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Abstract. In this paper we propose a new method of solving optimiza-
tion problems involving the structural similarity image quality measure
with L'-regularization. The regularization term ||z||; is approximated by
a sequence of smooth functions ||z||f by means of C§° functions known as
mollifiers. Because the functions ||z||] epi-converge to ||z||1, the sequence
of minimizers of the smooth objective functions converges to a mini-
mizer of the non-smooth problem. This approach permits the use of
gradient-based methods to solve the minimization problems as opposed
to methods based on subdifferentials.

1 Introduction

Many problems in image processing may be cast into the following form: Given
a y € R™ and a compact subset D C R™, find

1
in =||Az — y||? 1
min <Az = y|3 + 7. (1)

where A is an m x n transformation matrix (e.g., wavelet, Fourier, random
matrix, etc.). Such a functional is known as the Lasso problem, whose L' reg-
ularizing term induces sparseness in its solution [1,16,23]. The quadratic term,
which is usually called the “fidelity term”, keeps the solution close to the obser-
vation y.

A great variety of algorithms have been proposed to solve the Lasso prob-
lem, e.g., Fast Iterative Soft-Thresholding Algorithm (FISTA) [1] and the Least
Angle Regression [16]. These specialized methods usually rely on techniques from
subdifferential calculus to overcome the non-differentiability of the regularizing
term of (1). Nevertheless, classical methods can be employed by either casting
(1) as a Quadratic Program (QP) [16] or by approximating the L' norm with a
family of smooth functions ¢, € C°(R™) known as mollifiers [12].
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In particular, in [24], the Gaussian distribution is used as an approximate
mollifier to solve a smooth version of (1), which is obtained by convolving each
component of the L' norm with a standard one-dimensional Gaussian density
function of variance £2. This technique allows the usage of gradient-based meth-
ods for approximating the optimal solution * of (1). In this case, the smooth
approximation of the original problem is given by

.1
min 5| Az — yll3 + v]«|5, (2)

where ||z||§ is equal to

l=lf = Xn:/R i — 2| ¢e (%) dz. (3)
1=1

Here, (;Ab(x) is the standard normal distribution in one dimension.

In an imaging context, the main drawback of these approaches is that they
employ the square of the Fuclidian distance as a fitting term, which is not
the best choice when it comes to measure visual closeness [28,29]. To overcome
this difficulty, many authors have incorporated the Structural Similarity Index
Measure (SSIM) as a fidelity term in different types of optimization problems
[6,7,17-20]. The SSIM is one of the most popular measures of visual quality,
which was introduced in [28], and it has been shown to outperform the square
of the FEuclidian distance as a measure of visual quality.

Nevertheless, mathematical treatment of the SSIM is difficult, thus simpler
versions of the SSIM are desirable. In particular, the definition of this measure
as a normalized metric has been employed in [6,17,18]. This simplified version
of the SSIM has nice properties such as quasi-convexity [4,18], which allows the
use of quasi-convex techniques to solve optimization problems that employ the
SSIM as a fidelity term [18].

In [18], several imaging tasks are carried out by solving different types of
quasi-convex optimization problems in which the SSIM is minimized subject to
a set of convex constraints. One of the problems that is addressed is

min T(Az,y) (4)

subject to ||z|1 < A.
Here, the fidelity term is given by T(Az,y) = 1 — S(Ax,y), where S(-,) is the
simplified version of the SSIM as a normalized metric [6,17,18]. The uncon-
strained counterpart of (4) was studied in [17]. In this case, an algorithm that

uses a generalization of the soft-thresholding operator [11,23] is employed for
solving the following optimization problem:

min T(Az,y) + vz . (5)

The advantage of these formulations is that the concepts of similarity and spar-
sity are combined into a single optimization problem; therefore, solutions of this
problem are similar to the observation y in the SSIM sense and also sparse.
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In this paper, we extend the work of [17] by solving (5) via mollifiers. This
approach allows us to use gradient-based methods for solving the non-smooth
problem (5). In this case, the following smooth version of (4) is solved:

. g
min T(Az,y) + v[=[, (6)

where ||z||5 is obtained by convolving the L' norm with a multivariate Gaussian
distribution of variance 2. As expected, the sequence of minimizers x* of (6)
converges to an optimal solution z* of (5) when & — 0. Numerical results that
show the performance of the gradient-based method presented in this paper are
also included.

2 Smoothing via Mollifiers

In this section we recall some basic notions and properties of mollifiers and
introduce a smoothing approach. For each € > 0, let us consider a family of
functions . € C§°(R™) that satisfies the following properties:

1. pe(z) >0, for all x € R™,
2. support(p:) C{x e R™: ||z|| < &},
3. Jgn @e(@)da = 1.

Such functions are called mollifiers [12].

We now provide a way to construct a family of smooth functions approxi-
mating any function f in L}, . (locally integrable functions). Given a family of
mollifiers {¢. : R® — R4 |e € Ry}, we can define a smooth function approxima-
tion f€ of f through the convolution

(free)@) = [ flz—2)p(2)dz = (2)pe(z — 2)dz.
R Rn
The sequence f *x ¢, is said to be a sequence of mollified functions. Some prop-
erties of mollified functions can be considered classical. From a computational
perspective let us notice that if Yz (z,-) is a random vector with density defined
by z — @:(x — z), the above definition can be written as

(f * pe) (@) == E(f(Ye(, ),

where E is the expected value of the random variable f(Y.(z,-)). This stochas-
tic interpretation allows us to avoid the calculation of the above integral by
estimating the expected valued of f(Y.(x,-)) instead.

Theorem 1. [2] Let f € C(R™). Then f % p. converges continuosly to f, i.e.
fxpe, (xm) — f(x) for all x,, — x. In fact, . converges uniformly to f on
every compact subset of R™ as &, — 0.

The previous convergence property can be generalized.
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Definition 1. [2] A sequence of functions fp, : R™ — R epi-converges to f :
R™ - R at x if:

1. liminf,, 1 oo frn(xm) > f(2) for all z,, — x;
2. imy,— oo fn(@m) = f(x) for some sequence x,, — x.

The sequence f,, epi-converges to f if this holds for all x € R™. In this case we
say that f is the epi-limit of fy,.

It can be easily checked that when f is the epi-limit of some sequence f,,,
then f is lower semicontinuous. Moreover if f,, converges continuously, then
it also epi-converges. The notion of epi-convergence ensures the convergence of
mimimizers of f,, to the minimizers of f (see [22]).

Definition 2. [12] A function f : R® — R is strongly lower semicontinuous
(s.l.s.c.) at x if it is lower semicontinuous at x and there exists a sequence
T — ¢ with [ continuous at x., (for all m) such that f(x,) — f(x). The
function f is strongly lower semicontinuous if this holds at all x.

Theorem 2. [12] Lete,, — 0 ifm — +oo. For any s.l.s.c. function f : R™ — R,
and any associated sequence f., —of mollified functions we have that f is the epi-
limit of f,, .

Lemma 1. The mollified norm ||z||5 is greater or equal than its non-smooth
counterpart ||x||1 for any x € R™.

Proof. Let f(z) = ||z — z||1. Then, by convezity of f and using Jensen’s inequal-
ity, we have that

[l —E(2)h S/R [ = z[l1 e (2)d. (7)
Given that E(z) = 0, we immediately obtain that ||z|j1 < ||z||5 for all x € R™.

Theorem 3. Let g : R" — R and (e,,,) be a sequence of positive real numbers
such that e, — 0. The function g(x) + v||z||1 is the epi-limit of the sequence of
functions hy, : R — R defined as

hin () := g() +~[lzll7™ (®)

Proof. Let (x,,) be a sequence in R™ such that x,, — x. Since ||
to ||z|l1 as m tends to infinity, we have that

£
1™ converges

lim_Ayn(2m) = 9(2) + a1 (9)
m—0o0
Also, by lemma 1, it follows that for any x,, € R™ and any €,, € Ry

9(Tm) + 'Vme”im > g(xm) +l|2mlli- (10)

Taking lim inf at both sides over all sequences x,, — x we obtain that
timinf g() + Y|l > 9(2) + ] (1)

This completes the proof.
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By means of mollified functions it is possible to define generalized directional
derivatives for a non-smooth function f, which, under suitable regularity of f,
coincide with Clarke’s subdifferential. In [12] (see also [8,9,15] for alternative
definitions of generalized derivatives through mollified functions), a generalized
gradient w.r.t. the mollifier sequence f., has also been defined in the following
way:

O f(x) = {limsup Ve (Tm), Tm — x} . (12)
m——+o0
Theorem 4. [12] Let f : R™ — R be locally Lipschitz at x; then O f () coincides
with Clarke’s subdifferential at x.

Theorem 5. Let g : R™ — R be differentiable and locally Lipschitz at x. Also, let
h(z) = g(x) +7v||z||1. Then, O-h(x) coincides with Clarke’s subdifferential at x.

Proof. Clearly, ||z||1 is Lipschitz continuous with Lipschitz constant one since
Nzl = llyllal < llz =yl (13)

Moreover, since g is locally Lipschitz at x, it follows that h is locally Lipschitz
at x as well. Also, by definition of O:(-) one has that

O:h(z) :== {limsup Vig(zm) +Yllzmlli™), 2m — x} (14)

m——+oo

m——+o0

™)y T, — 1:} (15)
= Vg(x) + 7 {limsup V(|zmll5™), €m — x} , (16)
n—-+4oo

where the last equation is indeed the set of Clarke’s subgradients of h at x.

In the sequel we will use the following family of smoothing Gaussian func-
tions:

belw) = (%), a7)

where ) )
. I3
¢(z) = e 2

@ = 7=

It is well known that ¢. is a density function, so its integral over R" is equal to

one, it is smooth, and ¢. goes to zero when ||z|| — +o0o. However, this sequence

is not a proper family of mollifiers as each element ¢. does not have a compact

support. Nevertheless, it can be proved that, given a function f, the family of

smooth functions

(18)

fo) = (b)) = 5 [ a6 (2) s (19)
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epi-converges to f when ¢ — 0. This easily follows by taking a sequence of
mollifiers s with compact support converging to (,ZAS when § — 0, and then use
the convergence properties of mollifiers.

Furthermore, Theorems 3 and 5 guarantee that the sequence of minimizers
x¥ of (6) converges to a minimizer 2* of (5) when e tends to zero. In other words,
i — " ase — 0.

3 SSIM-Based Optimization with Sparsity

The Structural Similarity Index Measure (SSIM) between z and y, where z,y €
R™, is defined as [28]

gty + Ch ) ( 20,0, + Cs ) < Oy +C3 >
SSIM(z, y) — . 20
(z,9) <u§+,u§+01 02+ 024 Cy) \0,0y+Cs (20)

Here, yi, and p, denote the mean values of x and y, respectively, and o, denotes
the cross correlation between x and y, from which all other definitions follow.
The small positive constants, C7, Cy and C3 provide numerical stability and can
be adjusted to accommodate the Human Visual System (HVS) [28,29].

Under the assumption that the vectors x and y have zero mean, the latter
expression can be simplified:

22Ty + C

S(z,y) = : 21
@Y = EETE+C 2

where C' = (n — 1)Cs. Reformulation of the SSIM as a normalized metric comes
out from the definition of the following distance-dissimilarity function T'(z,y)
[6,17,18):
Iz —yl3
T =1=8509) = ppiqyg o .

Note that 0 < T'(x,y) < 2. Furthermore, T'(z,y) = 0 if and only if z = y.

Algorithms for solving (6) can be developed by first computing its gradient.
To do this, we define the following non-linear functional:

f(@) =T(z,y) + 7l (23)

Its gradient is given by

28 (z,y)AT Az — 2ATy / - (:U — z)
Vi(z) = + Vo dz, 24
N /R S ey A

where Vo, () is equal to

Vo (£) =L )

(27T)n€n+2

By using (24), and defining 1 = [1,---,1]T € R™, we propose the following
algorithm for solving (6):
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Algorithm 1. Gradient descent for unconstrained SSIM-L! optimization via
mollifiers

initialize Choose = = z¢, A;
data preprocessing iy = %lTy, y=vy—yl;
repeat
=2 )\Vfg(il?),
until stopping criterion is met (e.g., [|[2(™%) — 2D < §);
return z, y =y + y1.

Notice that this algorithm will return an optimal x* such that the mean of
Ax* is zero. Nevertheless, it is possible to obtain the non-zero mean optimal x*
by means of the following equation:

o* =" + (AT A1 AT, (26)

provided that the inverse of AT A exists (see [17] and [18] for more details).

4 Experiments

In these experiments we solve the approximate sparse reconstruction problem
(6) with the proposed gradient-descent algorithm. Its performance is measured
by comparing its recovered solutions with the solutions obtained by the algo-
rithm introduced in [17] for solving (5) and the solutions of problem (1). In all
computations a set of Discrete Cosine Transform (DCT) coefficients is to be
recovered; therefore, problem (1) was solved by means of the soft-thresholding
(ST) operator [16,23].

In all the experiments images were divided into non-overlapping 8 x 8 pixel
blocks. As expected, the means of each block are subtracted prior to processing,
which are added after the non-overlapping blocks have been processed. This is
also done when problem (1) is solved at each pixel block for the sake of a fair
comparison between the different methods.

It is worthwhile to mention that for computing the integral of the gradient
of (23) we performed a Monte Carlo integration (see Eq. (24)). This can be done
by noticing the fact that calculating

1 (25 ) as (1)

is equivalent to compute the expected value E(]|z]|1(x — z)), where z follows a
Gaussian distribution of variance €2 and mean equal to z.

In Fig. 1, in the left plot it can be observed an example of the optimal DCT
coefficients that are obtained by the different methods that are being compared.
Plots in red and green correspond to the solutions obtained by the algorithm
introduced in [17] and ST respectively. The blue plot is the optimal solution
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that was obtained by the proposed method when € = 0.001. True sparsity in the
solution is not achieved since this occurs in the limit when € — 0; nevertheless,
it can be seen that the proposed method gives a good non-sparse approximation
of the solution of the non-smooth problem (5). This in fact can be useful for
providing a good initial guess of a thresholding method that solves (5) [24]. In
the plot on the right it can be seen how a sequence of optimal solutions of (6)
gets closer to a solution of (5) as € tends to zero. In this case, the plot in magenta
corresponds to the set of optimal DCT coefficients that is obtained by solving
problem (5).

As for visual results, these are shown in Fig. 2. In the presented example, a
sub-image of the test image Lena was employed. In the bottom row the original
sub-image and its recovered counterparts can be observed. Regularization was
carried out at all non-overlapping pixel blocks in such a way that the number
of non-zero DCT coefficients obtained by the algorithm introduced in [17] and
the ST operator is always 19. As for the regularization of the proposed algo-
rithm, the values of the regularization parameter that were used were the same
that were employed for the algorithm that solves the non-smooth problem (5).

Fig.1. The plot on the left shows an example of the different solutions that were
obtained by the three methods that were compared. The plot on the right shows how
a sequence of minimizers z; of the mollified SSIM-based optimization problem (6)
converges to a minimizer z* of the non-smooth problem (5).

Mollified Non-moliified sT

Original Mollified Non-mollified

IRRER

Fig. 2. Visual results for a sub-image from the test image Lena. In all cases, regular-
ization is carried out to induce the same degree of sparsity for all methods at each
non-overlapping pixel block. In the bottom row the original image and its reconstruc-
tions are shown. The corresponding SSIM maps can be seen in the top row.
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This was done in this way since in the limit when e — 0, both problems (5)
and (6) are equivalent. In other words, the strength of the regularization tends
to be the same for these two methods. Along with the images of the bottom row,
the SSIM maps that depict the similarity between the original sub-image and
its reconstructions are shown in the top row. The higher the brightness of these
maps at a given location, the higher the SSIM at that particular point [28]. As
mentioned in [17], performance of the ST approach and their algorithm is very
similar, however, the average T'(Ax, y) of the non-mollified SSIM-based optimiza-
tion problem (0.9156) is higher than the average T'(Ax,y) of the L? counterpart
(0.9117). As for the proposed approach, the recovered image is visually more
appealing than the other two methods, and as expected, the average T'(Ax,y)
is the highest of the three approaches that are being compared (0.9629). This
should not be surprising since several recovered DCT coefficients are not set to
zero by the proposed algorithm, which is not always the case for the other two
methods.
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