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Abstract

Recently there has been much interest in “sparsifying” sums of rank one matrices: modifying
the coefficients such that only a few are nonzero, while approximately preserving the matrix
that results from the sum. Results of this sort have found applications in many different areas,
including sparsifying graphs. In this paper we consider the more general problem of sparsifying
sums of positive semidefinite matrices. We give several algorithms for solving this problem and
describe several applications of these algorithms.
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1 Introduction

A sparsifier of a graph is a subgraph that approximately preserves some structural properties of
the graph. The original work in this area studied cut sparsifiers, which are weighted subgraphs that
approximate every cut arbitrarily well. The celebrated work of Benczir and Karger [5, 6] proved
that every undirected graph with n vertices and m edges (and potentially non-negative weights on
its edges) has a subgraph with only O(nlogn/c?) edges (and new weights on those edges) such
that, for every cut, the weight of the cut in the original graph and its subgraph agree up to a
multiplicative factor of (1 +¢). Benczir and Karger also gave a randomized algorithm to construct
a cut sparsifier in O(m /€%) time. Recent work has extended and improved their algorithm in various
ways [9, 10, 11, 13, 14].

Spielman and Teng [33] introduced spectral sparsifiers, which are weighted subgraphs such
that the quadratic forms defined by the Laplacians of the graph and the sparsifier agree up to
a multiplicative factor of (1 & £). Spectral sparsifiers are also cut sparsifiers, as can be seen by
evaluating these quadratic forms at {0, 1}-vectors. They proved that every undirected graph with
n vertices and m edges (and potentially non-negative weights on its edges) has a spectral sparsifier
with only n polylog(n)/e? edges (and new weights on those edges). Spielman and Srivastava [32]
reduce the graph sparsification problem to the following abstract problem in matrix theory.

Problem 1. Let vy,..., v, € R be vectors and let B =Y, vvl. Given e € (0,1), find a vector
y € R™ with small support such that y > 0 and

B = ywviw] = (14¢€)B. (1)
i
(Here the notation X <Y means that the matrix Y — X is positive semidefinite.)
Spielman and Srivastava [32] observe that Problem 1 can be solved using known concentration
bounds on operator-valued random variables, specifically Rudelson’s sampling lemma [27, 28]. This

approach yields a vector y with support size O(nlogn/e?), and therefore yields a construction of
spectral sparsifiers with O(nlogn/c?) edges. Their algorithm relies on the linear system solver of
Spielman and Teng [33], which was significantly simplified by Koutis, Miller and Peng [23]. Recent
work [21] has improved the space usage of Spielman and Srivastava’s algorithm.

In subsequent work, Batson, Spielman and Srivastava [!] give a deterministic algorithm that
solves Problem 1 and produces a vector y with support size O(n/e?). Consequently they obtain
improved spectral sparsifiers with O(n/e?) edges. This work led to important progress in metric
embeddings [24, 29], convex geometry [31] and Banach space theory [31].

In this paper, we focus on a more general problem.

Problem 2. Let Bi,...,B,, be symmetric, positive semidefinite matrices of size n X n and let
B=3",B;. Gwene € (0,1), find a vector y € R™ with small support such that y > 0 and
B XY yiB; X (1+¢)B. (2)
i

This problem can also be solved by known concentration bounds: Ahlswede and Winter [1] give
a method for generalizing Chernoff-like bounds to operator-valued random variables, and one of
their theorems [, Theorem 19] directly yields a solution to Problem 2. (Other expositions of these
results also exist [35, 15].) This approach yields a vector y with support size O(nlogn/e?). See
Section 3 for more details.

This paper gives two improved solutions to Problem 2. Our interest in this topic is motivated by
several applications, such as constructing sparsifiers with certain auxiliary properties. We discuss
these applications in Section 1.2.



1.1 Our Results

We give several efficient algorithms for solving Problem 2. Our strongest solution is:

Theorem 3. Let By, ..., By, be symmetric, positive semidefinite matrices of size nxn and arbitrary
rank. Set B := ). B;. For any € € (0,1), there is a deterministic algorithm to construct a vector
y € R™ with O(n/e?) nonzero entries such that y > 0 and

B = ZyiBi < (1+¢)B.

(2
The algorithm runs in O(mn3/e?) time.

Our proof of Theorem 3 is quite simple and builds on results of Batson, Spielman and Srivastava
[1]. We remark that the assumption that the B;’s are positive semidefinite cannot be removed; see
Appendix C.

We also give a second solution to Problem 2 which is quantitatively weaker, although it is based
on very general machinery which might prove useful in further applications or generalizations of
Problem 2. This second solution is based on the matrix multiplicative weights update method
(MMWUM) of Arora and Kale [3, 20]. By a black-box application of their theorems we obtain
a deterministic algorithm to construct a vector y with O(nlogn/e3) nonzero entries. By slightly
refining their analysis we can improve the number of nonzero entries to O(nlogn/c?). We remark
that Orecchia and Vishnoi [25] have used MMWUM for solving the balanced separator problem; this
can be used as a subroutine in Spielman and Teng’s algorithm for constructing spectral sparsifiers.

Another virtue of our second solution is that it illustrates that the surprising Batson-Spielman-
Srivastava (BSS) algorithm is actually closely related to MMWUM. In particular, the algorithms
underlying our two solutions are identical, except for the use of slightly different potential functions.
We explain this connection in Section 7.

1.2 Applications

Approximate Carathéodory theorems. One immediate application for Theorem 3 is an ap-
proximate Carathéodory-type theorem. A classic result of this sort is:

Theorem 4 (Althofer [2]). Let vy, ..., vy, € [0,1]" and let A € R™ satisfy A > 0 and >, \j = 1.
Then there exists ;1 € R™ with pn > 0, >, i = 1 and only O(logn/e*) nonzero entries such that

122 Aivi — 22 pavi| o, < €.

This theorem has several interesting consequences, including the existence of sparse, low-regret
solutions to zero-sum games. Theorem 3 has the following corollary.

Corollary 5. Let By, ..., B, be symmetric, positive semidefinite matrices of size n X n and let
A€ R™ satisfy A\ >0 and Y, \; =1. Let B =73, \;B;. For any e € (0,1), there exists pn > 0 with
> i = 1 such that p has O(n/e?) nonzero entries and

(1-¢)B = > wB; 2 (1+¢)B.

Although the support size in Corollary 5 is much larger than in Theorem 4, Corollary 5 provides
a multiplicative error bound whereas Theorem 4 only provides an additive error bound.



Sparse solutions to semidefinite programs.

Corollary 6. Let Aq,..., A, be symmetric, positive semidefinite matrices of size n x n, and let B
be a symmetric matriz of size n x n. Let ¢ € R™ with ¢ > 0. Suppose that the semidefinite program
(SDP)

min{cTy:ZyiAitB,yE]Rm,yZO} (3)

has an optimal solution y*. Then, for any real € € (0,1), it has a feasible solution y with at most
O(n/e?) nonzero entries and ¢’y < (1 +¢)cly*.

Several important SDPs can be cast as in Corollary 6; see, e.g., [I7, 18]. Recently, Jain and
Yao [19] gave a parallel approximation algorithm for SDPs in this form with B positive semidefinite.

Sparsifiers with costs.

Corollary 7. Let G = (V, E) be a graph, let w: E — R be a weight function, and let ¢y, ..., cx: E —
Ry be cost functions, with k = O(n). Let Lg(w) denote the Laplacian matriz for graph G with

weight function w. For any real ¢ € (0,1), there is a deterministic polynomial-time algorithm to

find a subgraph H of G and a weight function wg: E(H) — R4 such that

(1-¢e)lg(w) 2 Lu(wh) 2 (1+¢e)La(w), (4)
(]- - 5) Z WeCie < Z WH eCie < (1 + 5) Z WeCie
c€E ccE(H) c€E

for alli and |E(H)| = O(n/e?).

The inequalities in (4) are equivalent to the condition that the subgraph H (with weights wg)
is a spectral sparsifier of G (with weights w).

Corollary 7 applied with cost functions which are characteristic vectors of singletons yields
sparsifiers with prescribed edges.

Corollary 8. Let G = (V, E) be a graph, let w: E — R be a weight function, and let F' C E with
|F| = O(n). For any real € € (0,1), there is a deterministic polynomial-time algorithm to find a
subgraph H of G and a weight function wy: E(H) — Ry such that (4) holds, |E(H)| = O(n/s?),
and, for every f € I,

(1 —-e)wy <wp,y < (14 e)wy.

Kolla, Makarychev, Saberi and Teng [22] have also studied sparsifiers for which certain edges
are forced to belong to the sparsifier.

Sparsifiers on subgraphs.

Corollary 9. Let G = (V, E) be a graph, let w: E — Ry be a weight function, and let F be
a collection of subgraphs of G such that ) p |V (F)| = O(n). For any real ¢ € (0,1), there
is a deterministic polynomial-time algorithm to find a subgraph H of G and a weight function
wy: E(H) — Ry such that (4) holds, |E(H)| = O(n/€?), and

(1=¢e)lp(wr) 2 Lunr(walgp) 2 (1+e)Lp(wr)

for all F € F, where wg := w| gy is the restriction of w to the coordinates E(F') and H N F =
(V(F),E(F)NE(H)).



Hypergraph sparsifiers. Let H = (V,€) be a hypergraph, and let w: £ — R,. We follow the
definition of Laplacian for hypergraphs as in [26]. For each hyperedge E € &, define its Laplacian
L as the graph Laplacian of a graph on V' whose edge set forms a clique on E. Define the Laplacian
for the hypergraph H with weight function w as the matrix Ly (w) := ) pce wpLlE.

Corollary 10. Let H = (V, &) be a hypergraph, let w: € — Ry be a weight function. For any real
€ (0,1), there is a deterministic polynomial-time algorithm to find a sub-hypergraph G of H and
a weight function wg: £(G) — Ry such that

(1—e)ly(w) = Lgwg) = (1+¢&)Ly(w), ()
and |E(G)| = O(n/e?).

The usual definition of the weight w(dy(S5)) of a cut induced by a set of vertices S in a hy-
pergraph H is the sum of the weights of the hyperedges that have vertices both in S and in
S :=V\ S. An alternative definition of the weight of the cut induced by a set of vertices S would
be w*(63(5)) := > pee we - |[SN E|-|S N E|. Note that w*(52(S)) is obtained by evaluating the
quadratic form z7 Ly (w)x, where x is the characteristic vector of S. Thus, inequality (5) implies
that (1 — e)w*(dx(S5)) < w*(0g(S)) < (1 + e)w* (0 (S)) for every S.

For r-uniform hypergraphs, we have (r — 1)w (05 (S)) < w*(0x(S)) < |r/2][r/2]w(dx/(S)).
Together with the inequality (5), this implies that

e\ (r — 2
L0 = Diou(s) < wolsa(s) < I wionts)) s

In other words, the sparsified hypergraph G approximates the weight of the cuts in the hypergraph H
to within a factor ©(r2). Moreover, if 7 = 3, then w*(63(S)) = 2w(64(S)), and so

(1 - 2)w((S)) < we(35(S)) < (1 +)w(du(S))  VS.

2 Preliminaries

For a nonnegative integer n, we denote [n] := {1,...,n}. The nonnegative reals are denoted by R .
The set of n X n symmetric matrices is denoted by S™. The set of symmetric, n X n positive
semidefinite (resp., positive definite) matrices is denoted by S} (resp., S, ). Recall that X € S"
is positive semidefinite if v Xv > 0 for all v € R”, and X is positive definite if X is positive
semidefinite and v” Xv = 0 implies v = 0. Sometimes we denote X & S% by X = 0 and the
notation X > Y means that X —Y > 0. For X € S" and a,b € R, the notation X € [a,b] means
that al < X <X bl, where [ is the identity matrix.

For X € S", its trace is Tr X := > | Xj;, its largest (resp., smallest) eigenvalue is denoted by
Amax (X) (resp., Amin(X)). The vector space S can be endowed with the trace inner product (-, )
defined by (X,Y) := Tr(XY) = Zi,j X;;Y;; for every X, Y € S". We shall repeatedly use that
Tr(XY) = Tr(YX) for any matrices X, Y for which the products XY and Y X make sense.

Let G = (V, E) be a graph. The canonical basis vectors of R are {¢; : i € V'}, and the canonical
basis vectors of R¥ are {ef; ;1 : {i,j} € E}. The Laplacian of G is the linear transformation
Lo(-): RF = SV defined by Lg(w) = > i jrer Wiy (€ — €5)(e — e)T.

When dealing with Problem 2, we may assume that B = I. See [/, Proof of Theorem 1.1] for
the details of the reduction.



Algorithm 1 A procedure for solving Problem 2 based on the BSS method.

procedure SparsifySumOfMatricesByBSS(By, . .., By, €)
input: Matrices By, ..., B,, € ST such that ), B; = I, and a parameter € € (0,1).
output: A vector y with O(n/e?) nonzero entries such that I <> y;:B; < (14 O(e))1.
Initially A(0) := 0 and y(0) := 0. Set parameters ug, {o,dr,y as in (8) and T := 4n/e>.
Define the potential functions ®%“(A) := Tr(ul — A)~! and ®y(A) := Tr(A — 1)~ L.
Fort=1,....T

Set ug ;= us_1 + 0y and & == by_1 + I,

Find a matrix B; and a value o > 0 such that A(t — 1) + aB; € [{;, 4], and

O (A(t—1) +aB;) < B 1(A(t—1)) and @y, (A(t — 1)+ aB;) < By, (A(t — 1)).

Set A(t) := A(t — 1) + aBj and y(t) := y(t — 1) + ce;.
Return y(7)/ Amin(A(T)).

3 Solving Problem 2 by Ahlswede-Winter

As mentioned earlier, Spielman and Srivastava [32] explain how Problem 1 can be solved by Rudel-
son’s sampling lemma. This lemma can be easily generalized to handle matrices of arbitrary rank
using the Ahlswede-Winter inequality, yielding a solution to Problem 2.

Let X be a random matrix such that X = B;/Tr B; with probability p; := Tr B;/ Tr I. Since
B; = 0 and ), B; = I, the p;’s define a probability distribution.

Theorem 11 ([I, Theorem 19]). Let X, X1,..., X7 be i.i.d. random variables with values in S"
such that X; € [0,1] for every i and E(X) = ul with p € [0,1]. Let € € (0,1/2). Then

T
1 52,u
Pl — X;g|l—¢,1 <2n- =T .
(X en-s1+d) <on-eo (o)

In our case, E(X) = (1/n)I and X € [0,1]. So g = 1/n. Thus, if T > (2In2) - % =
O(nlogn/e?), then P <I%T ZZT:l Xié[l—e1+ 6]) < 1/2, as desired.

4 Solving Problem 2 by BSS

In our modification of the BSS algorithm [1], we keep a matrix A of the form A = ), y;B; with
y > 0, starting with A = 0, and at each iteration we add another term aB; to A. We enforce the
invariant that the eigenvalues of A lie in [¢, u|, where u and ¢ are parameters given by u = wug + tdy
and ¢ = {y + téy, after t iterations. This procedure is presented in Algorithm 1. The step of the
algorithm which finds B; and « can be done by exhaustive search on j and binary search on a.
Instead of the binary search, one could also compare the quantities Uy_1)(B;) and Laq—1)(B;)
defined below.

In the original BSS algorithm, the matrices are rank one: B; = vjvf for some vector v;. Their
Lemmas 3.3 and 3.4 give sufficient conditions on the new term owjva so that the invariant on the
eigenvalues is maintained; Lemma 3.5 gives sufficient conditions on the remaining parameters so

T

that a suitable new term av;v; exists with a > 0. In this section we generalize those lemmas to

allow B; matrices of arbitrary rank.



Let A € S™. If u € R with A\pax(A) < u, define ®%(A) := Tr(ul — A)~L. If £ € R with Apin(4) >
¢, define ®y(A) := Tr(A — ¢I)~!. Note that ®¢(A4) = >, 1/(\i — ) and ®“(A4) = >, 1/(u — N),
where Ay, ..., \, are the eigenvalues of A.

Lemma 12 (Analog of Lemma 3.3 in [1]). Let A € S” and X € S with X # 0. Let u € R and
oy > 0. Suppose Apax(A) < u. Let u' :=u—+ 0y and M :=u'I — A. If

- (M~2 X)

é > Fe(A) o7 (A) + (M1 X) = Ug(X),

then Amax(A + aX) < u' and ¥ (A + aX) < *(A).
Proof. Clearly M > 0. Let V := X'/2. By the Sherman-Morrison-Woodbury formula [12],
PV (A+aX)=Tr(M—aVVD) =Tr (M +aM V(I — VT M V) v T M)
= 0Y(A) + Tr (aM V(I — aVIM V) VT M),
Since M~' = 0, X # 0 and ®*(A) > &% (A), our hypotheses imply 1/oc > (M ', X) = Te(VI M~V >
Anax(VIM=IV) >0, 50 B 1= Apin(I — aVIM V) =1 — adpax(VIM V) > 0 and by, e.g., [16,
Corollary 7.7.4],
0<BI=T—aVIM'V = 0<(I—aVIM'V)" <571
Thus,
O(A+aX) < (A) +af ' Te(VIM2V)
= B(A) — (B“(A) — @¥(A)) + ap (M2, X)

To prove that ®* (A+aX) < ®*(A), it suffices to show that af~ (M2, X) < ®(A) — ¥ (A).
This is equivalent to

M2 X y ¥
o a8 )

which follows from 1/a > Ua(X) since Apax(VIM V) < Tr(VIM~V) = (M1, X).

It remains to show that Apax(A + aX) < u/. Suppose not. Choose € € (0,dy) such that
1/e > ®“(A). By continuity, for some o/ € (0,«) we have A\pax(A + &’X) = o' — e. Since
1/ > 1/a > Ua(X), we get @ (A + o/ X) > 1/e > *(A) > ¥ (A + o’ X), a contradiction. [

Lemma 13 (Analog of Lemma 3.4 in [1]). Let A € S* and X € S, withn > 2. Let £ € R and
81, > 0. Suppose Amin(A) > € and ®y(A) < 1/61,. Let V' := L+ 6, and N := A— 1. If

(N2, X)

a s Oy (A) — @h(A) (N7 2) = La(),

0<

then Amin (A +aX) > 0 and ®p(A+ aX) < ®,(A). Moreover, N > 0.

Proof. Note that Apin(A) > ¢ and ®4(A) < 1/07, imply that N > 0, and therefore A\pin (A + aX) >
¢'. Let V := X/2. By the Sherman-Morrison-Woodbury formula,

Pp(A+aX)=Te(N+aVVH)t=Tr (N_1 —aN'V(I+ OéVTN_IV)_lvTN—l)
= 0p(A) — Tr (aN"WV (I +aVTNTV)TIVINTY),

6



For 3 := Amax(I + aVIN=IV), we have
0<I1+aVINTWV =Bl = 0<p8 U< {T+aVINTIV)L
Thus,
Dp(A+aX)<Pp(A) —af P Te(VINT2Y)
= ©(A) + (Por(A) — @o(A) —af N2 X)
We will be done if we show that a3~ (N2, X) > &, (A) — ®4(A). This is equivalent to

(N2, X)
1/Oé + Amax(VTN_IV)

> Py (A) — Po(A)

which follows from 0 < 1/a < La(X), since ®y(A) > ®y(A), N = 0, and Apax(VIN"IV) <
Tr(VIN-IV) = (N7 X). O

The next lemma can be proved by a syntactic modification of the proof of Lemma 3.5 in [1].

Lemma 14 (Analog of Lemma 3.5 in [1]). Let A € S"™ with n > 2, and let u,{ € R and
EU,(sU,EL,(SL > 0 such that )\max(A) < u, Amin(A) >/, (I)U(A) < ey, and (I)g(A) < er. Let
By,...,Bp, € S" such that ), B; = 1. If

o< Lot (6)
=5y €U > 5L €L
then there exists j € [m] and o > 0 for which La(Bj) > 1/a > Ua(Bj).

Proof. As in [1, Lemma 3.5], it suffices to show that >, La(B;) > >, Ua(B;). Let v/ := u+ oy,
M :=uIl—-A ¢ =040, and N := A —{'I. Tt follows from the bilinearity of (-,-) and the
assumption ), B; = I that

Tr M2

B;) = Tr M~
Tr N2
La(By) = ~TrN~! b
2 LaB) = g ) ()
It is shown in [/, Lemma 3.5] that (7a) is at most (7b), completing the proof. O

Now we set the parameters of Lemma 14 similarly as in [1]:

€ 24¢ €
o =1 €L =7 by = - ou = ha €U - -
2 €L 2—¢

- @ - 8U'
So (6) holds with equality. If A is the matrix obtained after T' = 4n/e? iterations, then

Amax(A) _ o +Toy _ (2+¢ 2< l+e
/\min(A)_fo-f—T(sLi 2—¢ ~1—c¢

so A" := A/Anin(A) satisfies I < A" < (1 +¢)I/(1 —¢) and A’ is a positive linear combination of
O(n/e?) of the matrices B;.

A careful implementation of the algorithm has running time O(mn3/¢?). If the B;’s have O(1)
nonzero entries, as in the graph sparsification problem, the algorithm can be made to run in time
O(n*/e% +mn/e?). This concludes the proof of Theorem 3.




5 Solving Problem 2 by MMWUM

Observe that the set of all vectors y that are feasible for (2) is the feasible region of a semidefinite
program (SDP). So solving Problem 2 amounts to finding a sparse solution to this SDP. Here
“sparse” means that there are few non-zero entries in the solution y; this differs from other notions
of “low-complexity” SDP solutions, such as the low-rank solutions studied by So, Ye and Zhang [30].

It has long been known known that the multiplicative weight update method can be used to
construct sparse solutions for some linear programs. A prominent example is the construction of
sparse, low-regret solutions to zero-sum games [3, 30, 37]. (Another example is the work of Charikar
et al. [7] on approximating metrics by few tree metrics.) Building on that idea, one might imagine
that Arora and Kale’s matrix multiplicative update method (MMWUM) [3] can construct sparse
solutions to (2). In this section, we show that this is indeed possible: we obtain a solution y to
Problem 2 with O(nlogn/e®) nonzero entries.

5.1 Overview of MMWUM

The MMWUM is an algorithm that helps us approximately solve an SDP feasibility problem. The
gist of (a slight modification of) the method is contained in the following result (its proof can be
found in Appendix A):

Theorem 15. Let T, K,ny,...,ng be positive integers. Let Cy, A1 k,..., Ami € S™ for k € [K].
For each k € [K], let n > 0 and 0 < B < 1/2. Given Xq,..., Xk € S™, consider the system

m

Zyl(Al k,Xk> <Ck,Xk> — i Tr X, Vk € [K], and Yy < RT. (9)
=1

For each k € [K], let {Pr, Ni} be a partition of [T, let 0 < €y < pg, and let Wét) e S"™ and €,(ct) €R
fort € [T +1]. Let y® € R™ fort € [T]. Suppose the following properties hold:

W]gt—s-l):exp( Z [Zyz zk—Ck—i-g,(CT)I}), vt € {0,...,T}, Vk € [K],

g, + Pk £
y =y is a solution for (9) with Xy, = W,Et), Vk € [K], vt € [T,

" —/ if t
Zy§t)Ai,k —Cr € ek Z.f <P vt € [T], k € [K],
[_pk7£k]7 th eNka

=1
& =, ViePp, vkelK], and () =—t,, Vte N, Vke K]
Define i := % Zle y®) . Then,

(P + Lk) Inn

_iAi —Cy = — | Bl +
;y & —Cy 1k T8,

+(1+ Bm] I, vk e K], (10)

Take K =2, set C; := I and Cy := —I, and put A;; := B; and A; := —B; for each i € [m].
Then Theorem 15 shows that finding a solution for (2) reduces to constructing an oracle that solves
linear systems of the form (9) with a few extra technical properties involving the parameters ¢y
and pg, and adjusting the other parameters so that the error term on the RHS of (10) is < e.

To obtain a feasible solution for (2) that is also sparse, the idea is to design an implementation
of the oracle that returns a vector y* with only one nonzero entry at each iteration ¢t of MMWUM,



and to adjust the parameters so that, after T = O(nlogn/e®) iterations, the smallest and largest
eigenvalues of > ", 7;B; are e-close to 1. Since § is the average of the y®’s, the resulting y will
have at most T nonzero entries.

We set the remaining parameters as follows:

£ (p+£0)Inn £

= = == T =——"— === —

B=p= =, Be ; == = g

1+mn
0i=1{1 =My :=1, p = p1 = pg = Tn, Py =Ny = [T], Ny =Py :=0.
Then the error term on the RHS of (10) is
(p+0)1Inn e € E\ € Te &2
B+ =g — T +8m 4+2+(+4>8 g T3y =° (11)

Thus, (2) follows from (10) and (11). Moreover, T = O(nlogn/e%), as desired.

5.2 The Oracle

It remains to implement the oracle. Consider an iteration ¢, and let X := Wl(t) and Xo := WQ(t)
be given. We must find y := y® e R’ with at most one nonzero entry such that

Zyle, —n) Tr X1, Zyzxz, <(1+n)TrXy and Z%Be[o pl.
=1

Since y should have only one nonzero entry, it suffices to find j € [m] and o € R, such that

Oé(Xl,Bj> Z (1 —7]) TI‘Xl,
CM(XQ,B]‘> < (1 +77) Tr Xo, (12)
aTrB; <p.

Here we are using the fact that Ayax(Bj) < Tr Bj since Bj = 0. We will show that such j and «
exist. Due to the definition of W7 and Ws, the oracle can assume that X is a scalar multiple of
X5 ! “although we will not make use of that fact.

Proposition 16. Let Bi,..., By, € S such that ) ;" B; = 1. Let n > 0 and X1,X2 € ST .
Then, for p :== (14 n)n/n, there exist j € [m] and a > 0 such that (12) holds.

Proof. By possibly dropping some B;’s, we may assume that B; # 0 for every i € [m]. Define

= (X1,B;)/ Tr X; > 0 for every ¢ € [m]. Consider the probability space on [m] where j is
sampled from [m] with probability p;. The fact that Z " pj = 1 follows from " | B; = I. Then
E; [p?l Tr Bl = >, Tr B; = Tr I = n. By Markov’s inequality,

1 1 !
P <pj_1TrBj < ( :n)n> =1-P (pj_lTrBj > (:W)n> > 1—% = 119 (13)

Next note that Ej[p;1<X2,Bj>] =Y " (X2, B;) = (Xo,I) = Tr X5. Together with Markov’s
inequality, this yields

_ _ 1
P <pj LXy, By) < (1 +77)TrX2> ~1-p (pj U(Xa, Bj) > (1+7) TFX2> 1 ()

9



It follows from (13) and (14) that there exists j € [m] satisfying

1
p]71<X2,Bj> < (1+n)Tr Xy, and p;1 TrB; < +77n:p
Set o := pj_l and note that
a<X1,Bj> = pj_1<X1,Bj> = TI'X1 Z (1 — T]) TI‘Xl.
Hence, j and « satisfy (12). O

The following proposition, proven in Appendix B, shows that the width achieved by Proposi-
tion 16 is essentially optimal.

Proposition 17. Any oracle for satisfying (12) must have p = Q(n/n), even if the B; matrices
have rank one, and even if X1 is a scalar multiple of XQ_I.

We also point out that a naive application of MMWUM as stated by Kale in [20] does not work.
In his description of MMWUM, the parameter K is fixed as 1. So we must correspondingly adjust
our input matrices to be block-diagonal, e.g., C' has two blocks: I and —I. However, applying
Theorem 15 in this manner would lead to a sparsifier with Q(n?) edges. The reason is that the
width p needs to be Q(n), and we must choose ¢ = p since the spectrum of > ", y;4; — C is
symmetric around zero for any y. Thus, to get the error term on the RHS of (10) to be < e, we
must take 7' = Q(n?).

6 Solving Problem 2 by a Tweaked MMWUM

In this section, we modify the method described in the previous section in order to obtain solutions
to Problem 2 with only O(nlogn/c?) nonzero entries. This matches the sparsity of the solutions
obtained by the Ahlswede-Winter inequality. The main difference from our previous method is a
simpler oracle and a refined analysis.

We first state an eigenvalue bound analogous to Theorem 15.

Theorem 18. Let T' be a positive integer. Let Bi,..., B, € S} be nonzero. Let v,n,dr,0y > 0.
For any given X1, Xy € S*, consider the system

exp(yaTrB;) — 1

oy > Xv, B;
U = TI'B] < U, j>7
1 — exp(—vya Tr B)) (15)
o < X1, Bj
L > TI'B] < Ly ])7

acRy, jem].

For eacht € {0,...,T + 1}, let A(t), Wr(t), Wi (t) € S", let a(t) € Ry, and let j(t) € [m]. Suppose
the following properties hold:

A(t) =) o(m)Bjiy, Ve {0,.... T},

T=1
Wy (t+1) = exp(vA(t)) and  Wr(t+1) =exp(—vA(t)), vt e{0,...,T},
Wy(t)  Wi(t)
Ter/U(t)’TrvLVL(t)>’ vt € [T).

(o, Bj) = (a(t), Bj)) is a solution for (15) with (Xy, X1) = (

10



Then

A(T) c log(1 —d7)~ ! _logn log(1+dy) n logn .

, 16
T gl Ty gl Ty (16)
Proof. We will use Golden-Thompson inequality:
Tr(exp(A + B)) < Tr(exp(A) exp(B)), VA, B e S". (17)
We will also make use of the following facts. First,
-b)—1
exp(cz) < 1+ eXp(Cb)x VeeR, b> 0,z € [0,0].
For X € S, we have Apax(X) <Tr X, so X € [0, Tr X], and
exp(c-TrX)—1
X) =< 1 X. 1
exp(cX) = I+ X (18)
For each t € [T + 1], define ®,(¢) := Tr W (¢) and ®y(t) = Tr Wy (¢). For each t € [T],
By(t+1) =T (exp(fyA(t))) - (exp('yA(t — 1)+ ’yosz))
(17)
< Tr (exp(vA(t — 1)) exp(10B;) )
(18) exp(yaTr Bj) — 1
< _ )
< Tr <exp(’yA(t 1))< B, B; + I)) o)

— PO = (et~ 1)) By) + Trlexp(A(t = 1)
_ exp(yaTrB;) —1

Tr Bj

(Wu(t), Bj) + @u(t)

(15)
< (14 6p)@u(t),

where we abbreviated j := j(t) and « := a(t).
Since A(0) = 0, we have that ®y (1) = Tr I = n. Using (19), after T iterations,

(I)U(T + 1) < (1 + 5U)Tn.
Thus,

exp(YAmax(A(T))) < Y exp(y\i) = Tr Wy (T +1) = &y(T + 1) < (1 +6p)"n,
=1

where A1,..., \, are the eigenvalues of A(T). And s0 YAmax(A(T)) < T'log(1 + dy7) + log n, which
implies the upper bound in (16). The proof of the lower bound is analogous. O

Next we establish conditions under which we can construct an oracle for solving the system (15).
The proof consists of algebraic manipulations and an averaging argument analogous to the proof
of Lemma 3.5 in [1].

Theorem 19. Let By,..., By, € S} be nonzero such that ;| By = I. Let §y7,01, > 0 be such that
1 1

——-n2=

or, = oy

Then, for any Xp, Xy € S}, with trace one, the system (15) has a solution.

(20)

11



Proof. The first inequality in (15) is equivalent to

TI‘BJ' Z <XU,BJ'>‘ (21)
exp(yaTr Bj) — 1 U
Using the identity ﬁ =1+ ﬁ, the second inequality in (15) is equivalent to
Tr B, X1, B;
i < X1, By) — Tr Bj. (22)
exp(yaTrB;) —1 oL
We will choose j € [m] so that
X1, B; Xu, B;j
< L, .7> —TI‘B] 2 < U, ]> (23)
oL ou

and set « so that (21) holds with equality. Then both (21) and (22) will hold. Note that o > 0
since 7 Bi =1 + 6y Tr Bj/(Xy, Bj) > 1 and v Tr B; > 0.
To see that there exists j € [m] satisfying (23), note that, by (20) and ;" | B; = I,

m m
X1, B; Tr X 1 1 Tr X Xy, B;
ZM_T@: Xy 1oL Xy (Ko Bi)
; o or or du ou ; ou
=1 =1
O
Finally, let us show how to set the parameters to get a sparsifier. Given ¢ € (0, 1), set
n n nlogn
=¢e/2, oy = —, 0 = ————, T:=——F——. 24
n:=¢/ vi= e e (24)

By our choice of §;, and dy, we have 1/6p —n = (1 +n)n/n —n = n/n = 1/éy, so (20) holds
with equality. After we run the modified version of MMWUM given by Theorem 18, we obtain a
matrix A(T). Set A := A(T)/T. By Theorem 18,

~ _log(14+6y) logn n? 1+4+n
max A) < < —_ = .
Amax(4) < (o)

We will use that —log(l —z) > x for z < 1. Thus,

— _log(1—46r)"'  logn n? 1A+ —-n _1-29
) 3 LB o (g, oy |

So if we choose v = n/n then (1 —¢)I < A < (1+¢)I and A is of the form Y, y;B; with y > 0 and
has at most T' = O(nlogn/c?) nonzero entries.

Remark. The choice of « is actually irrelevant here. We could choose v > 0 arbitrarily, then
define A = A(T) - (ny/nT) and the desired conclusion would hold.

12



7 Comparing our two algorithms

The proof of Theorem 18 defines two potential functions for each iteration t.

(I)U(t) = T‘FWU(t) = Trexp(’yA(t))
O (t) = TrWi(t) = Trexp(—vA(t))

The proof shows that, at each iteration, the potentials change as follows:

(I)U(t—|—1) < (1+5U)(I)U<t),
@L(t—l—l) < (1—5L)@L(t).

Due to properties of the exponential function, these inequalities may be equivalently written using
potentials that “shift” linearly at each iteration.
We require that

(140y) T oyt +1) < (1+6y) - dp(t) V>0,
(1—067)" " dp(t+1) < 1—=0,)t-®p(t) VE>0.

Defining Ay = In(1+ 6y) and A, =1In ((1 —0)""), these inequalities are equivalent to

Trexp(—(t + 1)Ayl +vA(t +1)) < Trexp(—tAyl +vA(t)),

Trexp((t+ 1)Arl —~vA(t+ 1)) ; Trexp(tArl — yA(t)). (25)

Let us introduce new notation to write these inequalities more succinctly. Define

U (A) = Trexp(—ul +~A),
Uy(A) = Trexp(ll —~vA).

Then, writing A(t + 1) = A(t) + aBj, the inequalities in (25) are equivalent to

VDAY (A() + aBy) < UHAV(A(1)),

= (26)
Uernya, (At) +aBj) < Uia, (A1)

Algorithm 2 uses this notation to describe the algorithm of Section 6.

Comparing Algorithms 1 and 2, we notice that they are identical with the exception of differ-
ent parameters and different potential functions. Thus, we believe that Algorithm 2 sheds some
new light on the BSS algorithm — the BSS algorithm can be derived by applying MMWUM to
Problem 1, then improving that approach by modifying the potential functions. Indeed, to improve
Algorithm 2, one would be tempted to modify the potential functions to more strongly penalize
eigenvalues which deviate from the desired range. The natural approach to do this would be to
increase the derivatives of the potential function by increasing the parameter . However, as re-
marked at the end of Section 6, the algorithm is actually unaffected by varying ! Thus, to improve
Algorithm 2, one would seek a more substantially different potential function.

Focusing on the upper potential, we consider the question: is there a function f: R — R
with steeper derivatives than exp(u — x) and such that, for any matrices A and B, Tr f(A + B)

can be easily related to Tr f(A)? The natural candidates to try are f(x) = —log(u — x) and
f(z) = (u — x)~! since, in both cases, Tr f(A + B) can be related to Tr f(A) by the Sherman-
Morrison-Woodbury formula. It is not clear whether the choice f(z) = —log(u — =) can be made

to work. However, choosing f(z) = (u—x)~!, one arrives at Algorithm 1, our generalization of the
BSS algorithm. Nevertheless, even after arriving at this algorithm, the analysis to prove its rapid
convergence (namely, Lemma 3.5 in [1]) is rather delicate.

13



Algorithm 2 A procedure for solving Problem 2 based on the MMWUM method.

procedure SparsifySumOfMatricesByMMWUM(By, ..., By, €)

input: Matrices By, ..., B,, € ST such that ), B; = I, and a parameter € € (0,1).

output: A vector y with O(nlogn/e?) nonzero entries such that I <Y, y;B; < (1+ O(e))I.
Initially A(0) := 0, and y(0) := 0. Set parameters

Up = 0, 60 = 0, AU = ln(1+5U), AL = In ((1 _5L)_1)7

where dr7, 6r, and T are as defined in (24).
Define the potential functions W*(A) := Trexp(—ul + vA) and ¥y(A) := Trexp(¢I1 — vA).
Fort=1,...,T

Set uy == up—1 + Ay and 4 = b1 + Ap.
Find a matrix B; and a value a > 0 such that

U (A(t — 1)+ aB;) < U1 (A(t—1)) and Uy (A(t— 1) +aB;) < Uy, (A(t —1)).

Set A(t) := A(t — 1) + aBj and y(t) := y(t — 1) + ae;.

Return y(7)/Amin(A(T)).
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A The MMWUM

In this section we provide some proofs about the MMWUM. These proofs are due to Kale [20]. Our
set up and conclusions are slightly different and we modified the proofs accordingly. We reproduce
the proofs here for the sake of completeness.

Theorem 15 can be viewed as a block-friendly version of MMWUM. First we show the version
with only one block. It is basically the same as [20, Theorem 13 in Chapter 4].

Theorem 20. Let T be a positive integer. Let C, Ay,..., Ay € S™. Letn >0 and 0 < f < 1/2.
For any given X € S”, consider the system

Zyi<Ai,X>2(C,X)—nTrX, and y e R (27)
i=1

Let {P, N} be a partition of [T], let 0 < £ < p, and let W € S" and () € R fort € [T +1]. Let
y) € R™ fort € [T]. Suppose the following properties hold:

t m
w1l — exp (— Z [Z ygT)Ai -C +£(T)I]>7 vt e {0,...,T},

y =y is a solution for (27) with X = W, vt € [T,

“ —/ f t
i=1 [_076]7 th € N,

(D =¢ vteP, and (M =—0 VteN.
Define § := %Zthl y® . Then

(p+40)Inn

T3 + (14 B)n|I. (28)

> Gidi—C=—[Be+
=1

The main tool for the proof of Theorem 20 is the following result:

Theorem 21 (Kale [20, Corollary 3 in Chapter 3]). Let 0 < 8 < 1/2. Let T be a positive integer.
Let {P,N'} be a partition of [T], and let M® € S™ fort € [T] and W® € S™ for t € [T + 1] with
the following properties:

WD = exp (—BZM(7)> vVi=0,...,T,

T=1
0=M® <1 ViePp, and  —IT=<MWY =<0, VteN,
Let 1
(t) .— (t)
P Tl"W(t)W , vt e [T).
Then .
(1=8)Y) (MO PD) 4 (148) Y (MDD, PO) < Apyin <Z M<t>> L (29)
teP teN t=1 B
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Proof. Set ®®) .= Tr(W®) for t € [T +1]. Put 8 := 1 — e and By := € — 1. Then, for any
t e [T],

o+ = (W D)) = <exp <_BZ M) ))

=1

<exp < 5ZM ) exp (—5M(t))> =Tr (W(t) eXp(_BM(t)))
= <W(t),eXp(—ﬁM ),

where we have used Golden-Thompson’s inequality (17).
Using the fact that e® is convex, one can prove that

0=2A=T = exp(—BA) 21— B4,
—I < A=<0 = exp(—pA) I - [A.

Suppose that ¢ € P. Then exp(—FM®) < I — 5, M® and since W = 0, we get

o) < (W, exp(=pM ) < (WO, T — M)
Te(W®) — s (W, M)
Tr(W®) - Te(W “>>61 (PO, M)
Te(WO)[1 - g1(PO, MO)]
(t) {1 _ Bi(PW), M(t)ﬂ
< ®® exp(—p(PY, MM)).

Similarly, if ¢ € N/, then
) < o exp(— g (PY, M),

By induction on t, and using ®1) = Tr(I) = n, we get

oY) < nexp (—51 S (M@ POy gy S <M<T>,P<T>>>, vt € [T.

TEPN[t] TENN[L]

n

For every A € S™, we have Tr(exp(A4)) = Y1 e > eV for any j € [n], where Ay, ..., \, are
the eigenvalues of A. Thus,

ST+ Ty T+ Z Ty <exp <—B§T:M(t)>>

Thus,

T
exp |~ duin (30 )| < mexp |1 T30, P0) - 5o 3 (10,0 .
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By taking In(-) on both sides, we get

T
~Bhmin (M) <t =[5 M PO) + 5o 3 (00,0,
t=1

teP teN
SO
T
B> (MWD, POy 4 8y > (M), PO < BArnin (Z M(t)> +Inn,
teP teN t=1
and
ZM(t %ZW() POy < mm(ZM > lr;n
tGP teN

Since 3 ,cp(M®, POY > 0 and 3, (MO, PB) < 0, to prove (29) it suffices to show that
1-p<p1/pand 1+ 5> B2/B. It is not hard to prove that

l—e®>2z(1—x), Yz € [0,+00) and e —1<a2(l+z), Vo €0,3]
So our choice of 1 and [ ensures that 1 — 8 < 51/ and 1+ 8 > 52/f. O

We can now show the proof of Theorem 20.

)

Proof of Theorem 20. Let M® .= L [ZZL Y

L O, —C+ g(t)]] and PO .= WO/ Tr wW® for ev-

ery t. For every t < T, using (27),

(MO, PO) = [Z u (i, PO) = (€. PY) 4 601, P<t>>}
P =1
1 m ® (8 n £(t)
- WA, why — CW(”} >

since y® is a solution for (27) with X := W®. Thus, by (29),

$ (1-B)(Y —n) Y (1+8)(¢Y —n)

+p L+p
76 rnm(Z |:<Z t)A> —C+€(t)1:|> +lnﬂn
=1

t=1

teP teN

Multiply through by £+ p and move £ out of Ayin(+):

=g+ > (148" —T(14 By

teP teN

Thus,

T m
Y =B+ B < A (Z [(Z yf)Ai) - CD + “’*?m” +T(1+B)n.

teP teN



Next note that >_,cp —0) + 30, 0O =3, 5 —0+ 3, —€ =T, so0

t=1 - \i=1
and .
. l Ui ® 4\ (p+¢)Inn
0<Amm<T;[<;% Al> CD +ﬂ€+7T5 + (14 B)n.
Thus,
m B 1 T m ( +€)1
;yzAi—C: T; |:<;yi(t)z4i> —C] - —[55+”T7Bn”+(1+ﬁ)n]f.

O

Theorem 15 can be easily proved from Theorem 20. First, we apply Theorem 20 separately for
each block. In each iteration, y*) is a solution for (27) for all blocks simultaneously, and so the
conclusion in (28) holds for all blocks with same g. This new algorithm can be seen as equivalent
to running K copies of MMWUM, each with different input data, with the caveat that all copies
run for the same number of iterations and the vector y) returned from the oracle is the same for
all copies at each iteration t.

B Optimality of MMWUM Oracle

Proposition 17. Any oracle for satisfying (12) must have p = Q(n/n), even if the B; matrices
have rank one, and even if X1 is a scalar multiple of X{l.

Proof. Let k =n/3, let I, be the identity of size k x k, and let e; € R* be the jth standard basis
vector. Let ¢ = 3n and define

X1 =diag(1,%, Q)@ Iy, X =diag(1,1/¢*,1/Q) @ I,
where ® denotes tensor product. For j =1,...,k, define
Ul7j:[1/\/§,—1/\/§,0]®6]‘, 1)27]‘:[1/\6,1/\@,0]@6]‘, ’U37j:[0,0,1]®€j.

Let B; ; = vi,jvgj. Note that Z” B;;=1.
The oracle cannot choose a matrix B; ; with ¢ € {1,2}, since satisfying (12) would lead to a
contradiction:

(X2, Bi) 1 _  (X1,B)
Tr(X2)(1+n) = o = Te(X1)(1—n)
XQ,BZ‘ TI‘XQ 1 +
— 143) = 14¢ < éXl,BZ;?Ter < I—Z < 1+ 3,
for sufficiently small 7.
So the oracle must choose a matrix B; ; with ¢ = 3. In this case,
Tr B; < 1 < (X1, Bij)
p a — Tr(X1)(1—n)
no_no_ 1+ +0k _ Tr(B; ;) Tr(X1) < P
o 3¢ T ¢ (X1,Big)  — 1-m
This shows that p = Q(n/n). O
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C The positive semidefiniteness assumption

Proposition 22. For every positive integern, there exist matrices By, ..., By € S™ withm = Q(n?)
such that B := Y. B; is positive definite and with the following property: for every e € (0,1) and
y € R™ such that (1 —e)B = ), y; B, all entries of y are nonzero.

Proof. Let P :={(i,7) : 4,5 € [n], i < j}. For (i,5) € P, let E;j := eie;‘-F + ejel'. Let J denote the
matrix of all ones. Then 27 + E(i,j)ep Eijj=1+4+J =:B > 0. Let € € (0,1) and suppose that
(1—¢)B =2 2tI +  ; yep #ijEij for some t € R and 2 € R”. By taking the inner product with
E,p on both sides, we see that 0 < 2(1 — ¢) < zg for every (a,b) € P. Similarly, we find that
0<2n(l —¢) < 2nt. O
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