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Abstract—We consider the multi-source network coding such a code meets tteingle-letter criterion for validity
problem in cyclic networks. This problem involves several if the information on edges leaving a vertex can be

difficulties not found in acyclic networks, due to additional ; : ;
causality requirements. This paper highlights the difficulty computed from the information on edges entering a

of these causality conditions by analyzing two example vertex. FOf?‘CYF"C_ networks, a_code sgtlsfylng the single-
cyclic networks which are structurally similar. Both net-  letter criterion is indeed a valid solution. However, the
works have an essentially identical network code which problem is more complicated when there are cycles.
appears to transmit all information from the sources to For a cyclic network, a code is calledalid only if

the sinks; however, this network code is invalid since it ; ;
! ' SVED : ence of messages corresponding to the
violates causality. We show that, in one of the networks, there is a sequ 9 P 9

the invalid code can be modified to obey causality, whereas associated symbols, such thqt each message lea,vmg a
in the other network this is impossible. This unachievability Vertex can computed frompreviousmessages entering
result is proven by a new information inequality for causal the vertex. Generally, the single-letter criterion does not
coding schemes in a simple cyclic network. imply validity because there may be circular dependen-
cies among edge symbols which can not be resolved
into a valid sequence of transmissions; we describe such

The multi-source network coding problem, wherénvalid coding solutions aschicken and egygsolutions.
multiple communicating sessions share a network @he problem of determining when a single-letter-valid
lossless links with rate constraints, is a challengingode is valid can be quite subtle; this note presents an
problem involving many subtle and counterintuitive pheexample illustrating the subtlety.
nomena. These difficulties are present in both acyclic andOur example comprises the networks and G,
cyclic networks, although cyclic networks are generallghown in Figure 1 and Figure 2. Figure 3 shows essen-
harder, due to the additional causality issues. This papglly identical network codes for these networks meeting
studies two example cyclic networks that illustrate athe single-letter criterion for validity. Faf., a valid rate-
interesting “chicken and egg” phenomenon. 1 coding solution is presented in Section 3. Exr, it

To explain our work, we begin with some informalis shown via information theoretic inequalities that any
definitions; more formal definitions are given in Secvalid coding solution has rate at mast5. For the sake
tion 1-A. A natural way to specify a coding functionof comparison, a standard volume argument shows that
in a network is to associate a single symbol to b#e maximum routing rate (i.e., without coding) ¢h is
transmitted with each edge of the network; these symbas most2/3, whereas foiG, it is at most3/4.
are simply functions of the sources’ data. We say that In proving our unachievability result fo§;, a new

1. INTRODUCTION
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Fig. 1. G, the first communication problem studied in this paper.Fig. 2. Ga, the second communication problem studied in this paper.
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Fig. 3. An invalid “coding solution” for the two instanc€s andG.. The solution appears to have rate 1 but, due to causality issues, it cannot
be implemented over a sequence of time steps.

single-letter information inequality is proven for theassume that each edge has unit capacity, meaning that
simplest cyclic network structure — two edges Witm(egf)) < 1.
opposite directions. Similar tG;, this inequality appears e restrict our attention to deterministic coding. That
to have a counterexample, whose flaw is revealed only By for an arbitrary edgec whose tail has sources
expanding the network as transmissions over a sequenge. .. S, and has incoming edges, ..., e,, We re-
of time steps. The moral of this analysis is that analyzinguire the output at timé: on edgee to be a function
networks in time-dimension is crucial for establishingf those sources and the past symbols on the incoming
tight converse theorems for multi-source network codingdges. As an equation, for some functign

There is much prior work considering multi-source *) (1.k—1) (1.k—1)
communication problems in cyclic networks, e.g., [7], € =9 <S1,---,Sa,€1 EERR) ) (1.1)
[91, 111, [,4]' [5], [6], [3]. The trea@ment of caysallty N This requirement also applies whens entering a sink.
these prior works focused on single-letter information It can be argued that a randomized coding scheme
inequalities capturing the following fact: sources can heree(®) in Eq. (1.1) can be a function of other source '
decoded from the information transmitted on a set randomness, does not enlarge the rate regions of
edges when those edges separate the source fromt problem. A,n example argument can be found in

sink in a suitably strong sense. One key innovation in o e Appendix of [2] or [8]. The probability of error
work'is a new _information inequali'Fy which can be_ useggf a randomized scheme is the average probability of
to .preclude chlcken—_and—egg solutions _and is derived l%\‘ror over the difference realizations of the additional
using a technique different from the prior art. independent sources of randomness. As a result, there
must exist a deterministic scheme that drives the error
A. Definitions and Notation probability to zero. Thus we will henceforth assume that

NetworksG, and G, have three information streamsth® only sources of randomness e, and B.

(or commodities), which we denote b, G and B. That being said, fqr sim_plicity, this_ paper considers
Each information stream, sa, is produced at its sourceONly zero-error solutions, i.e., the sinks must exactly
node, which is denoteslz. A source can be viewed as a'€cover the sources.A coding solution achieves rate
process which produces a random variable at each timdf it transmits the sources to the sinks with zero error
step. The objective is to transmit the information fronfor » time steps and?(sg) = H(sq) = H(sp) = rn.
the sources to their respective sinks, which are denoted
tg, etc. 2. ANALYSIS OF G

An edge in the network is denoted;, wherei is ] ) )
the tail and;j is the head of the edge. Suppose that In thls section, we show that any_valld rataretwork
the information is transmitted through the network fofode inG, hasr < 4/5. Before doing so, we present
n consecutive time steps. Leﬁf) denote the random the information inequality at the crux of our proof.

variable corresponding to the symbol transmitted on edge

e;; at time stepk. Let Lk {e(-l-) o e(»l?)}. For *Using Fano's inequality it is quite straightforward to convert these
t ) v v ’dJ ) results to the more conventional asymptotically zero error coding
convenience, we use;; as shorthand fonel.j“ . We schemes.
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Lemma 2.1:Suppose thati, b, z,y are random vari- O@O

ables corresponding to the network structure in Figure 4.
(The variablesz and y may be arbitrarily correlated.) Fig. 4. The network structure analyzed in Lemma 2.1.
Then for any deterministic coding scheme, we have

I(ab;zy) < I(ab;x) + I(ab;y).
Equivalent forms of this inequality include:

A. An Information Inequality \:( V

a function ofb(*-*~1) andz) , so we obtain
I(zy;ab) > I(x;ably) + I(y;ablz).

Sincel(xy;ab) = I(x;ab) + I(y; ablx), we have shown
I(ab;x) > I(ab;zly) and I(ab;y) > I(ab;ylx).  thatI(x;ab) > I(x;ably), as required. [ |

Discussion:Lemma 2.1 has the following informaIB Preliminary Analysis of
interpretation. Suppose an individual wishes to learn’ ry y !
x by eavesdropping on edges and b. The lemma  Suppose we have a valid network codejinwith » >
states that knowing, does not help the eavesdropperl —A. We now derive two inequalities on the information
This fact is rather subtle, as the following well-knowriransmitted through the network.
example shows. Letr and y be independent binary
strings, and let: andb both transmit the symbat & y.
This network code meets the single-letter criterion for I(ess; GB|R) < An I(esseqs; B|RG) < 2An
validity; furthermore, knowingy in this casedoeshelp
the eavesdropper. However, this network code is not va
so it does not give a counterexample to Lemma 2.1.

Lemma 2.2:The following inequalities hold:

ﬁDJoof. Fano’s inequality (along with zero error criterion)
implies thatl (R; es5) = n(1—X) andI(RG; esgess) =

2n(1 — X). Now
Proof (of Lemma 2.1). Expand the random variables in I(RGB;e3s) = I(R;jes;)+1(GB;ess|R)
I(xy;ab) into their components at each time step. <H(ews) <n —n(l—)

I(wy:ab) = Zl(xy;a(k)b(k)‘a(l.‘kfl)b(l.‘kfl))' = I(GB;ess|R) < An.
k=1

I(RGB, 858628)
—_— ——

This can be divided into the following two sums:
<H(esgezs) =2n

Z I(xy a(k) |a(1--k—1)b(1-<k—1)) = I(RG, 653628) +I(B; 658628|RG)
) N——’
k=1 (21) =2n(1-X)
n Zf(xy;b(k)|a(1.4k)b(1..k—1)). = I(B;essess|RG) < 2An. u
k=1 Without loss of generality, we may use the network
We now analyze the first sum. structure to assume thegs andes: are delayed versions
n of ess, i.e., eg’;> = eg’? = eg’;—”. This is becausess is
> I(wy;a®alt-FDp-AL)Y the only input foress andes» and their capacities are
k=1 the same. Any operations ats can be deferred to a
n () (1) 5 (L k1) later point. Hence any solution can be transformed into
> Y I(w;aPalt-A Doy (22)  a solution where't) = %) = {5~ This observation
k=1 and Lemma 2.2 together imply thatess; GB|R) < An
n . < .
_ ZI(SE, a(k)\a(l“k_l)y) (23) and 1(852628, B|RG) <2\n
k=1 C. Reduction to a Smaller Instance
= I(x;aly) (2.4) In this secti difv th by simplifvi
— I(z;ably) (2.5) n this section we modify the graph by simplifying

it to a smaller instancé;. (See Figure 5.) This is done
where Eq. (2.2 Eqg. (2.3) holds becaus&'-*~1 is to eliminate portions which need no further analysis and
a function of a(**~1 andy, and Eq. (2.4-Eq. (2.5) to facilitate derivation of further information inequalities.
holds becausé is a function ofa andy. This gives G is constructed by identifying the nodes in each of the
a lower bound on the first sum in Eqg. (2.1). A similafollowing sets:{1, 6,9}, {2,4,7}, {3,5,8}. (Effectively,
argument applies to the second sum (note #hat*) is the edges induced by those vertex sets have been given
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Fig. 5. (a) Identifying vertices igj;. (b) The resulting instancé .

infinite capacity and zero delay.) The resulting “supern- To upper bound the second term in Eq. (2.7), we write
odes” will henceforth be denotel] 2, and3. I(essess: Bers|RG)
Any network coding solution of ratein G; can obvi- 23532, DEL3

ously be viewed as a solution of raten G, since the = I(ezsesz; B|RG) + I(exesz;e13| RGB).

connectivity has improved whereas the communicatiqmea”y I(eqsesy; €13l RGB) = 0, since no entropy
requirements have not changed. Furthermore, when yénains after conditioning on all sources. Now by
map a solution frong; to G, Lemma 2.2 implies (via gq. (2.6),1(eg3€e32; B|RG) < 2\n. ]
symmetry) that the following inequalities hold:
Lemma 2.5:

I(egg; GB‘R) S An 1(823632; BlRG) S 2An

I(e13: RB|G) < An I(esies; RIBG) < 2\n (2.6) I(ez3es2; €13Ble12G) 2 n — 2\n.

I(e21; RG|B) < A I(e12e21; G|RB) < 2Xn Proof. Considering vertex2, any network code must

. have H(RB‘elgeg,QG) = 0. Thus H(612932|G) =

D. Analysis H(ejze32RB|G) > 2n(1 — A). Thus

The argument proceeds as follows. In Lemma 2.3, we 2n(1 — \)

apply the inequality of Lemma 2.1 to our particular net-

work. In the subsequent lemmas, we obtain lower bounds < H(ei2|G) + H(esz|e12G)

and upper bounds of relevant terms as a function.of < n+ H(eszeas|e12G)
This culminates in a lower bound onin Lemma 2.6. = n+ I(eesz; e13B[e12G)
Lemma 2.3: + H(egge32‘6133812G).
1(623932;B913|G) > I(eggegg;Belg‘Gelg). But H(623632|8133612G) = 0, by the network struc-

I o tur w ncl that
Proof. Conditioning on each realization af, apply ure, so we conclude tha

Lemma 2.1 witha = €923, b = €32, T = €12 and 2’11(1 — )\) <n-+ 1(623632; 6133|812G). ]
y = Beis. u Lemma 2.6:Any valid network code irg; has rate at
Lemma 2.4:](623632; Be13|G) < 3\n. mOSt4/5'
Proof. Using the inequalityl(X;Y) < I(Y;Z) + Proof. The preceding analysis assumes existence of a
I(X;Y|Z), we have network code with ratd — A\. Lemma 2.3, Lemma 2.4,
7 . Bei|G and Lemma 2.5 together show thatn > n — 2An.
(exzes2; Beis|G) (2.7) Thus\ > 1/5. u
< [(R, Be13|G) + 1(623632;3613‘RG).
The first term in Eq. (2.7) is upper bounded as follows. 3. ANALYSIS OF Gy
I(R; Be13|G) = I(R;B) + I(R;e3|GB) To illustrate the subtle issues at play in the “chicken
— and egg” phenomenon, we now demonstrate thatirége

=0 . . . . .
) asymptotically achievable in the communication problem
< I(RB;es|G) < An, G, despite its superficial similarity wit; and the fact
where the first inequality follows from the inequalitythat the invalid “coding solutions” for both problems
I(W;XY) > I(W; X|Y) and the second is in Eq. (2.6).in Figure 3 are virtually identical. Our solution which
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asymptotically achieves rafein G, reveals a key differ-

ence between the two communication problems. Theggding solution achieving rat

is a second“chicken-and-egg” solution igj5, in which

making our exposition self-contained.) Thus there is a
-5 ) {41 ), which
approached asn,m simultaneously tend to infinity.

each of the edges:y, ex;, e transmits the message Treqt the ordered triple of9n + 2)nm-bit source

R® G @ B. Unlike the invalid coding solution presente

Oh1essages &n + 2 separate triples ofm-bit messages,

@n Figure _S(b), t_his invalid solution can be ““”raveled’humberedl,Q, ....9n+2. Each of these triples ofm-

into a valid coding solution. (Note that the comparablgjt messages can be transmitted over a sequence of
modification of the coding solution in Figure 3(&) —g;, 1 2)m rounds, using the coding solution specified
.e., transmitting R © G © B on each of the edges gp4ye repeated times sequentially. We divide time into

€17, €72, €25, €53, €39, €91 — produces a solution which phases numbered 2, . .., (9n + 2)(m + 1). In phasep,
does not even meet the single-letter criterion for validityy eachs = 1.2.....9n + 2. each edge participates in

e.g. node8 does not receive sufficient information toroundp — s of the protocol for sending the triple

output messagé& to sinktg.)

Let n be any positive integer. Suppose that sourc

R, G, B generate independent uniformly-distributee
bit messages (1), g(t-) p(1-7) We first describe a
solution which transmits?, G, B over a series ofn -+ 2

of messages; this does not require transmitting any bits

p — s < 0 or if the edge is idle in roungh — s of

the protocol for sending the™ triple of messages. In a
given phase, each edge transmits at most1 bits and
these bits depend only on information which is received

rounds; in each round exactly one of the edges of the yrior hhases or which originates at the tail of the edge.

network transmits a single bit and the other edges af¢, ;5 g

idle. Let us adopt the convention that?) = »(© =

¢ = 0.
Roundsl,...,3n: For0 <i < n,
egiﬂ) — D g o) g p®
eé§i+2) r(i+D) g g(+D) g p(0)
egiJrS) r(i+1) ® g(i+1) ® b(i+1)

Rounds3n + 1, 3n + 2:

3n+1 3n+2 n
AT = =
Rounds3n +3,...,9n+2: For0 <i < mn, letj =

67 + 3n + 3.
) = =y
= ey = g
St U5 L (n—d)
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It is easy to check that this satisfies the definition of
coding solution, i.e. every message transmitted along

52

(9n 4 2)(m + 1) phases can be scheduled in a
sequence ofdn + 2)(n+1)(m + 1) time steps, without
violating any causality or edge capacity constraints.
There is a deceptive similarity betwe&h and the
example analyzed in Section VI of [2]; the main dif-
ference between our example and theirs is that their
network admits a solution which exactly achieves the
maximum possible rate, and nodes only need to re-
member a bounded number of received symbols in
order to perform the required encoding and decoding
operations. In contrast, our solution achieves dataly
as a supremum (as tends to infinity) and nodes must
storeO(n) symbols in memory in order to perform the
encoding and decoding operations required in rounds
3n + 3 to 9n + 2 of our protocols. It is doubtful that
there exists a solution fa¥, without these two features.
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