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1. Ranking Pages in Web Search

* Google search:

- keyword-based
query results in list of
web pages

- pages are listed in
order of ‘importance’:
PageRank

 how does PageRank
work?

« Markov chains
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Ranking Pages in Web Search...

* how does PageRank work?

« “a page has high rank if the
sum of the ranks of its
backlinks is high”

(‘The PageRank Citation Ranking:
Bringing Order to the Web’ (1998),
Page, Brin, Motwani, Winograd)
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Ranking Pages in Web Search...

« “a page has high rank if the
sum of the ranks of its
backlinks is high”

(“The PageRank Citation Ranking:

Bringing Order to the Web’ (1998),
Page, Brin, Motwani, Winograd)

Bx=x
- PageRank = stationary vector of 0 1/3 0 00
Markov chain 0 O O 120
B=|1/2 1/3 0 0 1
« ‘random surfer’, random walk on O 1/3 1 00
graph, robust against ‘spam’ I 1/2 0 0 0 O
Wg{giflobo hdesterck@uwaterloo.ca
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2. Stationary Vector of Markov Chain

0O 1/3 0 0O
Bx=x, 2;>0Vi, |x[;=1 0 0 010
B=|1/2 1/3 0 0 1
 Bis column-stochastic 0 1/3 100
'1/2 0 000
bi; > 0, >.ibij=1Vy
« if Bis irreducible (every state can be reached
from every other state in the directed graph)
——
I x:Bx=x and |x|1 =1, x; > 0 Vi ’/XB
(no probability sinks!) l
- largest eigenvalue of B: /@
=1 R
O O
W3E3¥f6 hdesterck@uwaterloo.ca
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3. Web Matrix Regularization

/i\‘%
« PageRank (used by Google): gg:/%@

Ao =1 —a=0.85
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Web Matrix Regularization

« BackButton (add reverse of each link):

1-I\,| = O(1/n)
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4. One-level lterative Methods for Markov
Chains
Bx = x, x; > 0 Vi, |x[1 =1

* largest eigenvalue of B: X\ =1
« power method: x;41 = Bx;
— convergence factor: |5

— convergence is very slow when
Aol &~ 1
(slow mixing)
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Convergence of Power Method for PageRank

lotal itterence from Previous lteraton
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Convergence of PageRank Computation
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Number of Iterations

convergence factor | \5| independent of problem size

convergence is fast, linear in the number of web pages (15+
billion!)
model is accurate (hence Google’s $150B market cap...)
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But How About Slowly Mixing Markov Chains?

slow mixing: [A2| = 1

« one-level methods (Power, Jacobi, Gauss Seidel, ...)
are way too slow

* need multi-level methods! (multigrid)

« applications: PageRank « ~ 0, BackButton, many
other applications
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5. Principle of Multigrid (for PDEs)

» 1D model problem: —y"/ () = f(x)

uw(0) =0
u(l) =0
discretization: —ui_1+2ui—uiq P
h2 — J1
* matrix form: 2 -1 '
-1 2 -1
-1 2 -1
A=F : :
Axr =10 .
-1 2 -1
-1 2
nggﬁé)o hdesterck@uwaterloo.ca
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Principle of Multigrid (for PDEs)

—U;—1T2U;—Uj41 f. Ar — b
= f; —

h2

 use relaxation method (Gauss method)

new — (unew + uoldl + h2 fz)/z

* high-frequency error is removed by relaxation (Gauss-
Seidel, ...)

* |low-frequency-error needs to be removed by coarse-grid

correction
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Principle of Multigrid (for PDEs)

* high-frequency error is removed by relaxation (weighted Jacobi, Gauss-
Seidel, ...)

« low-frequency-error needs to be removed by coarse-grid correction
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Multigrid Hierarchy: V-cycle

.........

e ——> 2n
2h T Y e smooth \A /smooth
& 2 7 /

« multigrid V-cycle:

= relax (=smooth) on successively coarser grids

= transfer error using restriction (R=P7) and interpolation (P)
« W=0(n)
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6. Aggregation for Markov Chains

« form three coarse,
aggregated states

Bx=x
0 1/3 0
0] O O
B=|1/2 1/3 0
0 1/3 1
'1/2 0 O
chc?xc
1/4 3/5
B:.= | 5/8 2/5
_1/8 O
Waterioo

&

o orOo

oNoN ol

Te T = D icl T

DT (Z bz‘j)

el

DT

jeJ

jed

be.1J =
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Aggregation in Matrix Form

Bexe = Xe

> T (Z bz‘j)

jed il

be1g =
’ >z
]
jeJ

B. = QT Bdiag(x) Qdiag(QT x)~!

Te] = D icl T Q=
xe = Q1 x

(Krieger, Horton, ... 1990s)

W&tél’lé)O

&

oo+

O+ OO
= OO OO
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Error Equation

Bx=x or (U-B)x=0 or Ax=0

X — diag(xz-) e; A (diag(PT 1))_1
Adiag(x;)e; = 0 = R(I — B) P (diag(PT 1))}
—I.— B,

Q' Adiag(x;) Qec =0
Acec =0 + -
— +
Ac: - -
R:QT P:diag(xi)Q - -
Ac=RAP L

|+ |
|+ |
+ |

X’L—l—l — Pec

« A_Is a singular M-matrix
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Multilevel Aggregation Algorithm
Algorithm: Multilevel Adaptive Aggregation
method (V-cycle)

x = AM_V(A,x,v1,v5)

begin
x «— Relax(A,x) vq times
build  based on x and A (Q is rebuilt every level and cycle
R =QT and P = diag(x) Q
Ac=RAP
ec =AM _V(A. 1,v1,v5)  (coarse-level solve)
x «— Pe. (coarse-level correction)
x «— Relax(A,x) v times

end

(Krieger, Horton 1994, but no good
waterioo  way to build Q, convergence not good) neseaumaeroc



/. Choosing Aggregates Based on Strength (siam

J. Scientific Computing, 2008)

* error equation:
(I — B) diag(xz-) e; =0

« use strength of connection in  (5)
(I — B)diag(x;) ! |

« define row-based strength (determine all states that
strongly influence a row’s state)

172

1/3

- state that has largest value in x; is seed point for new
aggregate, and all unassigned states influenced by it
join its aggregate

* repeat
(similar to Algebraic Multigrid: Brandt, McCormick and Ruge, 1983)
Wg{g;zlobo hdesterck@uwaterloo.ca
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8. Performance for PageRank
n| 4 itran | Coridn waac | fooD (as)
MAA MAA grid, MAA TWJAC f MAA-W.JAC f MAA-WJAC
PageRank, a = 0.15
2000 | 0.355124 10 1.67 | 0.815142 1/2.74 1/3.13
4000 | 0.335889 9 1.67 | 0.805653 1/2.52 1/3.59
8000 | 0.387411 9 1.65 | 0.821903 1/2.79 1/4.14
16000 | 0.554686 12 1.78 | 0.836429 1/4.07 1/6.89
32000 | 0.502008 11 1.83 | 0.833367 1/3.94 1/6.20
64000 | 0.508482 11 1.75 | 0.829696 1/3.86 1/6.21
128000 | 0.532518 12 1.75 | 0.829419 1/4.31 1/7.01
PageRank, a = 0.01
2000 | 0.321062 10 1.77 | 0.956362 3.42 1.32
4000 | 0.658754 20 1.75 | 0.980665 2.16 1.03
8000 | 0.758825 22 1.65 | 0.976889 1.88 1/1.65
16000 | 0.815774 27 1.77 | 0.979592 1.45 1/2.31
32000 | 0.797182 29 1.82 | 0.979881 1.35 1/2.09
64000 | 0.786973 33 1.79 | 0.980040 1.19 1/1.96
128000 | 0.854340 38 1.72 | 0.980502 1.05 1/2.88

TABLE 4.1
MAA performance results for the PageRank regularization. For a = 0.15, MAA is 2-4 times
less efficient than WJAC (using the total efficiency measure, f{t°t) ), and for o = 0.01, MAA is 1-3
times more efficient, depending on the particular problem.
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Performance for BackButton

T Yvaa | @aaa | Coria.nraa Ywaac | f %‘ji)x wiac | f ﬁ}“f AW IAC
BackButton, a = 0.15
2000 | 0.746000 30 1.74 | 0.981331 2.36 1/1.41
4000 | 0.800454 39 1.64 | 0.982828 2.70 1/1.36
8000 | 0.786758 40 1.53 | 0.992129 3.15 1.17
16000 | 0.851671 510 1.62 | 0.992330 3.00 1/1.38
32000 | 0.988423 214 1.64 | 0.998366 4.92 1/2.88
64000 | 0.973611 185 1.59 | 0.999013 9.95 1.40
128000 | 0.943160 116 1.55 | 0.999693 34.64 9.90
BackButton, @ = 0.01
2000 | 0.658032 23 1.68 | 0.999563 106.02 46.05
4000 | 0.794123 29 1.71 | 0.999345 73.02 19.78
8000 | 0.841182 39 1.70 | 0.997624 23.49 2.64
16000 | 0.835592 44 1.78 | 0.998696 19.72 4.42
32000 | 0.845457 o6 1.83 | 0.999114 39.58 8.22
64000 | 0.959561 81 1.75 | 0.999660 75.05 5.74
128000 | 0.921870 42 1.70 | 0.999963 816.62 103.79
TABLE 4.3

MAA performance results for the BackButton regularization. For a = 0.15, MAA is 2-35 times
more efficient than WJAC, and for a = 0.01, MAA is 20-817 times more efficient, depending on
the particular problem.
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9. Improved Algorithm: ‘Smoothed

Aggregation’'...

(Vanek, Mandel, and Brezina, Computing, 1996)

TNA @

after relaxation: ()/Q/Q\C>\Cj
coarse grid Q/Q\O\Q/Q
correction with Q:

coarse grid

correction with Q. o7 T

Qs

University of
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Non-smoothed Aggregation

e non-smoothed method:
(I —-B)xz=20 Az =0
R=QT P =diag(x;)Q A.=RAP

A, (diag(P* 1))~*
= R(I — B) P (diag(PT 1)) !

:Ic_Bc

A.is an irreducible singular M-matrix

AC:

'||||—|-'
I
I
4

4+
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Smoothed Aggregation

A=D—(L+U)

« smooth the columns of P with weighted Jacobi:
Py = (1 — w)diag(x;) @ + w D™ (L + U) diag(x;) @

« smooth the rows of R with weighted Jacobi:

Ri=R(1-w)+Rw(L+U)D™"
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Smoothed Aggregation

* smoothed coarse level operator:

Aes = Rs (D — (L + U)) P,
—~R,DP,— R, (L+U)P,

» problem: A_, is not a singular M-matrix (signs wrong)

» solution: lumping approach on S in A=

I||||—I-I
L+
I
I o
4+

Aes=85—-G ACSZS—G
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Lumped Smoothed Aggregation

A

« A, =8 —@G isanirreducible singular M-matrix!
(off-diagonal elements remain positive)

* theorem lumped operator is a singular M-matrix on
all coarse levels, and thus allows for a unique strictly
positive solution x. on all levels

« theorem exact solution x is a fixed point of the
multigrid cycle
(SIAM J. Scientific Computing, submitted)
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10. Numerical Results: Uniform Chain

n || Yres iter | C,, | levels
27 || 0.75 43 | 1.71 3
81 || 0.87 87 | 1.85 4

243 || 0.96 | >100 | 1.96 6
729 || 0.99 | >100 | 1.98 7
TABLE 6.1

Uniform chain. A-AM with V-cycles and distance-one aggregation. (No smoothing.)

n || Yres | iter | Cop | levels Riump || Vres | iter | C,p | levels Riumyp

27 | 0.20 | 10 | 2.03 31250e02|| 032 13 | 1.30 2 0
81 || 0.18 | 10 | 2.68 4 |1 4.34e-02 || 0.34 | 14 | 1.42 3 0
243 | 0.19 [ 10 | 2.78 51 4.75e-02 || 0.34 | 13 | 1.50 4 0
729 || 0.24 [ 11 | 3.41 71 5.69e-02 || 0.30 | 12 | 1.51 5 | 6.08e-04
2187 || 0.27 | 11 | 3.75 8 | 6.06e-02 || 0.27 | 11 | 1.50 6 | 2.03e-04
6561 || 0.31 [ 12 | 4.03 916.39-02 || 0.25 [ 11 | 1.50 7 0

TABLE 6.2
Uniform chain. A-SAM with V-cycles using distance-one aggregation (left) and distance-two
aggregation (right). (Smoothing with lumping.)
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Numerical Results: Tandem Queueing Network

n || Yres iter | C,p, | levels

O O v e
AR A 121 [ 0.75 39 | 1.89 4
. M . M 256 || 0.88 82 | 2.35 7

M)

# e
w ™
w

) ( y 676 || 0.95 | >100 | 3.28 14
o | ol el el 1681 || 0.93 | >100 | 4.79 20

O

o e TABLE 6.14

Tandem queueing network. A-AM with V-cycles and distance-one aggregation. (No smoothing.)

n || Yres | iter | Cop | levels Riump
121 || 0.38 | 18 | 2.04 3 | 1.44e-01
256 || 0.39 | 19 | 2.27 4 | 1.13e-01
676 || 0.48 | 21 | 2.47 4 | 9.09e-02

1681 || 0.47 | 21 | 2.85 5 | 8.22¢-02
3721 || 0.42 | 21 | 3.20 5 | 7.46e-02

TABLE 6.15
Tandem queueing network. A-SAM with V-cycles and distance-two aggregation. (Smoothing
with lumping.)
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11. Influence of a: PageRank

0.05

0.045(
0.04|
0.035¢
0.031

x 0.025}
0.02}
0.015¢

0.01f

(a) PageRank
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Influence of a; BackButton

(c) BackButton

 BackButton °'°5_

/S
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12. Conclusions

« multilevel method applied to Google's PageRank with
a=0.15 is not faster than power method (SIAM J.

Scientific Computing, 2008)

* smoothed multilevel method applied to slowly mixing
Markov chains is much faster than power method

(in fact, close to optimal O(n) complexity!) (SIAM J.
Scientific Computing, submitted)
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8. Performance for Web Ranking

* total efficiency factor of MAA relative to WJAC.:

o) _ log(raraa)/taraa
MAA=WIAC ™ Nog(ry yac) /tw s ac’

« rtot) = 2: MAA 2 times more efficient than WJAC

o f(tot) =1/2: MAA 2 times less efficient than WJAC
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7. Well-posedness: Singular M-matrices

* singular M-matrix:

I
I
=
4+

I

AeR"™™ isa sz'nguldr M-matriz <
1B eRan’ bij >0Vi,5 : A =p(B)I— B

* our A=/-B is a singular M-matrix on all levels

(1) Irreducible singular M-matrices have a unique solution to the problem Ax = 0,
up to scaling. All components of x have strictly the same sign (i.e., scaling can be
chosen s.t. x; > 0Vi). (This follows directly from the Perron-Frobenius theorem.)

(8) Irreducible singular M-matrices have nonpositive off-diagonal elements, and strictly
positive diagonal elements (n > 1).

(4) If A has a strictly positive element in its left or right nullspace and the off-diagonal
elements of A are nonpositive, then A is a singular M-matriz (see also [21]).
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Well-posedness: Unsmoothed Method

THEOREM 3.1 (Singular M-matrix property of AM coarse-level operators). A,
is an irreducible singular M-matriz on all coarse levels, and thus has a unique right
kernel vector e, with strictly positive components (up to scaling) on all levels.

(1) 1l'Ac=0 Vx;
(since 17’ R =17 and 17 A = 0) 4=

4
I
I o B
4+

I||||+I

THEOREM 3.2 (Fixed-point property of AM V-cycle). Ezact solution x is a fized
point of the AM V-cycle.

2) Ac1l. =0 forxi=x
(> € ! Acec:O

X’L—l—l == Pec
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Smoothed Aggregation

* smoothed coarse level operator:

Acs:Rs(D_(L‘l‘U))Ps ].ZACSZO \lei,
:RsDPs_Rs(L‘I'U)PS Acsl. =0 for x; =x

» problem: A_, is not a singular M-matrix (signs wrong)

» solution: lumping approach on S in A=

I||||—I-I
L+
L4
I o

+ 1

Aes=85—-G ACSZS—G
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Smoothed Aggregation

Aes=5—-G Ag=5-G

« we want as little lumping as possible
« only lump ‘offending’ elements (ij):

4
I
e
4+

L+

. . IZACS_O vxu
sij 70,17 j and s;; —g;; =0 1120 forx —x

(we consider both off-diagonal signs and reducibility here!)
» for ‘offending’ elements (i,j), add S;; to S:

f ;j 1 Sij — i — Brijy <0
i Byi iy —Biiy 837’ o gJ?’ o /8{"',.7} <0

Stiiy =
conserves both row and

Il <Bun o Bupy - column sums

sity of
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9. Lumped Smoothed Method is Well-posed

THEOREM 4.1 (Singular M-matrix property of lumped SAM coarse-level oper-
ators). A, is an irreducible singular M-matriz on all coarse levels, and thus has a

unique right kernel vector e. with strictly positive components (up to scaling) on all
levels.

A

THEOREM 4.2 (Fixed-point property of lumped SAM V-cycle). Ezact solution x
is a fized point of the SAM V-cycle (with lumping).

1;]; fics =0 \V/Xi,

ficslczo for x; = x

4
I
I o B
4+

I||||+I
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