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Preliminaries

Basic notions (that you should know)

openness / closedness of a set
interior of a set
closure of a set
(in Euclidean space)
a set is compact iff it is closed + bounded.

Bolzano-Weierstrass theorem:

+

A sequence in a compact set has a convergent subsequence.

+

Continuity of functions
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Preliminaries

Calculus review

+f:S CR" — Ris differentiable at ¥ € int(S) if 3d € R" s.t.

i ) =) —d T (x— )

- =0.
x=% [l — ]|

Here d is called the gradient of f at X. Notation : Vf(X)

+ Recall: y f af
V) = (2 0 (o3
+ If the maps
X %(x) (i=1,...,n)

are defined in a nbd. of and are continuous at x,
then f is continuously differentiable at X.
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Preliminaries

Calculus review

If the maps

X i(x) (i=1,...,n)
ax,-
are differentiable at X, we may define the
Hessian of f at ¥ as the matrix V2f(%) € R"*" by

V(@] = ~d (),

jr axiax]-

If f is twice continuously differentiable at X, the Hessian is symmetric.

* In the course notes, the Hessian is denoted by Hf (X).
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Preliminaries

Calculus review
Let S C R" be nonempty open,
X € int(S)and f : S — R be given.

+ Gradient of f at x:
Vf(x) = (af(x),af(x),..., o (fc)).

+ Hessian of f at x:
the matrix V2f(x) € R"™" by

V()] = o (x)

/A axiaxj
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Convex functions

Convex functions

Let S C R" be convex (and non-empty).
Definition

A real-valued function f : S — R is convex if
forallx,y € S,A € [0,1],

f x4+ (1=A)y) < M(x) + (1= A)f(y).

f:S CR" — Ris concave if —f is convex.

Definition
A functionf : S — R is strictly convex if
for all distinctx,y € S,A € (0,1),

x4+ (1=A)y) <A (x) + (1 =A)f (y).
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Convex functions

Convex functions

The secant line lies above the curve through two points in S.

y=fx)
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Convex functions

Convex functions

The secant line lies above the curve through two points in S.

y=fx

secant line
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Convex functions

Convex functions

The secant line lies above the curve through two points in S.

y=fx
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Convex functions

Convex functions

Examples:

+ affine functions: fox fixed a € R", b,
flx):=a'x+b (xeR").
(If b = 0, the function is linear.)

+ norm:

n
Flx) = [|x|? == lez for x € R".
i=1
+ some functions involving log:
f(t) :=—logt fort € R with x > 0;
n
f(x):=—log <Z xi) for x € R" with all x; > 0;
i=1

f(X) := —log det(X) for positive definite symm. X € R"*".
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Equivalent conditions of convexity

How do we check convexity of a function?

+ by definition... or

+ using calculus.

Equivalent conditions of convexity: (assuming sufficient differentiability)

epigraph epi(g) € R x R is convex.
Istorder cond. | g(y) = g(x) +g'(x)(y —x)

epi(f) € R" x R is convex.
2nd order cond.

fy) = f0) + V() T (y—2)
(i.e. g’ isnon-decreasing)
§"(x) >0
Here epi(f) :=={(x,7r) e R" x R : f(x) <1}

V2f(x) is positive semidefinite.
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Equivalent conditions of convexity

Easy observation (1)

If A € [0,1], then
X+Ay—x)=(1—-ANx+A\y
is a conv. combi. of x and y.

Also, if f is convex on a convex set containing x and y, then
for any A € [0, 1]

flx+AMy—x)) =f((1—Nx+Ay)
< (IT=A)f(x) +Mf(y)
=f(x) + A [f(y) —f(x)].
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Equivalent conditions of convexity

Easy observation (1)

If A € [0,1], then
x+Ay—x)=(1—-ANx+M\y
is a conv. combi. of x and y.

Also, if f is convex on a convex set containing x and y, then
forany A € [0,1]

flx+AMy—x) <flx)+A[f(y) —f(x)].
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Equivalent conditions of convexity

Easy observation (2)

Let S C R" be nonempty open,
X € int(S), non-zerod € R" and f : S — R be given.

We can define
gty =f(x+td) (tel),
the evaluation of f along a line segment through X parallel to d.

(HereI CRiss.t. x+td € Sforallt € 1)

(1) fis convex iff “all such functions g are convex”.

(2) f diff. on S = g diff. on some nbd. of 0 :
g'()=dTVf(x+td);
f twice ctsly diff. on S = g twice diff. on some nbd. of 0 :
g"(t) =d V(% +td)d .
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Equivalent conditions of convexity

Convexity of functions on IR: 1st order cond.

Theorem (3.4)

Let I C Rand g : 1 — R be differentiable. Then TFAE:
(1) g is convex.
(2)g(y) > g(x)+g'(x)(y —x) forall x,y € L

Proof.

(1) = (2): (Prop. 3.2)
WLOG assume x # y. Note thatif A € (0,1), then
gx+Aly—x)—glx)

ST

But g(x + Ay —x)) < g(x) +A[g(y) —g(x)] by (1). Then, if y > x,

Agy) —g()]  g(x+ Ay —x)) —g(x)
Ay—x) 7 Ay —x)

VA€ (0,1).

O
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Equivalent conditions of convexity

Convexity of functions on IR: 1st order cond.

Theorem (3.4)

Let I CRand g : I — R be differentiable. Then TFAE:
(1) g is convex.

(2)gly) = g(x)+¢'(x)(y —x) forall x,y € L

Proof.

(1) = (2): (Prop. 3.2)
WLOG assume x # y. Note thatif A € (0,1), then

. S+ Ay—x)—glx)
AT Ay —x) =&,

But g(x + Ay —x)) < g(x) +A[g(y) —g(x)] by (1). Then, if y > x,

8ly) —glx) _ glx+Aly—x)) —gx)
= 3¢

5 x VA€ (0,1).

WV
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Equivalent conditions of convexity

Convexity of functions on IR: 1st order cond.

Theorem (3.4)

Let I CRand g : 1 — R be differentiable. Then TFAE:
(1) g is convex.

2)gly) = g(x)+¢'(x)(y —x) forall x,y € L.

Proof.

(1) = (2): (Prop. 3.2)
WLOG assume x # y. Note thatif A € (0,1), then
glx+Aly —x)) —glx)

: o
)l\lg}) Aly —x) =8 ().

But g(x +A(y —x)) < g(x) +A[g(y) —g(x)] by (1). Then, ify > x,

8w —glx) . 8l Ay —x)) —g(¥)
y—x  AND A

=g'(x).

O
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Equivalent conditions of convexity

Convexity of functions on IR: 1st order cond.

Theorem (3.4)

Let I CRand g : I — R be differentiable. Then TFAE:
(1) g is convex.

(2)gly) = g(x)+¢'(x)(y —x) forall x,y € L

Proof.
(1) = (2): (Prop. 3.2)
WLOG assume x # y. Note thatif A € (0,1), then

lim SEFAY—2)) —g(x) _ e

AN0 Ay —x)

But g(x + Ay —x)) < g(x) +A[g(y) —g(x)] by (1). Then, if y > x,

8w —glx) . 8lx+ Ay —x)) —g(¥)

o
y—x AN A =g

The case y < x is similar.

O
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Equivalent conditions of convexity

Convexity of functions on IR: 1st order cond.

Theorem (3.4)

LetI C Rand g : I — R be differentiable. Then TFAE:
(1) g is convex.

(2)gly) > ¢(x)+¢'(x)(y —x) forall x,y € L.

Proof.
(2) = ():fixanyx,y € [and A € [0,1]. Letz:=Ax + (1 — A)y.
By (2),

g(x) > g(z) +¢'(z)(x —2)

gy) > g(z)+8'(z)(y—2)
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Equivalent conditions of convexity

Convexity of functions on IR: 1st order cond.

Theorem (3.4)

Let I C Rand g : I — R be differentiable. Then TFAE:
(1) g is convex.

(2)gly) > ¢(x)+¢'(x)(y —x) forall x,y € L.

Proof.
(2) = ():fixanyx,y € [and A € [0,1]. Letz:=Ax + (1 — A)y.
By (2),
Ag(x) = Ag(z) + ¢’ (z) A (x —2)]
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Equivalent conditions of convexity

Convexity of functions on IR: 1st order cond.

Theorem (3.4)

Let I C Rand g : I — R be differentiable. Then TFAE:
(1) g is convex.

(2)gly) > ¢(x)+¢'(x)(y —x) forall x,y € L.

Proof.
(2) = ():fixanyx,y € [and A € [0,1]. Letz:=Ax + (1 — A)y.
By (2),
Ag(x) = Ag(z) +8'(2) A(x —2)]
(1-Ngly) > 1—Ng(z)+g'(2) [(1—N)(y—2)]
= M)+ (1-A)gly) > g(z)
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Equivalent conditions of convexity

Convexity of functions on IR: 1st order cond.

Theorem (3.4)

Let ] C Rand g : I — R be differentiable. Then TFAE:
(1) g is convex.

(2)gly) = g(x)+¢'(x)(y —x) forall x,y € L

Proof.
(2) = (1):fixany x,y € Iand A € [0,1]. Let z := Ax + (1 — A)y.
By (2),
Ag(x) > Ag(z) —l—g/(z) A(x—2z)]
(1-N)gy) > 1-Ngz)+8'(2) [(1—N)(y—2)]
= Ag(x)+(1-Ngly) > g(z)
=g(Ax+(1—-AN)y)

This is the definition of g being convex.
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Equivalent conditions of convexity

Convexity of functions on R": 1st order cond.

Theorem (3.5)

Let S C IR" be convex and f : S — R be differentiable. Then TFAE:
(1) f is convex.
2 fly) = f(x) + VF(x) T (y—x) forall x,y € S.

Proof.

(1) = ()
The map g : [0,1]— R defined by

gt) =f (x+ty—x))
is convex. Then by Thm. 3.4,

g(1) >g(0)+¢'(0)(1—0)
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Equivalent conditions of convexity

Convexity of functions on R": 1st order cond.

Theorem (3.5)

Let S C IR" be convex and f : S — R be differentiable. Then TFAE:

(1) f is convex.
@) f(y) > f(x) + Vf(x) " (y—x) forall x,y € S.

Proof.

1) = (@)
The map g : [0,1]— R defined by
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Equivalent conditions of convexity

Convexity of functions on R": 1st order cond.

Theorem (3.5)

Let S C IR" be convex and f : S — R be differentiable. Then TFAE:
(1) f is convex.
2) fly) > fx) + Vf(x)T(y—x)for all x,y € S.

Proof.

1) = @)
The map g : [0,1]— R defined by

g(t) :=f (x +Hy —x))
is convex. Then by Thm. 3.4,

g(1)
= f(y)

§(0)+g'(0)(1—-0)
f)+ V() T (y—x).

The converse is similar to the proof of (2) implying (1) in Thm. 3.4.

>
>

O
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Equivalent conditions of convexity

Convexity of functions on IR: 2nd order cond.

Theorem (3.4)

Let I C Rand g : I — R be differentiable. Then TFAE:

2)gly) = g(x)+¢'(x)(y —x) forall x,y € L.
(3) g’ is nondecreasing.

Proof.
(2) = (8): Letx < y. Then
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Equivalent conditions of convexity

Convexity of functions on IR: 2nd order cond.

Theorem (3.4)

Let I C Rand g : I — R be differentiable. Then TFAE:

(2)gly) = g(x)+¢'(x)(y —x) forall x,y € L.
(3) g’ is nondecreasing.

Proof.
(2) = (8): Letx < y. Then

gy) = g(x)+g' (%) (y—x)
g(x) =gy +8' (Y (x—y)
= gy +8x)=>gx)+gy)+ g’ (x)—¢' )] (y—x)
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Equivalent conditions of convexity

Convexity of functions on IR: 2nd order cond.

Theorem (3.4)

Let I C Rand g : I — R be differentiable. Then TFAE:

2)gly) > g(x)+¢'(x)(y—x) forall x,y € L
(3) g’ is nondecreasing.

Proof.
(2) = (8): Letx < y. Then

gy) > glx) +g'(x)(y—x)
8x) > gly) +g' () (x—y)
= gy +8x) >gx) +gy) + [¢'(x) —g'v)] (y—x)
= 0< [g'y) —g' (%] (y—=x)
In particular, g’(y) > g’ (x). O
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Equivalent conditions of convexity

Convexity of functions on on IR: 2nd order cond.

Theorem (3.4)

Let ] C Rand g : I — R be differentiable. Then TFAE:

2)gly) = g(x) +¢'(x)(y—x) forall x,y € L
(3) g’ is nondecreasing.

Proof.

(3) = (2): Letx < y lie in I. By mean-value theorem
8(y) —glx) =g'(2)(y —x)
for some z € [x,y]. By (3), ¢’ (z) > ¢’(x), so

gy) —glx) > g’ (x)(y —x).
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Equivalent conditions of convexity

Convexity of functions on R": 2nd order cond.

Theorem (3.6)

Let S C IR" be open convex and f : S — R be differentiable. Then TFAE:
2)fly) = fx) + V()T (y—x) forall x,y € S.
(3) Vf(x) is positive semidefinite for all x € S.

Proof.
(2) = (8):fixany x € S and d € R". We show that

dTV2f(x)d > 0.

Then g(t) := f(x + td) is defined on a nbd. I of 0.
We show that forallt <s e,

gls) =gt +g' (B)(s—1),
so that by Thm 3.4, we have that ¢” > 0 on I.

O

v
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Equivalent conditions of convexity

Convexity of functions on R": 2nd order cond.

Theorem (3.6)

Let S C IR" be open convex and f : S — R be differentiable. Then TFAE:

2)fly) = fx) +Vf(x)T (y—x) forall x,y € S.
(3) Vf(x) is positive semidefinite for all x € S.

Proof.
(2) = (8):fixany x € S and d € R". We show that
d" V2 (x)d > 0.

Then g(t) := f(x + td) is defined on a nbd. I of 0.
Forallt<sel,

flx+sd) > flx+td) + Vf(x+td) T [(s—t)d]
= g =g +g'()(s—1)
so by Thm. 3.4,
0<g"(0) =d"V3f(x)d.
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Equivalent conditions of convexity

Convexity of functions on R": 2nd order cond.

Theorem (3.6)

Let S C R" be open convex and f : S — R be differentiable. Then TFAE:

2)f(y) = f(x) + Vf(x) T (y—x) forall x,y € S.
(3) V?f(x) is positive semidefinite for all x € S.

Proof.
(B) = (@):fixany x,y € S, and let d := y — x. Define

g:[0,1] 5 Rt f(x+td).
= ¢"()=d"V*(x+td)d >0
by positive semidefiniteness of V2f (x + td). By Thm 3.4,
8(1) > g(0) +¢'(0)

O
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Equivalent conditions of convexity

Convexity of functions on R": 2nd order cond.

Theorem (3.6)
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2)f(y) = f(x) + Vf(x) T (y—x) forall x,y € S.
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Proof.
(B) = (2):fixany x,y € S, and let d := y — x. Define

g:[0,1] 5 Rt f(x+td).
=  ¢"(t)=d"V?(x+td)d >0
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Equivalent conditions of convexity

Basic properties of convex functions

Supposef : S — R (S C R" convex) is convex.

+ Jensen'’s inequality holds:

k k

k
f (Z ?\ixl-> <) Mflx)  VYxeS, A >0with ) A =1.
i=1

i=1 i=1
+ f is continuous on int(S).

+ If A: R™ — R" is affine, then
(1) the preimage A~!(S) C R™ is convex, and
(2)f o A: A71(S) — R is convex.

+ If g: R — R is convex and non-decreasing,
then g of is convex.

(The non-decreasing condition cannot be removed.)
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