
High-Order Finite Volume Element Methods for Elliptic 
PDEs with Singularities, and Applications to Capillarity
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Laplace-Young Equation



Liquid Surface at a corner
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Liquid Surface at a corner



Liquid Surface at a corner



In a domain with a sharp corner, the solution becomes unbounded. (Concus and Finn)
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1. high-order finite volume element method (FVEM) 
for linear elliptic PDEs with singularities

2. FVEM for nonlinear capillary surfaces

Overview



1. high-order finite volume element method (FVEM) 
for linear elliptic PDEs with singularities



FVEM idea
use FE trial functions integrated over FV 

control volumes (e.g., Bank and Rose 1987)

high-order FVEM: use high-order FE nodal 
trial functions... but which control volumes??



high-order FVEM (Vogel, Xu and Wittum, 2010)

construct control volumes in a systematic way



FVEM formulation



sufficiently smooth solution (H1)

we can use standard FE trial space

model problem 1: (smooth)



model problem I - standard trial space

(note: no general convergence theory)



model problem I - standard trial space

suboptimal convergence in L2 
for even p (also on irregular 

grids) (compare DG)



model problem II - singular solution



model problem II - standard trial space



model problem II - augmented trial space

note: since



model problem II - augmented trial space

Ns extra control 
volumes are needed; 

chosen near the 
singularity



model problem II - augmented trial space



⌦ = {(r, ✓) : 0 < r < R , �↵ < ✓ < ↵}

Wedge
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⌦ = {(x, y) : 0 < x, f2(x) < y < f1(x)}

Cusp

�1 + �2 6= ⇡

2. FVEM for nonlinear capillary surfaces



Asymptotic Laplace-Young Equation

� · �v

|�v|2 = cos � on ��
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|�v|2 = v in �

u(r, �) = v(r, �) + O(r3) as r � 0

(Miersemann)

v(r, �) =
cos � �

�
k2 � sin2 �

kr

(Concus and Finn, Miersemann, and King et al.)
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Asymptotic Laplace-Young Equation

�

� · �v

|�v|2 = cos � on ��

� · �v

|�v|2 = v in �

u(p, q) = v(p, q) + O(p�5) as p��

(Aoki  M.Math thesis)



Asymptotic Analysis
(general cases)

�1 + �2 6= ⇡

after some calculation ...

u(x, y) =
cos �1 + cos �2

f1(x)� f2(x)
+ O

�
f �
1(x)� f �

2(x)
f1(x)� f2(x)

�
as x� 0+

* some restrictions on      and     applyf1 f2

(Aoki and Siegel)



Asymptotic Analysis
(summary)

u(x, y) � cos �1 + cos �2

f1(x)� f2(x)

u(r, �) � cos � �
�

k2 � sin2 �

kr
Corner:

Cusp:

Approximation only accurate near the singularity!
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Finite Element Approximation
Basis Functions (p=1)

u � uh :=
Nnode�

i=1

ci�i

Standard Trial Function Expansion



Asymptotic Analysis

u =
O(1)

f1(x)� f2(x)

(1) Change of Variable

u =
v

f1(x)� f2(x)

Bounded function

Unbounded function



(2) Change of Coordinates

f1(x)

f2(x)

10 x

y

t =
2y � (f1 + f2)

f1 � f2

s = x

x = s

y =
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Finite Volume Method Control Volumes
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Finite Element Expansion
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Finite Volume Element method
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Convergence Study
(Asymptotic Laplace-Young Equation in a Corner domain)



Without 
Change of Variable

With
Change of Variable

Regular Coordinates Linear Linear

Curvilinear Coordinates Linear Quadratic

Convergence Study
(Asymptotic Laplace-Young Equation in a Corner domain)
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Convergence Study
(Asymptotic Laplace-Young Equation in a Circular Cusp domain)

FEM with change of coordinates and without change of variable FEM with change of coordinates and with change of variable
FVEM with change of coordinates and without change of variable FVEM with change of coordinates and with change of variable
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Numerical Experiment
(Laplace Young Equation in a Corner domain)
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Numerical Experiment
(Finite Volume Element approximation with change of variable and with change of coordinates)
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Numerical Experiment
(Finite Volume Element approximation with change of variable and with change of coordinates)
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Numerical Experiment
(Laplace-Young Equation in a Cusp Domain)
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Asymptotic Approximation
Numerical Solution
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Numerical Experiment
(Finite Volume Element approximation with change of variable and with change of coordinates)



Asymptotic Analysis

Change of Variable +    Curvilinear Coordinate System

Numerical Approximation valid for the entire domain

Finite Volume Element method
or

Finite Element method


