|_east-Squares Finite Element
Methods for Nonlinear Hyperbolic
Conservation Laws

3 April 2003
Hans De Sterck
Luke Olson, Tom Manteuffel, Steve McCormick

Department of Applied Mathematics

University of Colorado at Boulder

Copper Mountain 2003 — p.1



Nonlinear Hyperbolic Conservation Laws

Vig:-(u, f(u)) =0 in
u=gqg on Ly,

V = (0, 0z) Vet = (-0;,0)

inviscid Burgers equation: t

fu) = u?/2
Rankine-Hugoniot relation: u=1 u=0
| (u, f(u))]-7i=0
= (u, f(u)) € H(div)

u=1

u=0 X
H(div) = {(u,v) € (Lo)* | |V - (w,v)|}3 < o0} AP
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Outline

Least-squares finite element method (LSFEM)
(1) LSFEM for the Burgers equation

(2) H(div)-conforming LSFEM

(3) Dual H(div)-conforming LSFEM

FEM convergence theory

Numerical conservation
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|_east-Squares Finite Element Method

o Lu=17F
e define the functional
F(u; f) = || Lu = flI§ = (Lu — f, Lu — )
= minimization:
ul = arg min||Lu™ — f||2 = arg min F(u"; f)
uhe Uh
e condition for stationary point:
OF (ul 4+ av’; f)
Jo
if L is linear: F(u? + av®; f) =
<Lufj — f, Lul — f> + 2« <Luf,f — f, Lvh> + o? <vh,vh>
= weak form:

find uff cUl s.t. <Lufj, Lvh> — <f, Lvh> Yol e Y*h
AP

=20 Vol e U
a=0
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Finite Element Discretization

e approximate v € U by u" € U”

u(t,x) = 30 ui ¢ilt, @)

e algebraic system from weak form:

(Lu", Log) = (f, Lés) Ve

equation j: > iy wi (Lo, Loj) = (f, Loyg)
(n equations in n unknowns)
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(1) LSFEM for the Burgers Equation

e Gauss-Newton: first linearize the equation, then put the
linearized equation into the LS functional, then minimize
the LS functional

e Linearization:
F(u) =V - (u,u?*/2) =0
Newton: F(u) =0 =  F(ug) + dF |y, (u —ug) =0
The Fréchet derivative dF|,,(v) at ug in a direction v is

AF ), (v) = lim F(ug + ev) — F(up)
° e—0 g

dF |y, (v) =V - ((1,u9) v)
= V- (uo,u%/Q) + V- ((1,ug) (u—1ug)) =0

AP
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Numerical Results

uf = argmin[|V - (u, u?/2)|
uhe™
u e UM c HY, bilinear elements on quadrilaterals
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right shock speed, no oscillations
on each grid, newton process converges
BUT: for decreasing h, functional does not go to zero

this means: for decreasing h, convergence to an incorrect
solution!!! (L*L has a spurious stationary point) F®

WHY NO CONVERGENCE?? Copper Mountin 2003 - 7



Unbounded Fréchet Derivative

y

Q, %
Q, U

V@ =V-a)+ @)} o
AF |y (v) = V- (1) v) = V- ((Lug) v){") + [ (1ug) v |3 - 77 or
e when ug IS discontinuous (e.g. ug IS the exact solution),

for almost all functions v the Fréchet derivative is
unbounded!! (recall: [ (ug,u3/2) |7 -7 = 0)

e Newton with f/(z,) = oo may have empty basin of
attraction (e.g. f(z) = |z|'/? = 1 = —2x0)

-

= this may explain why LSFEM fails to converge ﬁ@
(convergence to a spurious stationary point) Coper Mourtain 2003 -



(2) H(dw)-conforming Reformulation

4 N

V- (u,u?/2)=0 Q V-i=0
= . 2
- (W= (g,9°/2) =0 Ty,

o /

ﬁ(zﬁ,u) =0 = ﬁ(lﬁo,Uo)+ﬁ/‘wo7uO(lU—wo,u—uQ) =0

V' O — —
F¥ oo (06 = o, —wo) = | =1 { U — g }

= Fréchet derivative is bounded!
(we choose @ € H(div)) ﬂ@
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(3) Dual H (div)-conforming Reformulation
V- (u,u?/2)=0 Q f \

= Vip — (u,u?/2) =

u=4d Fm

— —

F(pu)=0 = F(po,u0) + F|pouo(p — po,u — ug) = 0

\val —1 | P—Po
—UgQ U — UQ

= Fréchet derivative is bounded! (we choose p € H(curl))

F/|po,uo(p — Po, U — UO) =

e p IS De Rham-dual of w
- move up one space to the left in De Rham-diagram of

differential forms ﬂ@

- similar to potential formulations



Results for H(d:v)-conforming LSFEM

(@, uf) = argmin [V ad])* + @ — (u, u?/2)|?

wheWh uheldh
w" Raviart-Thomas elements ¢ H(div), u" bilinear
elements on quadrilaterals, strong boundary conditions

u contours: 8 u contours: 16

0.8} V // 7
7 7
0.6} g ///

0.4 /// /
W
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u contours: 32

AP
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2 convergence rate to exact solution

discrete L2 norm error convergence: —0.33015

-1.1F

_1.2 -

1 11 1.2 1.3 14 15 1.6 1.7 1.8

div conservation norm error convergence: —0.84038

-3.5F

1 1 1
1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8
boundary div conservation error convergence: —0.66296

1 11 1.2 1.3 14 15 1.6 17 1.8

1.9

uemctH(Q) — O(h0'66) (optimal O(hl))

|V - @]lg = O(h*)

AP
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Results for dual H (div)-conforming LSFEM

(P, uy) =
argmin ||V-4p — (u,u?/2) |12 + |7 (Vp — (9, 9°/2)|15
phePh yhelfh
p", u" bilinear elements onguadrilaterals, weak boundary
conditions
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Nonlinear functional convergence

Nonlinear LSFEM functional conver gence
T T T T T

IVAp = (u, )P + 172 (Vi = (g, f(9)I = O(h')
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Convergence of H(div)-conforming LSFEM

e isthe LS functional uniformly coercive?
Fest Vi = (u, f(u)|? = e (IV5pl* + [u]l?)
NO: there are high-frequency error modes for which
c=0((1/n)*)

e compatible spaces: if we choose both p" and «” bilinear,
we find (1D heuristics and numerical evidence) that
¢ = O(h) (only for the low-frequency modes,
high-frequency error is filtered out)

remark: if we choose «" piecewise constant,
high-frequency error contaminates solution

AP
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Convergence of H(div)-conforming LSFEM

e We observe that |V+p" — (u”, f(u"))||* converges faster
than |[V=p"(|* + [lu®(?
— conjecture:
IVl = (h, fu")? = e b (VP17 + (u]]?)
with
VA" — (", fu™)|? = O(h7)
V"2 + [[u P = O(h®)
e t0 be investigated further
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Numerical Conservation

THEOREM. Lax-Wendroff (1960).

‘conservative’ finite difference formula:
h,n+1 h.n chn — ghn
U, — U, fz'+1/2 fz'—1/2
_|_ —
At Ax

scheme converges — convergence to weak solution

0,

= exact discrete conservation (V - (u, f(u))g =0) IS a
sufficient condition for convergence to a weak solution,
but is often erroneously considered as necessary

e popular FEM for hyperbolic conservation laws (e.g.
Discontinuous Galerkin) are discretely conservative in
the Lax-Wendroff sense

Copper Mountain 2003 — p.18



Numerical Conservation

THEOREM. cConservation theorem for H (div)-conforming LSFEM.
H(div)-conforming LSFEM converges —> convergence to weak solution

THEOREM. cConservation theorem for dual H (div)-conforming LSFEM.

dual H(div)-conforming LSFEM converges —> convergence to weak
solution

e H(div)-conforming LSFEM
does not impose strict dis-
crete numerical conserva-
tion, but converges to weak
solution! = discrete nu-
merical conservation is not
necessary

e dual H(div)-conforming LSFEM has stronger, pointwise
discrete conservation property: V- (Vtp") =0 ﬁ@
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Error Estimator and Adaptive Refinement

F(us f) = |ILu" — £I3
— Luh — LuewactH%)
= L(Uh - uexact)H%

= || Le" |3

e functional value gives sharp local a posteriori error
estimator

e USe error estimator for adaptive refinement in space—time

AP
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Error Estimator and Adaptive Refinement

Burgers shock
1

0
0 0.25 0.5 0.75 1

e sharp fronts at shocks
e With optimal O(n) solver, work per grid point is bounded

e promises to be competitive with other methods (also *.@
explicit timemarching)



Conclusions

we have developed two classes of H (div)-conforming

LSFEM for hyperbolic conservation laws
e disadvantages

- extra variables are introduced (w or p)
- high diffusion of LSFEM at shocks
e advantages of LSFEM
optimal solution within finite element space

SPD linear systems (iterative methods, AMG)

error estimator (efficient adaptive refinement)

conservation (either weaker or stronger than
Lax-Wendroff discrete conservation)

- no spurious oscillations at discontinuities (without
need to add numerical diffusion) ﬁ?

- linear higher order schemes



Conclusions

e advantages of H(div)-conforming reformulation

linear differential operator

bounded Fréchet derivative = Newton converges

nullspace of operator can be represented exactly

differential boundary conditions help AMG (dual)

regularity of the solution (w € H(div)) is made
explicit, also at the discrete level using Raviart-Thomas
elements

e FE convergence theory remains to be worked out further
e promising initial AMG results, to be developed further

e methods can be extended to multiple spatial dimensions,
and to systems of equations ®
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Newton with Unbounded Derivative

f(x)=0 = f(xo) + fl(xo)(x —20) =0 = 2 =20 — f(@o)

f'(@o)
f(x) =x® r >0
y — —|£E|& x <0
% a € (0,1)
() =a ! r >0
g0 f/(o) _ <X>
xOé
=20~ 2—1
o T

r=(1—-1/a) xg

divergenceVa < 1/2,eg. fora=1/3,x = -2 xg

= If f/(2*) = oo, basin of attraction can be empty! ﬂ?



Algebraic Multigrid

use approach investigated for linear problems for
H (div)-conforming LSFEM

e.g., dual LSFEM: L =Vip—bu

< leh,Vth > 4 < —I;uh,Vth > =0 i qh e ph

< V+ h,—gsh>+<—guh,—gsh>:() vV sheu”

App APU
Aup Auu

A:

A 1S symmetric positive definite
standard AMG efficient for A,,
A, Mmass matrix, but A, strong off-diagonal coupl
some promising initial results, but work in progress

INg k@
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Numerical Conservation

uS+Zf - n; ;= 0.

7€08;
0D ul Sy + > ff -y =0
1€ VST
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