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Laplace-Young Equation
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In a domain with a sharp corner, the solution becomes unbounded. (Concus and Finn)




Overview

1. high-order finite volume element method (FVEM)
for linear elliptic PDEs with singularities

2. FVEM for nonlinear capillary surfaces



1. high-order finite volume element method (FVEM)
for linear elliptic PDEs with singularities

Au=f(x,y) in$2,
u=g(x,y) onas,




FVEM idea

use FE trial functions integrated over FV
control volumes (e.g., Bank and Rose 1987)

high-order FVEM: use high-order FE nodal
trial functions... but which control volumes??

(J,1) = (3,0)

(4,0) = (0,0)  (4,1)

Fig. 3. Placement of nodes in an element triangle (p = 3).



high-order FVEM (Vogel, Xu and Wittum, 2010
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Step 5 Step 4

construct control volumes in a systematic way



FVEM formulation

Au=f(x,y) in£,
u=g(x,y) onoas2,

u
/

/ AudA = fdA
2 Qu

f v-Vuds = fdA

82y | 2,
/

Nnode
ch/ v-Voids= [ fdA Vie N
i=1 082; 2]

N node

(i, y) = ) G, i) = i =g, ¥i) Vi € Noouna
j=1



sufficiently smooth solution (H1)

we can use standard FE trial space
SI’} = span{¢1, P2, ..., PN ..}

model problem I: (smooth)

f(x,y) =20x°y* + 12x°y* in £,
gx,y) =xy* ondg,
where domain £2 is a unit square domain. The exact solution is

u(x,y) =xy* in .



H1 Error

model problem | - standard trial space
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Fig.6. H' error convergence for the Poisson problem with 9th order polynomial exact solution (Model Problem 1).

(note: no general convergence theory)

T TTOTOUOTTTTDO

- OO ~NOOEWN =



L2 Error
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Fig. 7. L, error convergence for the Poisson problem with 9th order polynomial exact solution (Model Problem 1).

lu — u"|l ;1 = O(HP),
Ok for

h
lu —u’ll, = {

O(hP)

suboptimal convergence in L

for even p (also on irregular
grids) (compare DG)



model problem Il - singular solution

Consider Poisson problem (1)-(2) with the following right hand side and boundary data:
f(x,y) =20x°y* +12x°y* ing, (9)

2 4
gx,y) = xy*+2 r3 sin (§9> +7 ri sin (59) + r{Inr sin(26) + 6 cos(26)}
s . (8 w . (10 4 .
+8r73 sin 50 +2r7 sin ?9 + 8r*{Inrsin(40) + 6 cos(46)} onads2, (10)
where domain £2 is as illustrated in Fig. 2, and r and # are polar coordinates centred at the origin. The exact solution is

2 4
ux,y) = xy* +2 rs sin (59) +7 rs sin (59) + r¥{Inr sin(26) + 6 cos(26)}

8 10
+8r5 sin (39) +2r%sin (?9) 4+ 8r*{Inr sin(46) + 6 cos(49)} in £2. (11)

Note that the r-directional derivative of u(x, y) blows up at the origin, but g(x, y) is analytic on 352 since g(x, 0) = 0 and
g(0,y) = (=3/2y* + 12y*)x.




model problem Il - standard trial space

Fig. 8. L, error convergence for the Poisson problem with 9th order polynomial exact solution on a randomly perturbed grid (Model Problem 1).
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Fig. 9. H! error convergence for derivative blow-up singular solution (Model Problem 2).



model problem Il - augmented trial space

§3 := Span{¢ls ¢2 """ ¢Nnode’ w]91’ ‘tﬁl’z .... WI!NS}
2
Vi1 = ri sin (—8) ,
Nnode Ns 3
~h
uR U = Ci ¢ ki U1, 4
D g+ kv Y12 =rsin (59),

Y13 = r¥{Inr sin(20) + 6 cos(26)},

Nnode Ns
chf v-V¢de+ij/‘;Q.V°V1/f1,jd$= fdA Vi€ Npt

2
note: Ay jdA= [ v-Vyjds=0 VieNm SINCE AYy,; =0
2 082;

Nnode

ZCJ/ v-V¢de= fdA Vi € Nint
j=1 082; £2;



model problem Il - augmented trial space

N node

Nnode Ns
ZCJ'/ V- Vg;ds = fdA Vi€ N u = Zci(bi'f'zkilﬁl,i.
j=1 9524 $2i i=1 i=1
N;
Ci + Z kiv1ij(Xi, i) = 8(Xi, ¥i) Vi € Noound
j=1
“““ ':li 1. g o g
N; extra control KokokoRoRek:
volumes are needed; iy
chosen near the NG NGE )
SiﬂgUlaI"it)’ : : t } : : b o o (x;,y;) for i € Ngingular
¢ . r ! . : g : : , o (24,y;) for i € N\Nsingular




model problem Il - augmented trial space
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Fig. 10. H' error convergence for derivative blow-up singular solution with augmented trial function space (Model Problem 2).



2. FVEM for nonlinear capillary surfaces

Wedge

<4>

<7T
a _ —
5 8

Q={(r0):0<r<R, —a<fl<a}




Asymptotic Laplace-Young Equation

Vu Vv :
V - — V- = v in 2
V1+ | Vul? Vul?
V- ’vv;‘z = COS Y on 0
A
o(r.0) — cos ) — \/k2 — sin? 4
kr
& > (Concus and Finn, Miersemann, and King et al.)
Q
u(r,0) = v(r,0) + O(r?) as r — 0

(Miersemann)



Asymptotic Laplace-Young Equation

Vo :
A\ Vo2 = in 2
V- |VV:|2 = CcoS 7y on 0f)

v(p,q) = Ap? — 23/1 — A2(q — q0)% p — Alqg — q0)? + Ag}

u(p,q) =v(p,q) +O0(p™°) asp— oo

(Aoki M.Math thesis)



Y1+ FT

Asymptotic Analysis

(general cases)

v.—" 4 g
V1 + | Vul?

V-\/l VTLV |2:COS”}/ on 0
+ |Vu

after some calculation ...

u(x _ COS71 + Cos Y2 fi(@) - fr(=) as x — 07
(. 9) fi(z) — fa(z) JrO(fl(ffﬁ)_f?( )> :

8

* some restrictions on f1and f2apply
(Aoki and Siegel)
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Asymptotic Analysis

(summary)

cos ) — \/k2 — sin? 4
kr

Corner: u(r, 0) ~

COS "Y1 -+ COS Y2

CUSpZ u(xay) ~ fl(x> . fQ(CIJ)

Approximation only accurate near the singularity!



Finite Element Approximation

Basis Functions (p=1)

Standard Trial Function Expansion

Nnode

wrul = Z Ci Qi

1=1



Asymptotic Analysis

(1) Change of Variable

Bounded function

Unbounded function



(2) Change of Coordinates
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Finite Volume Element method

Finite Element Expansion Finite Volume Method Control Volumes
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Convergence Study

(Asymptotic Laplace-Young Equation in a Corner domain)
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Convergence Study

(Asymptotic Laplace-Young Equation in a Corner domain)

Without With
Change of Variable Change of Variable
Regular Coordinates Linear Linear

Curvilinear Coordinates Linear Quadratic




L1 Error

Convergence Study

(Asymptotic Laplace-Young Equation in a Circular Cusp domain)
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Numerical Experiment

(Laplace Young Equation in a Corner domain)

Vu

V- = u in )
V1+ | Vul?

Vu
V .
\/1 + |Vul?

= COS 7Y on 0f)




Numerical Experiment

(Finite Volume Element approximation with change of variable and with change of coordinates)
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Numerical Experiment

(Laplace Young Equation in a Corner domain)

Vu

V- = u in )
V1+ | Vul?

= COS 7Y on 0f)




Numerical Experiment

(Finite Volume Element approximation with change of variable and with change of coordinates)

Leading order term of the asymptotic solution
* Numerical solution
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10" + ]
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Numerical Experiment

(Laplace-Young Equation in a Cusp Domain)

Vu

V- = u in )
V1+ | Vul?

Vu
V .
\/1 + |Vul?

= COS 7y on 0f)
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Numerical Experiment

(Finite Volume Element approximation with change of variable and with change of coordinates)

10 ¢ - -

*  Numerical Solution
10° | Asymptotic Approximation.

10° |

10"

10° |

10' |

10



Asymptotic Analysis

Change of Variable + Curvilinear Coordinate System

Finite Volume Element method
or
Finite Element method

Numerical Approximation valid for the entire domain J




