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Relativistichypervirial andHellmann—Feynmantheoremsareusedto constructRayleigh—Schrodingerexpansionsfor eigen-
valuesof perturbedradial Dirac equationsto aribitraryorder.Themethodis very simpleandflexible, requiringno matrix ele-
ments.Only theunperturbedenergyisrequiredasinput. Any difficultiesdueto thepresenceofunperturbedcontinuumstatesare
bypassed.Particularattentionis paidto hydrogenicatomswith confiningscalarpotentialsoftheform W(r) =Ar’

7, q=0, 1, 2
Continuedfractionrepresentationsof theseexpansionsrevealtheirStieltjesbehaviorfor q~I andPadésummabilityfor q= 1, 2.

1. Introduction attentionin the contextof quarkconfinement[2,31
aswell asatomicphysics [4—71.Thescalarpotential

In this reportwe outlinean effectiveapplication W(r) which transformsas themass,or theexternal
of relativistic hypervirial (HV) and Hellmann— vector potential V(r) (or both) may contain the
Feynman (HF) theoremsto calculateRayleigh— coupling constantA which will serveas the RS ex-
Schrodinger(RS)eigenvalueexpansions pansionparameter.An immediateadvantageof the

HVHF perturbativemethodis that no matrix ele-

E(A)= ~ E~)An mentsneedbecalculated,withonly the unperturbed

~~=0 eigenvalueE~°~as input. It is very simple, flexible
to arbitraryorderin thecouplingconstantA forper- andreadilyadaptedfor eithernumericalor symbolic
turbed radial Dirac and Klein—Gordon hamiltoni- computation.
ans.Theformer, thefocusof this study,will assume TheHF [71andHV [8] theoremsarewell known
the form (h= c= 1) for nonrelativistichamiltoniansandthe associated

HVHF perturbativemethodiswell establishedin this
H= —a~—iaflKr’—fl[m+ W(r)]+ V(r). (1) domain [9—11].In thecaseofhydrogenicproblems,

Here,aandfi denote2 x2 matrixoperators(see,for theusualdifficulties posedby thepresenceoftheun-
example,ref. [1], p. 334*1) satisfyingthe relations perturbedcontinuum are bypassed.A numberof
a2=/32=I (identity), a/1+/Ja=O, and K= perturbativemethodsfor relativistic problemshave
1(1+1) —j(j+ 1)— = —1, —2, ..., wherejandI are beenimported from nonrelativistic theory, includ-
the total and orbital angularmomentumnumbers, ing logarithmic perturbationtheory [12] anda re-
respectively.Suchhamiltonianshavereceivedmuch formulation [5] overa sturmian-typebasis(related,

in fact, to theSO(4,2) dynamicalgroupstructureof
the Dirac hydrogenatom).This, however,hasnot
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sity,Montreal,Quebec,CanadaH3G 1M8.

l~ We haveadoptedthis oldernotationto beconsistentwith the enough,the relativistic virial [13] andHellmann—
presentationsin refs. [4—6]and especiallyref. [14], which Feynman[14] theoremsfor the Dirac andKlein—
motivatedthiswork. Gordonequationshavebeenknown for sometime.
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As well, the hypervirialrelationsfor thesehamilton- O = fJr’<: E< /ir”> + m< rk>
ians as appliedto hydrogenhavebeenderivedex-

=3k<iaflrk_l>+<flr?~V>_<rkW> , (6)
plicitly [15,16]. However,theseresults,slightly more
complicatedfor thespinorialDiraccase,appearnever
to havebeengeneralizedto arbitraryhamiltonians O= iaflr~: E< iafirk> +K< rk_l>

or integratedto developa relativistic perturbation — <ia/3r’< V> + 3k< fJr” ~>= 0 . (7)
theory. Thistaskis outlinebelowfor theDirac equa-
tion: the Klein—Gordoncasewill be reportedelse- Eqs. (3)— (7) representgeneralizationsof, respec-
where. Our goal is to investigate the large order tively, eqs.(8), (10), (9), (11) and (12) (for hy-
behaviorof RS expansionsassociatedwith relativ- drogen) in ref. [15]. The presenceof the Dirac
istic hamiltonians.The motivationliesin thewealth matricesproducesthreesets of expectationvalues
of informationwhich iscontainedin thetypically di- Ak <iafir’>, Bk <fir”>, Ck <r”> , (8)
vergent expansionsencounteredin nonrelativistic

problems [17]. A further featureis that, in many associatedwith a given eigenstate0,, of eigenvalue
cases,excellentnumericalapproximationsto eigen- E,,.Normalizationof0~requiresthatC0= 1.Eqs. (4)—
valuesmaybeachievedby appropriatesummability (6) aresufficientfor the perturbativemethodstobe
techniques. discussedbelow. They havebeenwritten in a form

somewhatdifferentto that in ref. [151, in order to
reveala recursiveprocedureby which the expecta-

2. Hypervirial relations tion values in (8) may be calculated. We illustrate
this methodin the caseof Dirac hydrogenicatoms,

The essenceof the HY theorem, relativistic or where W(r) = 0, m= 1 (atomic units), V(r) =

nonrelativistic,is as follows, Let II denotea linear — a~r—‘ (a~= Za where Z = atomic number,
operator,self-adjointon a Hubertspace.~°, with ei- a 1/137). This standardproblem is, of course,
genvaluesgiven by R~,,= E,,Ø,,, n = 0, 1, 2 The solvableby a differential equationapproach[11 as
self-adjointnessensuresthat for any linear operator well asby theuseof theso(2,1) spectrumgenerating
O, the following expectationvalues (suitably de- Lie algebra [18]. The (positive) eigenvaluesare
fined in ~) vanish: given by

<~O,RI >~ <O,,I [O,R~o~>=0, E=E~°~=[l+a~/(N—J—3+y) ]_l/2, (9)

n=0, 1,2,..., (2) where y= [(J+3)
2—a~]~2, N=1, 2, ... and J=3,

where [A,~] ~A~—EA.WhenO=rp, therelations ~, ..., N—3.Again, normalizationdictatesthatC
0=1.

implied by (2) constitutethe quantummechanical Then,k=0 in eq. (5) impliesB0= (/3> = —E; k=0
virial theorem.If we let O representthe radial op- in eq. (6) impliesB_,= <fir-’> = a~’(E

2— 1),and
eratorsgivenbelow at the left, thenthe correspond- k= 0 in eq. (4) impliesA

0 = Ka; ‘(E
2 — 1).Theele-

ingDirachypervirialrelationsareobtainedfor k= 0, mentsmay now be calculatedrecursively: (a) set
1, 2, ... (omitting the subscriptn for convenience): k= 1, (b) calculateAk from eq. (4) and Bk, Ck by

solvingthe systemof two linear equations(5) and
O=r”: k<ar”~’>=0, (3) (6) with determinant4=m2—E2, (c) increasekby

O=ar”: m<iaflr”> 1 and returnto (b). For most hydrogenicpertur-
bationproblemsthismethodof initializationandre-

=K<fir’~> +3k<r”~>—(ia/3r”W> , (4) cursionis sufficientandA_,,C_, are notrequired.

O=r~~1p:m<flrk>+E(r~~>=(r/~~V>_(flr/(W>

+ ~ -j[<r”4’dV/dr> — <fir”~’dW/dr> 3. Perturbative method and the Hellmann—Feynmantheorem

— kK< iaflr~>1 (5) In orderto treatperturbationproblems(assuming
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of course,a solvableunperturbedproblem) the es- bation coefficientsandtheir CF counterparts:if the
senceof the HVHF methodis to assumeseriesex- E ~ behaveasymptoticallyasin eq. (12), then
pansionsfor the expectationvalues in eq. (8), i.e.

c,,=O(n~), ~ (14a)
In the specialcasep= 1, we find, moreprecisely,

Ak(A)= ~ ~ Bk(A)= ~ ~
~ 0 “ c,,—3Bn+A~’~+R~,’~,i=l (2), neven (odd).

(l4b)Ck(A)= ~ ~ (10)
n=0 The A ~ are constants and R~’~=0(1) as n—~.

with c~= ôo,, (normalization), as well as the usual
RS expansion for the eigenvalue E(A).Formally, the
above expansions may be viewed as arising from the 5. Applications
usualRS expansionfor the wavefunction~v,which
will remain“unseen”. The “unperturbed”vectors We first considertheadditionof scalarpotentials
Ak(O),Bk(O),Ck(O) (i.e. the elementsin eq. (8)) oftheformW(r)=Ar~,q=O,1, 2, ...totheDirachy-
now definethe first columnsof threerespectivema- drogenicatomsdefinedearlier. Such potentialsare
tricesassociatedwith theperturbedproblem.In gen- known to supportboundstatesandhavebeencon-
eral,eqs.(4)—(6) dictatea setof differenceequations sideredasmodelsfor quarkconfinement[2,31.The
whichpermita recursivecalculationfor (i) ~ then recursionrelationsassociatedwith eqs.(4)— (6) and
(ii) b~andc~,in a columnwisemanner.These (10) become,respectively,
coefficientswill berelatedtotheRScoefficientsE~
by theappropriateHellmann—Feynmanrelation[141 maJ.~~= Kb~2,+3kcJ~2,— ~ (15a)

dE/dA=<8H/aA> . (11)
mb~+E’°~cJ~~~= — 7~-j-(KaJ~’2,+a~c~?,)

A knowledgeof n columns (i.e. nth orderpertur-
n

bation theory)permits the calculationofE
t~~’~. k+l+q b~-~’~— ~ EUc~n—J , (15b)

— k+l
J= I

Et0~b~~~+mcJ~~~= 3ka~?2
1—a~b~”2,

4. RSPT andcontinuedfractionsat largeorder
n

— ~ E~bJ,~’~. (1Sc)
Many nonrelativisticquantummechanicalham-

iltoniansyield divergentRS expansionswhosecoef-
From the Hellmann—Feynmantheorem,we haveficients growgenericallyas
dE/dA= — (fir”>. Formal differentiation and

E’~> (—1 )~‘Af’(pn+a)B~, n—~.cx, (12) matchingof asymptotictermsin thisequationyields
~ In order to determinewherep=l, 2, 3, ... andA, a andB are constants
~ N~0,we mustcalculatethe elementsof thewhich havequantumnumberdependence.Also of
nthcolumn aJ/’~,b~,c~for0~<k~<(N+l—n)q,

interestare the continuedfraction (CF) represen-
as well as by’?, wheren=0, 1, ..., N. Eachnew col-

tations [19] of theseseries,
umn is initialized asfor the unperturbedcase:k= 0

E(2)_—E
t0~+2C(A), (13a) in eq. (l5b) gives ~ k=0 in eq. (15c) gives

b~1.
1~andk=Oineq.(15a) givesa,~,”~.Thesymbolic

C(2) C~
= — (13b) computationlanguageMAPLE [22] has been used

1+1+ l+~
for computercalculationof explicit algebraicexpres-

Many RS expansionsare negativeStieltjesfor n ?~1 sions for the E~. Forexample,whenq= 1, thefirst
[20], in which caseC(A) is an S-fraction,i.e. c,,> 0 order RS coefficient is givenby
forall n ~ 1. Thereis a generalrelationship[21] be-

K(Km+E~°~)a~[m
2+2(E~°~)2]tween the large order behavior of Stieltjespertur- E “~= — 2a~m2 + 2m[m2—(Et0~)2]
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Table 1
Estimatesofgroundstate(N= 1, J= 1/2, K= — 1) eigenvaluesE(A)oftheradial Dirachamiltonianin eq. (1) for V(r) = .—cv~/r,W(r) =Ar,
m = 1. The entriesrepresentthelowerboundsaffordedby the[24,251 (A) Padéapproximant(40thorderRSPT)to theRS seriesfor
E(A). The upperboundsyieldedby the [24,24] (A) Padéare foundby replacingthefinal n digits in eachentry with the n digits in
accompanyingparentheses.

A a~=0.9 a~=0.7 a~=0.5

0.0 0.435889894354067355 0.7141284285428 0.86602540378
0.1 0,474834887551530724(5) 0.810399289403(6) 1.0236814(5)
0.2 0.5062753774136(7) 0.881838754(61) 1.13113(5)
0.3 0.53354256948(51) 0.9419175(8) 1.2194(6)
0.4 0.55809967(75) 0.994918(21) 1.2963(70)
0.5 0.580419033(40) 1.04293(4) 1.365(7)
1.0 0.673560(2) 1.2388(92) 1.64(6)
2.0 0.8126(8) 1.523(32) 1.98(2.13)
5.0 1.096(103) 2.05(18) 2.5(3.4)

In therathertrivial caseq=O, we find, as expected, perboundsto E(A) for the caseq= 1 (linear con-
that E~~=Et0~andE~’1=0for n~2.The HVHF fining potential) yielded by, respectively, [25,25]

methodis alsoapplicableto the specialcaseq= — 1, and[24,25] Padéapproximantstothe RSseries,for
where W(r) definesan attractivescalarCoulomb- severalvaluesof a~.Theseapproximantsare ob-
typepotential.In this case,theeigenvaluesareknown tamedfrom appropriatetruncationsof C(A) [19,231.
in closedform [2,4]. Thesehamiltoniansand their Theboundsareconsistentwith numericalestimates
perturbationsare discussedin the appendix. obtained by the eigenvalue searchalgorithm de-

We now considerthe large order behaviorand scribedin ref [2] (eqs. (21 )—(28)). In table 2 are
summabilitypropertiesofRSexpansionsfor thecases presentedsomeboundsfor the first excitedstateei-
q ~t 1. Without lossofgenerality,we set m 1: a (un- genvalues.Foragivenorder,theaccuracyofthePadé
itary) scalingtransformationr—~yr, y> 0, showsthat methodisseento decreasewitha decreasewith ade-
E(m,A)=m~E(l,Am(~±l)).Forq=l, 2, and3, creasein a~.This is consistentwith the observation
the RS expansionsfor groundand several excited that thegeometricdivergenceof the~ i.e. thefac-
stateshavebeencalculatedto at least order n =50 torB ineq. (12), isproportionalto aninversepower
for anumberof valuesoftheCoulombcouplingcon- of a~.A futurereportwill dealwith analyticexpres-
stanta~.Furthermore,the CF coefficientsc,, have sionsfor the largeorder behaviorof the ~
alsobeencalculatedaccuratelyto this highorder.A
numericalasymptoticanalysisofthecoefficients,us-
inga Thiele-continuedfraction interpolationscheme 6. Vectorpotentials
[23], revealsthe following significant behavior:(i)
the E1”) behaveasymptoticallyas in eq. (12), with Wenow considerperturbationsto thevectorCou-
p= q, and(ii) in all casesC(A) is an S-fraction,and lomb potential of hydrogenlike atoms.
the c,, grow as n”, in accordancewith eq. (14). V(r)= —a~r’+Ar~,a~>0,p=O, 1, 2 There-

Theseobservationslead us to conjecturethat the cursionrelationsfor theHY coefficientshaveessen-
RS expansionsassociatedwith thesescalarpertur- tially the sameform aseq. (15), exceptthat we (i)
bationsare Stieltjesfor all q>~1. On the basisof the removethe final term from eq. (iSa) andmodify
asymptoticbehaviorof the E (‘i) and/orthe c,,, and appropriatelythe penultimatetermsin eqs. (1 5b),
Carleman’scondition [191, the RS expansionsare (1 5c). Only the casep = 1 hasbeeninvestigatedin
Padésummableonly for q= 1, 2. This behavioris somedetail.The Et~~alternatein signanddiverge.
quite analogousto th~caseof nonrelativistichydro- However,the CF representationsare not Stieltjes,
genicatomsperturbedby radialpotentialsoftheform since thereare regularperiodic “eruptions” where
Ar” [241. In table I are presentedthe lowerandup- thec,, assumenegativevalues.This impliesthat some
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Table 2 Appendix
Boundsfor first excitedstateeigenvalues(N= I, J= 1/2, K= — I).

A set of more complicated problems involves per-
A a~=0.9 cr~=0.7 a~=0.5

_____________________________________________turbationsof the solvable Dirac hamiitoniansde-
0.0 0.84731632 0.925815 0.965925 fined by the potentialsW(r)= —a,/r, V(r)= —a.]
0.1 1.0948312(3) 1.2717(8) 1.390(7) r, wherea~>0.Theparametera, representsa scalar
0.2 1.260125(42) 1.4836(62) 1.613(71) coupling constant.The positiveeigenvaluesof this
0.3 1.3949(51) 1.650(62) 1.77(92) hamiltonianare givenby [2,3]
0.4 1.5117(25) 1.79(82) 1.9(2.2)
0.5 1.6161(83) 1.91(6) 2.0(2.4)

E(a~,a,)

—a~a,+(n+g)[(n+g)2+a~—a2]”2
Padéapproximantsmayhavepoleson the positive = (n+g)2+a~ (A.l)
realline, affectingconvergence.Thenon-Stieltjesbe-
haviorof thesecasesmayberelatedto a “Klein par- wheren =N—J—~istheradialquantumnumberand
adox” for suchpotentials[25]. g= (K2+a~—a~)”2.The scalarpotentialm+ W(r)

Thisexampleis quite easily extendedto theprob- may be interpretedasacoordinatedependentmass.
lem ofhydrogenicatomswithscreenedCoulombpo- Such hamiltonianshavealso beendiscussedin the
tentialsof the form [5,6] contextof muoniceffectsin atoms[3] aswell as in

a quark-confinementmodels[21. In the specialcase
V(r) = — —~ ~ ~ u

0 = 1 , a~=a5,the eigenvaluesin (A.1) havebeenshown
r j=O to beeigenvaluesofa slightly “renormalized”Schrö-

involving somemodificationsof eqs. (1 Sb), (1Sc). dingerwave equation[28].
The resultsagreewith thosegiven in refs. [5] and The presenceof the 1 /r term in W(r) slightly
[61 (reportedto 3rd and 5th order, respectively), complicatesthe RS procedure:the terms a~ and
(TheHVHF treatmentof thenonrelativisticversion c ~ mustnow becalculatedfor all n ~ 0. However,
of this problemis describedin ref. [261.) For the thesevalues are available from appropriateHell-
particularcaseof a Yukawapotential,i.e. v~=(— i )J,i mann—Feynmanexpressions.The RS coefficients
j!, the CF representationsexhibit the periodic“neg- E ~ may be consideredasfunctionsof the param-
ativeeruptions”describedabove.C(2) cannotrep- etersN~K, a~anda,. Termwisepartial differentia-
resent a Stieltjes function, since this potential tion of the asymptoticRS expansionfor E(A) in
supportseachboundstateonly to its couplingcon- termsof theseparametersisjustified [29], yielding
stantthreshold,i.e., i.e. for 0<A<A ~‘. However,ex- the relations
cellentestimatesto E(A) in this regionareobtained
from Padéapproximantswhosepoleslie away from a~=

the positivereal line. This situationis alsoobserved — = —
for the correspondingnonrelativisticYukawa prob- (n)

lem [271. b’. (A.2)
aa,

Of course,thesedifferentiationsmustbe performed
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