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Abstract

Preconditioning (scaling) is essential in many areas of mathematics, and in particular in optimization.
In this work, we study the problem of finding an optimal diagonal preconditioner. We focus on minimizing
two different notions of condition number: the classical, worst-case type, k-condition number, and the
more averaging motivated w-condition number. We provide affine based pseudoconvex reformulations of
both optimization problems. The advantages of our formulations are that the gradient of the objective
is inexpensive to compute and the optimization variable is just an n x 1 vector. We also provide elegant

characterizations of the optimality conditions of both problems.

We develop a competitive subgradient method, with convergence guarantees, for x-optimal diagonal
preconditioning that scales much better and is more efficient than existing SDP-based approaches. We
also show that the preconditioners found by our subgradient method leads to better PCG performance
for solving linear systems than other approaches. Finally, we show the interesting phenomenon that we
can apply the w-optimal preconditioner to the exact k-optimally diagonally preconditioned matrix A and

get consistent, significantly improved computational performance for PCG methods.

1 Introduction
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Recently, there has been great interest in studying preconditioning for gradient-based methods with the
focus on designing online algorithms. This is due to their effectiveness in improving the efficiency of solving
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optimization problems arising in different applications, specifically machine learning, e.g., [8,9,16]. All of
these works focus on studying the classical k-condition number of a matrix A (the ratio of largest to smallest
singular values). On the other hand, another line of work has focused on studying the w-condition number
(the ratio of the arithmetic and geometric mean of the singular values) [5, 12].

In our work herein, motivated by the recent studies on the k-condition number, we provide new insights
on the preconditioners obtained from minimizing both of these condition numbers. For simplicity, we restrict
the comparisons to diagonal and block diagonal preconditioning for linear systems Ax = b, with A, large scale
sparse, and symmetric positive definite, denoted A > 0. Such systems arise from many diverse applications
including: finite element analysis, sparse regression, Newton type optimization algorithms, and also from
e.g., in [9,10]: (i) the so-called normal equations from interior point methods in solving linear programs and
(ii) the Hessians in minimizing logistic regression.

The k-condition number and w-condition number for A > 0 are, respectively, given by ratios of eigenvalues

Amax(A) w(A) = tr(A)/n _ D Ai(A)/n
Amin(A4)” det(A)™ - TLN(A)Y

(For our purposes we extend these definitions in (1.1) using eigenvalues, rather than singular values, to
nonsymmetric matrices with real positive eigenvalues.) Indeed, x and w can be considered as worst-case
and average-case condition numbers, respectively. One of the advantages of w over « is that finding explicit
formulae for optimal preconditioners by minimizing w with special structure is often possible due to the
analyticity and simplicity of differentiation of trace and determinant.

k(A) =

(1.1)

1.1 Main Contributions

Our main contributions in this paper consist of both theoretical and numerical aspects. First, we provide an
affine based pseudoconvex reformulation of the optimal diagonal preconditioning problems that allows for
elegant characterizations of their optimality conditions. There are three advantages of this reformulation:
all its stationary points are global minima, its subgradients are inexpensive to compute, and its optimization
variable is just an n x 1 vector rather than a n x n matrix as in semidefinite programming (SDP) [16].

Furthermore, we show that subgradient methods based on our reformulation can effectively converge to a
k-optimal diagonal preconditioner more efficiently in time and accuracy than current SDP-based approaches
in the literature. For the w case we provide and exploit the ability to find explicit formulae for the optimal
block diagonal preconditioners. To the best of our knowledge, this is the first time that such a comprehen-
sive characterization of optimality conditions for both condition numbers is provided. Finally, we conduct
extensive numerical experiments that compare the efficiency of the - and w-condition numbers.

We now continue with the organization of the paper and more details on the main contributions. In Sec-
tion 2 we present the three formulations for minimizing x along with the derivatives and optimality conditions.
The three formulations are presented to take advantage of the affine approach and then avoid the positive
homogeneity of the problem in order to improve stability of the problem. In particular, we include The-
orem 2.7 that presents a characterization of a k-optimally diagonally preconditioned A that is based on
the largest/smallest eigenpairs. This leads to an efficient subgradient algorithm and we include convergence
results. A characterization for w is simpler as it corresponds to the classical Jacobi preconditioner, see Corol-
lary 2.18. We include results on extending from diagonal to block diagonal preconditioning in Section 2.4.1.
This shows connections to partial Cholesky preconditioning.

Extensive numerical tests are then conducted in Section 3. We display that our subgradient methods
are more scalable and efficient in finding the x-optimal diagonal preconditioner than existing SDP-based
approaches in the literature. We also find that the preconditioners found by our methods improve PCG’s
performance for solving linear systems more substantially than the preconditioners found by other methods.
Finally, we also present comparisons for optimal diagonal preconditioning based on the two condition numbers
K,w. The comparisons are based on improvements for the PCG algorithm applied to solving a positive definite
linear system.
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1.2 Background; Preliminaries

Given a linear system Ax = b with A > 0 and matrices M;, My, preconditioning effectively solves the given
system by solving the following system for y:

H'AH Ty =H ' fory, H=M"?=(M;My)"? y=H"z.

There is no matrix-matrix multiplication in preconditioning algorithms as they do not form H'AH~T
explicitly, and only matrix-vector multiplications/divisions are performed. For example, the well known
Jacobi preconditioner uses the square root of the diagonal elements, a = diag(A)l/ 2. The PCG implicitly
uses the matrix vector multiplications:

Diag(a) ' ADiag(a) 'z = a.\ (A(z./a)),

where .\, ./ represent the MATLAB notation for elementwise division, see e.g., PCG matlab, [17, Sect. 12]. A
discussion and references on the two condition numbers &, w is given recently in [12]. The w-condition number
is introduced in [5] as a measure for nearness to the identity I for finding optimal quasi-Newton updates;
see also [7,21,22]. Tt is related to the measure tr A —log det A used in the convergence proofs in [2,3]. Then,
Kaporin [13] used w to derive new conjugate gradient convergence rate estimates and guarantees. More
recently [1] presents further relationships and convergence analyses.

For certain structures, in contrast to x, one can get explicit formulae for w-optimal preconditioners. Thus
minimizing the measure w is efficient for finding the preconditioner as no numerical optimization problem
needs to be solved. Moreover, the classic Jacobi (diagonal) preconditioner is a multiple of the w-optimal
diagonal preconditioner. And the w-optimal partial Cholesky at the k-th step (adding the k-th column) but
with full diagonal is shown to arise from the Cholesky factorization with the optimal diagonal preconditioner
added (see Corollary 2.20 for more details). Both these observations highlight the close connections w-optimal
preconditioners have with classical heuristic preconditioners.

1.2.1 Notation

We work in real Euclidean vector spaces. We let S™ denote the space of symmetric matrices with the trace
inner product and corresponding Frobenius norm; S7 ,S? | are the cones of positive semidefinite, and definite,
symmetric matrices of order n, respectively. We let M™ denote the space of square matrices of order n, also
equipped with the trace inner product and Frobenius norm. For B € M"™ with real eigenvalues we let

)\z:)\z(B) )\max:)\1>>\2>~~>)\min:)\na

be the eigenvalues in nonincreasing order, and we define the functions: A;(B) = max; \;(B); A\, (B) =
min; A\;(B). For our purposes, and by abuse of notation, we define the k-condition number for matrices with

real positive eigenvalues, that are not necessarily symmetric, as x(B) = %.1 We note that in this
Zisa /\i(B)/ln.

[Tis, Xi(B)

We let I be the identity matrix, e be the vector of ones and e; be the i-th unit vector, all of appropriate

dimension; we often need a basis for e, and we use the matrix V = % [_‘(ZT]; X oY denotes the Hadamard

case we also have w(B) =

2

product (elementwise product) of two (compatible) matrices. For a vector d € R"™, Diag(d) € S™ denotes
the diagonal matrix formed using d. The adjoint linear transformation for S € S™ is denoted Diag*(S) =
diag(S) € R™. For two compatible functions f and g, we let f o g denote the composite function.

The classical Fenchel subdifferential of a convex function h is defined as

Oh(z) :={v:{v,y—x) < h(y) — h(z), Vy}. (1.2)

1In the literature, the condition number & of a nonsymmetric matrix differs as it is found using the singular values.
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The Clarke subdifferential of a locally Lipschitz, not necessarily convex, function h is defined as
dch(x) = conv {s : 32k — x, Vh(2") exists, and Vh(z") — s} (1.3)

where conv denotes the convex hull of a set. It is well-known that the Fenchel subdifferential and the Clarke
subdifferential coincide for convex functions. Further notation is introduced below as needed.

We now recall the well known facts about the largest and smallest eigenvalues of symmetric matrices and
include a proof for completeness as it is useful further below.

Lemma 1.1. The maximum and minimum eigenvalue functions on S™, Amax, Amin : S° — R, are convex,
concave, respectively.

Proof. Letting B € S™ and using the Rayleigh quotient, we get Apax(B) = max{z? Bx : |x| = 1}, which is a
maximum of linear (so convex) functions in B, and therefore is convex. We get the concavity part similarly
from Apin(B) = min{zT Bz : |z| = 1}.

|
Now let
AeSh,,deRY,,D = Diag(d).
We note the following useful property that follows by the commutativity property for eigenvalues.
Xi(DAD) = \;{(ADD),Vi, k(DAD)=k(ADD), w(DAD)=w(ADD). (1.4)

2 Optimal Diagonal Preconditioning

As mentioned above, preconditioning (scaling) is important in many areas of mathematics such as opti-
mization and numerical linear algebra (see a survey in e.g., [20]). For the purposes of comparing the two
condition numbers, k,w, and for simplicity, we restrict to preconditioning for positive definite linear systems
Ax = b, and to diagonal and block diagonal preconditioning. We now consider the gradients and optimality
conditions.

We begin in Section 2.1 and resort to the eigenvalue relation in (1.4), which allows us to work with
the affine mapping AD to minimize x(DY2ADY?). Note that [9] also considers minimizing x(DY?AD'?),
although there they consider a different problem where they aim to find a diagonal preconditioner that is a
convex combination of a small basis or list of diagonal preconditioners. Working with this affine mapping
allows us to get expressions for derivatives for the composite functions and design very efficient and scalable
algorithms using the derivatives. In addition, our composite functions avoid the positive homogeneity in &, w
thus improving stability.

We continue in Section 2.4 with the optimality conditions for w and see that the Jacobi preconditioner
is a multiple of the w-optimal preconditioner. We then extend this to block diagonal preconditioning in
Section 2.4.1 and see how the partial Cholesky factorization relates.

2.1 Optimality Conditions for 1 Diagonal Preconditioning
We denote the quadratic type mapping in the scaling

D:R?, —S", D(d) = Diag(d)"/? A Diag(d)'/?.
By abuse of notation, we let the argument determine the function,

k(d) = k(D(d)) = (ko D)(d).
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Similarly,
Amax(d) = Amax(D(d)) = (Amax © D)(d),  Amin(d) = Amin(D(d)) = (Amin © D)(d).

We use the form that is most appropriate/useful depending on the context. In the literature, e.g., [3,9, 16],
k-optimal diagonal preconditioning refers to solving

d* € argmin {I{(D(d)) = i\m tde RiJr} . (2.1)

Here we restrict to d € R} | as we are taking square roots. However, if we allowed for a diagonal scaling
DAD,D = diag(d),d; # 0Vi, then changing the signs to ensure d > 0 does not change either k or w,
see (1.4).

We show below, that for our purposes, we can use the equivalent linear in d transformation

D:R?, —S", D(d) = ADiag(d). (2.2)

Thus we consider the equivalent simplified view of finding a k-optimal diagonal preconditioner, i.e., we need
to solve the fractional pseudoconvex minimization problem

7 . ~ >\m x(ﬁ(d))
d e argmin{ k(D(d)) = 25— 1 de R}, (2.3)
{ Amin (D(d))
With D = Diag(d), we first note the relationships in the eigenpairs of D(d) = DY2AD"/2, D(d) = AD,
and D(d)T = DA, as well as the convexity and concavity of the maximum and minimum eigenvalues of these
nonsymmetric matrices AD.?

Lemma 2.1. Let A,D = Diag(d) € ST, and (u;, \;),i = 1,...,n, be orthogonal eigenpairs of D(d). Define
x; =DV Vi, X = [z ... x,].Y =X T, A=Diag()).

Then X andY are matrices of right and left eigenvectors of Zo)(d), respectively, with corresponding matriz of
eigenvalues A; and Y is given by Y = DX(XTDX)™1. Moreover, Amax(d) = M\1(d) (respectively, Amin(d) =
An(d)) is a convex (respectively, concave) function of d € R .

Proof. Let U := [uy ... up]. We have X = D~Y/2U and thus UTU = X”DX. This brings us to
Ut =uXx"bx).

Notice that X7 DX is a diagonal matrix with its diagonal entries correspond to |u;||?, which are strictly
positive as eigenvectors are nonzero. Thus the inverse is well-defined. Now, observe that

Yy = X T=p\VUuT
= DY2U(XTDX)!
= DX(XTbhx)™!

as desired. Now,

D'Y2ADY?U = UA ADD~'2U = D712UA

_—
— ADX = XA

= XTDA=AXT
— DAX T=XTA
= DAY =YA.

2These are a special case of so-called K-pd matrices in the literature, i.e., a product of two symmetric matrices where at least
one is positive definite. The product of two positive definite matrices P = AB arises in the optimality conditions in semidefinite
programming. One of the difficulties is that the symmetrization of P is not necessarily positive definite, see e.g., [18].
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The second and last equation show that X and Y are right, and left, eigenvectors of AD, respectively.
Moreover, we note that A > 0 has a positive definite square root and \;(A Diag(d)) = \; (A2 Diag(d)A'/?).
Therefore,

max \; (D(d)) = max \;(A"/? Diag(d)AY?) = max 2T A2 Diag(d)A"?x.
As in the proof of Lemma 1.1, the latter is a maximum of linear functions in d and therefore is convex. The
concavity result follows similarly.

|
Corollary 2.2. Let AeS% ,de R} . Then
)‘maX(d) = )‘maX(D(d)) = /\maX(ﬁ(d)): )‘min(d) = Amin(D(d)) = Amin(b(d));
and
r(d) = k(D(d)) = £(D(d))
|

The next result shows that for A > 0, the matrix AD having all positive eigenvalues is equivalent to
positive definiteness of D. This proves useful in the linesearch parts of our algorithms below.

Lemma 2.3. Let Ae S’ ,deR" D = Diag(d). Then
Xi(AD) >0,Vi < deR},.

Proof. We note that the eigenvalues of AD are the same as the eigenvalues of AY/2DA'Y2 and Sylvester’s
Lemma of inertia implies that the number of negative eigenvalues of A/2DA'? is the same as that of D so
the same as the number of negative elements in d.

Remark 2.4. Note that the two equivalent problems (2.1) and (2.3) are both essentially unconstrained, and
the optima are attained and characterized as stationary points in RY . This is not obvious but follows since
we have the ratios of convexr and concave functions using Amax, Amin and this is over the open cone constraint
deR% . If we add the constraints d"e =n,d > 0, or equivalently that d = e + Vv > 0, with V e R"*(»=1)
a matriz whose columns contain a basis for e as done above, then we have a bounded problem in v e R*1
and Amax 98 bounded. Bounded below away from 0 follows from applying the greedy solution to the knapsack
problem with constraints ), d; = n,d > 0. We get

)\max(d) = tI‘(AD)/’I’L = Zi A”dl/n > min; A” > 0.

Therefore, with the denominator going to 0, we have K going to o0 as d = e + Vv approaches the boundary.
That is, minimizing x provides a self-barrier function for the boundary.

Moreover, a > 0 = k(d) = k(ad), i.e., we have positive homogeneity. Therefore, the opimal d is not
unique. By pseudoconvexity, the optimal set is a convex set. This set can be large, see Proposition 2.8.

We now provide the derivative information that we need for the optimality conditions.
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Lemma 2.5 ( [19, (3.1)]). Let B : R — M" be differentiable with derivative B = B(t), and, at t =, let
B(t) have real eigenpairs and be diagonalizable with eigenpairs (ignoring the argument t)

BX = XA, BTY = YA, A = Diag()\).

And make the choiceY = X~ T. Let1 < k < n and A\, be a singleton eigenvalue with right and left eigenvector
T, Y, respectively, taken from the corresponding columns of X,Y, respectively. Then the derivative of
etgenvalues is given by

M) = yi O B()zy(f) = tr Bayy (2.4)
Proof. The proof is in [19, Pg 303].*

Lemma 2.6. The Fréchet derivative of the linear transformation D atd acting on Ad is (simply)
D' (d)(Ad) = ADiag(Ad).

Now let \ be a singleton eigenvalue of D(d) with a right eigenvector x. Then the gradient of the composite

function at d is
A

T Dx
Proof. The derivative of the linear transformation is clear.

Suppose as above that we have a linear transformation D(d) with singleton eigenvalue A. Let y =
Dz /2T Dz be the corresponding left eigenvector given in Lemma 2.1. Then the derivative of the composite
function at d acting on Ad is

VAD(d)) =

Trex.

(VAo D)(d),Ad) = N (ﬁ’(d)(Ad)) =47 (ﬁ’(d)(Ad)) x
= a7 (DADiag(Ad)) x

= o xT Dija}g(.Ad)x

= T tr':rx Diag(Ad)
= 5 (diag(zzT), Ad)
= A (rex,Ad).

T Dx

Theorem 2.7. Let Ae S} ,de R be given; let D = Diag(d). Then the gradient of the composite function

o

k(d) := k(D(d)) is X '
Vi(d) = k(d) <(x1 or) — ———(x, @ xn)> .

Hence, A is k-optimally diagonally preconditioned if, and only if, the orthonormal eigenvector pair satisfies
T10T] = Ty ® Ly, (2.5)

Equivalently, after a permutation of the elements to account for the sign,

o= () o= (1)l = lol 26)

In the nonsmooth case, we can choose the normalized 1, respectively, xn, in the eigenspace of /\max(f)(d)),
respectively Amin(D(d)).

SIf Y is an invertible matrix of right-eigenvectors not chosen using X~T then the normalization scaling needs to be added

explicitly as M (2) = y7 (DB (D (D) (ux (D 2(D).
4The derivative of eigenvectors is included as is a normalization for stability of evaluation for eigenvectors is included.




256

257

258

259

260

261

262

263

264

265

266

267

268

269

270

271

272

273

274

275

276

277

278

279

280

Proof. From Lemma 2.6, we can find the gradient as follows:

Vi) = s ()\n(d))\l(d) - Al(d)}\n(d)) - % (z)l;g\;lxl o« T, e xn>
= £(d) (21 ¢ 21)/(2] Dx1) = (w0 ® 20)/ (2}, D)) -
The characterization for k-optimally diagonally preconditioned matrix A follows from solving Vk(e) = 0.

We now use Theorem 2.7 to illustrate that the optimal set can be a large set. A sufficient condition for
nonuniqueness is provided in Proposition 2.8.

Proposition 2.8 (Nonuniqueness of k-optimal diagonal scaling). Let A > 0 be k-optimal diagonal precondi-
tioned as given in Theorem 2.7 with x;, \;,i = 1,n, being two, singleton, eigenpairs that satisfy the optimality
conditions in Theorem 2.7. Thus we have

M >X>. =M1 > A >0, A=(\)eR?,, A= Diag()),

and we let Q) = [a:l Q xn] be an orthogonal matriz and A = QAQT from the spectral theorem. Suppose
i addition that the lack of strict complementarity condition holds, i.e., there exists v such that

O#ve{ueR" 1 :0=Vuex; =Vuex,}. (2.7)
Then with AD = Diag(Vv), there exists € > 0 such that
k(A) = k (I + tAD)A(I + tAD)), V|t| <e.
Proof. The result follows from expanding
(I + eAD)A(I +€eAD) = A+ O(e)
and using the continuity of eigenvalues and the fact that the optimality conditions imply

Vverx; =0,i=1,n <= Diag(Vv)a; =0,i=1,n
<~ ADz; =0,i=1,n.

Specifically, let B B
A2 = QDiag((A%...,)\n,l)T)QT, Al = A—AQ.
The above equation then implies ADA; = A{AD = 0. Moreover, let D = (I + eAD), then

DAD = Ay + DAsD = A + eADAy + €AsAD + 2ADASAD.

Since range(AD) < null(A;) = range(Asg), the range of the perturbation of A above is restricted to the
eigenspace of Ag, i.e., to the span({z2,xs3,...,2,_1}). This means that after the perturbation, with ¢ > 0
sufficiently small, A1 and A, remain the largest and smallest eigenvalues of DAD respectively. As stated
above, we are using the continuity of eigenvalues and the orthogonality A;A; = 0 that arises using the
spectral theorem and Aq, Ay > 0.

Note that if condition (2.7) holds, then we get a nonsingleton set in R"~! of solutions. Moreover, the
structure of V implies that (2.7) restricts the support of the eigenspace span({x1,z,}).”

5Necessity is still an open problem.
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2.2 A Projected Subgradient Method for Minimizing x(D(d))

In Theorem 2.7, we derived the gradient and optimality conditions for minimizing the pseudoconvex function
k(D(d)) in (2.3), over the open set d > 0, where D(d) = AD. Convergence of subgradient methods for
pseudoconvex minimization typically requires optimizing over a closed set. Hence, we consider the following
optimization problem:

7 A )\max 20) d
deargmin{ (D(d)) = M cde Q= {d:d>5e}}, (2.8)
Amin(D(d))
where in this subsection we define x(D(d)) := o for d ¢ Q and let & € (0,1) be a small positive scalar.

Clearly then the domain of #(D(d)) is contained in Q. Also, it is casy to see that Q is a closed set since it is

o

just a polyhedron. We now present in Algorithm 2.1 our subgradient method for minimizing x(D(d)) over

Q.

o

Algorithm 2.1 A Subgradient Method for Minimizing «(D(d)) over

Inputs: symmetric positive definite matrix A > 0; sequence of positive stepsizes {t} — 0 with Z,;'ozl tr = 00,

scalar 0 € (0, 1); tolerance tol; rule for the stopping criterion, stopcrit.
set k «— 0;
set stopcrit «— oo;
set dy = e e R"™;
compute minimum eigenpair (AL, z1) and maximum eigenpair (A}, z1) of A;

1: while stopcrit>tol do (main outer loop)

2: set k — k+1;

3: compute direction
Sk:)\f]f ;(xkoxk)—;(azkoxk) ; (2.9)
MNe \ Gah dyp eahy V1TV (ak dy ek N T )
4: perform projected gradient step
Sk
dp+1 = max {dk - tk,ée} ; (2.10)
skl
5: compute min eigenpair (A¥*1 2%+1) and max eigenpair (\FT1, 251) of A Diag(dy1);

6: update stopcrit;
7: end while(main outer loop)
Output: D := Diag(d41)-

Several remarks about Algorithm 2.1 are now given. First, Algorithm 2.1 takes as input a positive
definite matrix A € S”_, a non-summable sequence of positive stepsizes {t;} converging to 0, and a rule
for the stopping criterion, stopcrit. A popular choice for stepsize sequence {t;} in subgradient methods is
ty = 1/k where k is the iteration index. Second, since Algorithm 2.1 is a subgradient method, in general it
is not a descent method. However, if Algorithm 2.1 descends at every iteration then the output D satisfies
K(AD) < k(A). Finally, the algorithm is general in that it does not specify the rule for how stopcrit, which
is used to stop the method, is updated in step 6 of the algorithm. There are several possible rules that the
user can use in practice for updating stopcrit in step 6. For example, at every iteration the user can take
stopcrit= |sg|| or they can use stopcrit= |k(D(di+1)) — k(D (dk))|.

We now briefly describe each of the steps of Algorithm 2.1. First, it will be shown in Section 2.2.1 that
the direction sy computed in step 3 lies in the quasisubdifferential (also to be defined in Section 2.2.1) of
n(lo)(dk)). Using this direction, step 4 performs the projected gradient update dj+1 = o (dg —tk”z—:H), where
I () := argming, |z — | denotes the orthogonal projection onto . Finally, step 5 computes a maximal and

10
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minimal eigenpair of A Diag(dk+1) to construct the next search direction sg;. It should be noted that the
user never has to form the matrix A Diag(dy+1) to compute a minimal and maximal eigenpair of it. Instead,
the user only has to construct subroutines which compute A Diag(dy1)*x and (A Diag(dy11))\z efficiently,
where z € R™.

2.2.1 Asymptotic Convergence Analysis

Our convergence analysis of Algorithm 2.1 relies mostly on [14] where efficient subgradient methods for
minimizing quasiconvex functions are presented. Under various assumptions in addition to quasiconvexity,
the author establishes asymptotic convergence of subgradient methods with decaying stepsizes. Since our
function H(D(d)) is pseudoconvex, it is quasiconvex. For a more detailed discussion related to the assumptions
of [141] and how our set-up satisfies these assumptions, the reader should refer to Appendix A. In the remaining
part of this subsection, we show that Algorithm 2.1 asympototically converges by showing that it is an
instance of the subgradient framework proposed by Kiwiel.

First, we need to define a special subdifferential called the quasisubdifferential for a quasiconvex function
f. Define the strict sublevel set or inner slice of f as:

S(x) = {y eintD: f(y) < f(x)} (2.11)

where int D denotes the interior of the domain of f. The quasisubdifferential of a quasiconvex function f
relative to the above sublevel set is defined as

°f(x —{g {g,y —x) <0, Vyeg(x)}. (2.12)
To minimize a quasiconvex function f over a closed convex set X, Kiwiel proposes in [14] the following basic
subgradient algorithm:
1= Ox (@r — tede), Gk = gn/lorl, gr€°flar), k=1,2,..., z€eX,

where t;, > 0 are the stepsizes.

Hence, we need to characterize vectors that lie in the quasisubdifferential of R(D(d)) to show that Algo-
rithm 2.1 is an instance of Kiwiel’s subgradient framework. The result below presents one characterization
of vectors that lie in the quasisubdifferential of fractional programs like the one in our set-up (2.8).

Lemma 2.9. Suppose f(x) := a(x)/b(x) for all v € X and f(z) := oo for x ¢ X, where a(z) is a convex
Junction that is positive on X, b(z) is a concave function that is positive on X. Let D° denote the domain
of b. If forze X n D°, B :=1/b(z) and A := a(z)/b*(x), then

Bloa(x)] + A[o(—b)(z)] < 0° f(=).

Proof. Let x € X n D® and consider B and A as in the assumptions of the lemma. It follows from the fact
that @ and —b are convex functions, B and A are positive scalars, and Fenchel subdifferential calculus rules
that

Bloa(x)] + A[o(=b)(z)] = d(Ba)(z) + d(—Ab)(x) < é(Ba — Ab)(x).

Now, let g € B[da(z)] + A[0(—b)(z)] S d(Ba — Ab)(z), and suppose y € S(z), i.e., y is in the interior of the
domain of f and f(y) < f(z). It then follows that

{9,y — ) < Ba(y) — Ab(y) — Ba(z) + Ab(x)
Caly)  a(o)by)
T @)

where the first inequality follows from the definition of Fenchel subdifferential, the equality follows from the
definitions of A and B, and the last inequality follows from the fact that a(y)/b(y) < a(z)/b(x) and b(y) and
b(x) are positive. It then follows from the definition of quasisubdifferential in (2.12) that g € 0° f(z).

11
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The following corollary constructs a vector that lies in the quasisubdifferential of x(D(d)).

Corollary 2.10. Consider A > 0 as in (2.8) and d € Qnint D min,| ‘where D>win s the domain of Amin(D(d)).
Let (M, x1) and (An,x,) be a mazimal and minimal eigenpair of D(d), respectively. Then, it holds that

= (Frem oo o)~ sggemyen s on) 27 (0(@).

Proof. Tt follows from Lemma 2.1 that Amax(D(d)) and )\min(nf) )) are convex and concave functions of d,

Q (d
respectively. Also, it is easy to see that Ayax(D(d)) and Apin (D(d)) are positive on €. Hence, it follows from
Lemma 2.9 that
1 . Amax(D(d))

a/\max (D(d)) +

Amin(D(d)) A2 (D(d)) ¢ (_Ami“(ﬁ(d”) <o (“@(d))) (2.13)

holds for d € Q ~ int D min. Moreover, it follows from Lemma 2.6, the definition of Clarke subdifferential
in (1.3), and the fact that the Fenchel and Clarke subdifferentials coincide for convex functions that the
following inclusions hold.

M
2T (dexq)

(21 ® 21) € PAmax(D(d)), —m (5 @ Tn) € 0 (—Amm(i’)(d))) , (2.14)

where here (A1, #1) and (An,2,) are maximal and minimal eigenpairs of D(d), respectively. The result then
follows from (2.13) and (2.14).5

Remark 2.11. It follows from Corollary 2.10 that the update rule (2.10) in step 4 is of the form

Sk - -
dk+1 = Il <dk — tkSZ> s where Sk € 0° (K(D(dk))) .

With this lemma now in hand, we are now ready to present the main theorem which shows that Algo-
rithm 2.1 asymptotically converges.

o

Theorem 2.12. Let k4 := min{ﬁ(D(d)) :de Q} and let ¥} = min]_, k(D(dg)). It then holds that
liimk_,ooﬁ(lﬂ)(dk)) = Ky in particular, K(D(dg)) | Ksx.

Proof. Tt follows from last remark in Lemma 2.1 and the definitions of £(D(d)) and Q in (2.8) that Amax (D(d))
(resp. Amin(D(d))) is a convex (resp. concave) function that is positive on Q. It then follows from this
observation, Lemma A.2, and the definition of x(D(d)) that assumptions A1-A4 in Appendix A hold for
the minimization problem in (2.8). Clearly, also assumption A5 in Appendix A also holds since €2 in (2.8)
is a closed set and the intersection of Q with the interior of the domain of #(D(d)) is clearly nonempty. The
result of the theorem then immediately follows from this observation, Remark 2.11, the facts that ¢ — 0,

and Y;7 |t = o0, and Theorem 1 in [11].

6The detailed proof for the inclusions (2.14) are given in Appendix B.
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2.3 Avoiding Positive Homogeneity in Minimizing x(D(d))

o

As mentioned in Remark 2.4, k(D(d)) is a positively homogenous function. Thus there are multiple optimal
solutions and our problem is Hadamard ill-posed. From a computational stability perspective, it is more
efficient to minimize an equivalent smaller dimensional formulation that is not positively homogeneous.
With this in mind, we let A > 0 and V € R"*("~1) be a matrix whose columns form a basis for e'; and we
consider the function

V(v) := ADiag(e + V). (2.15)

In this subsection, we consider the following formulation
min{x(v) := K(V(v)) : e + Vo = de, v e R" 1}, (2.16)
where k(v) := w0 if e + Vv < de and § € (0,1) is a scalar. It is easy to see that with the choice of

V= % [iT], (2.16) can be rewritten as

min {/f(v) tvE Q} , (2.17)

where

n—1
Q.= {%Rnl Y < —V2(0-1), vi=V2(6-1), i= 1,...n—1}. (2.18)
i=1
Note that the set ) is convex and compact. Projecting onto it is also easy since it is just a simplex. Also,
since € is bounded, we will be able to get nonasymptotic convergence guarantees for the subgradient method
that we propose to minimize (2.17).

The following lemma will be useful for developing our subgradient method. It gives useful characteriza-
tions of the derivatives of V(v) and (v) in the smooth setting when the maximum and minimum eigenvalues

of V(v) have multiplicity one.

Lemma 2.13 (Derivatives of V(v), k(v)). Let A > 0,u € R"™ be given and set w = e + Vv € R% . and
D = Diag(w). Also, let (A1, 21) and (An, Zn) be mazimal and minimal eigenpairs of f}(v), respectively, where
A1 and N\, have multiplicity one and 1 and x,, are assumed to be normalized. Then the following holds:

1 The derivative at v acting on Av e R"! is

o

V(v)(Av) := f/(v)(Av) = ADiag(V Av).

2 The gradient of the composite function r(v) := k(V(v)) is

1 1
Tweag ) ey )

Vi(v) = k(v)V7T < (2.19)

Proof. 1 The proof follows from the function being affine.

2 For a singleton eigenvalue A with normalized right eigenvector z, we have the left eigenvector y =
Dz /(2T Dx) as in Lemma 2.1, which satisfies 27y = 1. Then

(VAo V)(0),Av) = yTV(0)(Av)z = 4T (A Diag(VAv))x
tr zy” (A Diag(V Av))

(Ays™, (Ding(V Av))
(diag(AyxT),V Av)

(VT diag(AyaT), Av)

= (VT diag(AD~tyzT), Av)

—r= (VT diag(AD "' Dza™), Av)

— (VT diag(A\zaT), Av)

zT (wex)

= A OV (zex),Av).

zT (wex)

13
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Therefore the gradient of x(v) := k(V(v)) is:

Vav) = Rl = e (Gl VT e ) = iV (s n)) (2.20)
= K)(U)VT (m(ml ° .’I,'l) — m(l‘n o .I'n>)
|

The following Remark 2.14 shows that, as in Lemma 2.13, Vk(v) lies in the quasisubdifferential of x(v).

Remark 2.14. Let A > 0 and v € R™~L. Also, suppose that w = e + Vv and let (z;,)\;), i = 1,n, be
eigenpairs of V(v), where |x;| = 1. It then follows from Lemma 2.9 and a similar argument as in the proof
of Corollary 2.10 that

1 ( ) 1
L (riex) —
2t (w e ) Lot zT

T o 0° (k(v .
w()V ( = n>>ea (k(v)) (2.21)

(wex,

o

where recall that k(v) := k(V(v)).

We now present our subgradient algorithm for minimizing (2.17).

Algorithm 2.2 A Subgradient Method for Minimizing x(v) := (V(v)) over Q

Inputs: symmetric positive definite matrix A > 0; V e R"*("=1) 4 basis matrix for the orthogonal com-
plement e*; sequence of stepsizes {t,} = 1/v/k; scalar be (0,1); tolerance tol; a rule for the stopping
criterion, stopcrit.
set k < 0;
set stopcrit «— o0;
set v = 0e R™ ! and w; = e € R™;
compute min eigenpair (AL, z!) and max eigenpair (A, z}) of 4;

1: while stopcrit>tol do (main outer loop)
2: set k — k+ 1.

3: compute direction
gk = Myr(__ L (f o af) — S — (zF o 2F) (2.22)
A% @b wp oy VT (ak wp ey YT
4: perform projected gradient step
9k
Vg+1 = HQ (’Uk — 1 |gk|> (223)
where  is as in (2.18) and set
Wrt1 = €+ VUpga; (2.24)
5: compute min eigenpair (A¥*1 z%+1) and max eigenpair (\FT1, 251) of A Diag(wy11);

6: update stopcrit;
7: end while(main outer loop)
Output: D := Diag(wg41)-

Several remarks about Algorithm 2.2 are now given. First, the matrix V' does not need to be stored in
memory and is actually not needed as input. All the user needs to input is a subroutine that outputs Vo
given a vector v € R"~1. Likewise, the matrix A Diag(wy,41) does not need to be stored. Second, it follows

14
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from Remark 2.14 that g € 0° (k(vy)), which is defined in (2.12). Finally, the projected gradient step in
(2.23) can be performed very efficiently since projecting onto 2 just involves computing the root of a simple
equation.

2.3.1 Nonasymptotic Convergence Rate Analysis for Minimizing #(v) on )

In this subsection, we show a nonasymptotic convergence rate for Algorithm 2.2 for minimizing x(v) over Q.
More specifically, we show that
i — Kg <
 in K(vg) — ke <€

holds for K = O(1/€®), where k4 = min_ g £(v). Our nonasymptotic convergence analysis of Algorithm 2.2
relies mostly on the results from [14] and [I1]. Like x(D(d)), the function x(V(v)) is pseudoconvex since it
is the ratio of a convex function and a positive concave function. Also, it is easy to see that the set  is
just a box so it is a convex compact set that is easy to project onto. The only other assumption that needs
to be verified to be able to show a nonasymptotic convergence rate of Algorithm 2.2 is that the function
k(v) := k(V(v)) is Lipschitz continuous on ). This result is proved in the following proposition.

Proposition 2.15. The function k(v) := k(V(v)) is Lipschitz continuous on €, i.e.,
[5(v1) = £(va)| < Llvr —val,  Voi,v2€ Q
where L > 0 and Q) is as in (2.18).

Proof. Suppose that A > 0 and v € R"™ 1. Let Apax(v) := Amax(ADiag(e + Vv)) and let Ayin(v) =
Amin (A Diag(e + Vv)) so that £(v) = Amax(V)/Amin(v). Since Amax(v) is a convex function, it is locally
Lipschitz continuous on the interior of its domain. Hence, it follows from Proposition A.48(b) in [15] that
since Q is a compact set which is contained in the interior of the domain of Apax(v), Amax(v) is Li-Lipschitz
continuous on ) where L; > 0. Likewise, by a similiar argument since Apmin(v) is a concave function, it is
L Lipschitz continuous on  where Ly > 0. Consider now the composite function h(v) = ¢(Amin(v)) where
g(y) = 1/y. We claim that h(v) is Lipschitz continuous on . First, it is easy to see that g(y) = 1/y is
Lipschitz continuous on any interval (K, c0) where K > 0. Let L3 > 0 be the Lipschitz constant of g(y) for
y € range(Amin(v)), where v € , i.e.,

lg(v1) = 9(y2) || < Lallys — 2|, Vo1, v € range(Amin(v)) for v e Q.
Now, let v; and vs € (2. We have that

[h(v1) = h(v2)] = [|9(Amin(v1)) = 9(Amin(v2))[ < L3[Amin(v1) = Amin(v2)|| < LaLa[vi — v2.

Thus, we have shown that a(v) = 1/Amin(v) is LsLy Lipschitz continuous on €.

We now show that x(v) is Lipschitz continuous. First observe that any Lipschitz continuous function on
a compact set is bounded. Hence, it holds that |Amax(v)| < M and |h(v)| < My, where v € Q and M; > 0
and Ms > 0. Then, for any vy € Q) and Vg € Q, the following holds:

Amax 'U2)

Ie(on) = e(ea)] = | 52— Zm ]y (00)h(01) = Al
(o)

= ”/\max U1 h(U1) — )\max(vl)h(vg) + )\max(vl)h(vg) — /\max(UQ)h(’UQ)H

My |h(v1) = h(v2)] + M2[Amax(v1) = Amax (v2)
M1L3L2H’Ul — UQH + M2L1||’Ul — ’UQH = (M1L3L2 + MQLl)H’Ul — ’Ug”,

N IN

where the first inequality follows from the fact that Apax(v) and h(v) are bounded and the second inequality
follows from the fact that Amax(v) and h(v) are Lipschitz continuous. Hence, it follows from the above
relations that the statement of the proposition holds with L = (M;LsLs + MaLq).
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We now state Theorem 2.16, which displays that Algorithm 2.2 is able to find an e-approximate optimal
solution of (2.17) with a sublinear O(1/€?) rate of convergence. Both [14] and [11] prove a O(1/€?) rate
of convergence of subgradient methods for minimizing quasiconvex functions. In [14], Kiwiel also proves a
O(1/€?) rate when the constraint set ) is convex and compact and the objective is quasiconvex and Lipschitz
continuous on €. Paper [11], also obtains a similar O(1/€?) complexity result when the constraint set is closed
and convex and the objective is quasiconvex and satisfies |x(v) — k4| < L|v —v4]| for all v € R*~1. However,
since the analysis of [11] relies on [14, Lemmas 6 and 14], it can be easily seen that the convergence analysis
of [11] still holds if |k(v) — ks|| < L|v — vy is assumed to hold for just v € Q and not all v € R*~!. Hence,
the proof of our Theorem 2.16 will rely mostly on results from [11] since both the algorithm and complexity
results presented in [11] are easier to digest. Theorem 2.16 is now presented.

Theorem 2.16. Let € > 0 be a given tolerance and suppose that K = O(1/€?). It then holds that

i — kg <
lg}clgnKli(vk) Ky <€, (2.25)

where ky = min, _g £(v) and K(v) := k(V(v)).

Proof. Tt is immediate to see that ) is a convex compact set and that Kk(v) = H(V(’U)) is a quasiconvex
function since it is the ratio of a convex and a positive concave function. It follows from Proposition 2.15
that x(v) is Lipschitz continuous on €). Finally, it follows from Remark 2.14 that the update (2.23) in step 4

of Algorithm 2.2 is of the form vy41 = Il (vk —t HZ—:H) where g, € 0° (k(vy,)). Hence, it follows from these
observations, the fact that {tz} = 1/+/k, and Theorem 3.2(ii) in [11] with s = 1/2, § = ¢, and p = 1 that the
statement of Theorem 2.16 holds.

2.4 Optimality Conditions for w Diagonal Preconditioning

We have an equivalent optimal diagonal scaling problem for w. We do not bother with stating two equivalent
problems since both the trace and determinant functions satisfy commutativity which clearly makes the two
formulations equivalent.

We consider the problem of finding the w-optimal diagonal preconditioner, i.e., we need to solve the
fractional /pseudoconvex minimization problem

_ 1 tr(D(d)/n
det(A)Y" det(Diag(d))""

d* € argmin { (D(d)) R1+} T (2.26)

One of the advantages of w is that it is differentiable on S7 , (see Theorem 2.17). Moreover, the w-optimal
scaling is the Jacobi scaling, i.e., the inverse of the diagonal matrix formed from the diagonal of A, see [5,12]:

d* := diag(Diag(diag(A4)) ") € argmin{w(D(d)) : d € RY . }.

As for k-diagonal preconditioning, the problem (2.26) is positively homogeneous and any positive multiple
of d¥ does not change the optimal value. In the next result, we characterize its optimality condition.

"We note the interesting paradox that det(A) is ignored in the optimization problem as it is a constant.
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Theorem 2.17. The gradient for w is given by

Ve(d) = — (1 - trAA*) .
ndet(A)"/" n

And stationarity (optimality) of w(D(d)) at d = e is characterized by the gradient being zero, or equivalently
by

: rA
0 = W (dlagA — tTe) . (227)

Proof. We modify the result and proof in [12, Lemma 2.4]. We let geom(d) denote the geometric mean of
the vector d. Then V geom(d) = 1 geom(d) diag (Diag(d)~'). We first note that

o . tr(A Diag(d))/n 1 tr(A Diag(d))
w(D(d) = det(A Diag(d))7"  ndet(A)/"  geom(d)

Therefore, the gradient at d = e acting on the direction Ad is

> eom(e) tr(A Diag(Ad))—tr(A Diag(e))Lel Ad
(VW(D(G))TAd = ndet(lA)l/" . L g(geoz'r)l(e); gle)y .

That this being zero for all Ad yields (2.27).

(2.28)

Corollary 2.18. Let A€ ST, . Then thew-optimal diagonal scaling DY/2AD/? is given by D = a Diag(diag(A))™?,

for any a > 0. The gradient Vw(A) = 0 if, and only if, A = ol for some o > 0; i.e., A is w-optimal if, and
only if, it is a multiple of the identity.

Proof. This follows from the equality conditions in the harmonic-arithmetic mean inequalities. We recall
that the w-optimal diagonal scaling is called the Jacobi scaling in the literature.

2.4.1 Optimal Block Diagonal Preconditioning

We now show that the above results extend directly to block diagonal preconditioning and this also results
in partial Cholesky preconditioning. This extends the results for w-optimal preconditioning with partial
Cholesky structure in [12, Theorem 2.7] and the block diagonal w-optimal preconditioner in [7, Prop. 3
part 3]. We let the linear transformation blkdiag(B) denote the block diagonal matrix formed from the
arguments B = (B;), where B;,i = 1,...,k are positive definite matrices of order ni,Zle n; = n. If
B; = RTR;,i=1,...,k are the Cholesky factorizations, then

B := blkdiag(B) = blkdiag(R)” blkdiag(R).

The adjoint mapping blkdiag*(A) is the vector of diagonal blocks B = (B;).
The following result can be found in [0, Prop. 2.2].

Proposition 2.19 ( [7, Prop. 3 part 3], [6, Prop. 2.2]). Let M = [M1 My ... Mk] be a full rank m x n
matriz, n < m, where M; € R™*™ M, full rank n;. Then the optimal block diagonal scaling

B = blkdlag(Bl, Bg, e ,Bk), B7 € Rmxni,

that minimizes the measure w, i.e.,
min w((MB)T(MB)),

is given by the arguments
Bi = (MIM)™YV2, i=1,... k.
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Corollary 2.20. Let Ae S, and let ni,Zi;l n; = n be chosen sizes of diagonal blocks A; of A. Then the
w-optimal block diagonal preconditioner for A is:

B € argmin{w(B7 AB) : B = blkdiag(By, ..., By), B; € R"*"},

with B; = A; Y2 Vi =1,... k.
Proof. Let A := MTM be a full rank factorization of A. Define M; € R"*™ for each i = 1,...,k such that
M = [M1 My ... Mk] Then the result follows from Proposition 2.19 by noting that MZTMl = A; for
alli=1,... k.

|

Corollary 2.21. We get the diagonal/Jacobi by using 1 x 1 diagonal blocks. We get (an extension) to the
partial Cholesky preconditioner in [12] by taking B; = R;T, where A = RTR; is the Cholesky factorization
of A;, and noting that the eigenvalues of AD = Ablkdiag(R;)blkdiag(RT) are equal to the eigenvalues of
blkdiag(RT) A blkdiag(R;).

3 Computational experiments

Our computational experiments are divided into several parts. In Section 3.1, we compare the computational
efficiency of the algorithm proposed in [16] with our subgradient algorithm for finding an optimal diagonal
scaling D that minimizes k(AD).® We note that a diagonal scaling E that minimizes k((AE)T(AE)) is
obtained in [16]. Hence, when using their code, we input a Cholesky factor B of 4, i.e., A = BBT so that
their algorithm finds E that minimizes x(EAFE). Note that their code internally forms A = BBT if B is
inputted. We do not compare with the algorithm in [9] since their code is not publicly available. Also, they
consider different problem than us. Namely, they aim to find a diagonal preconditioner that is a convex
combination of a small basis or list of diagonal preconditioners.

Note that for every experiment, k(A), k(AD), and k(FAE) were each evaluated by computing the
matrix’s minimum and maximum eigenvalue using MATLAB’s eigs function with 10710 precision.

In the second part of Section 3.1, we also illustrate the scalability and efficiency of our subgradient
algorithm on large test matrices A € S, that the code by [10] cannot handle in a reasonable amount of
time. Roughly, we consider dimensions n varying from n = 15,000 to n = 150,000 and consider test matrices
taken from the SuiteSparse Matrix Collection [4], and also ones that are randomly generated with very large
condition numbers.

In Section 3.2, we find near x-optimal diagonal preconditioners for a large collection of matrices using our
subgradient method and the method in [16]. We then compare the performance of preconditioned conjugate
gradient for solving the linear system Az = b using the preconditioners found by both of the methods. We
also compare with the results when no preconditioner is used.

Finally, in Section 3.3, we use the optimality conditions in Theorem 2.7 in order to construct a matrix A
that is k-optimal with respect to diagonal preconditioning, i.e., the k-optimal diagonal scaling for A is the
identity. We then compare with results after applying the Jacobi scaling, the w-optimal scaling.

All experiments in Sections 3.1 and 3.2 are run on a 2023 Macbook Pro with an 8-core CPU and 128 GB
of memory using MATLAB 2024a. The medium experiments in Section 3.3 were also run with this Macbook
Pro while the very large instances were run with a large Linux machine from University of Waterloo with
256 GB of memory.

8Recall that in this paper xK(AD) = Amax(AD)/Amin(AD) = x(DY2AD/?).
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3.1 Minimizing « Efficiently

In this subsection we compare the algorithm proposed by [16] with our subgradient method for finding a
diagonal scaling D that minimizes k(AD).? The authors in [16] derive a convex SDP, semidefinite program-
ming, relaxation to this nonconvex optimization problem and apply an interior point method to it to find an
appropriate diagonal scaling. On the other hand, we work directly with a pseudoconvex vector minimization
problem to find a diagonal scaling which reduces k. More specifically, we apply a subgradient method to the
pseudoconvex problem (2.17). As mentioned in Section 2.3, this formulation also has the advantage that the
positive homogeneity has been removed, thus leading to increased computational stability.

We find that our subgradient method, Algorithm 2.2, is very efficient in minimizing (2.17). Moreover,
we observe that we can get further computational speedups by using a special line-search inside our sub-
gradient method that avoids the need to project onto the simplex () and that also tries to maintain descent
at every iteration. The details of this line-search algorithm, namely Algorithm C.1, can be found in Ap-
pendix C. In our computational experiments Algorithm 2.2 uses a tol of 1074, sets stopcrit=2|k(D(dj41)) —
K(D(d)|/|5(D(dgs1)) +#(D(dr))| at every iteration, and uses a maxiter of 500 and § = 103, Algorithm C.1
uses a maxiter of 80 and also takes its main tolerance to be 1074,

Tables D.1 and D.2 on Pages 25 and 26 in Appendix D.1 compare the computational efficiency of Al-
gorithms 2.2 and C.1 with the algorithm in [10] for minimizing k. Table D.1 (resp. Table D.2) presents
the comparsion on matrices taken from the SuiteSparse Matrix Collection [4]. (resp. on matrices that were
randomly generated using the sprandsym function in MATLAB). An extensive list of the SuiteSparse matrices
used in Table D.1 can be found in Appendix E.

We now give several remarks about the results presented in Table D.1. The second block of columns of
Table D.1 lists the percent reduction in s that each method achieved for positive definite matrices A > 0
taken from the SuiteSparse Matrix Collection. More specifically, for our code the column computes the
percentage reduction to be

k(A) — k(AD)
K(A)

while for the code in [16], it computes the reduction to be

* 100

K(A) — k(EAE)

(A) % 100

where here D and E are the diagonal scalings found by our code and their code, respectively. Hence, a
negative value in this column means that the method found an unfavorable diagonal scaling that actually
made k worse, i.e., K(FAE) > k(A) or k(AD) > k(A).

As seen from this column, both Algorithms 2.2 and C.1 found diagonal scalings which reduced x much
more significantly than [16]. Across all 18 SuiteSparse instances, Algorithm 2.2 reduced k on average by
78.1% while Algorithm C.1 reduced & on average by 68.6%. On the other hand, [16] reduced s on average
by 26.3%. It is worth noting that Algorithms 2.2 and C.1 reduced & on every instance while [16] was unable
to reduce k on 11 of the 18 instances.

Not only were Algorithms 2.2 and C.1 able to reduce x more than [16], both algorithms were also much
faster in doing so. The last column of the table shows that Algorithms 2.2 and C.1 were faster than the
algorithm in [16] on every instance considered. On average, Algorithm 2.2 was 145.0 times faster than [10]
while Algorithm C.1 was 397.8 times faster than their method. On one instance, Algorithms 2.2 and C.1
were even over 1000 times faster than [10].

Similar results are presented in Table D.2 on 27 randomly generated instances. The x condition number
of all matrices was generated, using MATLAB’s sprandsym function, to be between 2.0 * 10° and 1.5 % 107.
Across the 27 instances, Algorithm 2.2 was able to reduce x by 27.8% while Algorithm C.1 was able to
reduce £ by 22.7%. On the other hand, [16] was unable to reduce x on all 27 instances tested. This is not
too surprising since [16] discusses that their algorithm is less stable if x(A) is too large. Finally, Table D.2

9Recall that the method in [16] finds a diagonal scaling E that actually minimizes x(EAE).
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shows that Algorithm 2.2 was on average 18.8 times faster in minimizing x than [16] while Algorithm C.1
was on average 58.2 times faster than their method.

In the last part of this subsection, we illustrate the scalability of our Algorithms 2.2 and C.1 in minimizing
% on large matrices. The dimensions of the matrices that were considered are between 14,800 and 150, 000.
Table D.3 in Appendix D.2 shows the efficiency of Algorithms 2.2 and C.1 on large positive definite test
matrices A that were taken from the SuiteSparse Matrix Collection. The list of the specific matrices used from
the collection can be found in Appendix E. Table D.4 in Appendix D.2 shows the efficiency of Algorithms 2.2
and C.1 on matrices that were randomly generated using MATLAB’s sprandsym function. The matrices A
were randomly generated with dimension n varying between 50,000 and 150, 000. They were also generated
to have very large s values which vary between 10! and 3 * 1011

We see in Table D.3 that Algorithms 2.2 and C.1 performed well in finding diagonal scalings D that
reduced x on large matrices that were taken from the SuiteSparse Matrix Collection. On average, across
the 11 large instances, Algorithm 2.2 reduced k by 45.7% while Algorithm C.1 reduced s by 41.9%. Both
algorithms were also very efficient and took approximately just two minutes to minimize &.

Table D.4 illustrates that Algorithms 2.2 and C.1 also perform very well in reducing s on large test in-
stances randomly generated to have large x values. On average, across these 11 hard instances, Algorithm 2.2
reduced k by 11.6% while Algorithm C.1 reduced k by 4.4%.

3.2 PCG Comparison for Solving Linear Systems

In this subsection, we compare solving the linear system Az = b using PCG with the preconditioner found by
Algorithm C.1, with solving the system using the preconditioner found by [16]. We also compare solving the
linear system using PCG with no preconditioner with solving it using PCG with the preconditioner found
by Algorithm C.1. The results are presented in Tables D.5 and D.6 on Pages 27 and 28 in Appendix D.3.
All matrices A considered in both tables are randomly generated, using MATLAB’s sprandsym function, with
varying dimensions, densities, and x values.

We see in Table D.5 that PCG takes less iterations and CPU time using the preconditioner found by
Algorithm C.1 compared to using the preconditioner from [16]. On average, across the 47 instances in
Table D.5, PCG takes approximately 436, 711 iterations using the preconditioner in Algorithm C.1 while it
takes 548,391 iterations using the preconditioner from [16]. Moreover, the average CPU time for PCG to
solve the system with the preconditioner for Algorithm C.1 is 50.1 seconds; while it is 62.0 seconds for the
algorithm in [16].

Table D.6 shows the improvement for PCG from using the preconditioner from Algorithm C.1. Across
the 31 instances considered, PCG on average performed 654, 318 iterations with no preconditioning while it
performed 518, 601 iterations using our preconditioner. Not only did the number of PCG iterations go down,
but the CPU time for solving the linear system also improved using our preconditioner. The average CPU
time for PCG to solve the system using no preconditioner was 32.6 seconds while the average CPU time for
PCG to solve it using our preconditioner was 28.3 seconds.

3.3 From k-optimal A to “Improve PCG” using w-optimal scaling

We now study the effect of applying w-optimal diagonal scaling to a k-optimally diagonally scaled matrix A.'°
We find a k-optimally diagonally scaled matrix A > 0 using Theorem 2.7, i.e., the maximal and minimal
eigenvectors of A, x; and z,, satisfy (2.5) and are chosen using (2.6). We then choose the remaining
eigenvalues to be evenly spread out in the open interval A\; € (An, A1),4 = 2,...,n — 1, with corresponding
orthonormal eigenvectors x;, i = 2,...n — 1, chosen in the orthogonal complement of span{zy,z,}, i.e., z;
are orthogonal to both z; and x,. Note that we use a (sparse) QR factorization to obtain the remaining
n — 2 orthonormal eigenvectors. Therefore, the density of A cannot be determined accurately in advance.
The time to generate a random problem is typically very small and is hence negligible. For a more precise
description of how A is constructed, see Lemma 3.1 below.

0For the large problems in Table D.8 we used the so-called fastlinux server, cpul55.math.private, a Dell PowerEdge R650
with two Intel Xeon Gold 6334 8-core 3.6 GHz (Ice Lake) and 256 GB.
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Lemma 3.1. Let x = (g) e R™,n = 2 with

el = 81w = (%)

zer=yey aly=0,

Then the optimality conditions in (2.5)

hold. Moreover, we can permute both vectors x < Px,y < Py and the result still holds. We then construct
eigenvalues A\ » Ao = A3 = ... = A1 » A\, and assign x1 < x, T, < y to get the eigenpairs (A, x;),1 =
1,2. The orthogonal eigenvectors for the eigenpairs (A;,x;),i = 2,...,n— 1 are obtained using the last n — 2
columns from a QR factorization (MATLAB) starting with the two vectors x1,Ty:

[Q.~]=ar ([#1 za]).
Proof. Immediate upon verification and the properties of the QR (modified Gram-Schmidt) factorization.

After constructing A, we then apply w-optimal diagonal preconditioning to A to implicitly get J as
described above, i.e., J = DY2AD'Y? where D = Diag(1./diag(A)). We then compare the number of PCG
iterations of solving Az = b and J(D~"2x) = D'/2b. Note that only the vector b and the matrices A and D
are inputted to MATLAB’s built-in PCG function. The matrix J is not inputted to MATLAB’s PCG function.
Each linear system that we consider in our experiments is solved by PCG using 5 different initial points so
the iteration counts and runtimes reported for each experiment are averaged across these 5 runs. For the
computational results showing the comparison between A and J, see Tables D.7 and D.8 in Appendix D.4
on Pages 28 and 29.

We now give several remarks about the results presented in Tables D.7 and D.8. Interestingly, on every
instance tested applying the Jacobi or w-optimal diagonal preconditioning to A led to significant improvement
in PCG’s performance for solving the linear system even though x(A) < x(J). On average, across the 10
medium sized test instances in Table D.7, PCG performed 38.5 times more number of iterations on the
k-optimal linear system than it did on w-optimally scaled linear system. Moreover, PCG also on average
took 34.2 times longer (in terms of CPU time) on the x-optimal linear system than it did on the w-optimally
scaled linear system.

Jacobi preconditioning led to even more significant improvements on the larger test instances presented
in Table D.8. On average, across the 13 large test instances in Table D.8, PCG performed 47.4 times
more number of iterations on the x-optimal linear system than it did on w-optimally scaled linear system.
Moreover, PCG also on average took 39.3 times longer (in terms of CPU time) on the xk-optimal linear system
than it did on the w-optimally scaled linear system.

4 Conclusion

In this paper, we study the problem of minimizing the condition number of DY/2AD/? for a given matrix A
and a diagonal preconditioner D. In particular, we focus on both the classical k- and w-condition numbers.
We introduce new theoretical results and algorithms to minimize both condition numbers and compare
the efficiency of the resulting preconditioners. For example, we show that the w-optimal diagonal and
block-diagonal preconditioning problems have the advantage that they have closed-form solutions which
recover classical preconditioners found in the literature. In addition, we are able to start with a x-optimally
diagonally preconditioned matrix A and then show that applying the w-optimal diagonal preconditioning on
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A significantly improves results for PCG. On large instances, applying the w-optimal scaling can even lead
to a dramatic 40 to 50 times speedup.

Our approach for x minimization begins with reformulating the condition number minimizations with
quadratic argument D'/2AD'/? into an equivalent problem involving the affine argument AD. This simplifies
the optimality conditions and leads to a pseudoconvex n x 1 vector minimization problem. Our strategy thus
differs from existing approaches in the literature for k-optimal diagonal preconditioning that turn the problem
into an SDP, a n x n matrix optimization problem, that can be much more expensive to solve when n is large.
To solve the more computationally tractable pseudoconvex vector reformulation, we develop a subgradient
method whose main computational bottleneck at every iteration is just a minimum and maximum eigenpair
computation. Our approach is thus significantly cheaper than the interior-point method proposed by [10],
for solving the SDP, which involves inverting a possibly large dense matrix at every iteration.

Moreover, as the x-condition number is a positively homogeneous function, and thus the minimization
problem is Hadamard ill-posed, we present a second reformulation that removes the positive homogeneity.
Solving this reformulation in practice leads to enhanced computational stability. We develop an efficient
subgradient method which is tailored to solve this more computationally stable formulation. We conduct a
careful convergence analysis which also shows that our subgradient method is able to find an e-global optimal
solution of this reformulation in at most O(1/€?) iterations.

For instance, when tested on matrices from the SuiteSparse Matrixz Collection, our two subgradient
methods significantly outperformed (over 200 times faster) the SDP-based approach in [16]. Furthermore,
our proposed methods consistently achieved much greater reductions in x, often reducing it by more than
half. Finally, our algorithms successfully handled large-scale problem instances involving up to hundreds
of thousands of variables, within a matter of minutes, while [16] struggled with solving such problems in a
reasonable amount of time. An interesting direction of future study is the development of scalable x-optimal
preconditioners that are block-diagonal, extending beyond the diagonal case.
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A Assumptions and Technical Results from [14]

Let f:R" — R := R uU {—o,0} be an extended real-valued function with domain D. For any set C, let
int C' and cl C denote its interior and closure, respectively. The following minimization problem is considered
in [14]:

fe=inf{f(x):2e X}, (A.1)

with the following assumptions on f and X:
A1l : int D is nonempty and convex.
A2 : limyof(z + t(y —2)) < f(z), Vo € D,y € int D.

A3 : fis upper semicontinuous (usc) on int D, i.e., f(z) = lim.o SUPp(z.e f,  Vz €int D where B(z,¢) :=
{y:ly—=l <eh

A4 : fis quasiconvex on int D, i.e., the set {z € int D : f(x) < a} is convex Yo € R.
A5 : The constraint set X — R™ is closed convex, and X nint D # &.

The following lemma from [14] discusses that fractional programs with certain structures are quasiconvex
and also provides one characterization of their quasisubgradients.

Lemma A.1 ( [I4, Lemma 4]). Suppose f(z) = a(z)/b(x) for all x € int D, where a is a convex function, b
is finite and positive on int D, int D is convex, and one of the following conditions holds:

(a) b is affine;
(b) a is nonnegative on int D and b is concave;
(c) a is nonpositive on int D and b is convez.

Then f is quasiconver on int D and for each x € int D, if a := f(x) is finite then a — ab is conver and

dla — ab](x) < ° f(x).

The following lemma can be found in [14] and is useful for showing that assumptions (A1)-(A4) hold for

o

our set-up in (2.8) since k(D(d)) is the ratio of a convex and concave function that is positive on Q.

Lemma A.2 ( [14, Remark 2]). Suppose a and bi=—b are proper convex functions on int D% Aint D?, a is
nonnegative on the (open and conver set) C' := {y € int D* n int D* : b(y) > 0} # &, and

a(z)/b(z), ifxzeC,
f(z) = supyecmuof(ert(yfx)), if v € bd C,
o, ifx¢clC

where bd C' denotes the boundary of C' and D® and D° denote the domains of a and b, respectively. Then
assumptions A1-A4 hold with int D = C.

B Proof of (2.14)

Proof of (2.14). Fix y € R™. We want to verify that

A1 . .
<xr{<d.$1) (z1071),y — d> < Amax (DY) = Amax(D(d)). (B.1)
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Denote D = Diag(d). Note that Amax(D(d)) = A; and that

(e (@ 2. d)

% <diag (z12T) ,d>
= 7 Corad , Diag(d))
= )\1 DIl = )\1.

acha:l

Hence, (B.1) becomes

<$1T()‘1)(g;1.x1),y>—>\1 < Amax(D(Y) = A1 = < T, (21 ox1)7y><>\max(75(y))-

dex;

This follows from

(bm @ oo w) = s (orem)w)
= TD‘I, <$1.1:17Dlag( )>
= mxl Dlag( )
2T A2 A2 Diag(y) A2 A2,
N [A=1/2z,2

N

Amax(A'? Diag(y) A*2) = Anax(D(y))-

The subgradient of —Ani, follows similarly.

C An Efficient Line-Search Subgradient Method

This section presents an efficient line-search subgradient method for minimizing (v) := £(V(v)) where V(v)
is as in (2.15).

Let w = e + Vv e R correspond to the current iterate v. Also, let ¢ be a small scalar between 0 and
1 and let Aw = VAv where Av = —Vk(v) where x(v) is as in (2.16). From Lemma 2.3, we can use a ratio
test and guarantee positive definiteness from w + tVAv = w + tAw > ow, or equivalently tAw > (o — 1)w
Therefore, we conclude that the maximum step with safeguarding, so as not to get too close to the boundary,
" — ].)ﬂ)Z

J) = = Imin
max max A w,;

FAw; < O} > 0. (C.1)
Recall the gradient Vk(v) = V(k o V(v)) in Lemma 2.13. Our line search in Algorithm C.1 maintains:

LineSearch C.1 (for Algorithm C.1). Backtrack and maintain: (i) t < tmax from (C.1); (ii) monotonic
nonincrease of the objective k(v +tAv); and nonpositivity of the directional derivative Vk(v+tAv)T Av < 0.

Algorithm C.1 is presented below.
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Algorithm C.1 An Efficient Line-Search Subgradient Method for Minimizing (v).

Inputs: A symmetric positive definite matrix A > 0, a max iteration count mainmaxiter, stopping tolerances
maintoler> 0 and linesrchtoler> 0, and a small scalar 0 < ¢ « 1.
set k«—0,v; =0eR" 1, w; =eeR?, and ¢, < o0;

compute a min eigenpair (AL, z}) and max eigenpair (A, 2}) of 4;

compute x(v1) and Vk(vy) according to (2.16) and (2.19), respectively;

set relnormg= |Vr(v1)]?/(1 + x(v1)?);

while relnormg > maintoler & t; > linesrchtoler & k < mainmaxiter do (main outer loop)
set k — k+1;
set Avy — —Vi(vg);
use (C.1) with Aw := VAw, and w := wy, to evaluate tnax(0);
perform LineSearch C.1 to find ¢;
set Vg1 = U + tAvg and w1 = e + Vugia;
compute min eigenpair (A\¥*1 2%+1) and max eigenpair (\FT1, 251) of A Diag(wy1);
compute x(vg+1) and Vk(vk41) according to (2.16) and (2.19), respectively;

9: update relnormg= |Vr(vg41)|?/(1 + K(vi+1)?);
10: end while(main outer loop)
Output: D := Diag(wy,1).

728 In practice, we take linesearchtol to be 10~7 and maintoler to be 1074,

» DD Tables

» D.1 Minimizing « Efficiently: Section 3.1

Table D.1: Comparison of Algorithm in [16] and Algorithm C.1 for Min x on SuiteSparse

Dim & Density, & x(4) | % Reduction in CPU Time (seconds) CPU Ratios
n  density  k(A) Alg. in [16] Alg22 Alg. C.1 | Alg. in [I6] Alg2.2 AlgC.1 | (Alg. in [10])/Alg 2.1 (Alg. in [10])/AlgC.1

1074 1.1e-02  2.6e+07 0.0e+00 9.9e+01  9.9e401 47.345 7.750 4.769 6.1 9.9
2003  2.1e-02  1.1e+10 0.0e+00 9.8e+01  6.8e401 330.150 11.170 0.106 29.6 3127.6
3600 2.1e-03  1.8e+07 0.0e+00 4.5e+01  6.1e401 535.706 6.547 9.983 81.8 53.7
3134 4.6e-03  2.6e+12 -9.7e-04 7.5e+01  7.0e+01 179.904 2.412 0.384 74.6 468.9
3562 1.3e-02  1.9e+11 0.0e+00 8.0e+01  7.8e4+01 1620.562 16.285 1.697 99.5 954.7
1922 8.2e-03  1.7e+08 0.0e+00 9.6e+01  8.8e+01 187.552 3.920 0.330 47.8 569.1
4410 1.1e-02  9.5e408 0.0e+00 9.5e+01  8.3e401 3640.376 2.524 2.805 1442.2 1297.7
588  6.2e-02  2.8e+04 9.9e+01 9.0e+01  9.3e401 21.036 0.400 1.254 52.6 16.8
494 6.8e-03  2.4e+06 9.0e+01 9.1e+01  3.3e+01 11.579 0.741 0.101 15.6 115.0
662  5.6e-03  7.9e+05 9.4e+01 7.4e+01  4.5e401 13.342 0.294 0.215 45.4 62.0
1824  1.2e-02  1.9e+06 0.0e+00 8.6e+01  7.0e+01 190.816 1.820 1.497 104.9 127.5
2146 1.6e-02  1.7e+03 0.0e+00 5.5e+01  4.9e401 430.804 1.911 13.432 225.5 32.1
2910  2.1e-02  6.0e+06 0.0e+00 8.4e4+01  7.5e401 631.282 2.763 3.509 228.4 179.9
237 1.8e-02  2.0e+07 -5.1e+01 7.9e+01  6.5e+01 0.909 0.556 0.059 1.6 15.4
957  4.5e-03  5.1e+09 2.8e+01 6.1e+01  6.5e+01 9.483 4.814 0.125 2.0 75.6
100 5.9e-02 1.6e+03 3.8e+01 3.5e+01  3.5e+01 0.773 0.031 0.600 24.8 1.3
468  2.4e-02 1.1e+04 8.3e+01 7.9e+01  7.3e4+01 12.871 1.221 0.978 10.5 13.2
729 8.7e-03  2.4e+09 9.2e+01 8.3e+01  8.4e+401 38.291 0.327 0.971 117.3 39.5
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Table D.2: Comparison of Algorithm in [16] and Algorithm C.1 for Min £ on Random

Dim & Density, & n(A) | % Reduction in r CPU Time (seconds) CPU Ratios
n Jensity (A) Alg. in [10] Alg 2.2 Alg. C.1 Alg. in [17] Alg 2.2 Alg C.1 (Alg. in [0D/Alg 2.1 (Alg. in [I0])/AlgC.1
2000 1.0e-03 2.0e+06 -4.8e401 5.3e+01 4.4e401 16.096 3.723 0.578 4.3 27.9
2500 8.1e-04 2.5e+06 -5.0e+401 5.2e+01 4.7e-13 22.520 7.593 0.093 3.0 241.6
3000 6.7e-04 3.0e+06 -1.8e+401 3.5e+01 1.3e+01 33.939 4.365 0.419 7.8 81.0
3500 5.8e-04 3.5e+06 -1.9e+01 4.3e+01 4.9e+01 43.244 7.401 1.644 5.8 26.3
4000 5.0e-04 4.0e+06 -4.4e401 3.5e+01 4.8e+00 58.427 8.160 0.339 7.2 172.3
4500 4.5e-04 4.5e4+06 -3.0e401 3.3e+01 4.2e4-01 70.001 4.003 2.368 17.5 29.6
5000 4.0e-04 5.0e+06 -4.4e+401 3.9e+01 3.9e+01 85.027 15.789 2.618 5.4 32.5
5500 3.7e-04 5.5e+06 -3.5e401 2.8e+01 3.6e401 102.306 3.171 3.028 32.3 33.8
6000 3.3e-04 6.0e+06 -4.3e+401 3.0e+01 3.4e+401 131.942 8.180 4.213 16.1 31.3
6500 3.1e-04 6.5e+06 -2.9e+401 2.7e+01 3.2e+401 150.446 7.180 4.973 21.0 30.3
7000 2.9e-04 7.0e+06 -2.9e+401 3.3e+01 3.0e+01 176.338 19.705 5.695 8.9 31.0
7500 2.7e-04 7.5e4+06 -4.1e401 3.2e+01 2.8e+01 201.914 22.698 6.576 8.9 30.7
8000 2.5e-04 8.0e+06 -1.9e+01 3.2e+01 2.7e401 213.641 26.429 6.048 8.1 35.3
8500 2.4e-04 8.5e+06 -2.8e+01 2.5e+01 2.6e+01 255.923 10.842 6.544 23.6 39.1
9000 2.2e-04 9.0e+06 -1.5e401 8.7e+00 9.3e+00 283.656 4.197 3.164 67.6 89.7
9500 2.1e-04 9.5e4+06 -4.2e401 2.6e+01 2.3e401 326.533 18.083 7.343 18.1 44.5
10000 2.0e-04 1.0e4+07 -3.2e4-01 2.2e401 1.8e4-01 351.300 12.470 7.560 28.2 46.5
10500 1.9e-04 1.0e+07 -1.2e+01 2.7e+01 2.1e401 385.074 34.258 9.799 11.2 39.3
11000 1.8e-04 1.1e4-07 -4.1e4+01 2.2e+01 1.9e+4-01 459.240 29.053 12.083 15.8 38.0
11500 1.7e-04 1.1e4-07 -3.4e+4-01 2.3e+01 2.0e+401 491.016 21.515 12.149 22.8 40.4
12000 1.7e-04 1.2e4-07 -3.0e401 2.2e+4+01 1.9e4-01 522.207 30.531 21.476 17.1 24.3
12500 1.6e-04 1.3e+07 -3.1e401 4.4e+00 3.7e4+00 554.995 20.494 4.251 27.1 130.6
13000 1.5e-04 1.3e+07 -2.9e+01 2.4e+01 1.8e+01 607.047 110.059 17.378 5.5 34.9
13500 1.5e-04 1.4e+4-07 -3.0e+01 2.2e+01 1.8e+401 672.009 31.280 24.296 21.5 27.7
14000 1.4e-04 1.4e4-07 -2.9e401 2.2e+01 1.7e4-01 719.140 33.481 13.514 21.5 53.2
14500 1.4e-04 1.4e4-07 -3.4e401 1.5e+4+01 1.2e4-01 905.783 19.809 11.997 45.7 75.5
15000 1.3e-04 1.5e4-07 -4.1e401 1.6e+4-01 1.1e+401 925.496 25.721 11.144 36.0 83.0
= D.2 Minimizing x on Larger Test Instances: Section 3.1
Table D.3: Algorithm C.1 for Min s on Large SuiteSparse
Dim & Density, & w(A) | % Reduction in k CPU Time
n density k(A) Alg 2.2 Alg. C.1 Alg. 2.2 Alg C.1
14822 3.3e-03 2.0e4-06 3.9e4-01 3.0e4-01 7.850 283.641
15439 1.1e-03 4.4e+12 8.0e4-01 7.2e+401 8.734 2.185
15439 6.5e-05 6.1e4-09 4.2e+01 5.4e+401 2.283 2.725
17361 1.1e-03 2.5e4-06 1.3e+01 1.2e+401 1.097 9.086
17361 3.4e-03 1.1e4+09 5.6e4-01 3.0e4-01 19.675 9.306
23052 2.2e-03 7.4e+11 9.0e+4-01 7.2e+401 503.668 6.933
30401 5.1e-04 5.8e4-03 9.1e4-01 9.3e4-01 204.718 14.951
36441 4.3e-04 2.6e4-03 8.5e4-01 9.2e+4-01 459.869 59.632
40806 1.2e-04 8.1le4-01 4.5e-02 1.1e-01 29.901 16.301
48962 2.1e-04 1.6e+05 6.2e4-00 4.1e+00 22.109 43.123
150102 3.2e-05 1.3e+07 4.6e-03 1.5e+00 53.450 864.384
Table D.4: Algorithm C.1 for Min x on Large Random
Dim & Density, & «(A) | % Reduction in k CPU Time
n density k(A) Alg 2.2 Alg. C.1 Alg. 2.2 Alg C.1
50000 3.8e-05 1.0e+11 1.7e+01 7.7e+400 244.577 74.798
60000 3.2e-05 1.2e411 1.5e4-01 6.5e400 400.467 103.404
70000 2.7e-05 1.4e+11 1.4e+01 5.6e400 492.698 123.284
80000 2.4e-05 1.6e+11 1.1e+01 5.0e4-00 436.111 198.894
90000 2.1e-05 1.8e+411 1.0e4-01 4.3e+00 550.245 223.299
100000 1.9e-05 2.0e+11 1.2e4-01 4.0e+00 986.187 250.367
110000 1.7e-05 2.2e411 1.1e+01 3.7e400 1162.321 293.284
120000 1.6e-05 2.4e+11 1.1e401 3.4e+400 1172.119 332.887
130000 1.5e-05 2.6e+11 8.5e400 3.1e400 1274.404 386.352
140000 1.4e-05 2.8e+411 9.1e4-00 2.9e4-00 1500.467 480.042
150000 1.3e-05 3.0e+411 8.7e+400 2.7e4+00 1677.360 498.512
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= D.3 PCG Comparison for Solving Linear Systems: Section 3.2

Table D.5: PCG Comparison Using Preconditioners Found by Algorithm in

16] and Algorithm C.1

Dim, Density, & «(A) [ % Reduction in k PCG Iterations PCG CPU Time

n density ~(A) Alg. in [10] Alg. C.1 Alg. in [10] Alg C.1 Alg. in [10] Alg. C.1
1000 3.3e-03 1.0e4-09 -2.6e+01 3.7e+01 115340 97612 1.02 0.90
1300 2.5e-03 1.3e4-09 -2.6e+01 6.8e+01 150922 89341 1.71 1.02
1600 2.0e-03 1.6e4-09 -4.3e+01 3.1e+01 178520 154553 2.46 2.13
1900 1.7e-03 1.9e4-09 -3.5e+01 7.0e401 202601 120176 3.29 1.98
2200 1.4e-03 2.2e+09 -4.9e+01 7.1le401 246489 128340 4.84 2.53
2500 1.2e-03 2.5e+09 -2.3e+01 2.5e+01 251249 220359 5.62 4.95
2800 1.1e-03 2.8e+09 -4.2e+01 1.6e401 290864 253696 7.19 6.28
3100 9.9e-04 3.1e+09 -2.9e+01 6.6e+01 305755 177081 8.33 4.84
3400 9.0e-04 3.4e+09 -3.3e+01 5.2e+01 327618 222784 9.76 6.62
3700 8.3e-04 3.7e+09 -2.5e+01 1.7e401 330854 306415 10.72 9.89
4000 7.6e-04 4.0e+409 -4.4e+01 5.7e+01 365179 235355 12.76 8.20
4300 7.1e-04 4.3e+409 -2.9e+01 5.3e+01 376541 257040 14.15 9.69
4600 6.6e-04 4.6e+409 -4.2e+01 3.8e+01 401636 307104 16.18 12.34
4900 6.2e-04 4.9e+409 -1.1e+01 8.7e+00 403730 383093 17.33 16.48
5200 5.8e-04 5.2e+09 -3.7e+01 4.9e+01 458830 302912 20.81 13.77
5500 5.5e-04 5.5e+09 -3.3e+01 3.8e+01 460970 343189 22.21 16.50
5800 5.2e-04 5.8e+09 -3.2e+01 4.5e+01 467859 337635 23.68 17.05
6100 4.9e-04 6.1e+09 -5.0e+01 4.4e+01 507732 352004 26.98 18.66
6400 4.7e-04 6.4e+09 -2.2e+01 4.3e+01 487284 358570 27.18 20.07
6700 4.4e-04 6.7e+09 -4.0e+01 4.1e+01 525544 379455 30.70 22.17
7000 4.2e-04 7.0e+09 -2.9e+01 3.9e+01 529965 394440 32.41 24.04
7300 4.1e-04 7.3e+09 -5.3e+01 2.7e+00 569603 512406 36.14 32.53
7600 3.9e-04 7.6e+09 -2.9e+01 7.4e-13 556700 528549 36.83 34.94
7900 3.7e-04 7.9e+09 -2.2e+01 3.6e+01 571141 437729 39.26 30.09
8200 3.6e-04 8.2e+09 -6.6e+01 3.5e+01 614096 449955 43.92 32.18
8500 3.5e-04 8.5e+09 -2.8e+01 3.5e+01 570400 455269 42.29 33.78
8800 3.3e-04 8.8e+09 -3.6e+01 3.4e+01 626901 476385 48.30 36.86
9100 3.2e-04 9.1e+09 -1.8e+01 2.0e+01 599788 528119 47.93 41.95
9400 3.1e-04 9.4e+09 -2.0e+01 8.8e+00 630375 577302 51.57 47.41
9700 3.0e-04 9.7e+09 -2.9e+01 3.1e+01 640995 508810 54.60 43.39
10000 2.9e-04 1.0e+410 -4.5e+01 3.1e+01 685653 519018 60.32 45.62
10300 2.8e-04 1.0e+410 -2.5e+01 2.9e+01 667930 540192 94.18 73.77
10600 2.8e-04 1.1e410 -4.4e+01 2.9e+01 715141 546513 100.73 72.12
10900 2.7e-04 1.1e410 -3.9e+401 1.9e4-01 724046 590975 122.17 103.60
11200 2.6e-04 1.1e410 -2.4e+401 2.8e+401 697926 564635 123.62 98.01
11500 2.5e-04 1.1e410 -8.9e+400 2.4e401 674744 591017 123.21 105.38
11800 2.5e-04 1.2e+410 -3.9e+401 1.7e4-01 759543 631727 126.21 101.22
12100 2.4e-04 1.2e+410 -2.9e+401 2.6e+401 753466 602102 124.03 102.56
12400 2.3e-04 1.2e410 -4.3e401 2.5e401 776591 613785 123.09 90.23
12700 2.3e-04 1.3e410 -3.3e401 2.5e401 776271 621762 137.31 106.14
13000 2.2e-04 1.3e410 -3.2e401 1.1e4-01 770468 683497 138.04 122.07
13300 2.2e-04 1.3e410 -2.7e401 2.4e4-01 763526 646019 138.30 116.34
13600 2.1le-04 1.4e410 -3.5e401 1.7e4-01 814873 680430 141.08 118.19
13900 2.1le-04 1.4e410 -5.5e4-01 2.3e401 865682 654026 160.41 125.69
14200 2.0e-04 1.4e410 -4.4e4-01 2.3e4-01 857069 666636 162.56 130.88
14500 2.0e-04 1.5e+410 -4.3e401 1.1e4-01 872791 729504 173.93 141.72
14800 2.0e-04 1.5e410 -3.0e401 8.5e4-00 833167 747884 166.70 150.00

27




Table D.6: PCG Comparison

Dim & Density | ~ condition # PCG Iterations PCG CPU
n density A D12 Ap1/2 A D12 Apl/2 A D12 Apl/2

1000 1.9e-03 2.5e+09 1.6e+4+09 180178 152582 1.33 1.24
1300 1.5e-03 3.2e+09 1.0e+4-09 230315 134756 2.19 1.42
1600 1.2e-03 4.0e+409 2.7e+09 274483 242196 3.30 3.10
1900 1.0e-03 4.7e409 1.0e+4-09 320968 156769 4.59 2.37
2200 8.7e-04 5.5e+09 1.6e+09 358721 206184 5.91 3.59
2500 7.7e-04 6.3e+09 2.4e+409 400460 257771 7.28 5.01
2800 6.8e-04 7.0e+09 5.8e+09 428318 391543 8.86 8.51
3100 6.2e-04 7.8e+09 2.6e+09 463490 273294 10.56 6.56
3400 5.6e-04 8.5e+09 3.0e-+09 493529 296013 12.52 7.92
3700 5.2e-04 9.3e+09 5.1e4+09 526851 397509 14.66 11.60
4000 4.8e-04 1.0e+410 4.1e+09 552169 361977 16.77 11.49
4300 4.4e-04 1.1e410 4.7e+09 582535 393356 19.21 13.56
4600 4.2e-04 1.2e+410 6.1e-+09 603376 449391 21.47 16.76
4900 3.9e-04 1.2e+410 1.2e+10 643577 643577 24.27 25.37
5200 3.7e-04 1.3e+410 6.4e-+09 659469 469358 26.72 19.91
5500 3.5e-04 1.4e+10 7.7e4+09 684824 517202 29.43 23.26
5800 3.3e-04 1.5e+10 7.7e4+09 717033 523850 32.45 24.88
6100 3.1e-04 1.5e+10 8.3e-+09 733571 553378 34.93 27.69
6400 3.0e-04 1.6e+10 9.0e+09 758107 579864 37.95 30.51
6700 2.9e-04 1.7e4+10 9.6e-+09 779761 592643 40.56 32.51
7000 2.7e-04 1.8e+10 1.0e+10 795966 629263 43.34 36.16
7300 2.6e-04 1.8e+10 1.8e+10 830346 828422 47.01 49.64
7600 2.5e-04 1.9e+10 1.2e+10 846830 670583 49.83 41.73
7900 2.4e-04 2.0e+10 1.3e+10 864006 699636 53.01 45.62
8200 2.3e-04 2.1e+10 1.3e+10 887065 718809 56.55 48.40
8500 2.2e-04 2.1e+10 1.4e+10 895498 724188 58.85 50.56
8800 2.2e-04 2.2e+10 1.4e+10 908428 749730 61.86 54.41
9100 2.1e-04 2.3e+10 1.5e+10 938959 769789 66.03 57.60
9400 2.0e-04 2.3e+10 2.0e+10 958843 899589 69.70 69.48
9700 2.0e-04 2.4e+10 2.4e+10 976855 976855 73.30 7T7.87
10000 1.9e-04 2.5e+10 1.7e+10 989326 816544 76.41 67.23

7 D.4 From k-optimal A to “Improve PCG” using w-optimal scaling: Section 3.3

Table D.7: PCG tol. 1le—7; Medium, PC; A, k-opt VS J,w-opt of A

Dim & Density | Ratios in conds (J, A) J: w-opt of A Ratios A/J

n density w(J)/x(A) w(J)/w(A) iters cpu iters cpu
5000 9.40e-03 2.98e+4-00 7.368e-01 19.4 3.927e-03 25.2 13.9
10000 7.44e-03 3.31e+00 7.362e-01 18.8 6.698e-03 36.6 30.5
15000 6.02e-03 2.64e4-00 7.365e-01 17.0 1.418e-02 41.6 39.0
20000 4.57e-03 3.56e-+00 7.363e-01 20.6 2.861e-02 41.6 41.1
25000 3.47e-03 3.71e+00 7.370e-01 20.6 8.006e-02 30.9 29.1
30000 2.42e-03 3.52e+00 7.362e-01 20.2 4.327e-02 48.0 43.0
35000 1.56e-03 2.77e4-00 7.371e-01 16.0 4.174e-02 36.5 36.1
40000 8.93e-04 2.89e+4-00 7.364e-01 18.0 2.535e-02 46.7 38.9
45000 4.15e-04 3.93e+00 7.370e-01 21.8 1.820e-02 28.5 27.0
50000 4.12e-04 4.12e-+00 7.361e-01 24.0 2.679e-02 49.5 43.7
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Table D.8: PCG tol. 1e—7; Large, Linux; A, k-opt VS J, w-opt of A

Dim & Density | Ratios in conds (J, A) J: w-opt of A Ratios A/J
n density k(J)/k(A) w(J)/w(A) iters cpu iters cpu
60000 9.14e-03 4.27e4-00 7.366e-01 18.2 8.894e-01 42.0 36.5
65000 7.78e-03 4.57e4-00 7.362e-01 21.0 9.985e-01 52.9 47.9
70000 6.54e-03 3.93e4-00 7.365e-01 17.0 8.110e-01 48.3 42.9
75000 5.44e-03 4.18e+4-00 7.363e-01 18.0 8.253e-01 56.4 49.2
80000 4.36e-03 4.08e4-00 7.369e-01 17.0 7.202e-01 38.3 33.8
85000 3.47e-03 3.91e4-00 7.362e-01 18.0 7.062e-01 60.9 54.0
90000 2.63e-03 3.92e+4-00 7.371e-01 17.6 6.050e-01 34.2 29.8
95000 1.91e-03 4.12e4-00 7.364e-01 18.0 5.092e-01 48.0 41.6
100000 1.31e-03 4.13e4-00 7.369e-01 18.2 4.029e-01 34.4 29.8
105000 8.09e-04 4.41e4-00 7.361e-01 22.0 3.342e-01 58.8 50.3
110000 4.29e-04 3.58e4-00 7.363e-01 17.0 1.709e-01 55.9 45.2
115000 1.74e-04 3.97e4-00 7.369e-01 20.6 1.134e-01 31.6 23.7
120000 3.32e-05 3.14e4-00 7.362e-01 20.2 3.648e-02 55.0 26.0

E List of SuiteSparse Matrices Used in Experiments

Table D.1 considers the following matrices from the SuiteSparse Matrix Collection:
“besstk08.mat”, “besstk13.mat”, “besstk21l.mat”, “besstk23.mat”, “besstk24.mat”
“besstk26.mat”, “besstk28.mat”, “besstk34.mat”, “494_bus.mat”, “662_bus.mat”
“nasal824.mat”, “nasa2146.mat”, “nasa2910.mat”, “nosl.mat”, “nos2.mat”, “nos4.mat”
“nosb.mat”, “nos7.mat”

Table D.3 considers the following matrices from the SuiteSparse Matrix Collection:
“Pres_Poisson.mat”, “bcsstk25.mat”, “besstm25.mat”, “gyro_m.mat”
“gyro.mat”, “besstk36.mat”, “wathen100.mat”, “wathenl120.mat”, “minsurfo.mat”

“gridgena.mat”, “G2_circuit.mat”
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775
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778

779

780

781

782
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784

785

786

787

788

Index

A > 0, positive definite, 3 7 composite function, fog, 4
D = Diag(d), 6 70 convex hull, conv, 5
1

_ 1 _
V= V2 | —eT | 4,13 71 domain D, 23
X oY Hadamard product, 4
Diag(d) € S, 4 72 geometric mean, geom(d), 17
./\/ln7 4
sn 4 73 Hadamard product, X ¢ Y 4
S, 4 s Jacobi preconditioner, 4
Sty, 4
S% ., cone of Posi_tive definite matrices, 3 795 positive definite, A >0, 3
S(x) = {yeintD: f(y) < f(x)}, 11
D, domain, 23 6 SDP, semidefinite programming, 19
blkdiag(B), 17 77 semidefinite programming, SDP, 19
D(d) = ADiag(d), 6 78 strict complementarity condition, 9

D (d)(Ad), 8

V(v) := ADiag(e + Vv), 13
conv, convex hull, 5

diag(S) e R", 4

geom(d), geometric mean, 17

0, 13
w(4) = Rt 5
max; \; (B
r(d) = (D(d)) = (k0 D)(d), 5
r(d) = x(D(d)) = x(D(d)), T
k(v) := k(V(v)), 13
k(B) = max; \;(B)/min; \;(B), k-condition number,

W

)\1(3) = ImaXx; )\Z(B), 4
Amax(d) = Amax(D(d)) = (Amax © D)(d), 6
)\maX(d) = AmaX(ID(d)) = )‘maX(D(d))a 7

Amin(d) = Amin(D(d)) = (Amin o D)(d), 6
)\min(d) = Amin(D(d)) = )‘min(D(d)), 7
V geom(d) = L geom(d) diag (Diag(d)™!), 17

r(A
w(4) = dtet((A))/ly/L"’ 3

w(B) _ 22;1 Ai(B)/:l’ 4
i1 Ai(B)n
oh(x) :={v:{v,y —xy < h(y) — h(z), Vy}, 4
a= diag(A)l/z, 4
f o g, composite function, 4
°f(x) := {g g, y—xy <0, Vye S(x)}, 11
D(d) = Diag(d)'/? A Diag(d)"/?, 5
cC, 23
int C, 23
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