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Abstract. In this paper, we analyze the global convergence of the least-change secant method proposed by
Dennis and Wolkowicz, when applied to convex objective functions. One of the most distinguished features of
this method is that the Dennis-Wolkowicz update doesn’t necessarily belong to the Broyden convex family and
can be close to the DFP update, but it still has the self-correcting property. We prove that, for convex objective
functions, this method with the commonly used Wolfe line search is globally convergent. We also provide some
numerical results.
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1. Introduction

We consider the quasi-Newton methods from the Broyden family for the unconstrained
optimization problem

min
x∈Rn

f (x).

These methods are iterative with the form

xk+1 = xk + λkdk,

where λk is the stepsize computed by some one dimensional line search techniques, and dk

is the search direction determined by

dk = −Hk gk = −B−1
k gk,

where gk denotes the gradient of f at the point xk , Bk is an approximation of the true
Hessian ∇2 f (x) at xk . The matrix Bk (or its inverse matrix Hk) is updated by the formula
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of Broyden:

Bk+1 = Bk − BksksT
k Bk

sT
k Bksk

+ yk yT
k

yT
k sk

+ (1 − φk)
(
sT

k Bksk
)
vkv

T
k , (1)

where

sk = xk+1 − xk = λkdk, yk = gk+1 − gk,

vk = yk

yT
k sk

− Bksk

sT
k Bksk

,

and φk is a parameter.
Two most famous update formulas within the Broyden family are the DFP update and the

BFGS update, with the DFP update associated with φk = 0 and the BFGS update associated
with φk = 1. The Broyden convex family is defined as all the updates associated with
φk ∈ [0, 1] in the Broyden family. If φk ∈ [δ, 1], δ ∈ (0, 1], then the corresponding Broyden
convex family is called the restricted Broyden convex family, excluding the DFP update.

Although there are many quasi-Newton methods, the BFGS method surpasses the others
in popularity. It has been believed that this method is more robust than its relatives. Many
attempts have been made to answer the question whether the BFGS method is the best
quasi-Newton method, at least within the Broyden family. In fact, the search for a quasi-
Newton method that is more efficient than the BFGS method began in the 1970s and has
not ceased (see, for example, [1, 6–8, 16, 18, 29]).

In particular, Dennis and Wolkowicz [11] derived a new and promising update in the
Broyden family by optimizing the measure

ω(B) = Tr(B)

n det(B)1/n
.

We call this new update the DW update and the corresponding method the DW method. In
the DW update, the parameter φk in (1) is defined as

φk = 1[
bk/hk + 1 − b2

k

/
(akhk)

] , (2)

with the notations

ak = yT
k Hk yk, bk = yT

k sk, hk = sT
k Bksk .

The corresponding DW update for the inverse Hessian approximation Hk is (see [11])
given by

Hk+1 = Hk − Hk yk yT
k Hk

yT
k Hk yk

+ sksT
k

yT
k sk

+ (
yT

k sk
)
ukuT

k ,

where uk = sk/yT
k sk − Hk yk/yT

k Hk yk .
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The numerical results of Dennis and Wolkowicz [11] show that the DW method performs
better than the BFGS method. Our tests on some problems with moderate dimensions (see
Section 5) confirm their conclusion. This motivates us to study its convergence properties.
In Han and Liu [15], we proved that the DW method possesses a self-correcting property, and
it is globally convergent when applied to uniformly convex objective functions. According
to the Cauchy-Schwarz inequality

(bk)
2 ≤ akhk, (3)

we have that φk > 0. Since it is possible that φk > 1, the DW method doesn’t necessarily
belong to the Broyden convex family. Moreover, if hk/bk 
 1, then φk ≈ 0. Thus the DW
update can be very close to the DFP update. These properties of φk make the convergence
analysis very tricky since it is still an open question whether the DFP update is globally
convergent with an inexact line search for strongly convex functions (Nocedal [19]). In
[29], the convergence of the restricted Broyden family

1 − φk ∈ [0, 1 − δ], 1 − δ ∈ [0, 1)

was analyzed, while the convergence behavior when 1 − φk approaches 1 (i.e., near the
DFP update) is unknown.

Since most convergence analyses for the quasi-Newton methods in the literature assume
that the objective functions are only convex, a natural question to ask is that whether the
convergence results in [15] can be extended to cover general convex objective functions.
In this paper, we will show that the DW method with the Wolfe line search is globally
convergent on convex functions. We will also provide some numerical results to illustrate
the superiority of the DW method over the BFGS method.

2. Preliminaries

All of our convergence analysis will be based on the following assumption:

Assumption H. The function f is twice continuously differentiable, convex and bounded
below. Moreover the Hessian matrix is bounded

‖G(x)‖ ≤ M

for all x in the level set D = {x ∈ Rn : f (x) ≤ f (x0)}.

This assumption is mild because for general non-convex objective functions little has
been known regarding the convergence of the original quasi-Newton methods due to
the difficulty arising from estimating the growth of the magnitude of the eigenvalues of
Bk . Some researchers (see for example, [17] and [26]) have considered modifying the
quasi-Newton methods and proved global convergence for the modified quasi-Newton meth-
ods on non-convex objective functions.
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We analyze the DW algorithm with the following Wolfe line search

f (xk + λk dk) ≤ f (xk) + c1λk gT
k dk

g(xk + λk dk)
T dk ≥ c2gT

k dk,

where c1 ∈ (0, 1) and c2 ∈ [c1, 1). From the second inequality, we obtain

yT
k sk ≥ (1 − c2)λk

(−gT
k dk

) = (1 − c2)
(−gT

k sk
)
. (4)

We will often use this relation in the convergence analysis. Also, we will often use

Bksk = −λk gk, sT
k Bksk = λk

(−sT
k gk

)
.

The first Lemma is an important property of convex functions. It was proved and used by
Powell to analyze the global convergence of the DFP method with the exact line search [24]
and of the BFGS method with the Wolfe line search [25] on convex objective functions.

Lemma 1 (see Powell [24] or [25]). Under the Assumption (H ),

‖yk‖2

yT
k sk

≤ M.

In the literature, the convergence of quasi-Newton methods has been investigated by
means of estimating the trace and determinant of the Hessian approximation matrix Bk . It’s
easy to derive the iterative relations between the traces Tr(Bk+1) and Tr(Bk) and between
the determinants det(Bk+1) and det(Bk) from (1).

Lemma 2 (see Byrd et al. [4] or [2]).

Tr(Bk+1) = Tr(Bk) − φk
‖Bksk‖2

sT
k Bksk

+ ‖yk‖2

yT
k sk

+ (1 − φk)
‖yk‖2

yT
k sk

sT
k Bksk

yT
k sk

−(1 − φk)
2yT

k Bksk

yT
k sk

. (5)

Lemma 3 (see Byrd et al. [2] and Pearson [22]).

det(Bk+1) = det(Bk)

[
φk

yT
k sk

sT
k Bksk

+ (1 − φk)
yT

k B−1
k yk

yT
k sk

]
.

The DW algorithm proceeds from any starting point and any positive initial matrix B1.
Since the Wolfe line search always ensures

yT
k sk > 0,
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it is easy to see that all the matrices Bk(k = 2, 3, . . .) generated from the DW algorithm are
positive definite (Dennis and Wolkowicz [11]). Thus all the following quantities

ak, bk, hk, Tr(Bk+1)

are positive.
Since some of our analysis in the later sections will be developed by discussing two cases

depending on whether bk > hk or not, we define the following:

p( j) =
{

1, if b j > h j ,

2, if b j ≤ h j .

Throughout this paper, we always assume that {xk} is generated by the DW algorithm,
where the steplength λk satisfies the Wolfe line search.

In the rest of this section, we present some basic lemmas which will be used in the
convergence analysis. Some of them can be found in Han and Liu [15], while the proofs of
the others are straightforward.

Lemma 4. Assume that f is bounded below. Then,

+∞∑
k=1

(−gT
k sk

)
< +∞.

This lemma is a direct result from the first condition of the Wolfe line search.

Lemma 5 (See [15]).
(a) If φk ≥ 1, then |1 − φk | ≤ φk .
(b) If 0 < φk < 1, then |1 − φk | ≤ bk

hk
φk .

(c) 1
φk

≤ bk
hk

+ 1.

Lemma 6.

φk ≥ 1

2

(
hk

bk

)2−p(k)

.

Proof: Consider two cases:
Case (1) hk < bk .

In this case, p(k) = 1, and from (3), we have

φk ≥ 1

1 + bk/hk
≥ 1

bk/hk + bk/hk
= hk

2bk
= 1

2

(
hk

bk

)2−p(k)

.

Case (2) hk ≥ bk .
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In this case, p(k) = 2, and from (3), we have

φk ≥ 1

1 + bk/hk
≥ 1/2 = 1

2

(
hk

bk

)2−p(k)

.

Therefore, this Lemma is true. ✷

Lemma 7. For any x > 0,

x − 2 ln x ≥ 2 − 2 ln 2 > 0,

x − 1/2 ln x ≥ 1/2 + 1/2 ln 2 > 0.

Proof: Define

q(x) = x − 2 ln x.

Note that

q ′(x) = 1 − 2

x
, q ′′(x) = 2

x2
> 0.

The first string of inequalities hold. Similarly, the second string of inequalities hold by
defining q(x) = x − 1/2 ln x. ✷

Lemma 8 (See [15]).

det(Bk+1) = det(Bk)
φkak

hk
. (6)

Lemma 9.

det(Bk+1) ≥ 1

2

(
bk

hk

)p(k)

det(Bk).

Proof: By Lemma 8 we have

det(Bk+1) = det(Bk)

(
bk

hk

)(
ak

bk

)
φk .

From (3), we have

ak

bk
≥ bk

hk
.

Thus

det(Bk+1) ≥
(

bk

hk

)2

φk det(Bk). (7)
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Using Lemma 6, we obtain

(bk/hk)
2φk ≥ (bk/hk)

2 × 1/2(hk/bk)
2−p(k) = 1

2
(bk/hk)

p(k).

Substituting this into (7), we see that this lemma is true. ✷

3. Results under an assumption

In this section, we assume that there exists a constant ε > 0 such that

‖gk‖ ≥ ε. (8)

All of the results obtained in this section are derived by assuming that (8) and Assumption
(H) hold.

We are going to derive an upper bound for Tr(Bk+1). The next two theorems are devoted
to estimating |(1 − φk)

sT
k Bk sk

yT
k sk

| and |(1 − φk)
yT

k Bk sk

yT
k sk

|. They appear in the right hand side of
Tr(Bk+1) formula in Lemma 2.

Theorem 1. If

0 < φk < 1,

then we have∣∣∣∣∣(1 − φk)
sT

k Bksk

yT
k sk

∣∣∣∣∣ ≤ c3.

and ∣∣∣∣∣(1 − φk)
yT

k Bksk

yT
k sk

∣∣∣∣∣ ≤ c4 + 1

8
φk

‖Bksk‖2

sT
k Bksk

.

for some positive constants c3 and c4.

Proof: Since 0 < φk < 1, from Lemma 5 and the definitions of bk and hk we have

∣∣∣∣∣(1 − φk)
sT

k Bksk

yT
k sk

∣∣∣∣∣ ≤ φk
bk

hk

∣∣∣∣∣ sT
k Bksk

yT
k sk

∣∣∣∣∣ = φk < 1. (9)

To estimate |(1 − φk)
yT

k Bk sk

yT
k sk

|, we divide our analysis into two cases:

Case (1) |yT
k gk | ≤ λk‖gk‖2/8.
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By Lemma 5 we have

∣∣∣∣∣(1 − φk)
yT

k Bksk

yT
k sk

∣∣∣∣∣
/(

φk
‖Bksk‖2

sT
k Bksk

)
≤ φk

bk

hk

∣∣yT
k Bksk

∣∣
yT

k sk

/(
φk

‖Bksk‖2

sT
k Bksk

)

=
(
yT

k sk
)∣∣yT

k Bksk

∣∣(sT
k Bksk

)
(
sT

k Bksk
)(

yT
k sk

)‖Bksk‖2

=
∣∣yT

k Bksk

∣∣
‖Bksk‖2

=
∣∣yT

k gk

∣∣
λk‖gk‖2

≤ 1

8
.

Case (2) |yT
k gk | > λk‖gk‖2/8.

In this case, from 0 < φk < 1, the Cauchy-Schwarz inequality and Lemma 1 we have

∣∣∣∣∣(1 − φk)
yT

k Bksk

yT
k sk

∣∣∣∣∣ ≤
∣∣∣∣∣ yT

k Bksk

yT
k sk

∣∣∣∣∣
=

∣∣yT
k Bksk

∣∣2

yT
k sk

∣∣yT
k Bksk

∣∣
≤ ‖yk‖2‖Bksk‖2

yT
k sk

∣∣yT
k Bksk

∣∣
=

(
‖yk‖2

yT
k sk

)(
λk‖gk‖2∣∣yT

k gk

∣∣
)

≤ M

(
λk‖gk‖2∣∣yT

k gk

∣∣
)

≤ 8M.

Summarizing Case (1) and Case (2), we have

∣∣∣∣∣(1 − φk)
yT

k Bksk

yT
k sk

∣∣∣∣∣ ≤ 8M + 1

8
φk

‖Bksk‖2

sT
k Bksk

.

Taking c4 = 8M in the above inequality and c3 = 1 in (9) completes the proof. ✷

Theorem 2. If

φk ≥ 1,
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then there exist positive constants c5 and c6 such that∣∣∣∣∣(1 − φk)
sT

k Bksk

yT
k sk

∣∣∣∣∣ ≤ c5
(−gT

k sk
)
φk

‖Bksk‖2

sT
k Bksk

and ∣∣∣∣∣(1 − φk)
yT

k Bksk

yT
k sk

∣∣∣∣∣ ≤ c6

√(−gT
k sk

)
φk

‖Bksk‖2

sT
k Bksk

.

Proof: First we estimate |(1 − φk)
sT

k Bk sk

yT
k sk

|.
From Lemma 5, we have∣∣∣∣∣(1 − φk)

sT
k Bksk

yT
k sk

∣∣∣∣∣
/(

φk
‖Bksk‖2

sT
k Bksk

)
≤ φk

sT
k Bksk

yT
k sk

/(
φk

‖Bksk‖2

sT
k Bksk

)

=
(
sT

k Bksk
)(

sT
k Bksk

)
‖Bksk‖2 yT

k sk

=
(−sT

k gk
)2

‖gk‖2 yT
k sk

≤
(−sT

k gk
)2

ε2(1 − c2)
( − sT

k gk
) = c5

(−sT
k gk

)
,

where c5 = 1/[ε2(1 − c2)].
Therefore,∣∣∣∣(1 − φk)

sT
k Bksk

yT
k sk

∣∣∣∣ ≤ c5φk
(−sT

k gk
)‖Bksk‖2

sT
k Bksk

. (10)

We then estimate |(1 − φk)
yT

k Bk sk

yT
k sk

|.
By Lemma 5, the Cauchy-Schwarz inequality and Lemma 1 we deduce∣∣∣∣∣(1 − φk)

yT
k Bksk

yT
k sk

∣∣∣∣∣
/(

φk
‖Bksk‖2

sT
k Bksk

)
≤ φk

∣∣yT
k Bksk

∣∣
yT

k sk

/(
φk

‖Bksk‖2

sT
k Bksk

)

=
∣∣yT

k Bksk

∣∣(sT
k Bksk

)
yT

k sk‖Bksk‖2

≤ ‖yk‖
(
sT

k Bksk
)

yT
k sk‖Bksk‖

≤
√

MyT
k sk

(
sT

k Bksk
)

yT
k sk‖Bksk‖
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=
(−sT

k gk
)

‖gk‖

√
M

yT
k sk

≤
(−sT

k gk
)

ε

√
M

(1 − c2)
(−sT

k gk
)

= c6

√(−sT
k gk

)
,

where c6 = 1
ε

√
M

1−c2
.

Therefore,∣∣∣∣(1 − φk)
yT

k Bksk

yT
k sk

∣∣∣∣ ≤ c6φk

√(−sT
k gk

)‖Bksk‖2

sT
k Bksk

. (11)

✷

Theorem 3. There exists a constant c7 > 0 and an index K > 0 such that for all k ≥ K ,

Tr(Bk+1) ≤ Tr(Bk) − φk

2

‖Bksk‖2

sT
k Bksk

+ c7.

Proof: By Lemmas 1 and 2 and Theorems 1 and 2, we have

Tr(Bk+1) ≤ Tr(Bk) − φk
‖Bksk‖2

sT
k Bksk

+ ‖yk‖2

yT
k sk

+
∣∣∣∣∣(1 − φk)

‖yk‖2

yT
k sk

sT
k Bksk

yT
k sk

∣∣∣∣∣
+

∣∣∣∣∣(1 − φk)
2yT

k Bksk

yT
k sk

∣∣∣∣∣
≤ Tr(Bk) − φk

‖Bksk‖2

sT
k Bksk

+ M + M

∣∣∣∣(1 − φk)
sT

k Bksk

yT
k sk

∣∣∣∣ +
∣∣∣∣(1 − φk)

2yT
k Bksk

yT
k sk

∣∣∣∣
≤ Tr(Bk) − φk

‖Bksk‖2

sT
k Bksk

+ M + M

[
c3 + c5

(−gT
k sk

)
φk

‖Bksk‖2

sT
k Bksk

]

+
[

2c4 + 1

4
φk

‖Bksk‖2

sT
k Bksk

+ 2c6

√
−gT

k skφk
‖Bksk‖2

sT
k Bksk

]

= Tr(Bk) −
[

3/4 − c8

(
−sT

k gk +
√

−sT
k gk

)]
φk

‖Bksk‖2

sT
k Bksk

+ c7. (12)

where c7 = M + Mc3 + 2c4 and c8 = Mc5 + 2c6.
By Lemma 4, we know

lim
k→∞

c8

[
−sT

k gk +
√

−sT
k gk

]
= 0,
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i.e., there exists an index K > 0 such that k ≥ K ,

c8

(
− sT

k gk +
√

−sT
k gk

)
< 1/4,

and then from (12), for all k ≥ K ,

Tr(Bk+1) ≤ Tr(Bk) − 1

2
φk

‖Bksk‖2

sT
k Bksk

+ c7. ✷

From this theorem, there exists a positive constant c9 such that for all k ≥ 1,

Tr(Bk+1) ≤ Tr(Bk) + c9,

φk

2

‖Bksk‖2

sT
k Bksk

≤ [Tr(Bk) − Tr(Bk+1)] + c9,

which give two immediate corollaries:

Corollary 1. There exists a constant c10 > 0 such that

Tr(Bk+1) ≤ c10k.

Corollary 2. There exists a constant c11 > 0 such that

k∑
j=1

φ j
‖B j s j‖2

sT
j B j s j

≤ c11k.

4. Convergence analysis

Our aim is to prove the global convergence

lim
k→∞

inf ‖gk‖ = 0. (13)

To prove this, we first assume that (13) doesn’t hold, i.e., we can assume that (8) is true.
Thus all the results in the preceding sections apply. Then we derive a contradiction, which
implies that (13) must hold.

Lemma 10. Assume that (8) holds. Then, there exists a positive constant c12 such that

k∑
j=1

1(−gT
j s j

)(
h j

b j

)3−p( j)

≤ c12k.
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Proof:

‖Bksk‖2

sT
k Bksk

/
hk

bk
=

(
yT

k sk
)‖Bksk‖2(

sT
k Bksk

)2

≥ (1 − c2)
(−gT

k sk
)‖Bksk‖2(

sT
k Bksk

)2

= (1 − c2)‖gk‖2(−gT
k sk

)
≥ (1 − c2)ε

2(−gT
k sk

) = 1(−gT
k sk

)
c5

.

This and Lemma 6 imply

φk
‖Bksk‖2

sT
k Bksk

≥ φk
hk

bk

1(−gT
k sk

)
c5

≥ 1/2(hk/bk)
2−p(k) × hk

bk

1(−gT
k sk

)
c5

= c13
1(−gT
k sk

)(
hk

bk

)3−p(k)

.

By using this and Corollary 2, we have

k∑
j=1

1(−gT
j s j

)(
h j

b j

)3−p( j)

≤ 1/c13

k∑
j=1

φ j
‖B j s j‖2

sT
j B j s j

≤ c12k, (14)

where c12 = c11/c13. ✷

Lemma 11. Assume that (8) holds. Then there exists a positive constant c14 such that

k∑
j=1

ln

(
h j

b j

)p( j)

≥ −c14k.

Proof: From Lemma 9, we deduce

det (Bk+1) ≥ 1

2

(
bk

hk

)p(k)

det(Bk)

≥ · · · · · ·

≥ 1

2k

k∏
j=1

(
b j

h j

)p( j)

det(B1),
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i.e.,

k∏
j=1

(
b j

h j

)p( j)

≤ 2k det(Bk+1)

det(B1)
. (15)

Using the geometric-arithmetic inequality and Corollary 1, we have

det(Bk+1) ≤ [Tr(Bk+1)/n]n ≤ (c10k/n)n.

Substituting this into (15), we have

k∏
j=1

(
b j

h j

)p( j)

≤ 2k(c10k/n)n

det(B1)
= c15kn2k .

Taking the natural logarithm, we have

k∑
j=1

ln

(
b j

h j

)p( j)

≤ ln
(
c15kn2k

) ≤ c14k.

for some positive constant c14. Multiplying the above string of inequalities by −1, we
obtain

k∑
j=1

ln

(
h j

b j

)p( j)

≥ −c14k. ✷

Theorem 4. Suppose that the assumption (H) holds. Let x1 be any starting point, and
B1 be any symmetric positive definite matrix. Assume that {xk} is generated by the DW
algorithm with the Wolfe line search. Then

lim
k→∞

inf ‖gk‖ = 0.

Proof: Assume that by contradiction,

lim
k→∞

inf ‖gk‖ > 0,

i.e., we can assume that (8) holds. Thus Lemma 10 and Lemma 11 hold.
Using Lemma 10 and Lemma 11, we have

k∑
j=1

[
1(−gT
j s j

)(
h j

b j

)3−p( j)

− ln

(
h j

b j

)p( j)
]

≤ (c12 + c14)k = c16k.

Denote

ξ j = 1(−gT
j s j

)(
h j

b j

)3−p( j)

.
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Then

1(−gT
j s j

)(
h j

b j

)3−p( j)

− ln

(
h j

b j

)p( j)

= ξ j − ln

(
h j

b j

)p( j)

− p( j)

3 − p( j)
ln

1(−sT
j g j

) + p( j)

3 − p( j)
ln

1(−sT
j g j

)
= ξ j −

(
p( j)

3 − p( j)

)
ln

[(
h j

b j

)3−p( j) 1(−sT
j g j

)
]

+ p( j)

3 − p( j)
ln

1(−sT
j g j

)
= ξ j −

(
p( j)

3 − p( j)

)
ln ξ j + p( j)

3 − p( j)
ln

1(−sT
j g j

) .

Therefore

k∑
j=1

[
ξ j −

(
p( j)

3 − p( j)

)
ln ξ j + p( j)

3 − p( j)
ln

1(−sT
j g j

)
]

≤ c16k. (16)

Since p( j)
3−p( j) = 1/2 or 2, by Lemma 7, we have

ξ j −
(

p( j)

3 − p( j)

)
ln ξ j ≥ min{2 − 2 ln 2, 1/2 + 1/2 ln 2} > 0.

Substituting this into (16), we have

k∑
j=1

p( j)

3 − p( j)
ln

1(−sT
j g j

) ≤ c16k.

Since p( j)
3−p( j) ≥ 1/2, we have

k∑
j=1

ln
1(−sT
j g j

) ≤ 2c16k,

i.e., for all k,

k∏
j=1

1(−sT
j g j

) ≤ exp(2c16k). (17)

By Lemma 4, we know that there exists a constant c17 > 0 such that for all k,

k∑
j=1

(−sT
j g j

) ≤ c17.
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Using the geometric-arithmetic inequality gives

k∏
j=1

(−sT
j g j

) ≤
[

k∑
j=1

(−sT
j g j

)/
k

]k

≤ (c17/k)k,

i.e.,

k∏
j=1

1( −sT
j g j

) ≥ (k/c17)
k .

Combining this with (17), we obtain that for all k,

(k/c17)
k ≤ exp(c16k),

i.e.,

k ≤ c17 exp(c16),

which is a contradiction. Therefore

lim
k→∞

inf ‖gk‖ = 0. ✷

5. Numerical experiments

In this section we report some numerical experiments on the DW method.
The first experiment is to test the DW method against the BFGS method on some un-

constrained optimization problems with moderate dimensions. This can be viewed as a
supplement to the numerical results of Dennis and Wolkowicz [11], since their tests were
focused on problems of low dimensions. The sketch of our implementation of the DW
method is as follows.

Step 1. Choose constants c1 = 10−4, c2 = 10−1.
Select any starting point x1, and any
symmetric and positive definite matrix H1.
Compute g1 = g(x1). Set k := 1.

Step 2. Compute the search direction dk = −Hk gk .
Step 3. Compute the steplength λk satisfing the following strong Wolfe line search:

f (xk + λkdk) ≤ f (xk−1) + c1λk gT
k dk,∣∣gT

k+1dk

∣∣ ≥ c2

∣∣gT
k dk

∣∣.
Step 4. Iterate xk by

xk+1 = xk + λkdk .

Compute the gradient gk+1 = g(xk+1) and the function value f (xk+1).
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Table 1. List of the problems.

Problem Name Dimension

1 Calculus variation 1 100

2 Calculus variation 2 100

3 Calculus variation 3 100

6 Generalized Rosenbrock 100

28 Extended Powell singular 100

42 Extended ENGVL1 100

43 Extended F & R 100

48 Extended Rosenbrock 100

49 Extended Powell 100

50 Tridiagonal 2 100

51 Modified Trigonometric 100

52 Modified Penalty 1 100

Compute the vectors
sk = xk+1 − xk, yk = gk+1 − gk,

and vk = yk

yT
k sk

− Bk sk

sT
k Bk sk

.

Step 5. Test the termination condition. If ‖gk+1‖ satisfies
‖gk+1‖ ≤ ε[1 + | f (xk+1)|], ε = 10−5,

then STOP ; otherwise, go to Step 6.
Step 6. Update the inverse Hessian approximation Hk by the DW formula. Set k := k +1,

go to Step 2.

Table 1 lists our test problems which are from [14]. The experiments were done on a
SPARC 5 Sun Workstation in double precision with f 77 compiler. In our tests, we chose
H1 = yT

1 s1

yT
1 y1

I and 103x1 and 105x1 as the initial points, where x1 is the initial point in the
collection [14] of test problems.

We summarize our numerical results in Table 2 (corresponding to initial point 103x1)
and Table 3 (corresponding to starting point 105x1). In these tables, it denotes the number
of iterations and f − g denotes the number of function-gradient evaluations. * indicates
that line search couldn’t find an appropriate stepsize after 20 function evaluations. For
the DW method, we also record the smallest and largest observed values of the parameter
θk = 1 − φk during the computation. We should mention that if θk = 1 then it corresponds
to the DFP update and θk = 0 corresponds to the BFGS update.

We can conclude from Tables 2 and 3 that the DW method outperforms the BFGS method
on the test problems in Table 1. The range of θk tells us that the DW update almost surely
goes beyond the Broyden convex family, and can be close to the DFP update. We believe
this contributes to its superiority over the BFGS method.
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Table 2. Comparison of the DW method with BFGS method (starting point 103x1).

DW

Problem
BFGS

it/ f − g it/ f − g [min θ, max θ ]

1 482/536 481/515 [−0.2430D+00 0.9630D+00]

2 173/174 165/166 [−0.2135D+00 0.7925D−01]

3 71/86 39/48 [−0.2454D+02 0.8685D+00]

6 779/795 740/757 [−0.8829D+00 0.9240D+00]

28 76/84 65/75 [−0.1840D+01 0.8464D+00]

42 105/109 100/104 [−0.8454D+00 0.4797D+00]

43 94/96 85/90 [−0.1035D+01 0.8973D−02]

48 62/79 63/80 [−0.4379D+01 0.9490D+00]

49 76/84 65/75 [−0.1840D+01 0.8464D+00]

50 54/61 53/55 [−0.3979D−12 0.4849D+00]

51 155/162 147/150 [−0.1969D+01 0.8600D+00]

52 14/16 13/15 [−0.8457D+00 0.4619D−13]

Our next experiment tested the DW method against the BFGS method on the following
quartic function with the dimension n = 100 (see [5])

min f (x) = 1

2
(x − 1)T D(x − 1) + σ

4
[(x − 1)T B(x − 1)]2 + 1,

where D is a positive definite diagonal matrix, σ is a parameter that controls the deviation
from quartic, and

B = U T U, U =




1 · · · 1

· ·
· ·

· ·
1




.

The starting point was chosen as (−1)i × 50(i = 1, . . . , 100). The solution is x =
(1, . . . , 1). As iterates approach the solution, D will dominate the Hessian of the objective
function. We chose three different D’s with the following structure:

D = diag[(1 + ε)−50, (1 + ε)−49, . . . , (1 + ε)49],

where ε was chosen from

0, 0.1, 0.2.
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Table 3. Comparison of the DW method with BFGS method (starting point 105x1).

DW method

Problem
BFGS method

it/ f − g it/ f − g [min θ, max θ ]

1 343/533 340/470 [−0.1957D+00 0.9838D+00]

2 713/720 682/691 [−0.1072D+01 0.2705D+00]

3 * * *

6 2695/2873 2393/2460 [−0.1188D+01 0.9832D+00]

28 198/223 162/185 [−0.1884D+01 0.7950D+00]

42 270/279 260/268 [−0.1709D+01 0.5067D+00]

43 * * *

48 265/312 271/327 [−0.4166D+01 0.9701D+00]

49 196/216 169/186 [−0.1884D+01 0.7950D+00]

50 38/47 35/42 [−0.1137D−12 0.5568D+00]

51 80/81 86/87 [−0.1143D+01 0.2167D+00]

52 39/45 38/44 [−0.8978D+00 −0.1164D−09]

Table 4. BF GS method.

ε

0.0 0.1 0.2
σ it/ f − g it/ f − g it/ f − g

0.0 2/6 504/507 1084/1087

0.01 497/498 1792/1794 1732/1733

0.02 516/517 1842/1845 1782/1783

They give the matrix D the condition numbers of 1, 1.2528 × 104, and 6.9015 × 107. We
also chose 3 different values of σ :

σ = 0, 0.01, 0.02.

Table 4 and Table 5 summarize our results of the BFGS method and the DW method
respectively. From these two tables we see that the DW method performs better than the
BFGS method in all the cases for this quartic problem. Even when D is very ill-conditioned
(ε = 0.2), the DW method is superior to the BFGS method.

It has been believed that a good member of the Broyden family should possess the
property that it can correct both large and small eigenvalues of the approximation matrix
Bk efficiently (see, for example, Byrd, et al. [3], Han and Liu [13], and Nocedal [15]).
This property is called the self-correction property. A main drawback of the DFP update
is that it can not correct large eigenvalues efficiently. In our last experiment, we tested
and compared the abilities of the DW update, the BFGS update, and the DFP update on
correcting both large and small eigenvalues of the approximation matrx Bk . In this test, we



THE DENNIS-WOLKOWICZ METHOD ON CONVEX FUNCTIONS 315

Table 5. DW method.

ε

0.0 0.1 0.2
σ it/ f − g it/ f − g it/ f − g

0.0 2/6 477/480 1043/1046

0.01 464/465 1742/1743 1680/1681

0.02 482/483 1765/1768 1765/1768

Table 6. Self-correction property of the DW, BFGS, and DFP updates.

q DFP BFGS DW

10−6 5.050337 × 10−1 5.000005 × 10−1 5.033708 × 10−1

10−5 5.049531 × 10−1 5.000051 × 10−1 5.033003 × 10−1

10−4 5.051058 × 10−1 5.000510 × 10−1 5.034459 × 10−1

10−3 5.053574 × 10−1 5.005097 × 10−1 5.037267 × 10−1

10−2 5.098492 × 10−1 5.050954 × 10−1 5.082210 × 10−1

10−1 5.546244 × 10−1 5.508733 × 10−1 5.531494 × 10−1

100 1.000000 × 100 1.000000 × 100 1.000000 × 100

101 5.455331 × 100 5.418495 × 100 5.412108 × 100

102 4.998156 × 101 4.951908 × 101 4.950946 × 101

103 4.957219 × 102 4.905210 × 102 4.905111 × 102

104 4.950998 × 103 4.900520 × 103 4.900510 × 103

105 4.950239 × 104 4.900052 × 104 4.900051 × 104

106 4.949195 × 105 4.900005 × 105 4.900005 × 105

chose the following quadratic function

f (x) = 1

2
xT x

with the dimension n = 100.
We chose B1 as the diagonal matrix with the first 50 diagonal entries being q and the last

50 diagonal entries being 1. q was chosen as 10−6, 10−5, . . . , 105, 106, which can cause
that B1 has small, moderate, or large eigenvalues. We randomly chose s1 and used each of
the DW update, BFGS update, and the DFP update to update B1 once. The eigenvalues of
the resulted matrices BDW

2 , BBFGS
2 , and BDFP

2 were found. The averages of the eigenvalues
of BDW

2 , BBFGS
2 , and BDFP

2 were evaluated.
For each case of the above procedure, we ran our program on 10 randomly chosen s1’s.

We then took the mean of ten averages of eigenvalues obtained by each update and report
the results in Table 6. For the above quadratic function and the matrix B1, the closer the
mean is to 1, the more efficient the self-correction of the update is.
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We see from Table 6 that the DW update can correct both large and small eigenvalues
of Bk more efficiently than the BFGS update. We believe that this is a main reason for
the superiority of the DW method over the BFGS method. Although the DFP update can
correct small eigenvalues more efficiently than both the BFGS and the DW updates, it is
obvious from Table 6 that the DFP update works much less efficiently than the BFGS and
the DW updates in correcting large eigenvalues. Since difficulties most often arise due to
large eigenvalues (see Byrd, et al. [3] and Nocedal [15]), the lack of efficiently correcting
large eigenvalues of the DFP update determines its inefficiency in optimization calculation.
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