

˙

.

Item (ii) follows from the substitution X Ð V RV T . We note that the number of variables in the
objective function reduces since V has orthonormal columns and the norm is orthogonally invariant.

Item (iii): We first show the elegant projection formula (7.11). To show that the expression for
Pf puq solves the nearest point problem defined as Pf puq “ argminvPf

1
2}v ´ u}2, we now verify the

optimality conditions [96, Theorem 3.1.1.]:

trace tpPf puq ´ uqpx ´ Pf puqqu ě 0, @x P f,

i.e., for each x P f , there is R P Sr` such that x “ V RV T and thus,

trace
!

pV pPSr`pV T puqV qqV T ´ uqpx ´ V pPSr`pV T puqV qqV T q

)

“ trace
!

pV pPSr`pV T puqV qqV T ´ uqpV RV T ´ V pPSr`pV T puqV qqV T q

)

“ trace
!

V pPSr`pV T puqV qqV TV RV T ` uV pPSr`pV T puqV qqV T

´V pPSr`pV T puqV qqV TV pPSr`pV T puqV qqV T ´ uV RV T
)

“ trace
!

pPSr`pV T puqV qqpV TV RV TV q ` pV TuV qpPSr`pV T puqV qq

´pPSr`pV T puqV qqpPSr`pV T puqV qq ´ uV RV T
)

“ trace
!

pPSr`pV T puqV qqpRq ` pV TuV qpPSr`pV T puqV qq

´pPSr`pV T puqV qqpPSr`pV T puqV qq ´ V TuV R
)

“ trace
!

pPSr`pV TuV q ´ pV TuV qqpR ´ PSr`pV TuV qq

)

ě 0,

where the last inequality comes from the projection. This completes the proof of (7.11) and
establishes the formula for the projection onto the face.

We continue to study the case where the CQ (strict feasibility) fails. With P being the projection
that makes the linear transformation onto, we get (7.9) is equivalent to:

sF pyq “ ĀPSr`pĎW ` Ā˚yq ´ b̄

“ pPA ˝ VqPSr`pV TWV ` pPA ˝ Vq˚yq ´ Pb, for given data W

“ pPA ˝ VqPSr`pV TWV ` pV˚ ˝ A˚P T qpyqq ´ Pb

“ pPAq

´

V
”

PSr`pV T pW ` A˚P T yqV q

ı

V T
¯

´ Pb

“ pPAq
`

Pf pW ` A˚P T yq
˘

´ Pb
“ pPAq pPf pW ` pPAq˚yqq ´ Pb,
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where we have used the elegant formula (7.11).

This shows that we can work in the original space if we have done facial reduction. Moreover,

Pf pW ` A˚P T yq “ V
”

PSr`pV˚pW ` A˚P T yqq

ı

.

Recall that V TV “ I. In summary, necessity of (7.9) is clear. Therefore necessity of (7.10) follows
from

0 “ ĀPSr`pĎW ` Ā˚yq ´ b̄

“ pPAqVPSr`pV˚pW ` A˚P T yqq ´ Pb

“ pPAqPf pW ` A˚P T yq ´ Pb.

We can remove P in the last line and ignore the redundant constraints.

We emphasize that strong duality holds in Theorem 7.2.1, Item (iii), only when there is a dual
optimal solution that attains the dual optimal value d˚. However, strong duality is guaranteed to
hold in Theorem 7.2.2, Item (iii), as a result of the regularization.

Remark 7.2.3. The proof of Theorem 7.2.2 above provides the following elegant formula for the
projection of u P Sn onto the face f “ V Sr`V T , V TV “ I,

Pf puq “ V
´

PSr`pV T puqV q

¯

V T “ V
´

PSr`V
˚puq

¯

, V˚V “ I, (7.13)

i.e., the work of finding the projection onto the face f is reduced to the well-known projection onto
the smaller dimensional proper cone Sr`.

We now consider dual optimal sets

S :“ ty P Rm : F pyq “ 0u and Sf :“ ty P Rm : Ff pyq “ 0u, (7.14)

where F is defined in (7.3) and Ff is defined in (7.10). In fact, when strict feasibility fails, S is
unbounded given that S ‰ H (see Theorem 7.4.4 (i) below). Moreover, S and Sf are convex and
S Ď Sf .

Theorem 7.2.4. The facially reduced problem (7.10) admits at least maxsdpFq number of affinely
independent dual solutions y.

Proof. Let pX̄, ȳ, Z̄q be a triple satisfying (7.5). Let λ1, λ2, . . . , λmaxsdpFq be vectors generated by
FR iterations. By (2.10), each λi satisfies A˚pλiq ľ 0 and xX̄,A˚pλiqy “ 0. Since ȳ satisfies
X̄ ´ W ´ A˚ȳ ´ Z̄ “ 0, it follows that X̄ ´ W ´ A˚pȳ ´ λiq ´ pZ̄ ` A˚pλiqq “ 0. Moreover,
Z̄ ` A˚pλiq ľ 0 and xX̄, Z̄ ` A˚pλiqy “ 0. Thus the vectors in the following set

Sλ :“ ȳ ´ tλ1, . . . , λmaxsdpFqu “ tȳ ´ λ1, . . . , ȳ ´ λmaxsdpFqu

are solutions to (7.10) as well. Consequently, the result follows from the linear independence
in Proposition 2.4.3.

We show in Example 7.2.5 that S and Sf can differ, i.e., the containment S Ď Sf can be strict.
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Example 7.2.5 (S Ĺ Sf ). Consider the instance F given by the data:

A1 “

»

–

1 0 0
0 0 0
0 0 0

fi

fl , A2 “

»

–

0 0 1
0 1 0
1 0 0

fi

fl , A3 “

»

–

0 0 0
0 0 0
0 0 1

fi

fl , and b “

¨

˝

1
0
0

˛

‚.

The singularity degree of F is 2, sdpFq “ 2. The first FR iteration yields a face that strictly

contains the minimal face and corresponds to λ1 “

¨

˝

0
0
1

˛

‚with the facial range vector V1 “

»

–

1 0
0 1
0 0

fi

fl;

and the second FR iteration yields λ2 “

¨

˝

0
1
0

˛

‚ with the facial range vector V2 “

ˆ

1
0

˙

. Thus,

the minimal facial range vector V for F is V “ V1V2 “

»

–

1
0
0

fi

fl. The facially reduced system is

tR P S1` :
“

1
‰

R “ 1u. We note that F contains a unique point e1e
T
1 .

We now consider the BAP (7.1) with W “

»

–

0 0 0
0 ´1 ´1
0 ´1 0

fi

fl. We consider the triple pX̄, Z̄, ȳq

where

X̄ “

»

–

1 0 0
0 0 0
0 0 0

fi

fl , Z̄ “

»

–

0 0 0
0 1 1
0 1 2

fi

fl , and ȳ “

¨

˝

1
0

´2

˛

‚.

The triple pX̄, Z̄, ȳq satisfies the first-order optimality conditions.

We note that ȳ ´ λ1 and ȳ ´ λ2 are solutions to (7.10). However, ȳ ´ λ2 is not a solution to
(7.3) since

W ` A˚pȳ ´ λ2q “

»

–

0 0 0
0 ´1 ´1
0 ´1 0

fi

fl `

»

–

1 0 1
0 1 0
1 0 ´2

fi

fl “

»

–

1 0 ´1
0 ´2 ´1

´1 ´1 ´2

fi

fl ,

and X̄ ´ W ´ A˚pȳ ´ λ2q has a negative eigenvalue.

It is of interest that the containment relation S Ĺ Sf in Example 7.2.5 stems from the solutions
to (2.10). This can also be seen from the optimality characterization (7.5) with Z ľ 0 and the
regularized characterization (7.12) with Z ľf` 0, where the failure of strict feasibility implies
f Ĺ Sn`, f` Ľ Sn`.

7.3 A Basic Newton Method

We design a Newton-like method that solves for a root ȳ, F pȳq “ 0, where

F pyq “ APSn`pW ` A˚yq ´ b.
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Rather than applying an optimization algorithm to solve the dual as in [122], we highlight that we
solve a system of equations of the form F pyq “ 0 to find points satisfying the first-order optimality
conditions as is done in [29, 35, 130]. Given that F pȳq “ 0, it follows that the optimum of the
BAP (7.1) is X̄ “ PSn`pW ` A˚ȳq. We note that PSn` is found using the Eckart-Young Theorem
[65], i.e., we use a spectral decomposition and set the negative eigenvalues to 0. Primal feasibility
is immediate from the definitions and the projection. An application of the Moreau theorem yields
the dual feasibility and complementarity.

We now present the pseudo-code of our Semi-Smooth Newton Method for the BAP (7.1)
in Algorithm 7.1. The algorithm proceeds as follows: at each iteration, the search direction is
computed by forming a (Clarke generalized) Jacobian Jk of F at the current iterate yk, and the
triple pXk, Zk, ykq is then updated using this search direction. We resort to evaluations of unit
vectors to construct Jk, the computational steps are discussed in Section 7.3.1

Algorithm 7.1 Semi-Smooth Newton Method for BAP for Spectrahedra

Inputs: pW P Sn,A : Sn Ñ Rm, b P Rmq, py0 P Rm, ε ą 0, maxiter P Nq

1: Initialization: k Ð 0, F0 Ð ApX0q ´ b, stopcrit Ð }F0}{p1 ` }b}q,
2: X0 Ð PSn`pW ` A˚y0q, Z0 Ð pX0 ´ W ´ A˚y0q

3: while (stopcrit ą ε) & (k ď maxiter) do
4: construct Jacobian Jk by evaluating each column of Jpykq using (7.21)
5: choose a regularization parameter σ ě 0 for positive definite J̄ “ pJk ` σImq

6: solve system J̄d “ ´Fk Ź (Obtain Newton direction d)
7: update:
8: yk`1 Ð yk ` d
9: Xk`1 Ð PSn`pW ` A˚yk`1q

10: Zk`1 Ð Xk`1 ´ pW ` A˚yk`1q

11: Fk`1 Ð ApXk`1q ´ b
12: stopcrit Ð }Fk`1}{p1 ` }b}q

13: k Ð k ` 1
14: end while
15: Output: Primal-dual near optimum: Xk, pyk, Zkq

Remark 7.3.1 (On the convergence of Algorithm 7.1). Convergence guarantees for Algorithm 7.1
are derived from the so-called inexact Semismooth Newton’s Algorithm in Facchinei and Pang’s
book; see [66, Algorithm 7.5.4]. Specifically, Facchinei and Pang consider an inexact Newton’s
method for obtaining a zero of a semismooth operator F : Rm Ñ Rm, with search direction dk

defined by
F pxkq ` Jkd

k “ rk, @k,

where Jk is an element of the Clarke generalized Jacobian of F at xk, and the error rk satisfies

}rk} ď ηk}F pxkq}

for some nonnegative sequence tηku. According to [66, Theorem 7.5.5], if the generalized Jacobian
is nonsingular at a point x˚ satisfying F px˚q “ 0, and if there exists a constant η̄ ą 0 such that
ηk ď η̄ for all k, then the method converges locally to x˚.

Our algorithm can be regarded as a realization of this inexact Semismooth Algorithm where
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rk “ ´σdk , with σ ą 0, and therefore dk “ ´pJk ` σImq´1F pxkq. Hence, we may choose ηk as

ηk “
}rk}

}F pxkq}
“

}pJk ` σImq´1F pxkq}

}F pxkq}
σ ď

σ

λminpJkq ` σ
ď 1, @k,

where λminpJkq stands for the smallest eigenvalue of Jk. Therefore, [66, Theorem 7.5.5] provides
local convergence guarantees for Algorithm 7.1.

7.3.1 Alternative Directional Derivative Formulation

We now outline the computation of the Jacobian Jk at line 4 in Algorithm 7.1. In principle,
obtaining a Clarke generalized Jacobian of F in our semismooth Newton method would require
computing an element in the Clarke generalized Jacobian of PSn` . Every element in the generalized
Jacobian is a 4-tensor on Rn, whose complete formulation can be found in [123]. In matrix form
this would be expressed as a square matrix of order n4. The memory requirements for storing
a matrix of such dimension can be too demanding even for moderate values of n. In particular,
Matlab software would have problems with size n ě 150.

In order to overcome the memory deficiency, we make use of an elegant formula for evaluating
Clarke generalized Jacobians of PSn` derived by Sun in [167], which builds upon earlier developments
in [139,168]. In what follows we show this formula can be leveraged to efficiently compute a Clarke
generalized Jacobian of F through evaluations involving only the unit vectors ei P Rm. We begin
by introducing the following notation.

Let S “ UΛUT P Sn be the spectral decomposition with vector of eigenvalues λ given as above.
We partition the index sets of the eigenvalues based on their signs:

α “ ti : λi ą 0u, β “ ti : λi “ 0u, γ “ ti : λi ă 0u.

Accordingly, the eigenvalue and eigenvector matrices can be block-partitioned as

Λ “ blkdiagpΛα, 0,Λγq, and U “ rUα Uβ Uγs.

Next, we define Ω P Sn entry-wise by

Ωij “
maxpλi, 0q ` maxpλj , 0q

|λi| ` |λj |
, @i, j, (7.15)

where the convention 0
0 :“ 1 is adopted. By [167, Proposition 2.2], for any matrix S “ UΛUT ,

a linear map G1 belongs to the Clarke generalized Jacobian BCPSn`pSq if and only if there exists
G2 P BCPS|β|

`

p0q such that for all H P Sn,

G1pHq “ U

»

–

H̃αα H̃αβ Ωαγ ˝ H̃αγ

H̃T
αβ G2pH̃ββq 0

H̃T
αγ ˝ ΩT

αγ 0 0

fi

flUT , (7.16)

where H̃ “ UTHU . Equation (7.16) indicates that any element of the Clarke generalized Jacobian
BCPSn`pSq is determined by a Clarke generalized Jacobian in G2 P BCPS|β|

`

p0q. Consequently, the

problem reduces to finding an element in BCPS|β|

`

p0q.
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In particular, by [123, Example 3.8], the Clarke subdifferential of PS|β|

`

at 0 is characterized by

the set of 4-tensors on R|β| given by

BCPS|β|

`

p0q “ conv
´

O|β| ¨ pDiagp12q Dt01up|β|qq

¯

,

where convpSq stands for the convex hull of a set S and

(i) Dt01up|β|q is the set of |β| ˆ |β| symmetric matrices with entries in t0, 1u such that the entries
in each row (from left to right) or column (from top to bottom) form a noincreasing sequence;

(ii) for any matrix M in R|β|ˆ|β|, Diagp12q M is defined as the 4-tensor on R|β| whose components
are given by

pDiagp12q Mq i1i2
j1j2

“

"

Mi1i2 , if i1 “ j2 and i2 “ j1,
0, otherwise.

We note that, since the zero matrix of size |β| ˆ |β| belongs to Dt01up|β|q, the zero tensor from

R|β|ˆ|β| to R|β|ˆ|β| belongs to BCPS|β|

`

p0q.

Hence, in Algorithm 7.1, we can always choose the generalized Jacobian G1 P BCPSn`pSq associ-
ated with G2 “ 0. Under this choice, the evaluation of G1 at any H P Sn simplifies to

G1pHq “ U

»

–

H̃αα H̃αβ Ωαγ ˝ H̃αγ

H̃T
αβ 0 0

H̃T
αγ ˝ ΩT

αγ 0 0

fi

flUT , @H P Sn, (7.17)

where H̃ “ UTHU . Finally, observe that a Clarke Jacobian for our function F is a matrix that
can be explicitly constructed by evaluating this operator along the standard basis vectors.

The following lemma provides an explicit expression for evaluating this particular Jacobian
J P BCF pyq for any y P Rn along any direction.

Lemma 7.3.2. Let y P Rm be such that Y :“ W ` A˚y P Sn. Let Y :“ U DiagpλpY qqUT be a
spectral decomposition of Y such that the eigenvalues λ1 ě λ2 ě . . . ě λn are sorted in nonincreasing
order, and denote with α, β and γ the sets of indices associated with positive, zero and negative
eigenvalues, respectively, i.e., α :“ ti : λi ą 0u, β :“ ti : λi “ 0u and γ “ ti : λi ă 0u. Then
there exists a Clarke generalized Jacobian J in BCF at y such that its evaluation at any direction
∆y P Rm is given by

Jp∆yq “ A

¨

˝U

»

–

H̃αα H̃αβ Ωαγ ˝ H̃αγ

H̃T
αβ 0 0

H̃T
αγ ˝ ΩT

αγ 0 0

fi

flUT

˛

‚, (7.18)

where H̃ :“ UT pA˚∆yqU .

Proof. It suffices to recall that the chain rule for Clarke subdifferential applied to F yields

BCF pyq “ ABCPSn`pW ` A˚yqA˚,
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where the equality above is by [43, Theorem 2.3.10], since semismooth implies Clarke regular.
Hence, by taking G1 P BCPSn`pSq given above for S “ W ` A˚y, the equation in (7.17) pro-
vides (7.18).

We now outline the steps for computing the Clarke generalized Jacobian Jk at line 4 in Algo-
rithm 7.1. Specifically, by Lemma 7.3.2, the Jacobian of F evaluated at y P Rm, Jpyq, is computed
following the steps below.

(i) Let Y “ W ` A˚y P Sn. Consider the spectral decomposition of Y given by

Y “
“

Vα Vβ Vγ

‰

DiagpλpY qq
“

Vα Vβ Vγ

‰T
,

where Vα, Vβ and Vγ are the matrices of eigenvectors associated with the positive, zero and
negative eigenvalues of Y , respectively.

(ii) Define the rotation RY : Sn Ñ Sn, by

RY pρq :“
“

Vα Vβ Vγ

‰

ρ
“

Vα Vβ Vγ

‰T
; (7.19)

(iii) For each j “ 1, . . . ,m, compute

Tj :“

»

–

V T
α AjVα V T

α AjVβ Ωαγ ˝ V T
α AjVγ

pV T
α AjVβqT 0 0

`

Ωαγ ˝ V T
α AjV

T
γ

˘T
0 0

fi

fl P Sn; (7.20)

(iv) The j-th column of the Jacobian at y, Jpyq, is

ApRY pTjqq “: A svec pRY pTjqq . (7.21)

7.4 Failure of Regularity and Degeneracy

This section examines various aspects of Algorithm 7.1 that result from the failure of strict feasibil-
ity. The failure of regularity is known to result in pathologies in conic programs, both on theoretical
and practical aspects. We show that Algorithm 7.1 is not an exception to this phenomenon.

This section is organized in three parts. In Section 7.4.1 we discuss two types of pathologies.
One well-known pathology is the possibility of failure of strong duality. Since the primal and dual
optimal values agree (Theorem 7.2.1 (ii)), the only difficulty left is that the dual optimal value
may not be attained by any dual feasible point. We identify a condition where this occurs (see
Lemma 7.4.2) and show how to construct instances where strong duality fails. Another well-known
consequence of the absence of strict feasibility is that the dual optimal set is unbounded [72]. We
explain why Algorithm 7.1 experiences difficulties in this case in Section 7.4.1. The second part in
Section 7.4.2 is devoted to understanding the properties of the Jacobian of F computed near the
optimal point as seen through the lens of degeneracy. We recall the discussions from Section 2.4.2
to help explain the behaviour of Algorithm 7.1. In particular, we rely on the fact that every point in
F is degenerate in the absence of strict feasibility. We conclude in Section 7.4.3 with the application
of degeneracy identification to two real-world examples: the elliptope and the vontope.
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7.4.1 Pathologies Arise in the Absence of Strict Feasibility

In this section we discuss pathologies that arise as a result of the absence of strict feasibility.
We provide a method of constructing instances where the dual optimal value is not attained. In
addition, assuming that the dual optimal value is attained, we provide members that certify the
unbounded dual optimal set; and we examine the behaviour of Algorithm 7.1.

Unattained Dual Optimal Value

Theorem 7.2.1 states that there is always a zero duality gap, p˚ “ d˚ and the solution value of the
primal problem, p˚, is attained. However, in the absence of strict feasibility, the dual attainment
does not necessarily hold. Example 7.4.1 below illustrates that strong duality can fail for (7.1)
when strict feasibility fails.

Example 7.4.1 (Failure of strong duality). Consider the following instance of BAP (7.1) given
by

min
X

$

&

%

1

2

›

›

›

›

›

X ´

„

0 ´1
´1 0

ȷ

›

›

›

›

›

2

: X11 “ 0, X ľS2`
0

,

.

-

. (7.22)

The set of feasible solutions of (7.22) is tX P S2 : X11 “ X12 “ X21 “ 0, X22 ě 0u. Therefore, the
optimal value of the problem is

1 “ min
X22ě0

1

2

›

›

›

›

›

„

0 1
1 X22

ȷ

›

›

›

›

›

2

“
1

2

`

2 ` X2
22

˘

,

which is attained when X22 “ 0. In other words, the optimal solution of the best approximation
problem is attained at X̄ “ 0.

Now, note that the primal constraint in (7.22) is given by trace pE11Xq “ AX “ 0, and therefore
A˚y “ yE11 for all y P R. Thus, dual feasibility of the optimality conditions (see (7.5)) implies

´

„

0 ´1
´1 0

ȷ

´ ȳE11 “

„

´ȳ 1
1 0

ȷ

P S2`, for some ȳ P R.

However this does not hold for any ȳ P R. Thus attainment fails for the dual.

Example 7.4.1 above illustrates that strong duality may fail in the absence of strict feasibility;
the linear manifold defined by X11 “ 0 entirely consists of singular matrices. We note that strong
duality can hold even in the absence of strict feasibility. Remark 7.4.3 presents a constructive
approach for generating instances that fail strong duality. We first recall the following.

Lemma 7.4.2 ([150, Lemma 2.2]). Suppose that 0 ‰ K ⊴ Sn`, is a proper face of Sn`. Then

Sn` ` KK “ Sn` ` spanK∆.

Furthermore,
Sn` ` spanK is not closed. (7.23)
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Remark 7.4.3 (Constructing instances that fail strong duality). The dual feasibility of the first-
order optimality conditions (7.5) states:

X̄ ´ W P rangepA˚q ` Sn`.

From (7.23), we can choose any proper face K ⊴ Sn` and construct a linear map A to satisfy
rangepA˚q “ spanK. Therefore,

X̄ ´ W P rangepA˚q ` Sn`z
`

rangepA˚q ` Sn`
˘

, X̄ ľ 0,

results in the failure of (7.5). Example 7.4.1 indeed falls into this category. Note that we can
always choose b “ AX̄ so that we still have a zero duality gap.

Unbounded Dual Optimal Set and Singular Jacobian

We now discuss a property of the dual optimal set that, if it exists, results in a poor behaviour of
Algorithm 7.1. Recall that the absence of strict feasibility of F implies the existence of a solution
λ of the auxiliary system (2.10). We use the solution λ of (2.10) to derive two properties of the
dual solution set S “ ty P Rm : F pyq “ 0u defined in (7.14):

Slater fails, S ‰ H ùñ

"

(i): solution set S is unbounded;
(ii) Jacobian at any solution ȳ P S is singular.

(7.24)

Theorem 7.4.4 below clarifies the conditions that result in the unbounded dual solution set in (7.24)(i);
it then explains why we get an ill-conditioned Jacobian and thus provides a rationale for regular-
ization of the search direction at line 4 in Algorithm 7.1.

Theorem 7.4.4. Suppose that strict feasibility fails for the (primal) spectrahedron (7.1) but strong
duality holds. Let ȳ P S and let λ be any solution to (2.10). Then the following hold:

(i) The solution set S is unbounded. Moreover, λ provides a recession direction, F pȳ ´ tλq “

0,@t P Rp.

(ii) The directional derivative of F at ȳ along λ exists and is equal to zero.

(iii) In addition suppose that F is differentiable at ȳ P S. Then the Jacobian F 1pȳq is singular.
Moreover, λ P nullF 1pȳq.

Proof. Item (i): Let pX̄, ȳ, Z̄q be a triple that satisfies the optimality conditions in (7.5). We now
let λ be a solution to the auxiliary system (2.10) and Z :“ A˚λ ľ 0. We aim to show that, for any
t ą 0, the triple pX̄, ȳ ´ tλ, Z̄ ` tZq also satisfies the optimality conditions. Indeed, for all t ą 0,
we have Z̄ ` tZ ľ 0 and

0 “ X̄ ´ W ´ A˚ȳ ´ Z̄
“ X̄ ´ W ´ A˚pȳ ´ tλq ´ pZ̄ ` tZq.

The verification of primal feasibility is trivial. Finally complementarity follows:

xZ̄ ` tZ, X̄y “ txZ, X̄y “ txλ,AX̄y “ txλ, by “ 0, @t ą 0,
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where the last equality follows from (2.10). Finally, by the proof of Theorem 7.2.1 (iii) we conclude
that ȳ ´ tλ is a root of F for all t ą 0, or equivalently,

tȳ ´ tλ : t P R`u Ď S.

Item (ii): This directly follows from the fact that F pȳq “ F pȳ ´ tλq for all y P S and t P R`.

Item (iii): Suppose F is differentiable at a point ȳ P S. Then the partial derivative of F at ȳ in
the direction of λ is given by

F 1pȳqλ “ 0,

where F 1pȳq denotes the Jacobian of F at ȳ.

We note that the system (2.10) may contain multiple linearly independent solutions. Let
tλ1, . . . , λku be a set of linearly independent solutions to (2.10). Hence by Theorem 7.4.4 we
deduce that the solution set S contains a k-dimensional recession cone. Moreover, if the differen-
tiability of F at ȳ is further assumed, nullF 1pȳq contains at least k zero singular values. Another
interesting consequence of Theorem 7.4.4 is that if F 1pȳq is nonsingular, then strict feasibility holds
for F .

The unboundedness of the set S immediately translates into the unboundedness of the set of
optimal solutions of the dual problem (7.2). The proof of Theorem 7.4.4 Item (i) shows that the
triple pX̄, ȳ ´ tλ, Z̄ ` tA˚λq satisfies the optimality conditions (7.5) for all t P R`. Therefore, the
unbounded set

tpȳ, Z̄q ` tp´λ,A˚λq : t P R`u

constitutes recession directions of the set of dual solutions.

Furthermore, as stated in [72] (and related papers), the dual optimal set is unbounded when
Mangasarian-Fromovitz type constraint qualifications fail. Here this means that the dual optimal
set is unbounded when strict feasibility fails for the primal (7.1), since we assume that A is surjec-
tive. Our dual Algorithm 7.1 can encounter numerical difficulties in this setting. We now provide
the details why the norms of the dual variables typically diverge.

Let ȳ P S. Suppose that we are at a point ŷ such that 0 ‰ ϵ “ F pŷq, ŷ “ ȳ `∆y. We note that

ϵ “ F pȳ ` ∆yq ´ F pȳq « F 1pȳq∆y.

When }ϵ} is small, ∆y is close to being in nullpF 1pȳqq. We have shown in Theorem 7.4.4 that a
solution λ to (2.10) always satisfies

F pȳ ` λq “ 0 and F 1pȳqλ “ 0.

Therefore, large choices for ∆y that include a large component from the nullspace is possible. This
is in particular true when the Jacobian is singular at the optimum and the regularization parameter
is converging to zero.

A typical behaviour of Algorithm 7.1 in the absence of strict feasibility is illustrated in Figure 7.1,
i.e., we see the growth of the norms of the dual variables.
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Figure 7.1: Typical behaviour of tpXk, yk, Zkqu from Algorithm 7.1 in the absence of strict feasibility.

7.4.2 Jacobian Behaviour Near-Optimum and Degeneracy

In this section we study properties of the Jacobian of F computed near the optimal point and relate
its behaviour to the degeneracy status of the optimal point. We show that the degeneracy status
of the optimal point characterizes the singularity of the Jacobian matrix.

We extend the discussion of computing the Jacobian presented in Lemma 7.3.2 and elaborate the
computational steps. Let pX̄, ȳ, Z̄q be an optimal triple that solves (7.5). We further assume that
X̄ and Z̄ satisfy strict complementarity. Since X̄ and Z̄ are mutually orthogonally diagonalizable,
we obtain

X̄ ´ Z̄ “ W ` A˚pȳq “
“

V V̄
‰

„

R 0
0 ´S

ȷ

“

V V̄
‰T

, R ą 0, S ą 0,

where X̄ “ V RV T and Z̄ “ V̄ SV̄ T .

Recall the steps for computing the Jacobian in Section 7.3.1 and the rotation operator in (7.19).
Since we are now assuming that the matrix X̄ ´ Z̄ “ W ` A˚pȳq is nonsingular, then the matrices
of eigenvectors in (7.19) are given by Vα “ V , Vβ “ 0 and Vγ “ V̄ . Hence, the rotation operator we

are interested in now is RX̄´Z̄p¨q “
“

V V̄
‰

p¨q
“

V V̄
‰T

. We now closely observe how the pi, jq-th
element of the Jacobian in (7.21) is evaluated. Let Tj be the matrix defined in (7.20). Then

tracepAiRX̄´Z̄pTjqq

“

A

Ai,
“

V V̄
‰

Tj

“

V V̄
‰T
E

“

A

“

V V̄
‰T

Ai

“

V V̄
‰

, Tj

E

“

C

„

V TAiV V TAiV̄
V̄ TAiV V̄ TAiV̄

ȷ

,

«

V TAjV Ωαγ ˝ V TAj V̄
`

Ωαγ ˝ V TAj V̄
˘T

0

ffG

“

C

„

V TAiV V TAiV̄
V̄ TAiV 0

ȷ

,

«

V TAjV Ωαγ ˝ V TAj V̄
`

Ωαγ ˝ V TAj V̄
˘T

0

ffG

.

(7.25)

Note that the two arguments in the last trace inner product in (7.25) share the analogous block
structure, with the difference arising from both the use of Ai versus Aj and an element-wise
(Hadamard) scaling applied to the off-diagonal block. Lemma 7.4.5 below links the degeneracy
of the optimal point X̄ to the invertibility of the Jacobian of F at ȳ.
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Lemma 7.4.5. Let D P Sn`` be a diagonal matrix, and let tx1, . . . , xmu Ď Rn be given. Let U “
“

x1 x2 ¨ ¨ ¨ xm
‰

. Then rankpUq “ rankpUTUq “ rankpUTDUq.

Now we use (7.25), Lemma 7.4.5, and Lemma 2.4.5 to characterize the singularity of the Jacobian
of F evaluated at an optimal solution. We note that [10, Theorem 3.1] addresses nonsingularity of
Jacobians of linear SDPs under nondegeneracy assumptions.

Theorem 7.4.6. Let pX̄, ȳ, Z̄q satisfy the optimality condition (7.5) and the strict complementarity
condition. Then X̄ is degenerate if, and only if, the Jacobian of F at ȳ is singular.

Proof. Let X̄ be the optimal point of (7.1). Let

D “ Diag

˜

svec

˜«

M 1?
2
ΩαγpX̄q

1?
2
ΩαγpX̄qT M

ff¸¸

P Stpnq

`` ,

where M “ 1?
2
E `

´

1 ´ 1?
2

¯

I and where we include the dependence on X̄ of Ω given as in (7.15).

Let Xi :“

„

V TAiV V TAiV̄
V̄ TAiV 0

ȷ

, and let xi :“ svec pXiq. We recall the definition of Tj in (7.20) and

note that
svec pTjq “ Dxj .

We then observe the last inner product in (7.25):

xXi, Tjy “ xsvecpXiq, svecpTjqy “ xxi, Dxjy.

Now we form U :“
“

x1 x2 ¨ ¨ ¨ xm
‰

P Rtpnqˆm. Then, @i, j, we have

pUTDUqi,j “

¨

˚

˝

»

—

–

xT1
...

xTm

fi

ffi

fl

“

Dx1 ¨ ¨ ¨Dxm
‰

˛

‹

‚

i,j

“ xTi Dxj “ tracepAiRX̄pTjqq.

Therefore we conclude

X̄ is degenerate ðñ rankpUq ă m, by (2.12),
ðñ UTDU is singular, by Lemma 7.4.5,
ðñ Jacobian of F at X̄ is singular.

Recall the sufficient conditions for producing a nondegenerate solution given in Propositions 2.4.9
and 2.4.10. Therefore, any projection point X̄ that satisfies the conditions in Propositions 2.4.9
and 2.4.10 yields a nonsingular Jacobian.

7.4.3 Nondegeneracy of the Elliptope and Degeneracy of the Vontope

We study degeneracies of two classes of spectrahedra; the elliptope (the set of correlation matri-
ces), and the vontope (feasible region of the SDP relaxation of the quadratic assignment problem,
QAP). We introduce these sets to illustrate how degeneracy interacts with the performance of
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Algorithm 7.1 in Section 7.5.2. We exhibit the result from [144] that the elliptope has only nonde-
generate points; however all vertices of the vontope are degenerate before FR, and some vertices
of the vontope are degenerate even after FR.

Example 7.4.7 (Elliptope, [144, Thm 3.4.2]). We consider the problem of finding the nearest
correlation matrix:

min

"

1

2
}X ´ W }2F : diagpXq “ e, X ľ 0

*

,

where e is the vector of all ones. The feasible region of the above problem is called the elliptope.
Note that the elliptope is the feasible region of the SDP relaxation of the max-cut problem. Every
point in the elliptope is nondegenerate. A semismooth Newton method for this problem is developed
in [148].

Example 7.4.8 (Vontope, [182]). Let Πn be the set of n-by-n permutation matrices. For X P Πn,
let

YX “ yXyTX , where yX “

ˆ

1
vecX

˙

P Rn2`1,

be the lifted matrix. Here we index the rows and columns of a matrix starting from 0. The lifting
process gives rise to the following feasible region for the SDP relaxation:

FQAP :“

"

Y P Sn
2`1

` :
GJpY q “ e0, b

0 diagpY q “ In, o
0 diagpY q “ In,

Y0,j “ Yj,j ,@j “ 1, . . . , n2 ` 1

*

. (7.26)

Here, GJ : Sn2`1 Ñ R|J | is a linear map that chooses the elements in the index set J that correspond
to the p0, 0q-element of Y , the off-diagonal elements of the n-by-n diagonal blocks, and the diagonal
elements of the n-by-n off-diagonal blocks; b0 diag : Sn2`1 Ñ Sn is the linear map that sums
the n-by-n diagonal blocks; and o0 diag : Sn2`1 Ñ Sn is the linear map defined by o0 diagpY q “
´

tracepŶ i,jq

¯

i,j
, where Ŷ i,j is the pi, jq-th n-by-n block submatrix in Y ; see [182] for details on the

construction of GJ , b
0 diag and o0 diag.

We remark that the expression in (7.26) contains redundant linear constraints. It is well-known
that the SDP relaxation of the QAP fails strict feasibility [182] and so we employ FR and work
in a smaller space. Let

H “

„

eT b In
In b eT

ȷ

P R2nˆn2
, K “

“

´e H
‰

P R2nˆpn2`1q,

and let V̂ P Rpn2`1qˆppn´1q2`1q be the matrix with orthonormal columns that spans nullpKq.2 FR
leads to the following constraints:

FFR
QAP :“ tR P Spn´1q2`1 : GĴpV̂ RV̂ T q “ e0, R ľ 0u, (7.27)

where GĴ : Sn2`1 Ñ R|Ĵ | a newly defined surjective linear map that chooses indices in Ĵ such that

Ĵ Ĺ J . This aligns with the fact that FR reveals implicit redundant constraints. It is known that
the number of equality constraints reduces to n3 ´ 2n2 ` 1 after FR; see [182].3

2Note that the last row of K is linearly dependent and, for efficiency and accuracy, is best ignored when finding
the nullspace.

3The last column of off-diagonal blocks and the pn ´ 2, n ´ 1q off-diagonal block are linearly dependent and are
ignored, see [80,182].

148



We now discuss the degeneracy of each lifted matrix YX “ yXyTX “ V̂ RX V̂ T , where X P Πn.

Due to the orthonormality of V̂ , we get

RX “ V̂ TYX V̂ P Spn´1q2`1.

We note that rankpRXq “ 1. We let tAiu
n3´2n2`1
i“1 Ď Spn´1q2`1 be the set of matrices defining data

matrices for the affine constraints. Hence the linear dependence of the matrices of the set (2.12)
can be analyzed by considering their first columns. For n ě 3, we observe that the vectors

"ˆ

V T
XAiVX

V̄ T
XAiVX

˙*n3´2n2`1

i“1

Ď Rpn´1q2`1, n3 ´ 2n2 ` 1 ą pn ´ 1q2 ` 1, n ě 3,

are linearly dependent. This proves that the rank-one vertices that arise from Πn remains degenerate
after FR.

Remark 7.4.9. If we replace Sn` with Rn
`, the set F reduces to a polyhedron and the discussion

on the degeneracy simplifies. The degeneracy status of a point x in a polyhedron can be confirmed
by evaluating the rank of Ap:, supppxqq, where supppxq “ ti : xi ‰ 0u denotes the support of x;
see [144]. The performance of the proposed algorithm in [35] is also affected by the degeneracy of
the optimal point. Moreover every point of F as a polyhedron is degenerate in the absence of strict
feasibility.

7.5 Numerical Experiments

To illustrate the effects on convergence and degeneracy, we now present multiple experiments using
diverse spectrahedra F with various ranges of values for the singularity degree, sdpFq, and for the
implicit problem singularity, ipspFq. In our algorithm, dual feasibility and complementary slackness
are satisfied exactly. Therefore, we use the following εk P R` to denote the relative residual of the
optimality conditions at iteration k:

εk :“ min

"

1,
}F pykq}

1 ` }b}

*

“: αk10
´tk , 1 ď αk ă 10.

We denote the condition number of the Jacobian of F at yk as condpJkq, and let

condpJkq “ βk10
sk , 1 ď βk ă 10.

We stop Algorithm Algorithm 7.1 once

piq εk ď 10´13 or piiq sk ` tk ą 16 or piiiq k ą 2000.

If condition (i) holds, then we consider the BAP problem is solved. If condition (ii) holds, then
we consider the optimal solution of the BAP problem as being degenerate. In our algorithm, if
(ii) or (iii) hold, then we conclude that a small eigenvalue for the Jacobian exists and we assume
that strict feasibility fails.4 And, by looking at the nonzero elements of an eigenvector associated
to the smallest eigenvalue we get information on an exposing vector; and we identify constraints

4Note that by Remark 2.4.6, nondegeneracy holds for our problem generically.
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that give rise to the failure of strict feasibility. This solves an auxiliary system for a FR step,
see Proposition 2.4.1. Using the information on the exposing vector, we then solve a reduced
auxiliary system, using a Gauss–Newton approach5. This results in a FR step. Following this, we
remove the redundant constraints that arise from the FR step. We repeat until strict feasibility
holds.

Numerical experiments are conducted with MatlabR2023b on a Windows 11 PC with Intel(R)
Core(TM) i5-10210U CPU @ 1.60GHz, RAM 16.0GB.

7.5.1 Comparison With(out) Strict Feasibility

As expected, our tests in Table 7.1, show that Algorithm 7.1 performs exceptionally well for in-
stances with strict feasibility but struggles when strict feasibility fails. In fact, we observe that
Algorithm 7.1 achieves the relative precision of 10´7 in under 7 iterations when strict feasibility
holds. In contrast, when strict feasibility fails and Algorithm 7.1 converges, hundreds of iterations
are needed to reach the desired precision. In Table 7.2, we repeat the same experiment setting a
relative precision tolerance of 10´13 and allowing 2000 iteration limit. In this case, Algorithm 7.1
never reached the desired relative precision within the maximum number of iterations.

n 10 20 50 100

Slater 100% 100% 100% 100%
No Slater 55% 50% 50% 25%

Table 7.1: 20 randomly generated problems (7.1); % converged εk ď 10´8, k ď 1000.

n 10 20 50 100

Slater 100% 100% 100% 100%
No Slater 0% 0% 0% 0%

Table 7.2: 20 randomly generated problems (7.1); % converged εk ď 10´13, k ď 2000.

We now look at the case where the singularity degree sdpFq “ 1, while the implicit singularity
ipspFq varies.

ipspFq “ 1

We use a spectrahedra with singularity degree 1 and n “ 15,m “ 7. The singularity degree is
obtained by constructing an exposing vector as a linear combination of 5 out of the 7 constraints
of the problem. Algorithm 7.1 is used to monitor the eigenvalues of the Jacobian of F at every
iteration k, see Figure 7.2. We observe that only one of the eigenvalues tends to 0. After 452
iterations the method reaches a relative residual of 9.9567 ˆ 10´8, while the condition number of
the Jacobian is 7.0236ˆ 1012. Therefore the algorithm stops and indicates which of the constraints
are causing strict feasibility to fail. After applying FR and removing the single (implicit) redundant

5https://github.com/j5im/FacialReductionSpectrahedron
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constraint found, the algorithm now succeeds and converges to a point with a relative residual of
1.0231 ˆ 10´15 in only 8 iterations, see Table 7.3.

50 100 150 200 250 300 350 400 450

k

10-10

10-5

100

i(F
'(y

k))

Figure 7.2: Changes in eigenvalues of Jacobian of F for spectrahedron in Section 7.5.1.

n m εk(rel. res.) condpF 1pykqq λnpykq k

Before FR 15 7 9.9567e-08 7.0236e+12 -1.7238e-16 452

After FR 15 6 1.0231e-15 198.08 2.5515e-17 8

Table 7.3: Spectrahedron in Section 7.5.1; at final iteration k; before and after FR iters

ipspFq ą 1

In our second experiment, see Table 7.4, we work with data obtained from an SDP relaxation of
the protein side-chain positioning problems, e.g., [32]. The spectrahedron we are considering has
singularity degree 1, but the implicit problem singularity is greater than 1, i.e., there are more than
1 redundant constraints after applying FR. In particular, the dimension of the space is n “ 35 and
the number of constraints is m “ 75. By running our algorithm, we observe that a large number
of eigenvalues of the Jacobian tend to 0 along the iterations (see Figure 7.3). After applying FR,
we reduced the dimension of the problem to n “ 10 and the number of constraints to m “ 22. In
the next run of the algorithm, only one eigenvalue of the Jacobian tends to 0, but we detect that
a second iteration of FR is needed. This time, we reduce n to 9 and we remove 6 more redundant
constraints, resulting in m “ 16. The next time we apply our algorithm, the method converges to
the solution in 18 iterations, see Table 7.4.

7.5.2 Experiments with Elliptope and Vontope

In this section we address the importance of strict feasibility and degeneracy on the performance
of Algorithm 7.1. We consider the elliptope and vontope cases. Furthermore we compare the
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Figure 7.3: Iterations k vs eigenvalues; spectrahedron in Section 7.5.1; before and after one FR
iteration

n m εk(rel. res.) condpF 1pykqq λnpykq k

Before FR 35 76 8.5351e-08 1.0060e+12 -1.6941e-15 534

After FR 1 10 22 7.6363e-04 1.8739e+16 -5.2097e-16 19

After FR 2 9 16 8.7202e-14 16103.37 -5.6900e-16 18

Table 7.4: Spectrahedron in Section 7.5.1; at final iteration k; before and after FR iters

performance of Algorithm 7.1 with the interior point solver SDPT36.

From Section 7.4.3 we recall that the MC problem satisfies strict feasibility and every point
of the elliptope, the feasible set, is nondegenerate; see Example 7.4.7. The results from the
MC problem are displayed in the line labelled ‘Elliptope’ in Table 7.5. As for the QAP, without
FR, the SDP relaxation of QAP fails strict feasibility and all the feasible points are degenerate.
Hence in our tests, we consider two models of the same set of instances: FQAP obtained directly
by the lifting of the variables (see (7.26)); and FFR

QAP obtained after FR is applied to FQAP (see

(7.27)). In Table 7.5, QAP (QAPFR, resp.) indicates the results obtained from FQAP (FFR
QAP,

resp.).

We used two settings for the choice of W in the objective function. The first setting for W
forces the optimal solution X̄ to be rank 1. Recall that rank-one optimal solutions for QAP
are degenerate and thus lead to ill-conditioned Jacobians as can be seen by the huge condition
numbers demonstrated later in Table 7.5. The second setting chooses a random W . Followed by
the discussions in Remark 2.4.6 and Proposition 2.4.9, X̄ is generically nondegenerate when strict
feasibility holds.

For SDPT3 we provided the following second-order cone formulation of (7.1):

min
X,y,t

t t : svecpXq ` y “ svecpW q, }y}2 ď t, X P F u .

6https://www.math.cmu.edu/~reha/sdpt3.html, version SDPT3 4.0 [169].
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The default settings for SDPT3 were used for the tests.

Each line of Table 7.5 reports on the average of 10 instances, problem order n “ 10. The
meaning of the header names used in Table 7.5 is as follows:

(i) The headers ‘pf’, ‘df’ and ‘cs’ under Semi-Smooth Newton refer to the average of the primal
feasibility, dual feasibility and complementarity, respectively, introduced in (7.12). The df
includes both the linear dual feasibility and the violation of semidefiniteness. Both are essen-
tially zero up to roundoff error of the arithmetic. Note that the values 10´15 and smaller for
pf and df are essentially zero (machine precision). The headers pf, df and cs under SPDT3
refer to the solver outputs, pinfeas, dinfeas and gap, respectively.

(ii) k is the average number of iterations.

(iii) time is the average run time in cpu-seconds.

(iv) condpF 1pykqq is the average condition number of the Jacobian pF 1pykqq; we only have this
metric for the semismooth Newton method.

W Generation Problem
Semi-Smooth Newton SDPT3

pf df cs k time condpF 1pykqq pf df cs k time

Elliptope 9e-13 9e-16 2e-16 6.8 4e-02 3e+00 4e-12 6e-12 2e-07 15.5 2e-01
W , rankpX̄q “ 1 QAPFR 4e-07 2e-15 1e-16 7.5 7e+00 4e+15 5e-10 1e-09 9e-06 17.9 7e+01

QAP 8e-09 3e-15 1e-16 8.6 2e+01 4e+14 5e-10 5e-09 1e-05 18.9 6e+01

Elliptope 3e-12 1e-15 6e-17 6.3 1e-02 2e+00 1e-11 6e-12 3e-08 11.5 9e-02
random W QAPFR 2e-12 3e-15 7e-17 20.6 2e+01 3e+05 5e-10 5e-10 7e-07 13.9 5e+01

QAP 1e-07 5e-13 3e-16 537.9 1e+03 6e+11 1e-08 2e-09 1e-06 17.3 7e+01

Table 7.5: Algorithm 7.1 and SDPT3 on: Elliptope and Vontope; n “ 10;

We now discuss the results in Table 7.5. We start with the Semi-Smooth Newton, Algorithm 7.1.
The ‘pf’ column clearly indicates that the degeneracy of the optimal point X̄ plays a significant
role. Except for random W with QAPFR, the ‘pf’ values for the QAP are poor. This correlates
with the condition number values; see also the discussion in Section 7.4. The condition numbers of
the Jacobian near optimal points, condpF 1pykqq, become ill-conditioned when strict feasibility fails
and the optimal solution is degenerate. The good measures for ‘df’ and ‘cs’ of Semi-Smooth Newton
method is attributed to the construction of Algorithm 7.1. We observe that the average number
of iterations for QAP is high when a random W is constructed, since the algorithm’s difficulty in
achieving the stopping tolerance ϵ, set to 10´7.

SDPT3 exhibits overall strong performance on all instances. However, the ‘df’ and ‘cs’ values
under SDPT3 are weaker compared to the Semi-Smooth Newton. This is due to interior point
methods aiming to satisfy the first-optimality condition simultaneously throughout the process.
We also observe that the number of iterations is higher when the optimal solutions are set to be
degenerate.

Algorithm 7.1 has a superior performance for MCproblems as all components of the optimality
conditions are satisfied with near machine accuracy. This confirms that the status of the optimal
solution plays an important role when it comes to the performance of Algorithm 7.1. In addition,
preprocessing the instances so that they satisfy strict feasibility is important as seen by problems
failing strict feasibility only contain degenerate points; see Theorem 2.4.7.
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7.5.3 Data Availability Statement

The results and data used in this chapter is generated using our Matlab codes. These are publicly
available at the link:
https:\www.math.uwaterloo.ca/~hwolkowi/henry/reports/CodesProjDegSingDegJul2024.d/
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Chapter 8

Simplified Wasserstein barycenter
problem

8.1 Introduction

We consider the so-called simplified Wasserstein barycenter, WBP, problem of finding the optimal
barycenter of k points, where exactly one point is chosen from k sets of points, each set consisting
of n points. This is a simplification of more general problems of optimal mass transportation and
the problems of summarizing and combining probability measures that occur in e.g., statistics
and machine learning. The latter is studied from a theoretical perspective in [1], while scalable
numerical methods based on entropic regularization are proposed in [45]. The descrete problem
considered in this chapter is called the cheapest-hub problem in [11, Def. 1.4]. Moreover, [11]
derives a reduction to WBP from the k-clique problem thus proving NP-hardness.1 Algorithms
for WBPwith exponential dependence in the embedding dimension, d, are discussed in [11, Sect.
1.3.1].2 There are many important applications in molecular conformation e.g., [32], clustering [180],
supervised and unsupervised learning, etc. For additional details on the theory and applications of
optimal transport theory see e.g., [12,73,138], lecture link, Introduction to Transportation Problems
link, and the many references therein.

The purpose of this chapter is twofold. First, we provide a successful framework for handling
quadratic hard discrete optimization problems; and second, we illustrate the surprising success
when applied to our specific WBP.

We model our problem as a quadratic objective, quadratic constrained t0, 1u discrete optimiza-
tion problem, i.e., we obtain a binary quadratic model where the binary constraints are equivalent
to quadratic constraints x2i ´ xi “ 0. We then get a convex relaxation for this hard discrete op-
timization problem by lifting to the doubly nonnegative, DNN, cone, the cone of nonnegative
elementwise, positive semidefinite symmetric matrices. Strict feasibility fails for the relaxation, so
we apply facial reduction, FR. This results in many constraints becoming redundant and also gives
rise to a natural splitting that can be exploited by the symmetric alternating directions method

1Recall that the k-clique problem is the problem of finding k vertices in a graph such that each pair is close in the
sense of being adjacent.

2We discuss this further below as the complexity of our algorithm does not depend on the embedding dimension
d.
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of multipliers (sADMM ). We exploit the structure, and include redundant constraints on the
subproblems of the splitting and on the dual variables. The sADMM algorithm allows for efficient
upper and provable lower bounding techniques for the original hard WBPproblem. This enables
earlier termination of the algorithm.

Our extensive tests on random problems are surprisingly efficient and successful, i.e., the re-
laxation with the upper and lower bounding techniques provide a provable optimal solution to
the original hard WBP for surprisingly many instances; essentially for all our randomly generated
instances. For example, to solve the original hard discrete optimization problem to optimality
for our algorithm for a random problem with k “ n “ 25 in dimension d “ 25 took on the
order of 10 seconds. In contrast, using the well-known solver Gurobi, on three problems, with
sizes n “ k “ 5, 7, 8, respectively, it took approximately: 2, 570, 46692 seconds, respectively (us-
ing the same laptop for both tests). (Detailed numerics for our algorithm are provided below in
Section 8.4.4.)

Though the proposed approach recovers exact solutions for nearly all randomly generated in-
stances considered in our experiments, the DNN relaxation can fail to find the exact solution for
problems with special structure, i.e., there can be a positive duality gap between the optimal value
of the original hard problem and the lower bound found from the DNN relaxation. In Corol-
lary 8.5.2 we include a constructive proof for a general hard t0, 1u problem that a sufficient number
of linearly independent optimal solutions results in a duality gap between the original hard problem
and its DNN relaxation. This is specialized to the WBP in Corollary 8.5.3. A specific instance is
included. Note that we consider that we have found an optimal solution to WBP if the upper and
lower bounds are equal to machine precision as any other feasible solution cannot have a smaller
objective value within machine precision.

8.1.1 Outline

The main Problem 8.2.1 and connections to Euclidean distance matrices, EDM, are given in Sec-
tion 8.2. A regularized, facially reduced, doubly nonnegative, DNN, relaxation is derived in Sec-
tion 8.3. The FR in the relaxation fits naturally with applying a splitting approach. This is
presented in Section 8.4 along with special bounding techniques and heuristics on the dual mul-
tipliers for accelerating the splitting algorithm. The algorithm provides provable lower and upper
bounds for the original problem in Problem 8.2.1 that are attained by dual and primal feasible
solutions, respectively. Thus a zero gap (called a duality gap) proves optimality. Our empirics are
given in Section 8.4.4. In Section 8.5 we prove that multiple optimal solutions can lead to duality
gaps. We include specific instances.

Background

The SDP relaxation for quadratic problems with discrete variables has been successful in many
applications including the classic application for the max-cut problem, e.g., [75]. The application
that uses SDP and exploits facial reduction, FR, and gangster constraints, as done in this thesis,
appears in e.g., [177, 182]. Then adding on nonnegativity, i.e., using the DNN relaxation, and
exploiting the natural splitting that arises from facial reduction, appears in e.g., [32, 118,136].

Our work combines the techniques in the latter references above and applies it to our specific
WBP . We exploit the special EDM structure and illustrate the strength of applying the natural
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splitting that arises with FR. The approach surprisingly solves generic problems to optimality; but
we also find special structures that give rise to positive duality gaps, i.e., for which our technique
fails to find the optimal solution.

8.2 Simplified Wasserstein barycenters, WBP

The general Wasserstein barycenter problem involves finding the mean of a collection of probability
distributions by minimizing the sum of their Wasserstein distances to a target distribution, see
e.g., [11]. The simplified version has a finite collection and a finite discrete distribution. We now
present this as our main problem along with the connections to Euclidean distance matrices, EDM.
We follow the notation in [11, Sect. 1.2] and refer to our main problem as the simplified Wasserstein
barycenter problem, or Wasserstein barycenter for short.

8.2.1 Main problem and EDM connection

Our main optimization problem is to find a point in each of k sets to obtain an optimal barycenter.
We can think of this as finding a hub of hubs. That is, suppose that there are k areas with n
airports in each area.3 We want to choose exactly one airport to act as a minor hub in each of the
k areas so that the barycenter for these k minor hubs would serve as a major (best) hub for the k
minor hubs. .

Problem 8.2.1 (simplified Wasserstein barycenter, WBP). Suppose that we are given a finite
number of sets S1, ..., Sk, each consisting of n points in Rd. Find the optimal barycenter point y
after choosing exactly one point from each set:

p˚
W :“ min

piPSi
iPrks

min
yPRd

ÿ

iPrks

}pi ´ y} 2 “: min
pji

PSi

iPrks

F ppj1 , pj2 , . . . , pjkq, (8.1)

thus defining F . Here
P T “

“

p1 . . . pN
‰

P RdˆN , D,G, (8.2)

denote the corresponding (configuration) matrix of points, EDM, and Gram matrix, respectively.
We allow the set sizes, nj , j P rks, to vary and let N “

ř

jPrks nj.

By Lemma 8.2.2 below, the optimal Wasserstein barycenter is the standard barycenter of the k
optimal points. It is known [11, Sect. 1.2] that the problem can be phrased using inter-point squared
distances. We include a proof to emphasize the connection between Gram and Euclidean distance
matrices.4 We start by recording the following minimal property of the standard barycenter with
respect to sum of squared distances.

Lemma 8.2.2. Suppose that we are given k points qi P Rd, i “ 1, . . . k. Let ȳ “ 1
k

řk
i“1 qi denote

the barycenter. Then

ȳ “ argmin
y

k
ÿ

i“1

1

2
}qi ´ y}2.

3In this hub of hubs problem, the extension allows for different sizes for the sets.
4As noted earlier, This is called the cheapest-hub problem in [11, Sect. 1.2].
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Proof. The result follows from the stationary point equation
řk

i“1pqi ´ ȳq “ 0.

We now have the following useful lemma.

Lemma 8.2.3. Let QT “ rq1 . . . qks P Rdˆk and let GQ and DQ be, respectively, the Gram and
the EDM matrices corresponding to the columns in QT . Further, let y “ 1

kQ
T e be the barycenter.

Then

2k
k
ÿ

i“1

}qi ´ y}2 “ eTDQe “ 2k tracepGQq ´ 2eTGQe. (8.3)

Proof. Let J “ I ´ eeT {k be the orthogonal projection onto eK. Hence, J2 “ JT “ J . Moreover,
the i-th row pJQqi “ pQ ´ 1

kee
TQqi “ pqi ´ yqT . Now

k
ÿ

i“1

}qi ´ y}2 “ tracepJQQTJq “ tracepJGQq “ tracepGQq ´
1

k
eTGQe.

But DQ “ KpGQq “ ediagpGQqT ` diagpGQqeT ´ 2GQ. Therefore, eTDQe “ 2k tracepGQq ´

2eTGQe.

The following Corollary 8.2.4 illustrates the connection between the simple Wasserstein barycen-
ter problem5 of finding the optimal barycenter and the k-clique problem of finding k pairwise
adjacent vertices.

Corollary 8.2.4. Let N “
ř

jPrks nj, and let Sj “ tpjiu
nj

i“1, j P rks be given. Consider the main
problem (8.1) and let y denote the optimal Wasserstein barycenter. The problem of finding y is
equivalent to finding exactly one point in each set that minimizes the sum of squared distances in
the following:

pWIQPq 2Np˚
W “ p˚ :“ min

ptPSt
tPrks

ÿ

i,jPrks

}pi ´ pj}
2. (8.4)

Proof. Suppose that P T “
“

p1 . . . pk
‰

P Rdˆk is a fixed matrix of optimal solution vectors to
(8.1), and let y be the barycenter. Without loss of generality, since distances do not change after
a translation, we translate all the points pt, t P rks, by y and obtain y “ 0. This implies that
the corresponding Gram matrix Ge “ PP T e “ 0. This combined with (8.1) and (8.3) and the
corresponding distance matrix D yield

ř

i,jPrks }pi ´ pj}
2 “ eTDe

“ eT pdiagpGqeT ` e diagpGqT ´ 2Gqe
“ 2N diagpGqT e
“ 2N traceG
“ 2N

ř

iPrks }pi}
2

“ 2Np˚
W ,

(8.5)

where the last equality follows from Lemma 8.2.2.

5We refer to this as the Wasserstein barycenter problem.
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8.2.2 A reformulation using a Euclidean distance matrix

We work with the optimal value p˚ and now provide a reformulation of (8.4) using an EDM. Define

x :“

¨

˚

˝

v1
...
vk

˛

‹

‚

P RN , vi P Rni , A “ I b eT P Rkˆkn, (8.6)

where we use the Kronecker product, b. Note that we get AT e “ e. Then, the constraints of
picking exactly one point from each set can be recast as:

Ax “ e, x P t0, 1uN . (8.7)

Recalling Corollary 8.2.4 and (8.5) in the proof, we see that (8.1) can be formulated as a binary-
constrained quadratic program (BCQP ) using the Euclidean distance matrix D formed from all
N points P T “

“

p1 . . . pn1 pn1`1 . . . pn1`n2 . . . . . . pN
‰

:

pBCQPq

p˚ “ min xTDx “ xD,xxT y

s.t. Ax “ e
x P t0, 1uN .

(8.8)

For simplicity in the sequel we often assume that the cardinality of all sets are equal.

Remark 8.2.5 (difficulty of the Wasserstein barycenter problem). We first note that A in (8.6) is
totally unimodular, i.e., every square submatrix has detpAIq P t0,˘1u. Therefore, the basic feasible
solutions, vertices of the feasible set, of the LP relaxation Ax “ e, x ě 0, are t0, 1u variables.
Therefore, these discrete optimization problems with a linear objective yield vertices as optimal
solutions and can be solved with simplex-type methods while yielding t0, 1u solutions.

For our problem we have a quadratic objective function. And, by the properties of distance
matrices, it is concave on the span of the feasible set of the LP relaxation. Therefore, minima are
attained at extreme points, i.e., at vertices, at t0, 1u points. But solving the concave minimization
problem is a hard problem.

In summary, the problem appears to be difficult due to the minimization of a quadratic function,
[140], and the binary 0, 1 constraints. This is in contrast to the linear programming approaches for
the generalized transportation problems solved in e.g., [73] and the references therein. However, the
properties of total unimodularity and concavity both promote binary valued optimal points.

In addition, our problem is known to be NP-hard in the embedding dimension d, as mentioned
in Section 8.1. Note that the width of P , i.e., the embedding dimension of D, is hidden in the rank
when forming the Gram matrix G “ PP T , and so it is hidden in the rank of the rank-two update
of the EDM

D “ diagpGqeT ` e diagpGqT ´ 2G, rankpDq P rrankpGq, rankpGq ` 2s.

8.3 Facially reduced DNN relaxation

We now introduce a regularized convex relaxation to the hard binary quadratic constrained problem
introduced in (8.8). We start with the SDP relaxation using a standard lifting approach along
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with facial reduction and a gangster constraint as done in [32, Sect. 2.2]. We regularize using facial
reduction, FR, and include the so-called gangster constraint. We then strengthen this by including
nonnegativity constraints, i.e., we get the doubly nonnegative, DNN relaxation.

As stated above, for simplicity of notation we consider all sets to have the same cardinality,
n1 “ . . . “ nk, N “

ř

j nj .

8.3.1 Semidefinite programming (SDP) relaxation

We begin with deriving an SDP relaxation of our formulation in (8.8). We start with a feasible

vector x P Rkn and set

ˆ

x0
x

˙

“

ˆ

1
x

˙

. We then lift the vector to a rank-1 matrix Yx :“

ˆ

1
x

˙ˆ

1
x

˙T

.

The convex hull of the lifted vertices of the feasible set of (8.8) yields an equivalent polyhedral
set in SN`1. It is difficult and expensive to find this polyhedral set. To obtain a tractable convex
relaxation, we relax the implicit nonconvex rank-1 constraint on Yx and linearize the objective
function. Let

D̂ :“

„

0 0
0 D

ȷ

P Skn`1. (8.9)

The objective function of (8.8) now becomes xD,xxT y “ xD̂, Yxy. After the lifting, we impose the
constraints that we have from x onto Y , e.g., these include the t0, 1u-constraints x2i ´ xi “ 0, and
the linear constraints Ax “ e.

SDP reformulation

Define the linear transformation

arrow : Sn`1 Ñ Rn`1 :

„

s0 sT

s S̄

ȷ

ÞÑ

ˆ

s0
diagpS̄q ´ s

˙

.

For convenience, we define

arrow0 : Sn`1 Ñ Rn`1 :

„

s0 sT

s S̄

ȷ

ÞÑ

ˆ

0
diagpS̄q ´ s

˙

.

We now show that: (i) the binary constraint on vector x is equivalent to
(ii) the rank-1 constraint with the arrow constraint on the lifted matrix, arrowpYxq “ e0.

Proposition 8.3.1. The following holds:

!

Y P Skn`1
` : rankpY q “ 1, arrowpY q “ e0

)

“

#

Y “

ˆ

1
x

˙ˆ

1
x

˙T

: x P t0, 1ukn

+

.

Proof. pĚq: This is clear from the definitions.
pĎq: Since Y is symmetric, positive semidefinite and has rank 1, there exist x0 P R and x P Rkn

such that Y “

ˆ

x0
x

˙ˆ

x0
x

˙T

. Since arrowpY q “ e0, x
2
0 “ 1 and x ˝ x “ x0x. If x0 “ 1, x P t0, 1ukn;
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otherwise x0 “ ´1 and x P t0,´1un and it is easy to verify that

#

ˆ

1
x

˙ˆ

1
x

˙T

: x P t0, 1ukn

+

“

#

ˆ

´1
x

˙ˆ

´1
x

˙T

: x P t0,´1un

+

.

For the “only-one-element-from-each-set” linear equality constraint Ax “ e (see (8.7)), we use
the following positive semidefinite matrix

K :“

„

´eT

AT

ȷ „

´eT

AT

ȷT

P Skn`1
` . (8.10)

We observe that

Ax “ e ðñ

ˆ

1
x

˙T „

´eT

AT

ȷ

“ 0

ðñ YxK “

ˆ

1
x

˙ˆ

1
x

˙T „

´eT

AT

ȷ „

´eT

AT

ȷT

“ 0

ðñ KYx “ 0,

(8.11)

i.e., rangepYxq Ď nullpKq “ null
`“

´e A
‰˘

. Moreover, this emphasizes that strict feasibility fails
for feasible Y even if we ignore the rank-1 constraint. If we choose V full column rank so that
rangepV q “ nullpKq, then we can facially reduce the problem using the substitution

Y Ð V RV T P V Snk`1´k
` V T ⊴ Skn`1

` , (8.12)

where ⊴ denotes face of. This makes the constraint KY “ 0 redundant. More detailed discussion
for constructing the facial vector V is provided later in Section 8.3.2.

Then the rank restricted SDP reformulation of (8.8) becomes

pSDP q

p˚ “ min xD̂, Y y

arrowpY q “ e0
rankpY q “ 1
KY “ 0

Y P Skn`1
` .

Relaxing the rank-1 constraint

Since the NP -hardness of the SDP formulation comes from the rank-1 constraint, we now relax
the problem by deleting this constraint. The SDP relaxation of the above model is

pSDP relaxq

p˚ “ minY PSkn`1 xD̂, Y y

arrowpY q “ e0
KY “ 0
Y ľ 0.

(8.13)
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However, the improved processing efficiency of this convex relaxation trades off with the accuracy of
solving the original NP-hard problem. The rank of an optimal Y can now be greater than one. The
idea now is to impose a “correct” amount of redundant constraints in the SDP model that reduces
the rank of an optimal solution as much as possible, but does not hurt the processing efficiency
of the model too much. Note that if we have ignored the rank one constraint and replaced the
KY “ 0 constraint using facial reduction and substituting Y “ V RV T , then strict feasibility holds,
i.e., the barycenter of the the lifted vertices of the feasible set of (8.8) yields an R̂, Y “ V R̂V T ,
that satisfies strict feasibility, e.g., [63].

The gangster constraint

The gangster constraint is essentially a trivial projection that fixes at 0 (shoots holes at) certain
entries of the matrix. The entries are given in the gangster index, J . This constraint for SDP
relaxations first appeared in [177, 182] and more recently in many other applications, see e.g., [63]
for summaries. In combination with FR , it has been shown to provide significant strengthenings
for SDP relaxations. In the SDP case, redundant gangster constraints are identified and discarded
to avoid ill-conditioning of the linear system. For our subproblems it is just important to impose
the constraints efficiently.

The gangster constraint in our case comes from the linear constraint Ax “ e combined with
the binary constraint on x. We include a (novel) proof for completeness. We let S ˝ T denote the
Hadamard (elementwise) product.

Proposition 8.3.2. Let x be feasible for BCQP. Then

rATA ´ Is ˝ xxT “ 0,

and ATA ´ I ě 0, xxT ě 0.

Proof. Recall that x P Rkn
` . We now use basic properties of the Kronecker product, e.g., [155], and

see that
A “ Ik b eT , AT “ Ik b e, ATA “ Ik b eeT ,

i.e., ATA, has a block diagonal structure, and the columns of A are unit vectors. Therefore
AT ek “ enk and DiagpdiagpATAqq “ Ikn. The nonnegativity results follow from the definition,
as does Y00 “ 1.

Then

Ax “ e ùñ ATAx “ AT e
ùñ ATAx ´ Ix “ AT e ´ Ix
ùñ pATA ´ Iqx “ enk ´ x
ùñ pATA ´ IqxxT “ pe ´ xqxT “ exT ´ xxT

ùñ tracerpATA ´ IqxxT s “ tracerexT ´ xxT s “
řkn

i“1 xi ´ x2i “ 0
ùñ pATA ´ Iq ˝ xxT “ 0.

The final conclusion now follows from the nonnegativities in the Hadamard product.
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Define the gangster indices

J :“
!

pi, jq :
`

ATA ´ I
˘

ij
ą 0

)

.

The gangster constraint on Y in (8.13) is Y00 “ 1 and

J pY q “ YJ “ 0 P R|J |.

From Proposition 8.3.2, we see that the gangster indices, J , are the nonzeros of the matrix ATA´I,
i.e., the set of off-diagonal indices of the n-by-n diagonal blocks of, all but the zeroth row and
column, of Yx. We define the gangster constraint mapping, GJ :

GJ pY q “ Y pJ q P R|J |,

i.e., the elements of Y indexed by the index set J .

Now the SDP relaxation model becomes

p˚ “ minY PSkn`1 xD̂, Y y

Y00 “ 1
arrow0pY q “ 0
GJ pY q “ 0
KY “ 0
Y ľ 0.

(8.14)

Proposition 8.3.3. Consider the SDP relaxation (8.14) but without the arrow0 constraint. Then
every optimal solution satisfies the constraint

arrow0pY q “ 0,

i.e., it was a redundant constraint.

Proof. It follows from [32, Thm 2.1].

Our empirical tests on random problems without the arrow0 constraint confirmed this result.
However, the extra redundant constraint is useful for the subproblems in the splitting approach
below.

8.3.2 Doubly nonnegative (DNN) relaxation

We now split the problem by using two variables tY,Ru and apply a doubly nonnegative relaxation
to (8.14). This natural splitting uses the facial reduction obtained in (8.12) but with orthonormal
columns chosen for the facial vector V .

Formulating facial vector V for sparsity

In this subsection, we suggest strategies for constructing sparse versions of the facial vector, V .
Recall that the columns of the facial vector V form an orthonormal basis for the nullspace of K.
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For a typical matrix V see Figure 8.1 that is constructed using Lemma 8.3.4, below. Alterna-

0 100 200 300 400 500 600

nz = 8726

0

100

200

300

400

500

600

Figure 8.1: V matrix for k “ 25, n “ 25

tively, we can use the Matlab QR algorithm (with A specified as sparse) rq,„s “ qrp´e Aq and
use the last part of q for the nullspace. This results in a relatively sparse orthonormal basis for the
nullspace.

Lemma 8.3.4. Let k, n be given positive integers and from above let

A “
“

Ik b eTn
‰

, B “
“

´ek A
‰

.

Let O P Rn´1ˆn´1 be the strictly upper triangular matrix of ones of order n ´ 1. Set

v “

´

1?
j`j2

¯

j
P Rn´1, v̄ “

´

j?
j`j2

¯

j
P Rn´1, β “ ´1{

a

n2 ` nk, and α “ nβ.

Let Õ “ ´ODiagpvq ` Diagpv̄q and set

Ō “

„

´vT

Õ

ȷ

“

»

—

—

—

—

—

—

—

–

´v1 ´v2 ´v3 ¨ ¨ ¨ ´vn´1

v̄1 ´v2 ´v3 ¨ ¨ ¨ ´vn´1

0 v̄2 ´v3 ¨ ¨ ¨ ´vn´1

0 0 v̄3 ¨ ¨ ¨ ´vn´1
...

...
...

. . .
...

0 0 0 ¨ ¨ ¨ v̄n´1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

Then we have

V “

„

0 α
Ik b Ō βe

ȷ

P Rnk`1ˆpn´1qk`1, V TV “ I, BV “ 0.

Proof. Denote the j-th column of V by Vj and define Js :“ tjs1, j
s
2, . . . , j

s
n´1u, where jsr “ pn ´

1qps ´ 1q ` r. Notice that Js is the index set of columns of V in s-th block. j P Jk`1 means Vj is
the last column of V .
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We first prove that V TV “ I, i.e., column vectors of V are orthonormal. Let i, j P t1, . . . , pn ´

1qk ` 1u. We consider the following cases:
If j ď pn ´ 1qk, then

V T
j Vj “ jv2j ` v̄2j “

j

j ` j2
`

j2

j ` j2
“ 1.

If j “ pn ´ 1qk ` 1, then
V T
j Vj “ α2 ` nkβ2 “ pn2 ` nkqβ2 “ 1.

Now let i ă j. If i, j P Js for some s ď k. Then,

V T
i Vj “ ivivj ´ v̄ivj

“ i ¨
1

?
i ` i2

1
a

j ` j2
´

i
?
i ` i2

1
a

j ` j2
“ 0.

If j “ pn ´ 1qk ` 1. Then,

V T
i Vj “ ´iviβ ` v̄iβ “ p´ivi ` iviqβ “ 0.

If i P Js, j P Jt with s ă t ď k. For each row, at least one of the vectors has 0 entry, so trivially
V T
i Vj “ 0. This proves the orthonormality.

Secondly, we observe BV “ 0, i.e., rangeV Ď nullpBq. To this end, we will see that BVj “ 0
for each j “ 1, . . . , pn ´ 1qk ` 1. Fix s P t1, . . . , ku. If j “ pn ´ 1qk ` 1,

`

BVj

˘

s
“ ´α ` nβ “ ´nβ ` nβ “ 0,

Now assume that j ď pn ´ 1qk. If j P Js, then

`

BVj

˘

s
“ ´jvj ` v̄j “ ´jvj ` jvj “ 0, for each i “ 1, . . . , k.

Otherwise, trivially
`

BVj

˘

s
“ 0. This justifies BV “ 0.

We leave open the question on how to exploit the structure of V to obtain efficient matrix-matrix
multiplications of the form V RV T needed in our algorithm.

DNN reformulation via facial reduction

Recall that the lifting for Yx has the form

Yx “

ˆ

1
x

˙ˆ

1
x

˙T

, x P t0, 1ukn.

Hence, we can impose the redundant elementwise LP relaxation bound constraint 0 ď Y ď 1.
Moreover, the constraint KY “ 0 is equivalent to applying FR, i.e., we get

Y ľ 0,KY “ 0 ðñ Y “ V RV T , R P Snk`1´k
` .

We now observe a useful redundant trace constraint on Y and transform it onto R.
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Lemma 8.3.5. Let Y P Skn`1, Y “ V RV T , R P Snk`1´k. Then

KY “ 0, arrowpY q “ e0 ùñ tracepY q “ tracepRq “ k ` 1.

Proof. Recall that K :“

„

´eT

AT

ȷ „

´eT

AT

ȷT

. Since nullpKq “ null

˜

„

´eT

AT

ȷT
¸

, we have

0 “ KY ðñ 0 “

»

—

–

´1 eT ¨ ¨ ¨ 0T

...
...

. . .
...

´1 0T ¨ ¨ ¨ eT

fi

ffi

fl

»

—

–

Y0.0 ¨ ¨ ¨ Y0,nk
...

. . .
...

Ynk,0 ¨ ¨ ¨ Ynk,nk

fi

ffi

fl

.

By expanding the first column of the product, we get
řn

i“1 Yjn`i,0 “ 1,@j P t0, ..., k ´ 1u. Since

arrowpY q “ e0, this implies that tracepY q “ Y0,0 `
řk´1

j“0

řn
i“1 Yjn`i,0 “ 1 ` k. Since we choose the

facial vector V to have orthonormal columns, the facial constraint yields

1 ` k “ tracepY q “ tracepV RV T q “ tracepRV TV q “ tracepRq,

Next, we incorporate all these constraints into the SDP relaxation model to form the DNN
relaxation model. Define the two convex set constraints

Y :“ tY P Snk`1 : Y00 “ 1,GJ pY q “ 0, arrow0pY q “ 0, 0 ď Y ď 1u, R :“ tR P Snk`1´k
` : tracepRq “ k`1u.

(8.15)
Our DNN relaxation model is:

(DNN)

p˚
DNN :“ minR,Y xD̂, Y y

s.t. Y “ V RV T

Y P Y
R P R.

(8.16)

Observe that every feasible Y is both element-wise nonnegative and PSD, i.e., this is a DNN
relaxation. Moreover, by construction, DNN is trivially a feasible problem and the constraint
Y ´ V RV T “ 0 is trivially surjective. Therefore, we have a regularized problem.

The splitting allows for the two cones to be handled separately. Combining them into one and
applying e.g., an interior point approach is known to be very costly. And, one cannot get high dual
feasibility accuracy and therefore the approximate optimal value we get is not a provable lower
bound for Problem 8.2.1. In summary, the expense does not scale well with N , and we cannot
apply weak duality and use the dual solution as both primal and dual feasibility are not highly
accurate. We overcome this problem for the splitting method in Section 8.4.1 below.

The first-order optimality conditions are also given in [32]. We provide the proof of the opti-
mality conditions in the following Proposition 8.3.6.

Proposition 8.3.6 (characterization of optimality for DNN in (8.16)). The primal-dual pair
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pȲ , R̄, Z̄q is optimal for (8.16) if, and only if,

R̄ “ PRpR̄ ` V T Z̄V q (8.17a)

Ȳ “ PYpȲ ´ D̂ ´ Z̄q (8.17b)

Ȳ “ V R̄V T . (8.17c)

Proof. Let the Lagrangian function be:

LpY,R,Zq “ xD̂, Y y ` xZ, Y ´ V RV T y.

For any given Z, the domain of L is the entire space Snk`1 ˆ Snk`1´k. This provides a valid
constraint qualification, CQ, for the simple constrained minimization of the Lagrangian function.
Therefore, see [151], the optimality conditions for (8.16) with the normal cone, NYˆRpȲ , R̄q, are:

∇Y,RLpȲ , R̄, Z̄q P ´NYˆRpȲ , R̄q. (dual feasibility)
Ȳ “ V R̄V T Ȳ P Y, R̄ P R (primal feasibility)

In addition, the normal cone at pȲ , R̄q satisfies:

NYˆRpȲ , R̄q “ tpY,Rq : xpY,Rq, pŶ ´ Ȳ , R̂ ´ R̄qy ď 0, @pŶ , R̂q P Y ˆ Ru

“ tY : xY, Ŷ ´ Ȳ y ď 0, @Ŷ P Yu ˆ tR : xR, R̂ ´ R̄y ď 0, @R̂ P Ru

“ NYpȲ q ˆ NRpR̄q.

Therefore the first-order optimality conditions to the problem in (8.16) are: a primal-dual pair
pȲ , R̄, Z̄q is optimal if, and only if,

0 P ´V T Z̄V ` NRpR̄q (dual R̄ feasibility) (8.18a)

0 P D̂ ` Z̄ ` NYpȲ q (dual Ȳ feasibility) (8.18b)

Ȳ “ V R̄V T , R̄ P R, Ȳ P Y (primal feasibility) (8.18c)

By the definition of the normal cone, we conclude that (8.18) holds if, and only if, (8.17) holds.

8.4 sADMMalgorithm; bounding; empirics

The augmented Lagrangian corresponding to the DNN relaxation (8.16) with parameter β ą 0 is

LβpY,R,Zq :“ xD̂, Y y ` xZ, Y ´ V RV T y `
β

2
}Y ´ V RV T }2F ` ιYpY q ` ιRpRq. (8.19)

To solve our DNN relaxation in (8.16), we use the symmetric alternating directions method of
multipliers sADMM that has intermediate updates of dual multipliers Zt: one dual update after
the R-update and then another after the Y -update. This approach has been used successfully
in [32, 118]. Hence, both the R-update and the Y -update take into account newly updated dual
variable information. (We include the details here for completeness.)
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Let Y0 P Snk`1, Z0 P Snk`1. The updates for all nonnegative integers k P Z` are:

Rk`1 “ argminRPSnk`1´k LβpYk, R, Zkq

Zk` 1
2

“ Zk ` βpYk ´ V Rk`1V
T q

Yk`1 “ argminY PSnk`1 LβpY,Rk`1, Zk` 1
2
q

Zk`1 “ Zk` 1
2

` βpYk`1 ´ V Rk`1V
T q.

(8.20)

In our DNN model (8.16), the objective function is continuous and the feasible set is compact.
By the Weierstrass Theorem, an optimal primal pair pY ˚, R˚q always exists. As seen above, the
constraint is linear and surjective and strong duality holds for the generalized KKT conditions.
(See the optimality conditions in Proposition 8.3.6). In fact, in our application we modify the dual
multiplier update using a projection, see Lemma 8.4.1 and Algorithm 8.1.

Explicit Primal updates for R, Y

The success of our splitting method is dependent on efficiently solving the subproblems. We start
with using a spectral decomposition, implicitly defined below, to get the:

R ´ update “ argminRPSnk`1´k LβpYk, R, Zkq

“ argminRPR }Yk ´ V RV T ` 1
βZk}2F , by completing the square

“ argminRPR }V TYkV ´ R ` 1
βV

TZkV }2F , since V TV “ I

“ argminRPR }R ´ V T pYk ` 1
βZkqV }2F

“ PRrV T pYk ` 1
βZkqV s

“ U DiagrP∆k`1
pλqsUT , spectral decomposition

where the U DiagpλqUT provides the spectral decomposition of V T pYk ` 1
βZkqV and then P∆k`1

denotes the projection onto the simplex ∆k`1 :“ tx P Rn
` : xe, xy “ 1 ` ku, see e.g., [40].

Next for the Y -update, we define the gangster set ĜJ :“ tY P Snk`1 : Y00 “ 1,GJ pY q “ 0u.
Then,

Y ´ update “ argminY PSnk`1 LβpY,Rk`1, Zk` 1
2
q

“ argminY PY }Y ´ rV Rk`1V
T ´ 1

β pD̂ ` Zk` 1
2
qs}2F by completing the square

“ PY

´

V Rk`1V
T ´ 1

β pD̂ ` Zk` 1
2
q

¯

“ Parrowbox

´

PĜJ
rV Rk`1V

T ´ 1
β pD̂ ` Zk` 1

2
qs

¯

,

where Parrowbox projects onto the polyhedral set tY P Snk`1 : Yij P r0, 1s, arrowpY q “ e0u.

Dual updates

The correct choice of the Lagrange dual multiplier Z is important in the progress of the algorithm
and in obtaining strong lower bounds. In addition, if the set of dual multipliers for all iterations
is compact, then it indicates the stability of the primal problem. Lagrange multipliers are used to
replace constraints by adding the appropriate expression into the Lagrangian function. If an optimal
Z˚ for (8.16) is known in advance, then it makes sense that we do not need the corresponding primal
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feasibility constraint Y “ V RV T . Hence, following the idea of exploiting redundant constraints,
we now aim to identify certain properties of an optimal dual multiplier and impose that property
at each iteration of our algorithm.

Lemma 8.4.1. Let

ZA :“
!

Z P Skn`1 : pZ ` D̂qi,i “ 0, pZ ` D̂q0,i “ 0, pZ ` D̂qi,0 “ 0, i “ 1, ..., nk
)

.

Let pY ˚, R˚, Z˚q be an optimal primal-dual pair for the DNN in (8.16). Then, Z˚ P ZA.

Proof. The proof of this fact uses the dual Y feasibility condition (8.18b) and a reformulation of
the Y -feasible set. The details are in [81, Thm 2.1] and [32].

In view of Lemma 8.4.1 we propose the following modification of the symmetric ADMM
algorithm, e.g., [89]. Our modification is in the way we update the multiplier. At every initial or
intermediate update of the multiplier we project the dual variable onto ZA, i.e:

• Zj` 1
2
:“ Zj ` γβPZA

pYj ´ V Rj`1V
T q;

• Zj`1 :“ Zj` 1
2

` γβPZA
pYj`1 ´ V Rj`1V

T q.

Note that a convergence proof using the modified updates is given in [81, Thm 3.2]. Therefore,
in view of the ADMM updates (8.20) we propose the following Algorithm 8.1 with modified Z
updates. The γ P p0, 1q is the dual steplength.

Algorithm 8.1 sADMM , modified symmetric ADMM

Initialization: j “ 0, Yj “ 0 P Snk`1, Zj “ PZA
p0q, β “ maxptnk`1

k u, 1q, γ “ 0.9
while termination criteria are not met do

Rj`1 “ U DiagrP∆j`1pdqsUT where U DiagpdqUT “ eigpV T pYj ` 1
βZjqV q

Zj` 1
2

“ Zj ` γβPZA
pYj ´ V Rj`1V

T q

Yj`1 “ ParrowboxrPĜJ
pV Rj`1V

T ´ 1
β pD̂ ` Zj` 1

2
qqs

Zj`1 “ Zj` 1
2

` γβPZA
pYj`1 ´ V Rj`1V

T q

j “ j ` 1
end while

Remark 8.4.2. For convergence in Algorithm 8.1 we can choose any γ P p0, 1q and β ą 0 as
discussed in [88,118]. In our numerical experiments for Algorithm 8.1 we used an adaptive β based
on the discussion in Section 8.4.3. The convergence rate is linear for β fixed and remains linear
for adaptive β in the worst case analysis.

8.4.1 Bounding and duality gaps

Strong upper and lower bounds allow for early stopping conditions as well as proving optimality.
We now provide provable upper and lower bounds to machine precision.
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Provable lower bound to NP-hard problem

A provable lower bound using a special Lagrangian duality for an sADMM type algorithm was
successfully used in [136]. Another example where accurate lower bounds are critical is given in [97].

Here the Lagrangian dual function g : Snk`1 Ñ R to the DNN model that we use is

gpZq “ minRPR,Y PYxD̂, Y y ` xZ, Y ´ V RV T y

“ minY PY,RPRxD̂ ` Z, Y y ´ xZ, V RV T y

“ minY PYxD̂ ` Z, Y y ` minRPRp´xV TZV,Ryq

“ minY PYxD̂ ` Z, Y y ´ maxRPRxV TZV,Ry

“ minY PYxD̂ ` Z, Y y ´ max}v}2“pk`1q v
TV TZV v

“ minY PYxD̂ ` Z, Y y ´ pk ` 1qλmaxpV TZV q.

Hence, at iteration j, and applying weak duality, a lower bound to the optimal value of the DNN
model (8.16) is

p˚
DNN ě maxZ gpZq

ě minY PYxD̂ ` Zj , Y y ´ pk ` 1qλmaxpV TZjV q.
(8.21)

Note that from the definition of Y in (8.15), this bound is found from solving: an LP with a
simplex-type feasible set; and an eigenvalue problem. Thus both values can be found accurately
and efficiently. Moreover, since DNN is a relaxation, weak duality implies that this lower bound
is a provable lower bound for the original NP-hard Problem 8.2.1.

Upper bounds

As for the upper bound, we consider two strategies for finding feasible solutions to the BCQP in
(8.8). The 0-column approach is to take all but the first element of this zeroth column Y p1:end, 0q

and compute its nearest feasible solution to BCQP. It is equivalent to the greedy approach of using
only the maximum weight index for each consecutive block of length n, see [32, Section 3.2.2].

Alternatively, we use the eigenvector of Y corresponding to the largest eigenvalue. The Perron-
Frobenius Theorem implies this eigenvector is nonnegative, as Y is nonnegative. We then compute
the nearest feasible solution to BCQP. It is again equivalent to the greedy approach but with using
the eigenvector.

Then, we compare the objective values for both approaches and select the upper bound with
smaller magnitude. The relative duality gap at the current iterate j is defined to be

UBj´LBj

|UBj |`|LBj |`1

where UBj , LBj denote the current best upper, and lower bound, respectively.

8.4.2 Stopping criterion

By Proposition 8.3.6, we can define the primal and dual residuals of the sADMM algorithm at
iterate j as follows:

• Primal residual rj :“ }Yj ´ V RjV
T };

• Dual-R residual sRj :“ }Rj ´ PR
`

Rj ` V TZjV
˘

};
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• Dual-Y residual sYj :“
›

›

›
Yj ´ PY

´

Yj ´ D̂ ´ Zj` 1
2

¯›

›

›
.

We terminate the algorithm once one of the following conditions is satisfied:

• The maximum number of iterations pmaxiterq :“ 104 ` kpnk ` 1q is reached;

• The relative duality gap is less or equal to ϵ, a given tolerance;

• KKTres :“ maxtrj , s
R
j , s

Y
j u ă η, a given tolerance.

• Both the least upper bound and the greatest lower bound have not changed for boundCounterMax :“
200 times (stalling).

8.4.3 Heuristics for algorithm acceleration

Adaptive step size

We apply the heuristic idea presented in [30], namely we bound the gap between the primal and
dual residual norms within a factor of µ :“ 2 as they converge to 0. This guarantees that they
converge to 0 at about the same rate and one residual does not overshoot the other residual by too
much. Since a large penalty β prioritizes primal feasibility over dual feasibility and a small penalty
β prioritizes dual feasibility over primal feasibility, we scale β by a factor of τ incr :“ 2 if the primal
residual overshoots the dual residual by a factor of µ and scale β down by a factor of τdecr :“ 2 if
the dual residual overshoots the primal residual by a factor of µ. Otherwise, we keep β unchanged.
Namely,

βj`1 :“

$

’

&

’

%

τ incrβj , }rj}2 ą µ }sj}2 ;
βj

τdecr
, }sj}2 ą µ }rj}2 ;

βj , otherwise.

Transformation and scaling

In this subsection, we consider translating and scaling the objective function, i.e., D̂. Define the
orthogonal projection map PV :“ V V T . Then,

xD̂, Y y :“ xD̂ ` αI, Y y ´ pn ` 1qα

“ xD̂ ` αI, PV Y PV y ´ pn ` 1qα

“ xpPV D̂PV ` αIq, Y y ´ pn ` 1qα.

(8.22)

Hence, when finding the optimal Y ,

xD̂, Y y is minimized ðñ δxD̂, Y y “ xδpPV D̂PV ` αIq, Y y ´ pn ` 1qδα is minimized

ðñ xδpPV D̂PV ` αIq, Y y is minimized.

This lets us transform D̂ into δpPV D̂PV ` αIq without changing the optimal solutions. Numerical
experiments show that once we scale D̂ by some δ ą 0, the convergence becomes faster for the
aforementioned input data distributions, e.g., providing a normalization for the objective function
matrix.
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8.4.4 Numerical tests

We now illustrate the efficiency of our algorithm on medium and large scale randomly generated
problems. We observe that our sADMM approach finds the exact solution with relative duality
gap ă 1e-13, i.e., in machine precision, in almost all of the instances we tried. Sometimes, our
algorithm gets stuck at the relative duality gap « 1e-13 and runs until it reaches the max iteration.
These indeterminate cases appear as outliers in the numerical tests. Further discussion about the
nonzero duality gap follows in Section 8.5.

We use Matlab version 2025a on (fastlinux in caption): Dell PowerEdge, Two Intel Xeon
Gold 6244 8-core 3.6 GHz (Cascade Lake), 192 GB for the tests in Section 8.4.4 and Section 8.4.4.
In Section 8.4.4, we use Matlab version 2022a on two linux servers: (i) fastlinux: greyling22 Dell
R840 4 Intel Xeon Gold 6254, with 3.10 GHz, 72 core and 384 GB for Table 8.1; and (ii) (biglinux in
caption): Dell PowerEdge R6625, two AMD EPYC 9754 128-core 2.25 GHz, 1.5 TB for Table 8.2.

NP-hardness of WBP

To illustrate the difficulty in solving the original NP -hard problem, we solve BCQP in (8.8) using
the commercial Gurobi solver, though total enumeration could be more competitive at times. We
set n “ p2 : 1 : 8q, k “ p2 : 1 : 8q for the tests, i.e., each of the k sets has the same n number of
points. And we take the average of three tests for each problem size. For each test, a random EDM
D P Snk` is generated with embedding dimension d “ 2. We can clearly see exponential growth
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Figure 8.2: Gurobi: size N “ kn versus cpu time; illustrating exponential time

in time from Figure 8.2. Note that the CVX time is related to the number of feasible points, nk.
Hence, even if we have the same problem size, e.g., pn, kq “ p7, 8q, p8, 7q, the number of vertices,
e.g., nk “ 78, 87, can be significantly different. Thus it appears in the figures that we have two
values for the same problem size.

In contrast, we see the slow (linear) growth for sADMM , other than outliers, for the compu-
tation time versus the size N “

ř

i ni, where ni are the varying set sizes chosen randomly in the
interval of width 5 about the given expected value n. See Figure 8.3, page 173. The figure on the
right is log-log scale which reduces the effect of outliers, so we can clearly see the linear relation.
(Note that an outlier is generally a result of one of five instances having a positive duality gap.)
This was with d “ p3 :3 :6q, k “ p10 :1 :20q, n “ p20:1 :30q, and each set has the same size. We run
five problems for each data instance and take the average time.
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Figure 8.3: sADMM : size N “ kn versus cpu time; illustrating linear time

Success of sADMMapproach

The results below detail the efficiency and surprising success of our algorithm in finding the exact
solution of the original NP-hard problem.

In Table 8.1, page 174, we see a comparison between using the sADMM approach and CVX
with the Mosek optimization solver.6 We can see the times for the CVXsolver increase dramatically.
The relative duality gap from CVX is not a provable gap as the lower bound is obtained using the
dual optimal value minus the posted accuracy of the solve from CVX; we do not have accurate
primal feasibility or dual feasibility from CVX. Thus the relative gap is essentially the posted
accuracy from CVX.7 We do find a nearest feasible point to find the upper bound. In summary,
we see that the dramatic difference in time and the improved accuracy with the guaranteed lower
bound that verifies optimality.

We include large problems in Table 8.2, page 175. Each set has a constant number of elements
n. Other than outliers, the times are very reasonable.

Hidden embedding dimension

The embedding dimension d is hidden in our model as we only use the distances between the N
points. This is why we do not see d in Figure 8.3. The size of the DNN model is N `1 irrespective
of d. The hardness of the problem is often hiding in the rank of the optimal solution Y of the DNN
relaxation, i.e., if the rank is one, then we have solved the original NP-hard problem. However, if
the rank of the optimal Y is large, then the heuristics for the upper and lower bounds may not be
enough to find an optimal solution for the original NP-hard Problem 8.2.1. However, the rank of
the objective matrix D that comes from d did not influence this at all. In the various tests that
we have done we did not see any changes in the solution times or the ability to obtain a near zero
duality gap for wide varying values of d.

Figure 8.4 in 174 shows cpu time for our sADMM method when we fix the problem size
N “ nk and vary the embedding dimension d. Random problems are generated with pn, kq P

6We used a Dell R840, 4 Intel Xeon Gold 6240, 2.6GHz, 72 core 384 GB PC, with MATLAB version 2025b.
7The negative relative gaps are due to round-off errors during the solver’s internal iterations. We emphasize that

these numbers are within machine precision, meaning the solutions are mathematically valid and optimal.
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dim/sets/size Time (s) rel. duality gap

d k N ADMM CVXsolver ADMM CVXsolver

2 10 120 0.33 11.55 2.6e-15 6.1e-14

2 10 140 2.14 23.84 1.7e-14 5.5e-14

2 10 160 0.70 21.85 8.9e-15 9.9e-14

2 10 180 0.94 42.89 9.8e-16 6.2e-14

2 11 132 0.78 17.80 2.3e-15 5.3e-14

2 11 154 0.73 36.39 1.3e-15 4.2e-14

2 11 176 0.93 40.11 1.0e-14 7.7e-14

2 11 198 1.15 87.65 1.1e-14 4.4e-14

2 12 144 0.64 29.10 2.2e-14 4.0e-14

2 12 168 0.76 58.98 -3.1e-15 4.4e-14

2 12 192 1.05 101.87 2.8e-14 6.5e-14

2 12 216 1.97 108.40 1.5e-14 3.9e-14

3 10 120 0.35 11.41 1.3e-15 5.9e-14

3 10 140 0.56 21.94 -1.2e-14 6.7e-14

3 10 160 0.58 25.57 -7.3e-15 4.1e-14

3 10 180 0.98 49.75 4.2e-15 6.4e-14

3 11 132 0.46 18.02 4.0e-15 4.7e-14

3 11 154 0.55 27.24 1.2e-14 4.9e-14

3 11 176 1.01 40.16 3.4e-14 5.0e-14

3 11 198 0.93 80.77 1.4e-14 4.8e-14

3 12 144 1.12 26.59 7.4e-15 4.8e-14

3 12 168 0.71 59.18 -5.1e-15 4.6e-14

3 12 192 1.05 84.04 1.7e-14 4.1e-14

3 12 216 1.27 99.45 3.1e-14 4.2e-14

Table 8.1: Comparing ADMM versus CVX with Mosek Optimization Solver
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Figure 8.4: sADMM : Embedding dimension d versus cpu time in various sizes

t10, 40u ˆ t30, 50u, and d P t2, . . . , 30u. The cpu time is dependent only on problem size and not
on the embedding dimension.

174



dim/sets/size Time (s) rel.duality gap

d k N ADMM ADMM

8 30 1200 104.81 -1.9e-15

8 30 1230 67.08 -3.2e-14

8 31 1240 94.90 -1.3e-14

8 31 1271 81.93 2.5e-14

8 32 1280 75.29 3.1e-14

8 32 1312 2025.42 1.8e-13

9 30 1200 4586.51 1.2e-13

9 30 1230 63.91 2.6e-14

9 31 1240 93.96 3.3e-14

9 31 1271 71.31 3.2e-14

9 32 1280 92.89 3.6e-14

9 32 1312 86.67 -2.2e-13

Table 8.2: Large problems with sADMM on biglinux server

8.5 Multiple optimal solutions and duality gaps

We now show that multiple optimal solutions for the original hard problem can lead to a duality
gap between the optimal value of the original NP-hard problem and the lower bound found from
the DNN relaxation.

8.5.1 Criteria for duality gaps

To find duality gaps for SDP relaxations, we want to find optimal points for the relaxation that
are not vertices, i.e., they are outside of the polyhedral set formed from the convex hull of the
lifted vertices. The key for this is having multiple optimal solutions for the original problem. The
following Lemma 8.5.1 and Corollary 8.5.2 provides a construction for obtaining a positive gap
between the optimal values of a general hard problem with multiple optimal solutions and its
DNN relaxation.

Lemma 8.5.1. Let txiu
n
i“1 Ă Rn

` be a linearly independent set. Define the lifted vertices and
barycenter, respectively,

␣

Xi “ xix
T
i

(n

i“1
Ă Sn, X̂ :“

1

n

n
ÿ

i“1

Xi.

Then x̂ :“
ř

i xi ą 0, and

X̂ P Sn``.

Proof. That x̂ ą 0 follows by contradiction. Now note that Xi ľ 0,@i, and so X̂ ľ 0 as well. Now
suppose that 0 “ X̂v, for some 0 ‰ v P Rn. Then

0 “ vT X̂v “ vT
ÿ

i

Xiv ùñ 0 “ vTXiv,@i ùñ pvTxiq
2 “ 0,@i ùñ v “ 0,

by the linear independence assumption; thus contradicting v ‰ 0 and yielding X̂ ą 0.
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Corollary 8.5.2. Suppose that the hypotheses of Lemma 8.5.1 hold. Let the points xi, i “ 1, . . . , n
be given (multiple) optima for a given hard minimization problem, i.e.,

pP q p˚ “ min
␣

xTQx : x P t0, 1un
(

“ xTi Qxi, i “ 1, . . . , n.

Moreover, suppose that there exists a feasible y that is not optimal for (P),

y P t0, 1un, yTQy ą p˚.

Then the SDP relaxation has feasible points Y “ yyT , Z such that

traceY Q ą p˚ ą traceZQ,

i.e., Z yields a duality gap.

Proof. From Lemma 8.5.1 we have that the barycenter X̂ of the txiu satisfies X̂ P Sn``. Note that

traceY Q “ yTQy ą p˚ “ trace X̂Q. Therefore, tracepX̂ ´ Y qQ ă 0, and for ϵ ą 0,

tracepX̂ ` ϵpX̂ ´ Y qqQ “ p˚ ` ϵ tracepX̂ ´ Y qQ ă p˚.

Moreover, the line segment rY, X̂ ` ϵpX̂ ´ Y qs is feasible for the SDP relaxation for small enough
ϵ ą 0 by X̂ P Sn``. Therefore, we set Zϵ “ X̂ ` ϵpX̂ ´ Y q, 0 ă ϵ ăă 1 and obtain a duality gap for
any such Z “ Zϵ.

We can extend this theory to problems with general linear constraints Ax “ b by using FR. We
now specifically extend it to our BCQP in (8.8). After FR, we need nk`1´k linearly independent
optimal points. This can be obtained when we choose k ąą n. Recall the matrix K in (8.10) used
for facial reduction and the facially reduced DNN relaxation in (8.16).

Corollary 8.5.3. We consider the BCQP in (8.8) with optimal value p˚, and the DNN relaxation
in (8.16). Let

"

yi “

ˆ

1
xi

˙*nk`1´k

i“1

Ă Rnk`1
`

be a linearly independent set that are optimal for BCQP and with
ř

i yi ą 0. Define the lifted
vertices and barycenter, respectively,

␣

Yi “ yiy
T
i

(

i
,@i, Ŷ :“

1

nk ` 1 ´ k

nk`1´k
ÿ

i“1

Yi.

Moreover, suppose that there exists a feasible x̄ for BCQP that is not optimal. Then

Ŷ “ V R̂V T ľ 0, Ŷ ą 0, R̂ ą 0.

And there exists Z “ V RZV
T , RZ ą 0 with optimal value traceDZ ă p˚, yielding a duality gap.

Proof. First note that incident vectors are feasible for the linear constraints and this guarantees
that we have enough feasible points to guarantee that the diagonal entries and the off-diagonal
blocks of Ŷ are strictly positive. All lifted feasible points of the relaxation are in the minimal face
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and have a corresponding matrix R P Snk`1´k for the facial reduction Y “ V RV T . Since R ą 0
after the FR, we can apply the same proof as in Corollary 8.5.2. In addition, note that the linear
constraints, the arrow constraint and gangster constraints, remain satisfied in the line formed from
any two feasible points.

8.5.2 Wheel of wheels examples with a duality gap

We illustrate the above theory with some specific problems with special structure that have multiple
optimal solutions for the original NP -hard problem. We see that a duality gap can exist between
the optimal value of the original NP -hard problem and the optimal value of the DNN relaxation.

Example 8.5.4 (Wheel of wheels). We next present another input data distribution for which the
duality gap between the optimal value of the BCQP formulation and the Lagrangian dual value
is non-trivial. The issue is again the non-uniqueness of the optimal solutions and the sADMM
algorithm fails to break ties among them.

The data distributions compose of a wheel of wheels, i.e., a wheel with an odd number of sets
each of which is a wheel. Hence we call it an odd wheel. Given problem size parameters pk, n, dq,
define

• θk :“ 2π
k .

• a set of k centroids encoded by a matrix C P Rkˆ2 such that

Cpi, :q “
“

cospiθk ´ θkq sinpiθk ´ θkq
‰

, i “ 1, ..., k.

• the radius of each cluster rk :“

?
cospθk´1q2`sin θ2k

4 .

• the set of input points encoded by a matrix P :“ pC b ekq ` rkpek b Cq P Rk2ˆ2.

When k is odd, there exists more than one optimal solution. A simple example with k “ 3 “ n
follows in Figure 8.5, page 178. We use the corresponding nine points in the configuration matrix
ordered 1 ´ 9 counter-clockwise in the triangles ordered counter-clockwise.

P “

»

—

—

—

—

—

—

—

—

—

—

—

—

–

1.7536 0.0137
0.6195 0.6362
0.6239 ´0.6643
0.2590 0.8609

´0.8839 1.5449
´0.8692 0.2201
0.2629 ´0.8740

´0.8937 ´0.2100
´0.8721 ´1.5275

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

The distances are ordered by choosing the points in lexicographic order:

p1, 1q, p1, 2q, . . . p3, 3q.
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The unique minimum distance is 11.1607 obtained from the points 2, 3, 2 and with the primal optimal

x˚ “
`

0 1 0 0 0 1 0 1 0
˘T

. The optimal value from CVX to 9 decimals precision is
10.8246, thus verifying an empirical duality gap of .3 to 9 decimals precision. The motivation for
this counter-example is to have near optimal solutions. One could shrink triangle two to make point
4 equidistant to points 7, 8 and move point 2 closer to point 3 and thus have a tie optimal solution.8

Note that the maximum distance is 56.0227 obtained from points p1, 2, 3q.

´2 ´1.5 ´1 ´0.5 0.5 1 1.5 2

´2

´1.5

´1

´0.5

0.5

1

1.5

2

(1,1)

(1,2)

(1,3)

(2,1)

(2,2)

(2,3)

(3,1)

(3,2)

(3,3)

Figure 8.5: Duality gap for wheel of wheels: k=3=n

However, when k is even, only one optimal solution clearly exists and the duality gap becomes
trivial. An example with k “ 6 “ n follows in Figure 8.6, page 179.

8The wheel graph was used successfully to obtain duality gaps for the second lifting of the max-cut problem,
see [13].

178



Figure 8.6: No duality gap for wheel of wheels: k=6=n
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Chapter 9

Conclusions

In this thesis we studied various preprocessing strategies for challenging optimization problems
where the difficulty arose from structural pathologies, e.g., matrix ill-conditioning, Hadamard ill-
posedness, and failures of constraint qualifications.

Condition numbers

In Chapter 3, we studied ω, a nonclassical matrix condition number defined as the ratio of the
arithmetic and geometric means of the eigenvalues of a positive definite matrix M “ ATA. We
showed that ω offers several advantages over κ, the classical condition number defined as the ratio
of the largest to smallest eigenvalues, as the latter primarily reflects a worst-case scenario.

Moreover, the inverse invariance κpMq “ κpM´1q (which does not hold for ω) can be misleading.
In particular, the conditioning of a linear system satisfies condpAq ‰ condpA:q, and it is typically
the latter that should be reduced. Indeed, for linear systems Ax “ b, we illustrated that it is
ωinv –

a

ωppATAq´1q that should be minimized. At present, this observation remains primarily
of theoretical interest, as effectively exploiting ωinv without explicitly computing pATAq´1 remains
an open problem.

We exploited the differentiability and analytical simplicity of trace and determinant in ωpAq

to derive optimal parameters for improving condition numbers via low-rank updates arising in
nonsmooth Newton methods. Numerical experiments showed that the resulting ω-optimal precon-
ditioners improve the performance of iterative methods.

Compared to the classical κ-condition number, ω is more closely correlated with practical per-
formance measures such as iteration counts and computational time for iterative solvers applied
to positive definite systems. This is consistent with established results showing that eigenvalue
clustering is crucial for iterative methods, indicating that incorporating information from the full
spectrum—rather than only the extremal eigenvalues—is beneficial. Our numerical results further
demonstrated that ωpAq provides a significantly more accurate estimate of the true conditioning of
a linear system, namely the sensitivity of the solution x to perturbations in the data A and b.

In future work, an interesting direction is to further exploit the measure
a

ωppATAq´1q by
developing practical approximation techniques; see, e.g., [179]. While the denominator remains
of comparable complexity, estimating the trace of an inverse presents a significant computational
challenge. More broadly, condition numbers play a fundamental role in complexity analysis of
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optimization methods, for instance in the convergence of conjugate gradient type algorithms. An
important direction is to go beyond worst-case analysis and develop more representative average-
case measures based on ω.

Diagonal preconditioners

In Chapter 4, we studied optimal diagonal preconditioning through the lens of these two condition
numbers, κ and ω. On the theoretical side, we introduced an affine-based pseudoconvex reformula-
tion of the κ-optimal preconditioning problem, yielding simple optimality conditions and enabling
efficient optimization over an n-dimensional vector. Moreover, since the κ-condition number is pos-
itively homogeneous of degree zero, the associated minimization problem is Hadamard ill-posed.
To address this, we introduced a reformulation that removes this homogeneity, leading to improved
computational stability in practice. Building on this formulation, we developed a highly efficient
subgradient method with convergence guarantees that significantly outperforms existing SDP-based
approaches in both scalability and accuracy. For example, Table 4.2 shows that Algorithm 4.2 (resp.
Algorithm 4.3) is, on average, 77.48 (resp. 356.22) times faster than [149] when minimizing κ on
relatively small SuiteSparse matrices. Our methods also substantially outperform [71] in terms of
runtime. In addition to these speedups, our subgradient methods consistently achieve significantly
greater reductions in κ than both [149] and [71], often reducing it by more than half. Finally,
our algorithms scale to large problem instances with hundreds of thousands of variables, solving
them within minutes, whereas existing methods [71, 149] struggle to handle such instances within
a reasonable time.

In parallel, we provided explicit and unified characterizations of ω-optimal diagonal and block-
diagonal preconditioners, showing that many classical schemes such as Jacobi scaling, row/column
normalization, and matrix balancing arise naturally as ω-optimal solutions or stationary points
of the ω-optimal preconditioning problem. These results offer a new perspective on widely used
preconditioning techniques and, to the best of our knowledge, constitute the first comprehensive
comparison of κ- and ω-based optimality conditions.

Our numerical results further reveal a clear and practically important message: while κ-optimal
preconditioners reduce the worst-case condition number more aggressively, ω-optimal precondition-
ers are substantially cheaper to compute and more strongly correlated with the performance of
iterative methods such as PCG and LSQR. Moreover, applying the ω-optimal diagonal scaling to
linear systems that are already κ-optimally preconditioned leads to further significant improvements
in PCG’s performance.

Overall, our findings suggest that ω-based preconditioning provides a computationally efficient
and practically superior alternative to κ-based approaches for large-scale problems, and highlight
the importance of moving beyond worst-case conditioning when designing preconditioners.

Local and Global Minimizers of the Smooth Stress Function

In Chapter 5, we addressed the nonconvex optimization problem arising from the exact recovery
of points from a given EDM. Our investigation advanced the understanding of when the smooth
stress function, as it is known in the MDS literature, admits local nonglobal minimizers in EDM
problems. We established that, for this quartic objective function in P P Rnˆd, all second-order
stationary points are global minimizers when n ď d`1. For n ą d`1, we identified lngms through
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numerical methods and used Kantorovich’s theorem to provide rigorous analytical proofs of their
existence. Moreover, based on the special patterns observed in these lngms, we constructed the
analytical Example 5.5.1. Our methodology relied on two reduction techniques based on translation
and rotation invariance. These reductions were necessary for applying Kantorovich’s theorem.

The findings of this research resolved a long-standing open question regarding the existence
of lngms in the context of MDS. These findings also highlight the importance of second-order
methods for minimizing the smooth stress function.

For future work, one direction is to further characterize the properties of lngms, for example
with respect to embedding dimensions and ranks. Another direction is to study conditions for the
existence of lngmwhen D̄ has inexact or missing entries, as this setting is closer to the so-called
EDM completion problem; see, e.g., [114, 119]. The present work serves as a first step in this
direction, as we assumed that D̄ is complete and is a true EDM.

Single Element Error Correction in an EDM

In Chapter 6, we studied a structured error-correction problem for EDMs, where the EDM D
has known embedding dimension d and exactly one distance entry is corrupted. We presented
three divide-and-conquer strategies and three different types of facial reduction. Our approaches
accurately identified and corrected a single corrupted distance in an EDM.

The numerical tests confirmed that our methods solve very large instances quickly and to high
precision. In particular, for random instances with n “ 100,000, the best of the three methods
took approximately 100 seconds to reach near machine precision. This performance confirmed
our Opnq complexity analysis for the best-performing algorithm among the three tested methods.
For example, when n “ 100,000 and d “ 3, the point matrix P has 3 ˆ 105 variables, while the
associated dense Gram matrix has approximately 5 ˆ 109 independent entries. Attempting to
solve such problems using SDP formulations with interior-point or first-order methods would be
impractical and, even if possible, would be unlikely to achieve comparable accuracy. In contrast,
our methods achieved near machine precision.

We also provided a characterization of when a perturbation of a single distance entry results in
an EDM whose embedding dimension remains unchanged. This is equivalent to maintaining the
difficult constant-rank constraint. Moreover, we characterized when the NEDMproblem solves
our problem. This occurs if and only if the original data element satisfies pD0qij “ 0 and the
perturbation satisfies ϵ ă 0, which is a highly degenerate trivial case since the corrupted location
pi, jq is then identified. This observation emphasizes the difficulty of extending our exact recovery
results to the case of multiple corrupted entries.

Although our main analysis focused on the case of a single corrupted distance, the algorithm can
be successfully extended to multiple corrupted entries provided that they lie outside the selected
blocks. The framework can also be adapted to chordal graphs by choosing overlapping cliques to
form the principal submatrices.

Projection onto Spectrahedra

We presented and analyzed a semismooth Newton method for the best approximation problem,
namely the projection problem onto spectrahedra. We showed that nondegeneracy is essential for
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the semismooth Newton method to perform well. In the absence of a regularity condition, the dual
optimal set becomes unbounded, which explains the poor numerical performance. Moreover, we
showed that the failure of strict feasibility leads to degeneracy and ill-conditioning of the Jacobian
at optimality. Our numerical results illustrated the importance of strict feasibility. In particular,
we studied degeneracy phenomena for the elliptope and vontope.

Although we focused on SDP, many modern relaxations of hard problems involve the doubly
nonnegative cone, DNN, defined by DNN “ Sn` X Rnˆn

` . In particular, splitting methods can
efficiently exploit this intersection of two cones, and facial reduction often provides a natural and
efficient splitting; see, e.g., [80,108,136]. The results obtained for the semismooth Newton method
applied to the BAP suggest that similar ideas may extend to splitting methods for feasible sets of
the form L X DNN.

Simplified Wasserstein Barycenter Problem

In Chapter 8, we presented a strategy for solving a class of NP-hard binary quadratic problems.
Our approach formulated a DNN relaxation and applied FR to obtain a natural splitting for a
symmetric alternating direction method of multipliers (sADMM), combined with an intermediate
multiplier update and strong upper and lower bounding techniques. In particular, the structure of
both the primal and dual solutions was exploited in the update steps of sADMM. We applied this
framework to the NP-hard simplified Wasserstein barycenter problem.

Surprisingly, for the random instances we generated, the gap between the upper and lower
bounds was zero to machine precision. Thus, we were able to provably solve the original NP-hard
optimization problem, in the sense that any alternative optimal solution would attain the same
optimal value to machine precision. This coincided with the rank-one property rankpY ˚q “ 1
for the optimal solution obtained from the DNN relaxation. We observed that the embedding
dimension d is hidden in the DNN relaxation. However, for specially constructed input data
with nearly multiple optimal solutions, the algorithm had difficulty breaking ties. This resulted in
nontrivial gaps between the lower and upper bounds and coincided with rankpY ˚q ą 1, indicating
that the original Wasserstein problem was not solved to optimality.

For future research, an important direction is to better understand the theoretical reasons for
the positive duality gaps and to identify broader classes of instances where such gaps occur. One
natural question is whether the absence of gaps corresponds to large normal cones at boundary
points of the feasible set. Another direction is to study the effect of small perturbations on instances
with duality gaps, and in particular whether such perturbations can close the gaps.

Finally, we are collecting data on airports in North America by state and province from ourair-
ports.com/continents/NA/. We plan to apply our approach to the problem of finding the best hub
in each state (or province) in order to identify a best hub location for the entire country.

183

https://ourairports.com/continents/NA/
https://ourairports.com/continents/NA/


References

[1] M. Agueh and G. Carlier, Barycenters in the wasserstein space, SIAM Journal on Math-
ematical Analysis, 43 (2011), pp. 904–924. 155

[2] S. Al-Homidan and H. Wolkowicz, Approximate and exact completion problems for Eu-
clidean distance matrices using semidefinite programming, Linear Algebra Appl., 406 (2005),
pp. 109–141. 83, 108

[3] J. Alencar, C. Lavor, and L. Liberti, Realizing Euclidean distance matrices by sphere
intersection, Discrete Appl. Math., 256 (2019), pp. 5–10. 78

[4] A. Alfakih, On the uniqueness of Euclidean distance matrix completions: the case of points
in general position, Linear Algebra Appl., 397 (2005), pp. 265–277. 10

[5] , Euclidean distance matrices and their applications in rigidity theory, Springer, Cham,
2018. 9, 11, 16, 78, 105, 106, 107, 122, 123

[6] , On yielding and jointly yielding entries of Euclidean distance matrices, Linear Algebra
Appl., 556 (2018), pp. 144–161. 10, 104, 123

[7] A. Alfakih and H. Wolkowicz, Two theorems on Euclidean distance matrices and Gale
transform, Linear Algebra Appl., 340 (2002), pp. 149–154. 106

[8] A. Y. Alfakih, M. F. Anjos, V. Piccialli, and H. Wolkowicz, Euclidean distance
matrices, semidefinite programming and sensor network localization, Port. Math., 68 (2011),
pp. 53–102. 105

[9] A. Y. Alfakih, A. Khandani, and H. Wolkowicz, Solving Euclidean distance matrix
completion problems via semidefinite programming, Comput. Optim. Appl., 12 (1999), pp. 13–
30. Computational optimization—a tribute to Olvi Mangasarian, Part I. 16, 80

[10] F. Alizadeh, J.-P. Haeberly, and M. Overton, Complementarity and nondegeneracy
in semidefinite programming, Math. Program., 77 (1997), pp. 111–128. 147
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[169] K. Toh, M. Todd, and R. Tütüncü, SDPT3—a MATLAB software package for semidef-
inite programming, version 1.3, Optim. Methods Softw., 11/12 (1999), pp. 545–581. Interior
point methods. 152
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λmaxpdq “ λmaxpDqpdqq “ λmaxpDpdqq, 47
λminpBq “ λnpBq, 3
λminpdq “ λminpDqpdqq “ pλmin ˝ Dqqpdq, 46
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Sn`, 2
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Sn``, cone of positive definite matrices, 2
Z`, nonnegative integers, 168
En, cone of EDM, 10
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˘
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˘

˙

, 61

maxsdpFq, max-singularity degree of F , 13
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i λipMq{n
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ipλipMqq1{n “
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ωinv “
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ωeigpAq, 24
b, Kronecker product, 159, 162
BChpxq, Clarke subdifferential, 3
Bhpxq, Fenchel subdifferential, 3
ϕpy, Zq, dual functional, 133
relint, relative interior , 12
relintpCq, relative interior of C, 3
sMat, 112
sdpFq, singularity degree of F , 13, 131
σ1pP q, raw stress, 79
σ2pP q, smooth stress, 78
a

ωppATAq´1q “ ωinv, 20
svec, 112
svec : Sk Ñ Rtpkq, 14
FV, facial vector, 105
⊴, face of, 163
sF pyq :“ ĀPSr`pĎW ` Ā˚yq ´ b̄, 135
ĎW “ V TWV P Sr, 135
d, embedding dimension, 155
d “ embdimpDq ě 1, embedding dimension, 104
e, vector of all ones, 3
e, vector of ones, 78
ei, vector of all zeroes except the ith entry, 3
eK
n , orthogonal complement, 3
f :“ facepF , Sn`q, the minimal face of Sn` con-

taining F , 135
fpP q “ 1

2σ2pP q, 78
fpc, dq :“ 1
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f “ facepXq, minimal face of Sn`, 15
f∆, conjugate face of f , 12
fLpLq, 81
fℓpℓq :“ fLpLTriagpℓqq, 81
gpc, dq :“ detpQpc, dqq1{n, 61
k-clique problem, 155
nj , j P rks, 157
p˚ “ d˚, zero duality gap, 143
p˚, 159, 161, 163
p˚, optimal value, 131
p˚ “ 2kp˚

W , 158
p˚
W , 157

tpdq, triangular number, 112
tpkq “ kpk ` 1q{2, triangular number, 3
tpnq “ npn ` 1q{2, triangular number, 14
tpn ´ 1q :“ npn ´ 1q{2, triangular number, 80
tpn ´ 1q “ npn ´ 1q{2, triangular number, 80
tℓ, in (5.7), 81
u ˝ w, Hadamard product, 32
x` “ pmaxt0, xiuqni“1, projection of the vector x

onto the nonnegative orthant, 3
x´ “ pmint0, xiuqni“1, projection of the vector x

onto the nonpositive orthant, 3
B̄˝fpxq, Quasisubdifferential, 4
B̄˝fpxq :“

␣

g : xg, y ´ xy ă 0, @y P S̄pxq
(

, 4
DpP q “ SepdiagpMpP qqq ´ 2MpP q., 82
F “ L X K, feasible set, 132
FFR
QAP , 148, 152

FQAP , 148, 152
GJ , gangster constraint mapping, 163
IR, 112
J , 163
J , gangster indices, 163
KpGq, 10, 80
KpGq “ SepdiagpGqq ´ 2G, 82
K˚pDq “ 2pDiagpDeq ´ Dq, 108
K˚pSq “ 2pDiagpSeq ´ Sq, Laplacian matrix, 83
K:, Moore-Penrose generalized inverse, 10
KV pXq :“ KpV XV T q, 107
K˚

V KV ą 0, 109
K˚

V pKV p¨qq ą 0, 108
K˚

V pDq “ V TK˚pDqV , 108
MpP q “ PP T , 80
M1pP qp∆P q “ P∆P T ` ∆PP T , 82
M1pP q˚pSq “ 2SP , 82
NSn`pX̄q, normal cone, 108

O “ tQ P Rdˆd : QTQ “ Idu, orthogonal group

of order d, 81
On, orthogonal matrices, 7
Parrowbox, 168
P´1
α , projection inverse image, 16

PαpDq “ Dα, coordinate shadow, 4
P´1
α pD̄q “ tD P Sn : Dα “ D̄u, 4

PrangepK:q orthogonal projection, 11

Qpc, dq :“ AT DiagpcqADiagpdq, 61
SpKq “ pK ` KT q{2, 83
S “ ty P Rm : F pyq “ 0u, 144
Sn
H , hollow, 10, 80

Sλ, 137
VpRq :“ V RV T , 135
Y, 166
NYˆRpȲ , R̄q, normal cone, 167
clC, 9
int D̄, interior, 4
vec, 14
N n, nonnegative symmetric matrices, 2
BAP, best approximation problem, 131
BCQP , 159
BIEV, bisection with exposing vector, 110
DNN relaxation, 166
DNN, doubly nonnegative, 2, 160
D&C, divide and conquer, 104
EDM condition:, 124
EDM, Euclidean distance matrix, 11, 80, 105
FR, facial reduction, 12, 13, 104, 105, 160
KKT, Karush-Kuhn-Tucker, 136
MBFV, multiple-blocks with FV, 115
MIP, mixed integer program, 107
NEDM, nearest EDM, 107
QAP, quadratic assignment problem, 142
SBGT, small block with Gale transform, 115
WBP, simplified Wasserstein barycenter prob-

lem, 155
lngm, local nonglobal minimum, 80

adjacency matrix, Hα, 112
adjoint, 12
affinely independent, 116
auxiliary system, 12, 14

bad block, 122
best approximation problem, BAP, 131
bisection with exposing vector, BIEV, 110

centered facial vector, 16
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centered subspace, Sn
C , 10, 80

cheapest-hub problem, 155, 157
Clarke subdifferential, BChpxq, 3
condition number of condition numbers, 25
cone of EDM, En, 9
cone of positive definite matrices, Sn``, 2
cone of positive semidefinite matrices, Sn`, 2
configuration matrix, P̄ , 78
configuration matrix, P , 9, 115, 157
conjugate face, 115
conjugate face of K, K∆, 12
convex hull, conv, 3
coordinate shadow, 4
coordinate shadow, PαpDq “ Dα, 4
correlation matrix, 132
Covariance, Cov, 22

data, W P Sn, 131
degenerate point, 13
diagonal of G, diagpGq, 78
divide and conquer, D&C, 104
domain D̄, 8
doubly nonnegative, DNN, 2, 160
dual functional, ϕpy, Zq, 133

elliptope, 132, 148
embedding dimension, d, 80, 155
embedding dimension, d “ embdimpDq ě 1, 104
Euclidean distance matrix, EDM, 10, 80, 104
exposing vector, 12, 111, 112

centered, 112
maximum rank, 112

exposing vector, Z, 105

face of, ⊴, 163
face, K ⊴ C, 11
facial range vector, 12
facial reduction, 80
facial reduction, FR, 12, 104, 155, 160
facial vector, 107, 111
facial vector, FV, 105
facial vector, V , 16, 163
feasible set, F “ L X K, 132
Fenchel subdifferential, Bhpxq, 3

Gale matrix, N , 105
Gale space of D, galpDq, 115
gangster constraint, 162

gangster constraint mapping, GJ , 163
gangster index, J , 162
gangster indices, J , 163
Gauss–Newton, 150
general position, 10, 105, 111, 116
good block, 122
Gram matrix, G “ PP T , 10
Gram matrix, G “ MpP q, 80

Hadamard (elementwise) product, S ˝ T , 162
Hadamard product, A ˝ B, 2
Hadamard product, H ˝ D, 107, 112
Hadamard product, u ˝ w, 32
hard cases, 122
hollow subspace, Sn

H , 10, 80
hub of hubs, 157

identity matrix of size n, In, 3
identity matrix, I, 3
implicit problem singularity, ips, 13, 149
indicator function, ιS , 7
inner product x¨, ¨y, 2
inner slice, 4
interior, int D̄, 4
inverse invariant, 19

Karush-Kuhn-Tucker, KKT, 134
KKT conditions, 36
Kronecker product, b, 159, 162
Kronecker product, A b B, 2

Laplacian matrix, K˚pSq “ 2pDiagpSeq ´ Sq, 83

main problem, 107
matrix of zeroes with dimension n by n, 0nˆn, 3
matrix pencil, 124
max-singularity degree of F , maxsdpFq, 13
maximum rank exposing vector, 112
method of alternating projections, 132
minimal face containing X, facepXq, 115
minimal face of Sn`, f “ facepXq, 15
minimal face of F , f “ facepF , Sn`q, 135
mixed integer program, MIP, 107
Moore-Penrose generalized inverse, ¨:, 135
Moore-Penrose generalized inverse, K:, 10
Moore-Penrose pseudoinverse, A:, 2
Moreau regularization of ιSn´ , ∆pXq, 8
multiple-blocks with FV, MBFV, 115
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nearest EDM, NEDM, 107
nondegenerate, 13
nonnegative integers, Z`, 168
nonnegative symmetric matrices, N n, 2
normal cone, NSn`pX̄q, 108

normal cone, NYˆRpȲ , R̄q, 167

open ball centered at x of radius ε, Bpx, εq, 3
open interval, px, yq, 143
optimal mass transportation, 155
optimal value, p˚, 131
optimum, X˚, 131
orthogonal complement, eK

n , 3
orthogonal group order d, O “ tQ P Rdˆd :

QTQ “ Idu, 81
orthogonal matrices, On, 7
orthogonal projection, PrangepK:q, 11

positive semidefinite, Sn`, 105
positively uniformly bounded, 98
projection inverse image, P´1

α , 16
projection of the vector x onto the nonnegative

orthant, x` “ pmaxt0, xiuqni“1, 3
projection of the vector x onto the nonpositive

orthant, x´ “ pmint0, xiuqni“1, 3
projection onto closed convex set S, PS , 7
proper face, 12
pseudoconvex, 3
pseudoconvex function, 21

quadratic assignment problem, QAP, 142
quasiconvex, 3
quasisubdifferential, B̄˝fpxq, 4

raw stress, σ1pP q, 79
real Euclidean space Rn, 2
recession direction, 144
reduced auxiliary system, 150
relative interior, relint, 12
relative residual vector, εk, 149
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SDP, semidefinite programming, 44
second-order stationary point, 85
semidefinite programming, SDP, 44
Sherman-Morrison formula, 35
simplex, 168
simplified Wasserstein barycenter, WBP, 155,
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singularity degree of F , sdpFq, 13, 131
Slater constraint qualification, 13
small block with Gale transform, SBGT, 115
smooth stress, 78
smooth stress, σ2pP q, 78
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spectral function, 8
stationary point, 85
strict complementarity condition, 50
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symmetric matrices, Sn, 105
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triangular number, tpdq, 112
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WIQP, 158

yielding, 104, 106, 123
yielding intervals, 123

zero duality gap, p˚ “ d˚, 143
zero-th unit vector, e0, 160
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