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The action of an affine fractal transform or (local) Iterated Function System with gray-level Maps (IFSM) on a function f{x) induces a simple mapping on
its expansion coefficients, cij, in the Haar wavelet basis. This is the basis of the discrete fractal-wavelet transform, where subtrees of the wavelet coefficient
tree are scaled and copied to lower subtrees. Such transforms, which we shall also refer to as IFS on wavelet coefficients (IFSW), were introduced into
image processing with other (compactly supported) wavelet basis sets in an attempt to remove the blocking artifacts that plague standard IFS block-
encoding algorithms. In this paper a set of generalized 2-D fractal-wavelet transforms is introduced. Their primary difference from usual IFSW transforms
lies in treating “horizontal,” “vertical” and “diagonal” quadtrees independently. This approach may seem expensive in terms of coding. However, the added
flexibility provided by this method, resulting in a marked improvement in accuracy and low degradation with respect to quantization, makes it quite
tractable for image compression. As in the one-dimensional case, the IFSW transforms are equivalent to recurrent IFSM with condensation functions. The
net result of an affine IFSW is an extrapolation of high-frequency wavelet coefficients which grow or decay geometrically, according to the magnitudes of
fractal scaling parameters aij. This provides a connection between the aij and the regularity/irregularity properties of regions of the image. IFSW extrapo-
lation also makes possible “fractal zooming.” The results of computations, including some simple compression methods, are also presented.

L’effet d’une transformée fractale affine ou d’un Syst¢éme de Fonctions Itératif — SFI — (local) avec une correspondance par niveaux gray (SFIM) sur une
fonction f{x) induit une simple correspondance de ses coefficients c;j dans la base de 1’ondelette de Haar. C’est le principe de la transformée discrete
Fractale-Ondelette dans laquelle les sol bles des coefficients de 1’arbre de 1’ondelette sont affectés d’un facteur d’échelle et copiés dans les arbres
inférieurs. De telles transformées, auxquelles nous référerons sous le vocable des coefficients de I’ondelette sur le SFI (SFIO), sont introduites en traitement
d’images avec d’autres ensembles d’ondelettes élémentaires (supportés de fagon compacte) pour enlever les artefacts de blocs qui sont un désavantage
majeur des algorithmes standards d’encodage par blocs en SFIO. Dans cet article, un ensemble de transformées 2D généralisées ondelette-fractales est
introduit. La différence essentielle par rapport aux transformées SFIO usuelles est liée au fait que I’on traite ici les arbres quaternaires “horizontaux”,
“verticaux” et “diagonaux” indépendamment. Cela peut sembler coiiteux en termes de codage. Cependant la flexibilité accrue fournie par cette méthode
résulte en une nette amélioration de la précision et une faible dégradation de la quantification, ce qui en fait une méthode propice en compression d’images.
Tout comme le cas uni-dimensionnel, les transformées SFIO sont équivalentes aux transformées récurrentes par SFIM avec des fonctions de condensation.
L’effet net d’un SFIO affine est une extrapolation des coefficients haute-fréquences des ondelettes qui croissent ou décroissent exponentiellement selon
I’amplitude des paramétres d’échelle auj. Ceci fournit un lien entre les aij et les propriétés de régularité/irrégularité des régions de 1’image. L’extrapolation

SFIO rend aussi possible “I’agrandissement-fractal™. Les résultats des calculs incluant des méthodes simples de compression sont aussi présentés.

L. Introduction

The purpose of this paper is to introduce and analyze a general
class of affine two-dimensional discrete fractal-wavelet transforms
primarily for use in fractal image compression. The standard fractal-
wavelet transforms discovered independently by a number of research-
ers (for example, [1]-[6]) involve a scaling/copying of wavelet
coefficient subtrees to lower subtrees, quite analogous to the geometri-
cal action of Iterated Function Systems (IFSs) [7]-[9] on sets or the
action of fractal transforms [10] and Iterated Function Systems with
gray-level Maps (IFSM) [11] on functions.

In the case of Haar wavelets, there is an obvious connection
between the scaling/copying of wavelet subtrees and the contraction
and translation of the function (or a portion of it) by an IFSM. Indeed,
this connection inspired people to define the same types of block trans-
formations on coefficients of generalized (non-Haar) wavelets with
compact support. A detailed study of the one-dimensional case [12]
has shown, however, that the relation to IFSM is not straightforward.
In general, fractal-wavelet transforms are equivalent to recurrent, local
IFSM with condensation functions. Herein lies one advantage of
fractal-wavelet methods over the standard fractal (IFSM) transform
applied to image functions: The action of local geometrical IFSM maps
on subsets of the image function in pixel space ([0, 1]%) is translated
into IFSM-type operations over orthogonal components of the image
function which may or may not be mixed together. With fractal-
wavelet transforms, the convenience of orthogonality is automatically
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available, something which is not the case when standard fractal trans-
forms are used [13]-[14].

The relationship between fractal-wavelet transforms, which we
shall also refer to as IFS on Wavelet coefficients (IFSW), and IFSM is
even more complicated in the two-dimensional case due to the exist-
ence of more than one principal set of wavelet coefficient quadtrees.
In this paper, 2-D fractal-wavelet transforms are applied to the stand-
ard tensor-product wavelet basis composed of “horizontal,” “vertical”
and “diagonal” subspaces. These transforms operate on the three
subspaces independently, a deviation from the normal fractal-wavelet
transform/IFSM case. Such an IFSW allows a fractal-based method to
be applied to orthogonal subspaces of a function, either independently
or dependently. At first glance, such a generalization may seem expen-
sive in terms of image compression (for example, more scaling factors
and possibly parent block codes). However, the flexibility afforded by
the method is an advantage. The marked improvement in accuracy as
well as good tolerance with respect to the quantization of the scaling
factors compensate for this expense.

The strength of the fractal-wavelet transform in image representa-
tion and compression lies in its ability (and hitherto unexplored possi-
bilities) to combine the best of two worlds: (1) fractal transforms, with
their inherent properties of scaling and (local) self-similarity, and (2)
wavelets, with the power of multiresolution analysis and the fast wave-
let transform. The use of wavelet methods may also permit the incor-
poration of known properties of vision [15]-[16] into coding schemes.
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The structure of this paper is as follows. For the benefit of the
general reader, the remainder of this section is devoted to the basic
ideas of Iterated Function Systems and IFSM. Some illustrative exam-
ples are presented in Appendix A. In Section II, the fractal-wavelet
transform for one dimension (functions on X C R) is introduced along
with some examples. Two-dimensional fractal-wavelet transforms are
introduced in Section III with some examples. The inverse problem of
image approximation using the 2-D fractal-wavelet transforms is dis-
cussed in Section IV along with an outline of its mathematical setting.
In Section V the generalized 2-D fractal-wavelet transform is applied
to images. Some rather elementary compression methods using simple
quantization are explored in order to give an idea of the effectiveness
of the method. In Section VI we explore the fact that the fractal-wavelet
transform uses high-frequency information to extrapolate low-fre-
quency parent-block wavelet coefficients. From the known behaviour
of wavelet transforms at regular and irregular points of an image, the
behaviour of the affine IFSW coefficients, a;j, can be used to charac-
terize edges or smooth regions. The extrapolation can also be exploited
to perform a “fractal zooming” of the image. Some concluding remarks
are made in Section VII.

A. Iterated Function Systems on function spaces

“Iterated Function Systems” is the name introduced by Barnsley
and Demko [7] to denote a system of contraction mappings on a com-
plete metric space. The idea was independently developed earlier by
Hutchinson [9], who showed how typically self-similar fractal sets and
measures could be generated by a parallel action of such systems of
contraction mappings. The IFS maps plus a set of associated probab-
ilities (IFSP) define operators which act on probability measures. As a
result, early IFS research work focussed on the representation of
images by measures and their approximation by IFSP-invariant
measures. However, since it is more convenient to represent images
and signals by functions, the goal of IFS-type methods became the
approximation of images and signals by functions which are generated
by the iteration of an IFS-type operator.

Iterated Function Systems with gray-level maps are an example of
an IFS or fractal transform method over an appropriate space of func-
tions J(X), which represent our images or signals. (A more detailed
mathematical treatment of IFSM is given in [3] and [11].) Here (X, d)
denotes a compact metric space, the “base space” or “pixel space” of
support for the signals and images, typically [0, 1] or [0, 1]? with
Euclidean metric. In this study, without loss of generality, the space of
functions F(X) will be LX), the set of functions f: X — R such that
HETP2 =l | fx) P < oo,

An N-map IFSM is defined by the following:

1. The IFS component: w = {w;, w, -, wy}, where each w; : X = X
is a contraction; i.e., there exists a ¢; € [0, 1) such that d(wi(x),
wi(y)) < cid(x, y) for all x, y € X. For convenience, affine IFS maps
are primarily used in applications.

2. The gray-level component: ® = {¢;, ¢, --, ¢y}, where each
¢; : R = R is Lipschitz; i.e., there exists a K; = 0 such that
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| di(t1) — d(t2) | S K|t — to] for all 1, 1, € R. Affine gray-level
maps of the form ¢i(f) = ot + Bi, o, B; € R are typically employed.

Associated with an IFSM (w, ®) is a fractal transform operator T :

JF(X) » F(X) with the following action. For each x € X, define its N
fractal components, f;, as

& lu(wi'(®)))  xew(X),
o A )
0, xe w;(X).

™

(One can also impose an additional condition that for each x € X there
exists at least one “preimage,” w;s!(x), but this is not necessary.) Now,
given a u € F(X), its image Tu will be defined as follows:

N
(Tu)(x):Zfi(x). %))
i=1

Geometrically, the action of the operator T may be viewed in terms
of its action on the graph of u. Each term u(wj!(x)) represents a
shrunken copy of the graph of « which is supported on the set w;(X).
The gray-level map ¢; then distorts this shrunken copy in the gray-
level direction to produce the fractal component f;. The fractal trans-
form adds up these fractal components to produce (Tu)(x).
Example: The two-map IFSM on X = [0, 1]:

wl(x) = 0.6x, ¢](t) =0.5t+ 0.2, (3)

wa(x) = 0.6x + 0.4, ¢a(t) = 0.5t + 0.5.
The action of the associated fractal transform operator T on the func-
tion u(x) = 4x(1 - x) is shown in Fig. 1(a). There are two fractal
component functions, fi(x) and f(x), which are supported on the
subsets w;(X) = [0, 0.6] and wp(X) = [0.4, 1] respectively. All points
x € wi(X) N wy(X) = [0.4, 0.6] have both fractal components, which
must then be added to produce (Tu)(x). For points x € [0, 0.4) and
x € (0.6, 1], the function value (Tu)(x) is determined by only one
fractal component, namely, fi(x) for the former and f,(x) for the latter.

Under suitable conditions on the w; and the ¢; involving their
Lipschitz factors, the IFSM operator T is contractive in J(X).
From Banach’s Fixed Point Theorem, there exists a unique fixed point
& = Ta (see [11]). The IFSM operator in the above example is contrac-
tive in L%([0, 1]). A histogram approximation of its fixed-point func-
tion, &, is shown in Fig. 1(b). (This approximation was obtained by
repeated application of T on a function, as begun in Fig. 1(a), until
satisfactory convergence was achieved.) From the property & = T, the
graph of & is a union of two shrunken and modified copies of itself. In
most applications in the literature the sets w;(X) have minimal overlap;
i.e., at a finite number of points on X. (In fact, such overlap is ignor-
able in the L2 sense.)

(TuXa)

Figure 1: (a) Graph of (Tu)(x) where u(x) = 4x(1 — x) and T is the contractive operator for the two-map IFSM given in (3). (b) The fixed-point attractor function u(x) = Tu(x).
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The IFSM method may be generalized to Place-Dependent IFSM
(PDIFSM) with gray-level maps ¢ : R X X — R. In other words, the
¢« depend on both the gray-level value at a preimage as well as the
location of the preimage itself. (This is analogous to IFS with place-
dependent probabilities [17].) This is the basis of the Bath Fractal
Transform (BFT) [18]-[19], which has been quite effective in coding
images. An example of this transform is given in Appendix A. The
action of the BFT resembles that of certain fractal-wavelet transforms
that will be defined below.

It is extremely advantageous to consider a further generalization,
namely the local IFSM [10] with IFS maps wj that map subsets I; C X
to smaller subsets J, C X. This is the basis of fractal block encoding
first described by Jacquin [20]. The associated local IFSM operator
maps modified copies of the signal/image on the I; onto the J;. It
would seem more reasonable to expect that signals and images may be
approximated as unions of local copies of themselves, as opposed to
copies of the entire signal. In fact, most fractal image-compression
methods are still based on this type of block encoding. An example is
given in Appendix A.

An IFSM operator of special significance is the following:
T(f)(x)=6(x)+ Y, a;f(wi (x)). @)
i

Here, the function 8(x) acts as a “condensation” function for the IFSM.
These operators will be relevant in our study of fractal-wavelet trans-
forms.

The essence of fractal image compression — indeed, of IFS-type
methods in general, including the fractal-wavelet transforms in this
paper — is the following:

Given a “target” image v € J(X), which we seek to approxi-
mate or “compress” to a desirable accuracy € > 0, find an IFSM
(w, ®) with associated (contractive) fractal transform operator
Tsuch that || v—&| |, < €, where & = T is the fixed point of T.

The theoretical aspects of this inverse problem are discussed in [3].
Practical aspects of fractal image compression are dealt with in [21]-
[22]. The recent book by Lu [23] is an excellent and comprshensive
treatment of the subject.

Finally, the basis of the fractal-wavelet transform lies in the
following property. Let {gi(x)} be an orthonormal basis of L3(X).
Then for each f € L*(X) there exists a unique sequence ¢ € A(N)
of expansion coefficients ¢; = (f, g;). Given an IFSM operator

T : [%(X) - L%X), there exists a corresponding operator
M : B(N) - B(N). The following figure illustrates this feature:
~
X)) — =2 . BN
T M
v Y
X)) —= | BN

If the IFSM operator T is affine or linear, then the operator M will
also be affine or linear. If T is contractive in L2(X), then M is contrac-
tive in 2(N). (See [3] for further discussion.) When the orthonormal
basis is the Haar wavelet basis {{s;}, then the operator M becomes a
mapping of wavelet coefficient subtrees to lower subtrees. Such map-
pings will be introduced in the next section.

I1. Fractal-wavelet transforms in one dimension

A. The wavelet expansions considered

We briefly review the one-dimensional case in order to (a) estab-
lish the notation and (b) show both the similarities as well as the dif-
ferences between the one- and two-dimensional cases. First assume a
standard dyadic multiresolution approximation of L%(R) as follows
[24]-[26]):

1. A sequence of nested subspaces V; € LXR), k € Z, where
Vi C Visr. (Vi contains the set of all approximations of functions
f € L*R) at resolution 2*) Moreover, N,V, = {@} and
limy-.. U V, = LXR).

2. The sequence of orthogonal complements W L Vj, such that
Wi @ Vi = Vi, k € Z. This implies that for any m € Z and n > 0,

Vg @ Wy @ Wiy @@ Wiy = Vi )
3. A scaling function ¢ € L2(R), such that the functions
@ij(x) = 27 ¢2x - j), j € Z, 6
form an orthonormal basis for V;.

4. The orthogonal (mother) wavelet ¢ € L3(R), such that the func-
tions

vi(x)=2" y(2'x-j), jez, %)

form an orthonormal basis for W;. It follows that the set {y;}, i,j € Z,
forms a complete orthonormal basis for L%(R).

In the case of the Haar wavelet system,

1, X € [0,1),
dpo (x)=1, xe[0,1), yoo(x)=
-1, xe [%,1).

We shall be concerned with the case m = 0 in (S5); in particular,
functions f € L%(R), which admit wavelet expansions of the form (in

the L%(R) sense)

w 201

f(x)=boo¢oo(x)+coo‘4’00(x)+2 zcij‘l’ij(x)’ 9)

i=1j=0

where by = (f, ¢oo) and c;; = (f, ;). It is also assumed that the
scaling function ¢ (hence ) has compact support on R. This implies
that f has compact support. (In the special case of the Haar wavelets,
the support of fis [0, 1].) The wavelet expansion coefficients are con-
veniently displayed in the form of an infinite tree as shown below:

boo

€00

€10 C11

€20 €21 €22 €23
B3y | Bs 3321333 Bss | Bss | B3

By

Note that each entry B;; represents a binary tree of infinite length. Such
a tree with root ¢;; will also be referred to as the block B;;.
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B. Some 1-D fractal-wavelet transforms

We now consider some simple IFS-type operations on the wavelet
tree shown above. These are examples of discrete fractal-wavelet trans-
forms, which shall also be referred to as IFS on wavelet coefficients or
simply IFSW. Without loss of generality, we set bgy = 0. These and
other examples are discussed in more detail in [12].

Example 1: Using the above notation, consider the following transfor-
mation:

1

AL

€00
04 By | @2 Bgo

M : By — ) |cx,-|<

The blocks a;Bgo represent the binary trees obtained by multiplying
every element c;; of Bgg by the constants o;. The restrictions on the o,
follow from the condition that the wavelet coefficient sequence c;;
belongs to 2(N). Iteration of this operator is straightforward:

)

M?(By )= 01C00 0.2Co0 , etc.

7
0‘20‘1300| a3 By

an

alz Boo alazBOO

The dilatation/translation relations between wavelet basis functions
allow us to construct the IFSM operator T (see (4)) that corresponds to
the IFSW operator M. If By represents the wavelet expansion of f,
then, from (7),

(TF)(x) = coow(x) + V20 f(wi (x)) + V202 £ (w3 (x)) (12)
a two-map IFSM with condensation function coos(x), where

1 1
, wa(x)=—x+—.
2 2

wi(x)=

(13)

[

Not that the IFSM operator depends on the particular wavelet basis
chosen.

In the special case of Haar wavelets, the mother wavelet, y(x),
decomposes into nonoverlapping components:

Y(x) = Io,12) %) = I,y (). 14

As a result, the IFSM operator T can also be expressed as a simple
two-map IFSM with affine gray-level maps

& (1) =201 +1, &y (1)=200,1 - 1. (15)

If T is contractive, then its fixed-point attractor function, &, has [0, 1]
as support.

However, in the case of other compactly supported wavelets, no
such simple spatial decomposition into separate gray-level maps is
possible. As well, the support of the attractor function & is necessarily
larger than [0, 1]. To illustrate, consider the particular IFSW in
which a; = 0.4 and a; = 0.6. The IFSM operator T in (12) is contrac-
tive. Figs. 2(a) and 2(b) show the IFSM attractor functions for, respec-
tively, the Haar wavelet and “Coifman-6” cases. In both cases, we
have chosen by = 0 and cgg = 1.

Example 2: Consider the fractal-wavelet transform with four block
maps as follows:

W, : Byg — By, Wy : By — By, W3 Byg — B2y, Wa : Byy — B3, (16)

with associated multipliers o;, 1 <i < 4. Diagrammatically,

M : By, — al Co0
o By | 03By | a3Byg | 4By,

17

Now iterate this process, assuming it converges to a limit Bgo, which
represents the wavelet expansion of a function &. Then

(18)

I_I-:COO\UOO +v.

We need only focus on the function ¥, which admits the wavelet
expansion

10 ‘n
o Eml 0By, | a3 Byg| 04By) (19)
Since ( Yy, Y1) = 0, etc., we may write
V=V, + V5, (20)
where the orthogonal components ¥; satisfy the relations
71 (%) = cioWio (x) + 0y V27 (2%) + 03 V27, (2x), o

7y (%)= ey (x) + a3 V29 (2x 1) + g V27, (2x - 1)

This “vector IFSM” is, in fact, a recurrent IFSM (with condensation
functions) on By = B1o @ By, which “mixes” the orthogonal compo-
nents Bjg and By;.

The above equations may be written in the more compact form

7 (x)=b; (x)+ i b; (vj (w;" (x))), i=1,2, (22)

~

'\\“\\P\"y"

N
L

1

Figure 2: Attractor functions u for Example 1: (a) Haar wavelet basis; (b) (nonperiodic) Coifman-6 wavelet basis.
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where
W (x) =Wz (1) =2 3, oy () = wip () = = x4 -
11 12 ) 21 22 > S’ (23)
by (x)=cio¥10(x), by (x)=cy¥iy(x), (24)
and
du(t) = a1 V21, dia(f) = a2 V28, 25)

da(t) = a3 V21, oaf) = oy V21,

Note that the contractive IFS maps w;; are mappings from the entire
base space X into itself. Even though the IFSW operator M had the
appearance of a “local” transform in the wavelet coefficient space, the
equivalent IFSM is not, in general, a “local” IFSM. (In the special case
of nonoverlapping Haar wavelets, the IFSM may be written as a local
IFSM.) The “locality” of the block transform has been passed on to
the orthogonal components v; and v, of the function v.

Fractal-wavelet transforms of the above form may also be applied
to coefficient trees in the basis of periodized wavelets. However, the
connection to IFSM is even more complicated [12] and will not be
discussed here. For the benefit of the general reader, the important
properties of periodized wavelets are outlined in Appendix B along
with some examples. The IFSW method is applicable to biorthogonal
wavelets and other schemes employed in image analysis.

II1. Fractal-wavelet transforms in two dimensions

The following subsection is primarily concerned with the notation
employed for the standard tensor-product wavelet basis in R2.

A. The wavelet expansions considered

We consider the standard construction of orthonormal wavelet
bases in L2(R?) using suitable tensor products of subspaces V; and W,
in L%(R) as discussed in [24] and [25]. Define the sequence of nested
subspaces, V; € L2(R?), k € Z, where V,, C V,,; so that N,V, = {@}
and lim,... U V, = LXR?). For each V,, define its orthogonal comple-
ment W, so that Vi, = Vi, @ W,. Forany m € Z and n > 0,

V,®W, oW, ®--8W,. .=V, ... (26)

Then

V=V, ®V,,

W, =(v% ®W )@ (W, oV, o (W, oW, ). (@7

Of particular interest is the case m = 0 and a subset of functions
belonging to the subspaces VP C V,and W2 C W,, k > 0, defined as
follows:

0 0 & WO
Vie1 =V ® Wy,

28
W) =W oW @W{, k20, 9

where

Wi (%, 9) =i (X)W (), 04, j < 2k -1},

29

{
{

Wy =span {‘Vz:'j (x,¥)= Wi (x)dy; (), 0, js 2 -1},
{

W{ =span Wi (x’y)=Wki(x)ij()’)’OSi’jSzk —1}-

The superscripts 4, v and d stand for horizontal, vertical and diagonal,
respectively [24]. The wavelet expansions will then have the form

o 2K-12%1
F(x,y)=bosodooo (. )+ X, 2, X
k=0 i=0 j=0

X [al’c'ij\lfzij(x,Y)+a;c'ij\I’Zij(x,)’)+al‘<iijwzij(x,}’)]' (30)

The set of all functions admitting the above wavelet expansions will
be denoted as L%(R?) C L%(R?). The space L2(R?) is complete with
respect to the usual L(R?) metric. The wavelet expansion coefficients
may be conveniently arranged in a standard fashion [24]-[25]. The
arrangement of the first three blocks is shown in Fig. 3(a). The blocks
AL, A}, AZ, k 20, each contain 2% coefficients all;;, a%;, a4;, respec-
tively. The three collections of blocks,

at=Uap, av=Uap a’=Ual, @
k k k

comprise the fundamental horizontal, vertical and diagonal quadtrees
of the coefficient tree.

Now consider any wavelet coefficient a%;, N € {h, v, d}, in this
matrix and the unique (infinite) quadtree with this element as its root.
We shall denote this (sub) quadtree as A};. In the Haar case, for a fixed
set of indices {, i, j}, the three quadtrees A’;;, A%; and A%; correspond
to the same spatial portion of the function or image. This feature was
illustrated nicely by Davis [2].

As is well known, the wavelet decomposition algorithm [24]-[25]
begins with an “image” matrix of coefficients By for some N > 0 (e.g.,
N =9 for a 512 X 512 pixel array). From By one computes By_1,
AR/ _1, A%_1 and A% _ ;. The latter three blocks are stored and By _; is
then decomposed into A% _,, A%_, and A%_,. The procedure, de-
picted schematically in Fig. 3(b), is continued until one arrives at the
single entry blocks Bg, A%, A%, A9. From the matrix in Fig. 3(a), By
may be reconstructed in reverse fashion. Once a wavelet basis is
chosen, these algorithms employ the filters associated with that basis.

Note in closing that the tensorial nature of the basis functions in the
A} leads to the following simple scaling relations:

Bo | A} | A}
5| AY A}
A} | Af
(@)
A3 Al
By-1 | A},
®) By - . y
No1 | AN

Figure 3: (a) Matrix arrang
let decomposition algorithm.

of two-dii ional let coefficient blocks. (b) Wave-
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thj(x’}’)"'zk\V(}ioo(zkx—i’zk)"j)’ e {hv,d}. (32)

B. 2-D fractal-wavelet transforms

Two-dimensional fractal-wavelet transforms involve mappings of
“parent” quadtrees of wavelet expansions to lower “child” quadtrees
in the same way as was done for binary trees in the 1-D case. For
simplicity in presentation and notation, we consider a particular case
in which the roots of all parent quadtrees appear in a given block and
the roots of all child quadtrees appear in another given block.

Select two integers, the parent and child levels, k; and k; respec-
tively, with 0 <k; < k;. Then for each possible index 0 <i,j <24 -1,
define the three sets of affine block transforms:

h.ah h h _~hah

Wi i b (g, it ) A0 A = %Ak ), ()

V., 4V v, v, =a%A’.

WA i o) ™ Ak Ak T A )y G33)
wé ;A Al A4 =ada?

Gy il Gy ), T G ) kyvij? Tk T Uk g) ()

These block transforms will comprise a unique IFSW operator M. The
use of the indices i, j", etc., emphasizes that the parent quadtrees
corresponding to a given set of child quadtrees A%;; j, A%;; j and A%;; ;
need not be the same. As well, the scaling coefficients a;, o and

are independent. In the usual fractal-wavelet transforms corresponding
to (local) IFSM, e.g. [2],

"G, j) = G, J) = #G, j), G, ) = PG, J) = 4G, J)
(common parent blocks)

(34)

and

h

o =0y = a}j (common scaling factors). (35)

In other words, the A, v and d quadtrees are not treated independently.

The “fractal code” associated with an IFSW operator M consists of
the following:

1. The parent-child index pair (kr, k).

2. The wavelet coefficients in blocks By (i.€., booo) and A} X € {h, v,
d} for 1<k <k; —1: 4" coefficients.

3. The scaling factors aj and parent-block indices (i*(i, /), j*(i, j)) (the
i and j indices could, of course, be replaced by a single index) for
all elements a’ in each of the three blocks A};. Total number of
parameters: (i) 3 - 4% scaling factors; (ii) 2 - 3 - 4% indices.

(At this stage, we are not concerned with questions regarding the prac-

tical computer storage of these parameters.)

From the definition of M in (33), its application to a wavelet
coefficient tree leaves the entries in the blocks By, A}, A € {h, v, d}
for 0 < k < k; — 1 unchanged. The first application of M modifies the
blocks A);. In general, the nth application of M modifies the blocks
A); ., »_1, which then remain unchanged in future iterations (as in the
one-dimensional case; see Example 1). In practical applications, it suf-
fices to apply the IFSW operator M to the matrix whose entries in
blocks A} with k > k3, are zeroes. Each application of M will produce
an additional level of (generally) nonzero blocks; in other words, an
additional degree of refinement of the function in terms of its wavelet
expansion. ’

It remains to establish the conditions for contractivity of the IFSW
operator M on a suitable complete metric space of wavelet coeffi-
cients. Let Q denote the set of all real square-summable quadtrees c;
i.e.,

c={cy € Rk20,0<i,j<2k -1 i|ck,.j|2<m . (36)
kij

Let dy, denote the natural /2 metric on this space; i.e.,
Q P

oo

1/2
dQ(c,d)={:2 (ck,.j-dk,.,)z} , Vede Q.

(37)
kij
Denote the inner product of two quadtrees as follows:
(e, d)Q =y ckijdiij> ©de Q. (38)

ij

We now define a particular subset of Q for which the wavelet blocks
Bo and A) for N € {h, v, d}, 0 < k < k3 — 1 are fixed. Since the goal
will be to approximate functions in L%(R?) via their wavelet expan-
sions, we assume that these fixed blocks correspond to the wavelet
coefficients booo and a;; of a given function u € L%(R?). Let Q(u, k7)
denote the set of all such quadtrees ¢ € Q with blocks in levels
0 <k <k, — 1 fixed. Now define the following metric on this space:

_ A A *
dQ(k;)(c,d)—?i);dQ(Ck;’j,Dk;ij), cde Quk}), (39)

where C};;; and DY;; denote the (infinite) quadtrees with roots c};; and
dhyij, respectively.

Proposition 1: The metric space (Q(u, kz), doy) is complete.
Proposition 2: For a given u € L%(R?) and k; > 1, the IFSW opera-
tor defined in (33) maps Q(u, k;) into itself. Moreover,

_ky—ky A
dQ(k;)(Mc’Md)chdQ(k;)(c’d)’ CQ =2 ! g‘:’a,)jlaqiy(40)

where N\ € {h,v,d} and 0 <i, j <2k - 1.

The following result is a simple consequence of the Banach Con-
traction Mapping Theorem.

Corollary 1: If cp < 1, then there exists a unique & € Q(u, kz) such
that Mc = ¢.

Note how the “spirit of IFS” lives in this transform: The fixed-
point wavelet tree € is, in effect, a union of scaled copies of its subtrees.

C. Simple examples
The simplest case arises when (k;, k;) = (0, 1). Schematically we
have the block transformation

h b ah h ah
bogo a000 agoAoo | 014000
h d h Ak Y.
Boo | Aocoo a0 ag00 aj04000 | ®114000
M: - . (41)
v d d ,d d .d d ,d
Ao | Ao ®o0Ago | ®014G00 | ®00Adoo | ®014600
vV .V Vo,V d ,d d ,d
CjoAo0 | %114000 | 104000 | 114000

The condition | o} | < 1/2 guarantees the contractivity of M. The fixed
point of this operator will have the entry Bogo as well as the component
quadtrees A N € {h, v, d}. It will represent the wavelet expansion
of the function &, where

(42)

+74, (43)
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Zv,}, Ae {hv,d}.

44
et (449
Each component # satisfies the relations
=A A
vh(x,y)=0%(x,y) z 2(x ( (x, y)) (45)
i,j=0
where 0M(x, y) = a’ool’boo and
x by J .
x,y +—,—+—J, 0<i,j<1. 46
vy xy)= (2 2’2 2 (46)

The three equations in (45) comprise a recurrent IFSM with condensa-
tion functions. Note that there is no mixing between the orthogonal #,
v and d subspaces. (One could consider generalizations of the IFSW in
(33) which would permit such mixing.)

Case 1: In the special case where a’,*j = a;, N € {h, v, d}, the three
equations in (45) can be added together to give

2 20L,Jv( wj '(x, y))

i,j=0

v(x,y)=6(x,y)+ 47)

corresponding to an IFSM with condensation function = 6" + & + ¢.

In the Haar wavelet case, the above equation could be rewritten as
a simple four-map IFSM with affine gray-level maps (i.e., without a
condensation function):

%[2(1” (WU x,y))+[3ij].

(48)

Here, the support of the fixed-point function & is [0, 1]%. This demon-
strates the connection between the usual IFSM and fractal-wavelet
transforms in the Haar basis.

Case 2: Now consider the more general case in which the o’} are not
necessarily equal for each i, j pair. As in the first case, add the three
equations in (45) and write the result as

v(x,y)=6(x,y)+ i [ ( (x, y))
+5ij‘_’h( 1( ))+Yii‘_'v(w51(x’y))]’

(49)

where

d
aq ’ 8 au ’ Yl] :1 - aij . (50)
This may be considered as a perturbation of the recurrent IFSM with
condensation function in (47). It is convenient to consider the “off-
diagonal” components " and 1* as perturbations since they produce
horizontal and vertical gradations in the shading, as we show in Fig. 4.

Even in the simple case, (k1, k3) = (0, 1), the number of “degrees of
freedom” in the transformations in (41) is large. It is instructive to
examine the simple cases in which only one of the three principal
quadtrees, h, v or d, is non-zero. In this way, we obtain an idea of how
these fundamental components operate. As well, we may examine the
role of the wavelet basis used. In the following examples, the range of
values assumed by the valued attractor function was scaled to the

interval [0, 255] and plotted as a 512 X 512 pixel image with 256
shades (8 bits/pixel) of gray. Figs. 4(a)-(c) show plots of attractors for
which cfho = =0, cboo = 1, the k and d scaling factors are zero and
a"j = 0.15, 0.25 and 0.35, respectively. In all three cases, the attractor
shows a gradation of shading in the horizontal direction. Below each
of the three attractors is shown a cross-sectional plot of their pixel
values. The horizontal gradation is due to the behaviour of the “root
wavelet,” Ylooo(x, ¥) = Y(x)@(y), whose qualitative property is shown
in Fig. 5(b). The degree of shading is dependent upon the scaling
factors. The cross-sectional plots are attractor functions of appropriate
one-dimensional IFSM/IFSW in the Haar basis (see Fig. 1(a)).

Identical vertical gradations of the image are produced when the v
and d scaling factors are set to zero and the a’},- factors are allowed to
assume the above values. The resulting images are simply rotations of
Figs. 4(a)-(c) by m/2. This is expected from the qualitative behaviour
of the wavelet Yhoo(x, y) = Hx)U(y) shown in Fig. 5(a).

The horizontal and vertical gradations observed above are quite
similar to the “ramping” that is produced by the multiplication of gray-
level values by an x- or y-coordinate in the place-dependent IFSM or
Bath Fractal Transform (see Appendix A).

A quite different pattern is produced when the v and £ components
are set to zero and only the d components are operating. Figs. 6(a)-(c)
show the attractor functions for the cases oz"ij =0.15, 0.25 and 0.35,
respectively. Figs. 7(a)-(c) show the attractor functions which corre-
spond to the parameter values in Figs. 4(a)-(c) in the Coifman-6 wave-
let basis.

IV. Fractal-wavelet transforms and the inverse problem

Fractal-based approximation methods are based on the following
strategy. Let (Y, dy) denote a complete metric space whose elements
represent the “images” we wish to approximate. (For example, Y could
be composed of sets, measures, functions or distributions.) Also let
Con(Y) denote the set of contraction mappings on Y; that is,

Con(Y) = {f: Y = Y| d(f(y\), fy2)) < cdr(y1, y2),

Vy1, y2 € Y for some ¢; € [0, 1)}. (51)

Figure 4: Attractor functions for IFSW of (41) with d',, o = 0, dhooo = a0 = 0 and
a"o00 = 1 in the Haar wavelet basis: (a) o’ = 0.15; (b) a”j = 0.25; (c) o”;j = 0.35. Beneath
each attractor is plotted a sample cross-section of the function values.

- - + | - - |+
+ | + + | - + | -
@ V=g0) O W@ © ¥ = W)

Figure 5: Qualitative properties of the principal Haar-wavelet basis functions.



76 CAN. J. ELECT. & COMP. ENG., VOL. 23, NOS. 1-2, 1998

Now suppose that y € Y is a “target” image. Given an acceptable
error e > 0, one seeks to find (if possible!) a contraction map f. €
Con(Y) whose fixed point, ye, approximates y with & i.e., dy(ye y) < &

In fractal image compression, it is the contraction mapping, fe, that
is stored in the computer. Reconstruction of the approximation ye to y
is achieved by the iteration sequence y, . = foy,. Banach’s Contrac-
tion Mapping Theorem guarantees that d(y,, ye) — 0 as n — o for any
yo € Y. (For example, let yo be a blank or black screen; i.e., yo = 0.)

Most fractal-based methods of approximation are based on the
“Collage Theorem” [8], a simple corollary of Banach’s Theorem:

Theorem 1: Let (Y, dy) be a complete metric space. For anyy € Y
and f € Con(Y),

dy (F(»)y) (52)

I—Cf

where y = f(y) is the unique fixed point of f and c; is its contraction
factor.

If y is the target image, then making the collage distance dy(f(y), y),
small (by looking for “good” f’s) forces dy(y, ) to be small (to within
a multiplicative factor). The inverse problem for fractal approximation
may then be rephrased as follows:

Given ay € Y and a d > 0, find a contraction mapping
f € Con(Y) such that dy(f(y), y) < d

Figure 6: Autractor functions for IFSW of (41) with a",~,« =a"j=0, a"oo = @0 = 0 and
a0 = 1 in the Haar wavelet basis: (a) a; = 0.15; (b) a%; = 0.25; (c) a%; = 0.35. Beneath
each attractor is plotted a sample cross-section of the function values.

Figure 7: Attractor functions for IFSW of (41) with a'; = a%; = 0, a"o0 = a%om = 0 and
a"o00 = 1 in the periodized Coifman-6 (6-tap) wavelet basis: (a) &"; = 0.15; (b) a%j = 0.25;
(c) a%j = 0.35. Beneath each attractor is plotted a sample cross-section of the function
values. These plots should be compared with their Haar wavelet counterparts in Fig. 4.

This study is concerned with an indirect inverse problem [3], [27]:
Instead of directly constructing approximations to an image function,
we construct approximations to a faithful representation of the func-
tion, namely its wavelet expansion. (Inverse problems employing
Fourier transforms of functions or moments-of-probability measures
may also be formulated [3], [27].) Here, the space (Y, dy) will be a
suitable subset of Q, the set of all square-summable 2-D wavelet coef-
ficients. The relevant contraction maps in Con(Y) will be the IFSW
operators defined in (33). In what follows we let v € L%(R?) denote
the target image function and a € Q, its wavelet expansion (see (36)).
We seek to approximate a by the fixed point a of a contractive IFSW
operator. It remains to specify the parent and child indices k; and &,
respectively. Then (Y, dy) = (Q(v, kz), doy). Note that a € Q(v, k;).

From the Collage Theorem, the approximation problem involves
the minimization of the following collage distances between subtrees:

A=dQ(k;)(a,Ma)

= max A),-‘j . (53)
A, j
where
A _ A Aah ook
A,~,~-dg(k:.)(Ak;,.j,a,»jAkl.iA(i‘j)jk(i‘j)), Ae {hv,d}, 0<i,j<2% -1, (54)

In order for M to be contractive, the scaling parameters must sat-
isfy the constraint | a}; | < amax = 26" ~*. In (53) and (54), the minimi-
zation of the collage distance has been performed with respect to a
fixed set of parent indices (i*(i, j), j*(i, j)). Clearly, the optimal result is
achieved when the minimization is done with respect to all possible
parent indices 0 < i*(i, j), j*(i, j) < 2% — 1, referred to as a full search of
parent blocks.

In practical computations, e.g., images, one necessarily works with
truncated wavelet trees, typically the matrix Bo for 2 512 3 512 pixel
image. As in the case of normal fractal-based compression methods, a
variety of strategies for parent-block searching may be employed,
including the following:

1. full searching of all possible parent blocks;

2. restricted searching, either in a specified neighbourhood of the child
block or among a subset of parent blocks belonging to a prescribed
class; and

3. no searching — usually the block containing the child block is cho-
sen as the parent.

Clearly, travelling down this list represents a decrease in computa-

tional (and coding) cost, but at the expense of decreased accuracy.

The minimization of the squared collage distances (A})? in (53) is
a quadratic programming problem with constraints. There is no
guarantee that an cptimal scaling factor a} exists in the interval
(—@maxs @max)- As such, an upper “cut-off” 0 < a, < apa must be
introduced in practice so that the feasible set of scaling parameters is
the closed interval [-a., ac]. Most, if not all, practical applications
avoid such a computationally expensive procedure and settle for a
minimization of the squared collage distance (omitting the 1 index),

2 _
Ay = <Ak2'ij ~ %A o Ay T %Ak >Q (5%)
by “least-squares.” The optimal scaling factor is
_— <Ak;q"Ak{i'j' >Q
% = ’ (56)

<Ak,‘ i ’Akl'i'j‘ >Q
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and the minimum squared collage distance is

2 _ _
Aj = <Ak2’ij ’ Ak;ij > 0~ % <Ak;ij ’ Ak,‘i'j' > o

In this case, it is not guaranteed that | a | < omax. This fact is usually
overlooked in practical applications where computations are performed
only to a finite resolution, e.g., to Bo. (In fact, as will be shown below,
irregular regions of an image, .g., edges, will almost surely imply the
existence of scaling factors with large magnitudes. This is a compli-
cated issue involving the approximation of images and edges at finite
resolution and will be dealt with only partially here.)

)

We conclude this section with an important property that provides
the basis of fractal-based approximation methods; namely, the conti-
nuity of fixed points with respect to contraction maps [28]. Given a
compact metric space (Y, dy), define the following metric on the space

Con(Y):

dCon(Y)(f’ g)= sug d(f(y), g(y)), f.ge Con(Y). (58)
ye

(Note that the metric space (Con(Y), dcon(r)) is not necessarily com-
plete.)

Theorem 2: Let (Y, dy) be a compact metric space and f, g € Con(Y)
with fixed points y and j,, respectively. Then

) dCon(Y)(f’g)’ (59

l—min(cf,cg

where cj, c, denote the contractivity factors of f and g, respectively.

In other words, the “closer” f and g are to each other, the closer are
their respective fixed points, yrand y,. This result, the proof of which
involves a simple application of the triangle inequality, is a generaliza-
tion of Barnsley’s “continuity with respect to a parameter” [8]. It was
used to derive continuity properties of IFS attractors and IFSP-invari-
ant measures [28]. Although never stated explicitly, fractal compres-
sion algorithms depend on this property. Minimization of the collage
distance involves a variation of fractal transform parameters.

Following Proposition 2 of Section III.B, consider the subset of
IFSW operators which share a fixed set of indices i*(i, j), (G, j),
N € {h, v, d}. In other words, only the scaling coefficients aj are
allowed to vary. Let M; and M; be two IFSW operators from this set
with scaling factors a}(1) and o}(2), respectively. From [28], a natu-
ral distance between these operators is given by

=mg>g,a?j(2)—a?}(l),.

Aij (60)

dCon(Q(k; )

In addition to establishing the continuity of fixed points of such opera-
tors with respect to the scaling parameters, this metric could be con-
sidered to obtain estimates of quantization errors.

V. Some applications to images

Some results of fractal-wavelet approximation and compression
will now be presented. We emphasize that the primary purpose of this
preliminary study is to show the relative accuracy of the various ap-
proximations. The actual exercises employed for image compression
in this study are quite rudimentary. For example, no special effort has
been made to ensure optimal allocation of bits of storage. As well, we
restrict our attention to a fixed parent/child block structure; i.e., no
adaptive partitioning has been employed.

Obviously, compression and accuracy are competing features.
Fractal-wavelet approximations to arbitrary accuracy may be obtained
by letting the parent-block index k; become arbitrarily large. How-

ever, this is suicidal from the viewpoint of compression. One may try
to achieve the maximum compression for a given allowable accuracy
or vice versa. In this study, we examine the interplay of compression
and accuracy for various forms of generalized 2-D IFSW operators.

The computations reported here involve the approximation of the
standard “Lena” image at 512 X 512 pixels with 8 bits/pixel. Two
measures of the accuracy of approximation will be used: (a) an L2
distance between images and (b) the peak signal-to-noise ratio (PSNR)
in decibel units, a standard measure in image compression. For two
image functions u, v with pixel values 0 < u;;, v;; <255, 1<, j <512,
the L2 distance will be defined as follows:

2 1/2
dz(u,v)=L[2 [ui,-—vi,- ] . (61)

512 i)

If we consider u to be an approximation to the target image v, then the
PSNR is given by
255
dy(u,v) '

In order to facilitate a translation between the two measures, a small
table of values is given below:

PSNR (dB) =20 log,o [ ©2)

d 60 70 80 90 100 120 14.0
PSNR|32.57 31.23 30.10 29.05 28.13 26.55 25.21

Simple fractal-wavelet calculations: We begin with a look at “stand-
ard” JFSW approximations to the Lena image used in the literature to
date, in which the h, v and d quadtrees share the same scaling factor a;;
and parent-block indices. (This is achieved by “collaging” the three
blocks simultaneously with respect to the same parent index.) The
approximations in Fig. 8 correspond to the parent-child root blocks
ki, kz = (5, 6). Fig. 8(a) corresponds to the non-overlapping Haar case,
which is identical to the usual “local” IFSM or Jacquin block-encoding
scheme, where 16 X 16-pixel parent blocks are mapped onto 8 X 8
pixel child blocks. (Recall that a partitioning into 8 X 8 pixel blocks is
the JPEG-DCT standard). Fig. 8(b) is the result achieved in the
Coifman-6 basis. It provides a better approximation with less
blockiness, one of the original motivations for the use of the IFSW
with generalized wavelet bases. In both cases, a full search of all pos-
sible parent quadtrees was made.

The approximation yielded by the standard fractal block-encoding
scheme in Fig. 8(a) at the (5, 6) parent-child block level may seem
acceptable, and Fig. 8(b) even more so, but the compression ratios are
rather moderate. Roughly, a child block requiring 64 pixels X 8 bits/
pixel is replaced by a parent index pair (5 + 5 = 10 bits at most) and the
scaling coefficient a (possibly 4 bits). This, along with the storage of
the parent wavelet coefficients, implies a compression ratio of about

Figure 8: “Standard” fractal-wavelet approximations to the 512 X 512 pixel “Lena”

image with (k;, k3) = (5, 6), in which o;; = o’ = of;; same parents. Left: Haar basis
(corresponds to usual IFSM with 16 X 16 parent blocks — 8 X 8 child blocks); d; = 8.2,
PSNR = 29.8. Right: (periodized) Coifman-6 basis; d; = 7.9, PSNR = 30.2.



78 CAN. J. ELECT. & COMP. ENG., VOL. 23, NOS. 1-2, 1998

25:1. Some improvement in quantization as well as more effective
coding techniques (e.g., Huffman, arithmetic) may be able to push this
ratio to 30 or 40:1. (The Bath Fractal Transform employs three scaling
parameters in each gray-level map with no apparent loss in compres-
sion. Some of the storage originally allocated for parent indices may
be sacrificed for the extra scaling parameters, since a lesser search of
parent blocks is required for comparable accuracy.)

Calculations at lesser refinement: In an attempt to (1) increase the
compression ratio and (2) examine the relative effectiveness of various
fractal-wavelet schemes, we now examine the approximation of Lena
at a less refined parent-child block pairing; namely, ki, k; = (4, 5).
(For the usual non-overlapping Haar-based IFSM, this would corre-
spond to 32 X 32 pixel blocks being mapped to 16 X 16 blocks.)
Some results are shown in Fig. 9. Figs. 9(a) and 9(b) (top) are the less-
refined counterparts of Figs. 8(a) and 8(b), respectively; i.e., the same
scaling factors and parent blocks for k, v and d quadtrees, Haar and
Coifman-6 basis. Figs. 9(c) and 9(d) (bottom) are generalized IFSW
approximations in which the A, v and d quadtrees have independent
scaling factors and parents. The improvement in the approximations is
quite obvious, but at the expense of more fractal code parameters.

The storage requirements for independent scaling factors and par-
ent indices in the generalized IFSW method greatly diminish the com-
pression ratio. A suitable compromise that increases the compression
at some expense of accuracy is achieved if we employ the same parent
block, but with three independent scaling factors. Figs. 10(a), 10(b)
(top entries) and 10(c) (bottom left) show the results of this approach
using the Haar, Coifman-6 and Daubechies-10 wavelet bases. Note the
steady improvement in the approximation. Also shown for comparison
is an approximation yielded by the place-dependent IFSM or Bath
Fractal Transform. As with the IFSW transform, the BFT employs
three scaling parameters for each child cell (see (A-6) in Appendix A).
Blockiness is also reduced by the BFT in a rather satisfactory manner.
It is interesting to note that the BFT and Haar IFSW transforms yield
results with roughly the same error. There is, however, a greater flex-
ibility with the IFSW transform, since a variety of wavelet basis sets
may be employed.

Simple attempts at compression: The results in Fig. 10 demonstrate
a moderate image compression since both the parent wavelet coeffi-

Figure 9: IFSW approximations with (ki , k;) = (4, 5). Top: “Si

dard” fractal let in
which a/’,-,- =a% = a/’,-,- , with same parents. Left: Haar basis (usual IFSM), d, = 13.5,
PSNR = 25.6. Right: Coifman-6 basis, d; = 13.0, PSNR = 25.8. Bottom: Three child
blocks, Ai;,-,—, have independent scaling factors, a*;, and parents. Left: Haar basis,
d, = 11.4, PSNR = 27.0. Right: Coifman-6 basis, d; = 10.7, PSNR = 27.6.

cients and scaling coefficients were computed as single-precision real
numbers. We now present the results of some rather elementary com-
pression techniques which have employed very simple quantization of
the fractal code parameters. The stored wavelet coefficients in blocks
A}, 1 <k <k; — 1, were uniformly quantized (midriser) between their
maximum and minimum values. The by wavelet coefficient, which
stands out at a rather large magnitude, was stored separately. The scal-
ing factors o were quantized uniformly (midriser) with truncation. In
low-bit cases where n;, n; < 4, a truncation value of 1.25 was used.
This value was found experimentally to yield the best approximations.
It is naturally related to the variance of the o) scaling coefficients,
found to be roughly 0.96. For higher bit allocations, larger truncation
values up to 2.5 were used. (Note that no results using entropic coding
of the fractal code parameters or sophisticated “bit allocation” are re-
ported here. Some preliminary calculations have shown that a simple
Huffman coding of the parameters can increase the compression ratios
by a factor of about 1.5.)

We simply assume that n; bits of storage are used for each parent
wavelet coefficient, and n, bits for each scaling coefficient a’,’j. As
before, we assume that corresponding child blocks in the 4, v and d
quadtrees share the same parent block. Unless otherwise indicated, a
full search of parent blocks is made so that each (i, j*) parent index
pair requires 2k; bits. Then a “raw” or unoptimized compression ratio
R will be defined as the ratio of bits required to store “Lena,” i.e.,
5122 X 8 = 22!, to the number of bits required to store the fractal code:

221
R=— .
4% (my +3n, + 247 )

(63)

This value is also applicable to the Bath Fractal Transform of Fig. 10.

Table 1 summarizes PSNR values as well as compression ratios for
a number of (ny, ny) cases where (ky, k;) = (4, 5) in the periodized
Coifman-6 basis. For each child block, a full search of parent blocks
was performed.

Figure 10: Top: Generalized IFSW approximations with (ki k;) = (4, 5). The three child
blocks, Al ;j, have independent scaling factors a*;; but a common parent block. Left: Haar
basis, d; = 12.5, PSNR = 26.2. Right: Coifman-6 basis, d; = 11.8, PSNR = 26.7. Bottom:
Left: (4, 5) IFSW approximation as above, but with Daubechies-10 basis, d; = 11.4,
PSNR = 27.0. Right: Place-dependent IFSM (Bath Fractal Transform); 32 X 32 pixel
parent cells mapped to 16 X 16 pixel child cells. Each child cell has three scaling factors;
dz = 12.5, PSNR = 26.2. The compression ratios (unoptimized) are roughly 45:1.
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Table 1
Results of IFSW approximation of “Lena”
where ki, k; = (4, 5) for various quantizations of stored
wavelet coefficients and scaling parameters
For a fixed index (7, j), the three child quadtree blocks A%,
A € {h, v, d}, are scaled independently, but share a common
parent block. Full search of parent blocks.
Periodized Coifman-6 basis. The maximum PSNR value
(no quantization error) is 26.7: Fig. 10, top right

ny
16 10 8 6 4
8 26.67 26.66 26.64 26.33 22.59
6 26.60 26.59 26.56 26.24 2251
ny 4 26.07 26.07 26.05 25.82 2231
3 25.00 25.01 24.97 24.71 21.53
2 19.59 19.60 19.56 19.36 17.41
PSNR (dB)
ny
16 10 8 6 4
8 427 48.8 51.2 53.9 56.9
6 48.8 56.9 60.2 64.0 68.3
nz 4 56.9 68.3 73.1 78.8 85.3
3 62.1 759 81.9 89.1 97.5
2 68.3 853 93.1 102.4 113.8
Compression ratio R

5 =dopis) (Aesar @084 0 0) * 45200 10 ) 69

by least-squares leads to a set of linear equations in the two unknown
scaling factors a;; and a;,. The computational time required for
two simultaneous full searches becomes quite large: For the case
(k{, k2) = (4, 5), a full search for both parents (omitting, of course,
repetitions) requires over 20 minutes of CPU time in total, as opposed
to typically 40-50 seconds for the full searching of one parent. One
possible simplification is as follows: Given a child quadtree, perform
(a) a full search for one parent along with (b) a restricted search for the
other parent, limited to quadtrees which lie within a prescribed neigh-
bourhood 1, 2 0 of the quadtree containing the child quadtree. Clearly,
if n, = 0, then the second parent is restricted to being the quadtree
containing the child. Better approximations are expected as n,
increases.

Table 2
PSNR vs. compression ratio for the “Lena” image
using the SPIHT method
C.R. 30:1 35:1 40:1 45:1 50:1 55:1 60:1 70:1
PSNR | 3432 3363 33.10 3261 3213 3172 3136 30.70

These tables reveal that there is virtually no reduction in accuracy
as the number of bits, n;, allocated for the stored parent wavelet coef-
ficients is reduced from 16 to 8. A marked reduction is observed,
however, as n; decreases from 6 to 4. As expected, there is a reduction
in accuracy as the number of bits, n, allocated for the o;; scaling
parameters decreases. A significant reduction is observed as n; de-
creases from 3 to 2. Clearly, there exist minimal bit rates for these two
sets of fractal code parameters. Fig. 11 shows the attractors for (a)
(m, n2) = (10, 6) and (b) (1, n2) = (6, 4).

For purposes of comparison, Table 2 presents PSNR values ob-
tained for a range of compression ratios using the Set Partitioning in
Hierarchical Trees (SPIHT) algorithm [29]. This wavelet compression
method is probably one of the most powerful to date. With some addi-
tional optimization of the storage (e.g., Huffman coding) and adaptive
partitioning, the unoptimized results of this study could be improved
to compare favourably with the results of Table 2.

More than one parent per child: Finally, in the spirit of developing
other “collaging strategies” with these fractal-wavelet transforms, one
may consider the mapping of more than one parent quadtree onto a
child quadtree. In the simplest case of two parents, the minimization of
the square of the collage distance (omitting the A index),

Figure 11: Generalized IFSW approximations with (k;, k3) = (4, 5) with quantization. The
three child blocks, A),z',-,-, have independent scaling factors o;j, but a common parent block.
Left: (n;, ny) = (10, 6), PSNR = 26.59, R = 56.9. Right: (n;, ny) = (6, 4), PSNR = 25.82,
R =788

For the case (ki, k;) = (4, 5) with no quantization, the maximum
PSNR values obtained for the first four cases are given below, along
with CPU times (unoptimized FORTRAN code):

n, | 0 1 2 3
PSNR 27.25 27.74 27.99 28.17
CPU(s) 53 201 492 933

As expected, the introduction of a second parent yields approxima-
tions of higher accuracy than the maximum PSNR value of 26.7
obtained with a (4, 5) single-parent fractal-wavelet transform of
“Lena”. The accuracy of the approximations increases with the size,
ny, of the neighbourhood searched, but at a rapidly growing computa-
tional expense. As well, the improvements in accuracy for n, > 3 are
small and diminish rapidly. The PSNR accuracy corresponding to a
full search, n, = 15, is 28.91. These fractal-wavelet transforms with
two parents are also sensitive to the quantization, especially the trun-
cation value. Two approximations obtained for the n, = 2 case are
shown in Fig. 12: (a) unquantized, (b) (n, nz) = (10, 4) quantization,
with PSNR = 26.87. The compression ratio of 45.1 is slightly less than
that for a (10, 8) quantization for a single parent (48.8 in Table 1),
since 4 bits are needed to code the location of the second parent.

VI. IFSW and extrapolation of wavelet coefficients

The fractal-wavelet transforms discussed in this paper perform an
IFS-type operation of scaling and copying of wavelet coefficient
subtrees onto lower subtrees in a parallel manner. The net result of the

Figure 12: Generalized IFSW approximations with (ki k3) = (4, 5): Two parents mapped
onto a single child block. Full search for one parent. Search for other parent restricted to
quadtrees which lie within a neighbourhood of two quadtrees from the parent block con-
taining the child. (a) No quantization, PSNR = 27.99. (b) (n;, nz) = (10, 4) quantization,
PSNR = 26.87, R = 45.1.
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IFSW operation is an extrapolation of wavelet coefficients which is
produced by the iteration of the fractal transform operator. We start
with the stored wavelet coefficient blocks A}, 1 < k < k — 1. This
truncated wavelet expansion is the “zeroth-order” approximation to
the image. The ith application of the fractal transform operator pro-
duces the set of higher-resolution blocks Ai; +ibi=1,2,... As shown
below, the asymptotic geometric decay/growth of the extrapolated
wavelet coefficients is characterized by the scaling coefficients o).
Recall that these coefficients are determined by the least-squares
“collaging” of high-frequency wavelet coefficients by their low-
frequency counterparts. We now outline two particular applications of
this extrapolation process.

A. Regularity/irregularity properties

There is a natural connection between the affine nature of the
fractal-wavelet transform and the scaling relationships for wavelet
transforms in regions of regularity and irregularity. In the case of im-
age functions, irregularities are typically manifested as edges; regular
regions are areas of smoothness. An image is fundamentally character-
ized by its edges, which typically define boundaries of objects in it.
Moreover, such sets of irregularity usually comprise a rather small
fraction of the total area of the image. As such, there has been much
work on the reconstruction of images from the large amount of infor-
mation contained in edge regions. Recently, Mallat and coworkers
have used scaling relationships of wavelet transforms to reconstruct
images with claims of high data compression [30]-[32].

We now show roughly how the scaling coefficients, a;;, of the
fractal-wavelet transform can be related to regularity/irregularity fea-
tures of the image being represented. This discussion will be kept as
brief and simple as possible and, for simplicity, will be restricted to the
one-dimensional case. First, consider an “image function” f{x) on R.
Let n be a nonnegative integer and n < 3 < n + 1. Suppose that for a
point xo € R, there exist a constant K > 0 and an nth-degree polyno-
mial Py, (%) = Xk = 0 ai(x0)(x — xo)¥ (the a, depend on the xg as they do
for Taylor polynomials), such that

If(x)-Pn,xo(x)lSKlx_xoll3 (65)

for all x in a neighbourhood N of xo. Then f is said to be locally
Lipschitz-B at xo. In the case n = 0, i.e., 0 < B < 1, the inequality
becomes

| £(x) - F(x0)| <K |x - xo . (66)

If inequality (65) holds for all xp in an interval I (independent of K),
then fis said to be uniformly Lipschitz-B on I. The larger the Lipschitz
exponent B that can be found to satisfy the above, the greater the
regularity of f at xo (or on I). For example, B = O implies that f is
locally bounded; B > 0 implies that f is continuous at xo; § > 1 implies
that f is differentiable at xo, etc. Negative Lipschitz exponents, § < 0,
may also be defined: The Lipschitz exponent associated with the “Dirac
delta function” 8(x — xp) (in the sense of distributions) is B = -1.

Here we consider only one particular result involving wavelet trans-
forms of f. Let Y(x) be a wavelet function on R. The (continuous)
wavelet transform of f{x) on R at the scale s > 0 and position xg is
defined by

Wf (., 5) I f(x)s 2y [—s—(’]dx 67)

(assuming the lntegra} exists). Now let yi(x) be a wavelet with n van-
ishing moments; i.e ¥ P(x)dx = 0 for 0 < k < n. Suppose that f{x)
is uniformly Lipschitz-B, 0 < B < n, on an interval I. Then there exists
a constant A > 0 such that [33]

|Wf(x0,s)|SAsB+”2, Vxg e R, s>0. (68)

The dyadic wavelet expansion coefficients c,; correspond to the dis-
crete scales s = 27" in (67). Hence,

|ew |42 B2 vxg e 1. (69)

The uniform Lipschitz behaviour of f implies a uniform asymptotic
decay — more precisely, a geometric decay — of wavelet expansion
coefficients across a particular refinement/frequency level n. Expres-
sions for asymptotic decay also exist for the case of local Lipschitz-B
behaviour about a point xj.

Without loss of generality, we consider the simple fractal-wavelet
transform M of Example 1 in Section II.B. Iteration of M produces a
wavelet tree whose coefficients, c,j, behave as follows:

i |SAlal", 0<j<2" -1, n=1,2,.., (70)
where A = |coo| and |a : = max;{|e;|}. From the inequalities (69) and
(70), we have the connection

la|=2"B+12)  p=_1/2-log, |a|. (71)
As B increases, implying that f is more regular, |a| decreases. As
B — 0% |a| = 1/3/2. (Recall that |a] < 1/7/2 guarantees that the

IFSW operator M is a contraction mapping on /A(N).)

Analogous results exist for the behaviour of the wavelet transform
about isolated singular points xo. In these cases, the wavelet transform,
and hence the wavelet coefficients c,j, decrease less rapidly. (More
complicated relations exist for non-isolated singularities.) The net
result, which also applies to the two-dimensional case, is as follows:
At “smooth” regions of an image, we expect the fractal-wavelet trans-
form to yield scaling coefficients o with small magnitudes. Con-
versely, near singularities, i.e., edges, we expect the scaling
coefficients to have larger magnitudes. This is illustrated by the “scal-
ing contour map” for the “Lena” image in Fig. 13(a). The magnitudes
of the scaling coefficients obtained from the IFSW approximation in
Fig. 8(b), where (k, k2) = (5, 6), are plotted on a 64 X 64 grid. The
magnitude, || o; ||, of each scaling coefficient triple (o, o, ay) for
each 1 <1, j < 64 was computed simply as

s |= [(%) +(o 5)2+(a§})2]m.

In this way, the horizontal, vertical and diagonal edge contributions
have been combined into one “edge index.” It is clear that larger values
of |o|, represented by darker squares, are clustered about the irregular
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Figure 13: (a) Fractal scaling par “ map.” M of aij scaling vec-

tors for (ki, kz) = (5, 6) IFSW approximation of Lena image ploned asab64 X 64 army
Higher scaling magnitudes, represented by darker points, are situated at or near edges or
irregular regions of the image. (b) Histogram (normalized) of o; values for the (4, 5)
IFSW approximation of “Lena”.
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regions of the image, i.e., edges. (By representing the A = {h, v, d}
coefficients with three separate colours, different edge orientations
may be distinguished in the contour map.)

In Fig. 13(b) is shown a histogram plot of the o)} scaling coeffi-
cients. (Here, the A, v, d coefficients are considered separately.) In this
case, 90% of the coefficients lie in the interval [-0.6, 0.6]. In fact, the
distributions obtained from the fractal-wavelet transforms of a number
of standard images are virtually identical, exhibiting a highly peaked
Laplacian-like structure. (The distribution of wavelet coefficients is
also observed to be Laplacian in nature.) Fig. 13(b) reveals that much
of the “Lena” image consists of smooth regions. The edges, associated
with scaling coefficients with large magnitudes, comprise a small frac-
tion of the image. Nevertheless, it is the edges which characterize an
image. This is important when considering quantization schemes for
scaling coefficients. (Note that a midriser quantization of the af
assigns a value of zero to scaling coefficients in a neighbourhood of
zero. Since a zero value of the scaling coefficient implies that the
corresponding child quadtree is zero, the process is in some way analo-
gous to zerotree wavelet schemes [34].) It is important to be able to
code as much higher-resolution information, e.g., edges, into the
fractal-wavelet transform as possible. These ideas will be explored
further elsewhere [35].

Given an image (function or measure), the determination of “sizes”
of subregions with prescribed irregularity/regularity (as measured by
Lipschitz or Holder exponents) is a subject of multifractal analysis
[36]. On this note, we draw the reader’s attention to some recent and
very significant work on the problem of constructing (continuous)
fractal interpolation functions with prescribed local Holder regularity
conditions [37]-[38]. This has been accomplished by several means,
including a Generalized Affine IFS (GIFS) interpolation function.

B. “Fractal zoom”

Up to this point, the fractal-wavelet transform has been used to
extrapolate the wavelet expansion of an image from “zeroth order,”
i.e., the stored block By;, to the “complete” expansion of the image,
i.e., By for a 512 X 512 pixel image. However, the fractal-wavelet
transform may be iterated even further to produce additional wavelet
blocks, e.g., approximations to B, or 1024 X 1024 representations of
the image, By, etc. These correspond to higher-resolution approxima-
tions of the image. For a fixed pixel size, they permit an approximate
“zooming.” Figs. 14(a) and 14(b) show approximations to By and By,
resolutions of the “Lena” image. In both cases, 512 X 512 pixel blocks
from the centre of each approximation have been plotted.

VII. Concluding remarks

In this paper a generalized class of affine two-dimensional fractal-
wavelet transforms has been introduced. The action of these IFS-type
operations on wavelet quadtrees induces an action in function space: a
recurrent IFSM with condensation functions involving dilatation, scal-
ing and mixing of orthogonal components of the image function. Un-
der suitable conditions, the affine IFSW operator is contractive, leading
to a fractal approximation method based on the collage theorem. The
fixed-point wavelet tree, ¢, of the contractive operator exhibits a kind

Figure 14: “Fractal zooming” obtained from (ki, k;) = (5, 6) IFSW transforms. Left:
Wavelet coefficients extrapolated to B,y Right: Extrapolation to B.

of “self-tiling”: it is expressible as a union of upper “parent” blocks
with scaled copies below them.

The compression methods employed in this study were quite sim-
ple. Further investigation is required in a number of areas, including
(1) less restrictive parent-child configurations where the refinement
can be adaptive, (2) a detailed analysis of searching vs. nonsearching
or partial searching of parent quadtrees, (3) the role of quantization
and entropic coding, (4) exploitation of possible correlations between
the three sets — h, v, d — of the a;; scaling coefficients, and (5) the use
of more than one scaling coefficient for a given quadtree collage. From
the discussion in Section V, the IFSW method extrapolates low-fre-
quency wavelet coefficients from a knowledge of higher-frequency
behaviour. The extrapolated coefficients grow or decay geometrically
according to the magnitudes of the affine scaling factors, o’j. From the
discussion in Section V, these scaling factors are intimately related to
the local regularity/irregularity properties of the image. As such, the
fractal-wavelet transform is, in some way, encoding edge and smooth-
ness information of the image. Perhaps there are even better ways to
encode this important information in the IFSW transform. One must
keep in mind that the discussion was very simple, being limited to
isolated singularities. It remains to analyze thoroughly the connection
between wavelet transform scaling results and fractal-wavelet trans-
forms. It may also be helpful to define IFSWs which employ nonlinear
transformations of wavelet subtrees.

It is also possible to use “fractal zooming” to enhance images where
high-frequency information may be lacking. The results of some work
in this area, along with (3)-(5) above, will be reported elsewhere [35].

In closing, we draw the reader’s attention to some recent work in
which edge information encoded in low-order DCT/JPEG coefficients
is used to improve the fractal approximation [39]. The use of fractal
transforms to enhance JPEG compressed images is also reported.
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Appendix A: some generalizations of IFSM

Local IFSM: A significant improvement based on a method intro-
duced in 1989 by A. Jacquin lies in the method of “local IFS” [10],
[20]. Rather than attempting to express a function as a union of copies
of subsets of itself, the local IFSM, or LIFSM, method seeks to ex-

Figure A-1: The attractor function, u(x), of the four-map local IFSM given in the text. It is
an approximation to the target function, sin(mx), which is also shown.
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Figure A-2: Fixed-point attractor functions u(x) of the two-map PDIFSM in (72). When 'y = 0, i(x) = 1 (a.e.): (a) v = 1/2; (b) v = -1/2.

. [ om

Figure B-1: Auractor function i for IFSW in Example 1, Section Il.B, using Coifman-6
periodized wavelet functions.

press it as a union of copies of subsets of itself. In other words, the
contractive IFS maps w map subsets of X into smaller subsets of X. We
write these maps as wj : [; — Ji, where I} is the parent or domain block
which is mapped into the (smaller) child or range block Ji.

Example: Let X = [0, 1]. Suppose that there are two domain blocks, I
= [0, 0.5] and I, = [0.5, 1], and four range blocks, J; = [(i — 1)/4, i/4],
1 £i < 4. Thus, the IFS maps wj; will have contraction factors of 1/2.
Each range block, J;, must have a domain block, I, 1 < j(i) < 2, which
is mapped onto it. Associated with each such IFS map wj,,; is also a
gray-level map ¢(r) which will modify the function values on Jjj; to
produce the function values on J;, 1 < i < 4. Suppose that the indices,
Jj(¥) and gray-level maps, ¢; for the range blocks, J;, are given by

i J@ 0]

1 1 0.66195 — 0.04843
2 1 0.28564¢ + 0.71847
3 2 0.28564t +0.71847
4 2 0.66195¢ - 0.04843

(In other words, block I; is mapped onto range blocks J; and J,, but
with different gray-level maps.) An approximation of the attractor of
this four-map local IFSM is shown in Fig. A-1. In fact, the domain-
range pairs and gray-level maps, ¢;, minimize the collage distance
associated with approximating the function sin(mx) on [0, 1] with a
two-domain-block/four-range-block LIFSM. A much superior
approximation to the graph of this function is obtained by this method
as compared to the usual IFSM method. Roughly speaking, it is easier
to “tile” the graph of sin(mx) with parts of itself. For example, the
portion of the graph supported on [0, 1/4] is better approximated as a
shrunken copy of the graph supported on [0, 1/2}, as opposed to a
shrunken copy of the entire graph supported on [0, 1].

Place-dependent IFSM: The gray-level maps have the ¢ : R X X —
R, 1 < k < N. Much of the theory developed above for IFSM easily
extends to place-dependent IFSM [11].

The fractal components fi(x) of a function u € LP(X, ) will be
given by

o (u(we' () Wi (5), xe we(X),

fk(x)= (A-l)

Oa P Wk(X).

The operator T associated with an N-map PDIFSM (w, ®) will have
the form

N
(Tu)(x)= Y, & ((wi (), w (). (A2)
k=1

It is convenient to work with ¢ maps which are only first-degree in
the gray-level variable ¢ i.e.,

M, s)=ar+ B +g(s),g: X—R,bounded on X, (A-3)

M, s) = a(s)t + B(s), a, B : X = R, bounded on X.  (A-4)
The action of the first set of maps can be considered as a “place-
dependent” shift in gray-level value. The second set of maps produces
a more direct interaction between position and gray-level value.

Example: The two-map PDIFSM on [0, 1] with IFS maps w;(x) =
(1/2)x, wa(x) = (1/2)x + 1/2 and gray- level maps

1 1 1 1
o(t,s)=—t+—, &(t,s)=—t+—+1s, )
(8:5) 513 (t.5) St (A-5)

where y € R may be considered as a “perturbation” parameter for the
place-dependent term. When y = 0, #(x) = 1 (a.e.). In Fig. A-2 are
presented histogram approximations of fixed points & for two cases,
v = x1/2. The place-dependent term <y produces a gradation or
“ramping” of the function over the interval [0, 1].

In the two-dimensional case, i.e., X = [0, 1], relevant to image
representation, the affine gray-level maps will have the form

dilt, x, y) = out + Bix + iy (A-6)

Appendix B: Periodized wavelets

In many applications one needs wavelet bases adapted to a com-
pact interval. For this purpose, periodizing the wavelet basis functions
is useful. Furthermore, in practical computations, one often deals with
finite data sets and periodizing the discrete transform is simple and
clean to implement [40].

For a function f € L%(R), define the periodized version of f to be

1 (x)=5 f(x-i), ®1)




VRSCAY: A GENERALIZED CLASS OF FRACTAL-WAVELET TRANSFORMS FOR IMAGE REPRESENTATION 83

where the sum is over all integers i. This process “wraps” the function
f around the interval [0, 1] and sums the various contributions.

Let ¢ be a scaling function for an MRA on R and let § be the
associated “mother” wavelet. Then the periodized wavelets y; (x)
form an orthonormal basis of L0, 1], and we have a nested MRA
structure as in the case of wavelets on R [24]. Unfortunately, the trans-
lation/scaling relations in (2) and (7) of Section II do not hold for
periodized wavelets. For example,

‘l/;j(x)=%\l’1j(x‘k)
-Zy(2-2-)

£y (2x- ). (B-2)

As a result, the rather simple scaling analysis of Section II is not appli-
cable here. The action of an IFSM associated with an IFSW on
periodized wavelets is discussed in [12].

Finally, consider the fractal-wavelet transform of Example 1, Sec-
tion II, but now applied to coefficient trees for periodized wavelets. In
the Haar case, the result is trivially the same as in Fig. 1(a) of Section
II. The periodic attractor function & for the Coifman-6 periodized
wavelets is shown in Fig. B-1. (Note that the wavelet coefficients c;;
for the graphs in Figs. 2(a), 2(b) and B-1 are identical.)
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