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Abstract. We propose a novel diffusion-based, empirical mode decom-
position (EMD) algorithm for image analysis. Although EMD has been
a powerful tool in signal processing, its algorithmic nature has made it
difficult to analyze theoretically. For example, many EMD procedures
rely on the location of local maxima and minima of a signal followed
by interpolation to find upper and lower envelope curves which are then
used to extract a “mean curve” of a signal. These operations are not
only sensitive to noise and error but they also present difficulties for a
mathematical analysis of EMD. Two-dimensional extensions of the EMD
algorithm also suffer from these difficulties. Our PDEs-based approach
replaces the above procedures by simply using the diffusion equation
to construct the mean curve (surface) of a signal (image). This proce-
dure also simplifies the mathematical analysis. Numerical experiments
for synthetic and real images are presented. Simulation results demon-
strate that our algorithm can outperform the standard two-dimensional
EMD algorithms as well as requiring much less computation time.
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1 Introduction

Empirical Mode Decomposition (EMD), introduced in [12], is a powerful tool
for analyzing linear, nonlinear and nonstationary signals. Its ability to perform
local time-frequency analysis for nonstationary signals has been demonstrated
for real-world signals — see, for example, [1,12,13]. EMD employs a sifting pro-
cess to extract different modes of oscillation of a signal, referred to as Intrinsic
Mode Functions (IMF). The Hilbert transform is then applied to each IMF in
order to determine its instantaneous local frequencies. A repeated application
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of EMD produces a decomposition of a signal into components with decreasing
(instantaneous) frequency. The amplitudes and instantaneous frequencies can
then produce a local time-frequency analysis of the signal.

Because most of the work on EMD has focused on algorithms as opposed
to theoretical analysis, there has been very little work on developing a rigorous
theoretical basis for EMD as well as an understanding of why it fails for certain
kinds of signals. Many EMD methods rely on rather sensitive, if not questionable,
procedures of extracting upper and lower envelopes of a signal from which a mean
curve is computed. The mean curve is then used to extract an IMF. In [19], we
proposed a novel forward heat equation method to extract the mean envelope
which is then used in the sifting process. Our approach is not only more stable
but also provides a better mathematical analysis of EMD as well as identifying
potential limitations.

There have been a number of efforts to extend EMD to two dimen-
sions [2,4,6,14,16,18,20,21] — these schemes are known as bidimensional EMD
(BEMD). Once again, however, these methods lack a sufficient theoretical back-
ground due to their algorithmic nature. As in the one-dimensional case, one of
the major obstacles of the BEMD method is the extraction of upper and lower
envelopes from which mean surfaces are computed. Indeed, the extraction proce-
dures performed by many current BEMD algorithms are necessarily much more
complicated.

In this paper, we propose a novel, two-dimensional PDE-based BEMD algo-
rithm. The mean surface of a two-dimensional function, e.g., an image, is again
obtained by evolving the function according to the diffusion equation, and then
employed in a sifting process. Our algorithm has a solid mathematical basis
and demonstrates greater effectiveness when applied to images. Moreover, its
computational time is lower than that of classical BEMD methods.

2 Classical EMD and BEMD Algorithms

For a given signal S(z), the classical one-dimensional EMD method may be
summarized as follows:

1. Find all local maximal points and minimal points of S(z).

2. Interpolate between maximal points to obtain an upper envelope function
Eypper(z) and between minimal points to obtain a lower envelope function
Elower (iC)

Compute the local mean function: m(z) = % [Eupper () + Eiower ()]

Define c¢(z) = S(x) — m(z).

If ¢(z) is not an IMF (see note below), iterate m(x) until it is.

After finding the IMF, subtract it and repeat Step 2 to obtain the residual.

S

Note: Most EMD procedures employ the following rather a vague definition of
an intrinsic mode function (IMF): (i) The number of extrema and zero-crossings
of an IMF must differ at most by one and (ii) the mean of the IMF should be
close to zero.
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The result of the above procedure is the following decomposition of the signal

S(x), N
S) =Y el(z) +r(x), (1)
k=1

where cg(x) is the kth IMF, and r(z) is the residual. Two-dimensional EMD
algorithms, i.e., BEMD, follow a similar procedure although the extraction of
upper and lower envelopes is understandably much more complex.

As we discuss in [19], the classic EMD algorithm suffers from the following
shortcomings: (i) lack of mathematical proof, (ii) errors near borders, (iii) a
vague definition of the IMF and (iv) sampling effects. BEMD algorithms such
as those in [2,18,21] are based on the classical 1D EMD algorithm which means,
unfortunately, that they suffer from similar shortcomings.

One of the major problems of EMD has been the lack of a theoretical frame-
work. There has been a number of efforts to provide a mathematical explanation
and basis for EMD. Daubechies et al. [5] proposed an EMD-like tool which they
called a synchrosqueezed wavelet transform. Their algorithm employs wavelet
analysis along with a reallocation method and provides a precise mathematical
expression for a series of separable harmonic components in the signal.

El Hadji et al. [7,8] introduced a backward heat equation approach to inter-
pret the EMD algorithm. For a prescribed § > 0, they first defined the upper
and lower envelopes of a function h(x) as follows,

Us = sup h(z +vy), Ls = inf h(x+y), (2)
ly| <5 lyl<é

Because of space limitations, we mention only very briefly the procedures which
are then adopted. First, the Taylor expansions of the envelopes are computed
from which the following mean envelope function is defined,

1 52 1
ms(z) = 5[Us(z) + Ls(2)] = h(z) + 5 h"(2). 3)

The sifting process to obtain the IMF is then defined as follows,
hni1(x) = hn(z) —ms(z),  ho(z) = h(z). (4)

Using the following Taylor expansion in t,

Oh

hpi1 = h(z,t + At) = h,, + At Tl O(At?) (5)
the authors arrive at the following PDE,
oh 1 1 0%h
§+(572 +§@—0, h(l’,O)—S((K) (6)

Note that this PDE is a backward heat equation.
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Niang et al. [15] proposed the following fourth-order non-linear equation as
the interpolator to simulate the spline interpolation of upper and lower envelope,

s(T 38 T

where g(x,t) is the nonlinear diffusivity function. By controlling the non-linear
terms, the envelopes will pass through maximal and minimal points.

3 Proposed Diffusion-Based EMD and BEMD
Algorithms

As discussed briefly in Sect. 2, most EMD algorithms obtain the mean function
from upper and lower envelopes which, in turn, are obtained by interpolating
local maxima and minima of a function S(x). All of these procedures are time-
consuming and sensitive to error and noise. Our diffusion-based EMD method,
on the other hand, is based on the intuition that the mean curve m(x) passes
through all inflection points of S(z). The idea is very simple: Instead of taking
the average of two envelope functions of a signal S(z) to produce a mean —
Step 3 of the classical EMD algorithm in Sect.2 — we proceed as follows. For a
prescribed 7 > 0, we define h,(x) = h(x,n7) for n =0,1,2,--- and use Egs. (3)
and (4) to obtain the following equation,
2

hpi1=hp, +C % (8)
Note that from this equation, the value of h at its spatial inflection points remains
the same. Now apply the following Taylor expansion to h,41,

hp+1(z) = h(z,nT +7) = h(z,nT) + T%(l‘, nt) + o(?). (9)

After a few steps we arrive at the equation,

oh oy
TE-FO(T ) =C —. (10)

We now assume that C' = a7 and, after division by 7, arrive at the following
initial value problem (IVP) for the heat/diffusion equation,

on_ ot
ot ox?’

For prescribed values of the diffusivity constant ¢ > 0 and time 7" > 0 (which
can be adjusted) we now define the mean function of S(x) as m(z) = h(z,T),
i.e., the solution of the IVP in Eq.(11) at time 7. In other words, the mean
function m(z) is obtained from S(z) by low-pass filtering.

Our method clearly differs from other EMD algorithms since it bypasses (i)
the complicated procedure of extracting local maxima and minima of a signal as

h(z,0) = S(z). (11)



A Diffusion-Based Two-Dimensional EMD Algorithm for Image Analysis 299

well as (ii) the interpolations of these points to obtain upper and lower envelopes.
Instead, the mean curve m(z) is obtained directly from the signal by means of
smoothing. Unlike the backward heat equation in Eq. (6), the PDE employed
in our EMD procedure is a forward heat equation. As is well known, forward
diffusion is numerically more stable than backward diffusion. Niang’s fourth-
order PDE in Eq. (7) could be viewed as quite similar to our second-order PDE.
However, as a fourth-order diffusion PDE, it will generate significantly more
error when dealing with noise in image signals. As such, our second-order PDE
should capture the local features of images more effectively.
We extend the above PDE-based EMD method to the two-dimensional case
by simply adding another spatial variable to the PDE in (11), i.e.,
2 2
oh D 0°h  0°h

E (@—i_aiyg)a h(x,y,O) :S(l‘,y,O). (12)
The mean function of S(z,y) will be defined as m(z,y) = h(x,y,T).

As in the 1D case, one of the primary motivations for this definition is that
the time rate of change of h(x,y,t) is zero at spatial inflection points of h. This
is the basis of the following PDE-based BEMD algorithm applied to an image
function S(z,y):

1. Initialize: Let n = 0 and set ho(z,y,0) = S(z,y).

2. Find the mean of h,(x,y,0): Solve the PDE in (12) for h,(x,y,t) for 0 <t <

T. Then define m,(z,y) = hn(x,y,T).

Extract mean: Define ¢, (x,y) = hy(z,9,0) — hp(z,y,T).

4. If ¢p(z,y) is not a BIMF, let h,11(2z,y,0) = ¢p(z,y), n — n+ 1 and go to
Step 2.

@

4 Mathematical Interpretation

As mentioned in Fladrin’s paper [9], traditional EMD operates as an successive
filter. In fact, we claim that traditional EMD operates as an iterative, frequency-
overlapping, contrast-sensitive filter bank. This is also the case with our modified
EMD and BEMD methods. In each iteration, the mean of the signal is obtained
by passing it through a low-pass filter. Subsequent subtraction of the mean from
the signal implies that the net procedure is equivalent to a high-pass filter. To
illustrate, we consider the following special two-dimensional case,

S(z,y) =Y _[Aij sin(wiz + wjy + ¢3;)], (13)
1)

where each (4, j) pair represents a single sinusoidal grating basis function. Equa-
tion (12) is solved for the first mean function,

1
ma(z,T) = Z W[Aij sin(wiz +wjy + ¢5)l, Qi = \Jwi + w3 (14)

by M
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The magnitudes §2;; are now sorted in increasing order and denoted as (2.
We denote the sum of all components with the same (2;-value as si. After NV
iterations, our modified EMD algorithm yields the following result for sg(x),

by = (1— e "% by y_g = (1 — e “&T)N g (15)

Now suppose, without loss of generality, that 7 < {25 < -+ < 2x = Qax-
It is easy to show that for N sufficiently large,

N
hN — Z(]_ — e_a"Q’%T)NSk ~ (]_ — e_aQ?(T)NSK ~SK, (16)
k=1

where the final approximation is valid for T sufficiently large. By choosing the
appropriate set of parameters, the IMF extracted after NV iterations will be (at
least approximately) the highest-frequency component, sx. Our EMD algorithm,
however, does not distinguish the direction of a frequency component (i.e., a
particular sine grating) because the diffusion is radial. Instead, it will filter a
group of frequency components {2;; that have the same “angular magnitude” (2.

5 Experimental Results

We now show some results obtained by applying our diffusion-based EMD algo-
rithm to some synthetic images [3], and some real images [11], A comparison of
execution times between our method and classical BEMD is also presented.

Our current algorithm employs the simple explicit finite difference scheme
for solving PDEs. There are two options for boundary conditions (BCs): For an
image whose edges are part of the background and of the same amplitude level,
we have used Dirichlet BCs. For an image with irregularly-shaped boundaries,
we have used Neumann BCs.

Simple Sine Grating Image: In Fig. 1, we display results for a 512 x 512-pixel
synthetic image which consists of a mixture of two sine gratings. It has the form,

S(z,y) = sin(0.17rz + 0.17y) + sin(—0.47x + 0.87y), (17)

Residual

Fig. 1. Simple sine grating separation. Left: Sine gratings mixture. Middle: First
BIMF. Right: Residual.
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Fig. 2. Example for texture decomposition. Top row: Raffia texture image from Bro-
datz [3], first BIMF and second BIMF. Bottom row: Third BIMF and the residual.

signal

IMF 2

100 200 %0 40 50 60 700 80

IMF 3 Rosidual

g & &8 8 ¥

g

10 200 0 40 50 60 700 B0

Fig. 3. Contrast sensitive function (CSF) and corresponding BIMFs. Top row: CSF,
first and second BIMF. Bottom row: Third and fourth BIMF's and residual.

The second (higher frequency) component is extracted as the first BIMF and
the first component comprises the residual. The two sine gratings have been
separated.

Texture Image: In Fig. 2 are shown the BIMF and residual when our diffusion-
based BEMD algorithm is applied to a 512 x 512-pixel texture image selected
from [3]. Successive BIMF's are comprised of lower frequency components of the
texture.

Contrast-Sensitive Image: The contrast sensitivity function (CSF) is an
image which demonstrates the sensitivity of an observer to sine wave gratings of
differing spatial frequencies [17]. Different frequency components are amplified
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Fig. 4. Left: Original Boat image. Middle: Mean image mq(z,y). Right: Residual.

to degrees which depend on their frequencies. The results obtained by apply-
ing our method to the CSF image are presented in Fig. 3. Once again, the first
BIMF contains the highest (horizontal) frequency components of the CSF which
appear in the lower right of the image. The next BIMF contains slightly lower
(horizontal) frequency components. Our method is seen to perform well in the
separation of different (spatially-dependent) frequency components.

Blurred Mean Surface: In Fig. 4 is shown the result of one application of the
mean surface extraction method to the 512 x 512-pixel, 8 bits-per-pixel Boat
image, using the parameter values a = 4/7% and T' = 50.

Real Image: In Fig. 5 are shown the results obtained by applying our algorithm
to the 256 x 256-pixel, 8 bpp Lena image. Recalling that the sifting process of
EMD/BEMD extracts IMFs with successively lower frequencies at each iteration,
we note that the major contributions to the first two IMFs produced from the
Lena image come, as expected, from its edges. Higher-order BIMF's contain lower-
frequency features which are centered around the edges.

©
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§ & 8 888888 s
£ 8 8 8888 EE s

w20 w0 S0

Fig. 5. Lena image and its BIMFs. Top row: Lena image, first and second BIMFs.
Bottom row: Third and fourth BIMF and the residual.
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5.1 Comparison of Computational Costs

Traditional EMD and BEMD methods rely on finding local maxima and minima
along with interpolation to find upper and lower envelope. This is computation-
ally expensive, especially in the case of two dimensions, i.e., images. Recall that
these procedures are bypassed in our PDE-based approach and replaced by a sim-
ple diffusion procedure. As such, our method could potentially require less com-
putational time. To test this conjecture, we have determined the computational
times required for a number of iterations of the sifting process for the classical
BEMD method as well as our PDE-based BEMD method. (The code based on
Flandrin’s toolbox [10] was implemented for the classical BEMD method.) The
results that obtained by experimenting on the Lena image, presented in the first
two columns of Table 1, show that our diffusion-based method can decompose a
given image into its BIMFs much faster than traditional BEMD.

Table 1. Comparison of computational times for (i) traditional BEMD, (ii) diffusion-
based BEMD and (iii) diffusion-based BEMD using Gaussian convolution (GC) in
terms of total number of BIMFs computed

Trad. BEMD | PDE-based EMD | PDE EMD with GC
1. BIMF | 4.18s 1.18s 0.13s
2. BIMFs| 7.83s 2.24s 0.15s
3. BIMFs|11.16s 3.38s 0.27s
4. BIMFs | 13.48s 4.48s 0.28s

An even greater (on the order of tenfold) reduction in computational time
is achieved if the finite difference computations involved in the determination
of the mean surfaces m,(z,y) using Eq. (12) are replaced by a single Gaussian
convolution, as seen in the final column of Table 1. Technically, the solution of
Egs. (11) or (12) is expressible as Gaussian convolution only in the case that the
domain of definition is infinite, i.e., R or R2. By using convolution, we are essen-
tially ignoring image boundary effects. In general, the differences between BIMF's
obtained by finite differences and convolution are negligible except possibly near
the image boundaries.

6 Concluding Remarks

This paper presents a diffusion-based modification of the BEMD algorithm for
images. The mean surface of a signal is obtained by evolving the signal with the
heat/diffusion equation, therefore avoiding any complicated methods of extract-
ing local maxima and minima and interpolating them. Our approach provides
a mathematical interpretation of the EMD algorithm as well as its limitations.
The parameters in the diffusion PDE can be adjusted according to the properties
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of the signal or image being analyzed. Our algorithm is considerably faster than
traditional BEMD. Moreover, it is possible to accelerate the algorithm by using
Gaussian convolution. A number of examples have shown that our method can
extract multiscale features of images effectively.
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