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® supersonic flow of air
over sphere (M=1.53)
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e regular bow shock
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3D MHD bow shock fbws over conducting sphere |

(@) pressure-dominated (b) magnetically dominated
| |

B weak B strong
pressure-dominated magnetically dominated




® overcompressive shock
segments

e dual-front bow shock
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[Symmetric 2D MHD bow shock fbws over cylinder
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2D flow over cylinder, and axisymmetric flow over sphere

® overcompressive shocks, compound shocks




Conservative form ideal MHD equations]
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(Mathematical nature MHD equations]

e system of nonlinear hyperbolic conservation laws:

F U oU
U OF(U) _ ) 2

o T o N 0

the system is a hyperbolic system of equations

0

A(U) has n real eigenvalues and a complete set of eigenvectors VU

0

the system has n real characteristic curves




® nonlinear hyperbolic system: —> waves, shocks
e HD (Euler): (n = 9) e MHD: (n = &)
-A=u,u,u,u+t+c,u—=c -)\:u,u,u—l—cf,u—cf,

U+ CAU—CAp U+ Cs, U — Cg

- one nonlinear wave mode - three wave modes: fast, Alfven, slow
- iIsotropic - strongly anisotropic
- one type of shock - three types of shocks

e hyperbolic theory of MHD:
- non-strictly hyperbolic
- non-convex —> [oe]pp]efeli]alo R qlelel’ &S

U EU\ARVEET == instability of (overcompressive) intermediate shocks




Overview|

[D] MHD waves and shocks]

B Topology of bow shock fows |

B) Non-convexity: compound shocks)

B) Overcompressive shocks]

B) ‘Every constant state is bordered by a simple wave’)




1) MHD waves and shocks

1) MHD waves and shocks|

MHD waves]

® three anisotropic waves

[Cfg; > CAp = Csx]

® non-strictly hyperbolic
- T along B: Cfy = CAx OF CAyx = Csz
(exceptionally Cfy = CAz = Csr)

—

- x perpendicularto B: ¢4, = csx =0




1) MHD waves and shocks

(MHD shock types]
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1) MHD waves and shocks

® 4 possible positions of flow speed in direction x:

(> cpp 22> cpp >8> cyp > 14)

—> three types of MHD shocks:

() fast (b) intermediate (d) fast switch-on

1-2 1-3, 1-4,2-3, 24 3-4 1-2=3

e 1-3, 2-4 and 1-4 intermediate shocks are overcompressive

—> instability can arise, see later




1) MHD waves and shocks
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(slope of ith characteristic in xt plane = \; = v, — Cfp OF Up — C4p OF .. )

e (a) Lax shock: 2n — 1 characteristics impinging
® (b) undercompressive shock

® (c) overcompressive shock




1) MHD waves and shocks

® three wave speeds depend on direction

—> three Mach numbers too:

vz |
.foch—a;
x
‘Msx:‘:—m‘
ST

e fast switch-on shocks = intrinsic magnetic effect
e only occur when:
2
1) By > 1
2 v —1

1
Pyl = ) +1
—> upstream flow is magnetically dominated

2) B > p1v

(@) fast (d) fast switch-on
M fx<1 M, <1
\\ llele
2
M fx > M fx: M Ax>1
(b) slow (e) slow switch-off
M S>(<1 M SX:
\\ \\ MAX<1
1 1 2
M, >1
Mg>1 M:Z(( =1
(c) intermediate | (f) hydrodynamic
IVIAX<1 M sz
M, <1
—
1 2 1 2




1) MHD waves and shocks

(Numerical simulation technique]

e MHD is hyperbolic, like Euler = use CFD techniques
e finite volume, structured grid
e second order in space (limited slope reconstruction)
e second order in time (explicit two-stage Runge-Kutta)
e parallel on 32 processors using message passing (MPI) (up to 1 000 000 cells)
e V - B constraint:
MHD has singular Jacobians, which leads to numerical instabilities
—> add source term
- makes equations symmetrizable
- makes equations Galilean invariant

- makes numerical scheme stable




2) Topology of bow shock flows

2) Topology of bow shock flows|

B weak B strong

(b) intermediate




2) Topology of bow shock flows
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® B-D: intermediate 1-3

e D-G: intermediate 2—4 evolving into slow 3—4
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2) Topology of bow shock flows

this topology in 3D MHD bow shock fows |

(@) pressure-dominated (b) magnetically dominated




2) Topology of bow shock flows

this topology also in 2D MHD bow shock fbws |
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2D flow over cylinder, and axisymmetric flow over sphere




3) Non-convexity: compound shocks

3) Non-convexity: compound shocks
G+ fwiE=0

f is convex < f’ IS monotone <= f” does not change sign
2

e fis convex (f = u*, Burgers, Euler) =

fllwr) > s = (f(ug) = f(ur))/(ug — u1) > f'(ug)

@ () (©
1 1 N NS

t—————//‘ ————— U t
0 -1 O

-1 X 1 -1 X 1 -1 X 1

o fis non-convex (f = u3) = f'(u1) > f'(ug) > s
@

-1 X 1

compound shock: on rarefaction side: sonic ()M = 1), tangent characteristic




3) Non-convexity: compound shocks

(1> cpp > (21> cpp > (8> csp > 4]

o Cf, Cg Nnon-convex .

- 1=2-3 and 2—3=4 sonic shocks in [«e]ga]elel¥]sle E{alelel’&
e YN double compound shock




3) Non-convexity: compound shocks

‘compound shocks in 2D fow |
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3) Non-convexity: compound shocks

(@) pressure
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® E-G shock is preceded and followed by rarefaction regions

o M = 1 where upstream (left) rarefaction is attached to shock

e VM, = 1 where downstream (right) rarefaction is attached to shock

— E-G: 1=2-3=4 shock

—> stationary double compound shock!




3) Non-convexity: compound shocks
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Two families of characteristics near E-G shock

—> characteristic analysis = stationary double compound shock!

— 2y mathematical equivalent of known xt double compound shocks




3) Non-convexity: compound shocks

lcompound shocks in 3D fbw |
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e conclusion: effects of non-convexity of MHD in 2D and 3D flows




4) Overcompressive shocks

4) Overcompressive shocks|

2 X 2 system (n = 2)

Sl -

(b) t'
X

e (a) Lax shock: 2n — 1 characteristics impinging
® (b) undercompressive shock

® (c) overcompressive shock




4) Overcompressive shocks

Strictly hyperbolic system|

Q u _|_g v — ()
ot |v| oz | v /u+lul|

® isothermal Euler
_v
o)\ = ot
e perturbation: f u dx and f v dx remain constant

® shock is displaced, wave is sent out

b
@ ul ) ul

=Y




4) Overcompressive shocks

e ideal (hyperbolic) system:
- Lax shock is stable against perturbations

e dissipative (parabolic) system:
- unique viscous profile connects unstable node with saddle
- Lax shock has stable dissipative (viscous) profile

—> vanishing viscosity limit:

- shock admissibility is the same in ideal and dissipative system




4) Overcompressive shocks

[System with overcompressive shocks: Type A, non-rotational
0 | u 0 [au?/2+bv]
alv]Jr@_x[ v? /2 ]_O

b
@ ul ) ud

L

® perturbation: f u dz and f v dx remain constant

® shock can be displaced, wave CANNOT be sent out: problem!




4) Overcompressive shocks

e ideal (hyperbolic) system:
- overcompressive shock splits under generic perturbation = unstable
- BUT: resulting shocks have same speed as original shock = L1 stable
e dissipative (parabolic) system:
- family of viscous profiles connecting unstable node with stable node
- upon perturbation, viscous shock is translated, and different profile is assumed
- viscous shock is stable under arbitrary perturbation

=> ideal # dissipative !! (vanishing viscosity limit?)

('1’1)

W
Y




4) Overcompressive shocks

[System with overcompressive shocks: Type B, rotational)
0 |u +3 u (u? + v?) _ 0
ot | v Oz | v(u?+v%) |

e rotational invariance: F(U) = ®(||U||?) U

e perturbation: f u dx and f v dx remain constant

® shock can be displaced, wave CANNOT be sent out: problem!

(a) (b)
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4) Overcompressive shocks

e ideal (hyperbolic) system:
- overcompressive shock splits under generic perturbation = unstable
- AND: resulting shocks have speed different from original shock = not L1 stable

- generically unstable

e dissipative (parabolic) system:

- family of viscous profiles connecting unstable
node with stable node

- upon perturbation, viscous shock is translated, U

and different profile is assumed
(-3/4,0)

- BUT: if f vdx > M_,;+, shock disintegrates
- BUT: M ,;; vanishes for vanishing dissipation 3 U

—> viscous shock is conditionally stable
(-1/4,0)

= ideal # dissipative !! (vanishing viscosity limit???)




4) Overcompressive shocks

(Overcompressive shocks in MHD)

(1> cpp > 121> cpp >8> csp > 4]
e planar MHD (2D)

B, =wv, =0, cy drops out
- 1-3 and 2-4 NOT overcompressive, but Lax
- 1-4 overcompressive (Type A)
e full MHD
- 1-3 and 2—4 overcompressive (Type B)
- 1-4 overcompressive (Type B)

- complication: bifurcation in existence of viscous profiles as function of the dissi-
pative parameters

—> intermediate shocks (1-3, 2—4 and 1-4) can arise in MHD flows for small dissipation




4) Overcompressive shocks

2D bow shock: intermediate shocks)
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4) Overcompressive shocks

3D bow shock: intermediate 1-3 shock in the leading front|

(a) pressure-dominated (b) magnetically dominated
[ 1

® along cut P: fast and Alfvénic Mach

number pass 1

(@) M, (b) M, (c) M (d)s
14 1.6 25 0.312
1.2 1.4 0
o 12 % | 0.256
0.6 1.0 15
0.4 0.8 1.0 0.200
-0.165 -0.135 -0.165 -0.135 -0.165 -0.135 -0.165 -0.135




4) Overcompressive shocks

(Large-scale stability of 3D bow shock fbws |

with intermediate shock segments]

A A

1-3 34

1-2

Y
Y

A

® question: can an intermediate shock survive in a plasma where perturbations are
present?

first thought: no, the perturbations will destabilize the shock

second thought: YES: in DRIVEN problems an intermediate shock can be reformed
(through nonlinear steepening) after the perturbation has passed

e this is proved in the following numerical experiments which are perturbations of the
above described 3D stationary flows




4) Overcompressive shocks

e EXPERIMENT A: perturb B, = exp(—(t — 0.5)2/0.04)

—> the 1-3 intermediate shock segment splits up in other shocks, but is REFORMED
when the perturbation has passed




4) Overcompressive shocks

0 betweent = 0

OtO/Uy:

e B |

PR\ _

e EXPERIMENT B: rotate v around the x—axis from v

andt =1

—3 intermediate shock segment in the £y plane splits up into two other shocks,

but is REFORMED at a different location — in the £ 2 plane — corresponding to the new

(steady) inflow conditions

— the 1




4) Overcompressive shocks

remaining questions)

e what is the ideal MHD solution for the 3D bow shock problem?
- (without intermediate (overcompressive) shocks?)

e what is the solution for ranges of dissipative parameters for which some intermediate
shocks do not exist?

® in physical plasmas: can intermediate shocks be observed?

- will the supercritical perturbations be infrequent enough such that the intermedi-
ate shocks get time to form ? (turbulence)

- what are the dissipation mechanisms and coefficient magnitudes?
e simulations with explicit discretization of dissipative terms

- (huge parameter space)




5) ‘Every constant state is bordered by a simple wave’

5) ‘Every constant state Is bordered by a simple wave"

Simple waves)

(9_U+ OF(U)
ot ox

=0 n X n system

Solutions U (z, t) that are constant on curves (%) in a region of the (z, t) plane

[simple wave < dU(‘Zit)’ ) = j

(U constant on curves z(t))




5) ‘Every constant state is bordered by a simple wave’

[Simple waves in systems)
oU oU

O0x(t)

= T F'U) - 5-=0 andecurve x(t) - o = ¢

e wave: dU(xdit),t) _ aU%(tt),t) ) awgg), t) aa(;iw _,
aU<a(;§t), N amg:(yt), ey

P aU(git),t)JrF,(U) 8U(g£(ljt),t)§zo .
P aU%it),t) ¢ aU(:git),t)




5) ‘Every constant state is bordered by a simple wave’

P ) _ 0.0
=& = \g(u)

simple wave of the kth family

curve x(t) is characteristic curve, and because U is constant on x(t), the k—
characteristic is a straight line

oU (x(t),t
TN

time derivative proportional to kth right eigenvector

_ 0UG(),t) _ _19U(a(t),t

or - & ot =0 B

space derivative proportional to kth right eigenvector

—> leads to equivalent definition of simple wave:

[simple wave of kth family << U is constant on k—characteristic (straight Iine)]

=> only kth wave mode is ‘active’ in simple wave of kth family




5) ‘Every constant state is bordered by a simple wave’

k—Riemann Functions (k—RF)

for a given k, k-Riemann Functions are scalar functions
vgk)(U) s=1...n—1
with property
ol ()
oU
(Vo (U) - Ry(U) = 0)

- R(U) =0

(k)

theorem: there exist n — 1 independentvg (U) Vk (s=1..

the vak>(U) span the orthogonal complement of R,

.n—1)




5) ‘Every constant state is bordered by a simple wave’

(k—Riemann Functions in k—simple wave)

k—Riemann Functions:

(k)
v (U> _

® k—simple wave:

oU oU

W:O‘Rk and %zﬂfik
Loy o v oY

ot oUu ot © ou T

(k) (k)(U) (k)(U)

Ovs "(U)  Ovy .8U ~ Oug —

"o av oz P ey f=0

(k)

=> in k—simple wave the v (U) are constant in space and time (s = 1 ..

.n—1)




5) ‘Every constant state is bordered by a simple wave’

Property: every constant region is bordered by a characteristic in continuous flow

assume region in (:U, t) plane with U constant in space and time, bordered by curve C
e if C is not characteristic => the solution away from C can uniquely be continuated

constant continuation is certainly possible => the unique continuation is the constant
solution!

e if the solution is NOT constant away from C, then C has to be a characteristic

(also, C will be a straight characteristic because U is constant on C)




5) ‘Every constant state is bordered by a simple wave’

Property: every constant region is bordered by a simple wave region

e.g., Lax '57

border curve C is k—characteristic = k—simple wave

ox;(t
j—characteristic mj(t) : %() - /\j
L — 1A - L " T
oU . oU v
[ R L; — =
J <a A (%) v dz, :

also L; - R =0 (5 #k)
and thus L = Z?’:_ll bjs vak)
(K)

because Vvg ~ span orthogonal complement of [7;.




5) ‘Every constant state is bordered by a simple wave’

n—I1
dU
= Z bjs V’ng) — =0

— da:j
n—1 dvgk) |
i;bjwzo Vi #k (n—lsystem)
k) (k)
8’02 0vg
B. A-B- —
= ot i ox )
k) (k)
B~!.A.B. —
= ot i ox )

linear hyperbolic system with A = \; (j # k)

border curve C' is not a k—characteristic of this system!

(k)

we can uniquely continue the vg * as a constant from the constant region

(k)

Vg ~ are constant on the other side of curve C

—> the constant region is bordered by a k—simple wave region!
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5) ‘Every constant state is bordered by a simple wave’

1.0




5) ‘Every constant state is bordered by a simple wave’

this is stated as a general result in textbooks on hyperbolic systems
BUT: is this always true?

NO! what if curve C is a DOUBLE characteristic

Oxc(t
rolt): 2 — = s

—> proof is not valid
e in Euler: strictly hyperbolic: v + ¢ # v — ¢!
this case can never happen; property is generally valid
® in MHD: non-strictly hyperbolic: v +cg = v + Cy IS possible
theorem not generally valid, but remains special case
example in 2D simulation results of MHD bow shock

(stationary characteristics ~ space-time characteristics)
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5) ‘Every constant state is bordered by a simple wave’
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5) ‘Every constant state is bordered by a simple wave’

(b)
0.030 7 I
0.025} ﬂ r
0.020} / ]
> 0.015} 7
0.010F J
0.005 1
0.000 ,
-0.215 -0.200 -0.185
X
(©) v, (d) B, and dB, /dy
1508 200
10 10 100
4450
) Yol 0.0 0.0 -50
-0.225 -0.175 -0.125 -0.225 -0.175 -0.125 -0.225 -0.175 -0.125 -0.225 -0.175 -0.125
X X X X
(e)s (f) M¢ (9) M4 (h) Mg
0.35 16

0.30
0.25

0.20 88

0.15 & . d
-0.225 -0.175 -0125 -0.225 -0.175 -0.125 -0.225 -0.175 -0.125 -0.225 -0.175 -0.125

X X X X




Conclusions

Conclusionsl

® hyperbolic theory of MHD:
- non-strictly hyperbolic
- non-convex —> [oe]pp]efeli]alo R qlelel’ S

U EU\YARVEET == instability of (overcompressive) intermediate shocks

has been illustrated in 2D and 3D stationary bow shock flows

3 compound shocks Figdnk-1gle R1D;

- [OYEI Il oESIVER(CIIRELIEIE) R lele ] in 2D and 3D

- hon-simple wave region bordering constant region




Conclusions

® (overcompressive) intermediate shocks arise naturally in 3D MHD flows

e perturbations destroy shocks, but shocks are reformed in a driven problem
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Conclusions
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