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ARTICLE INFO ABSTRACT

The concept of a mapping, which takes its values in an infinite-dimensional functional space, has been studied
by the mathematical community since the third decade of the last century. This effort has produced a range of
important contributions, many of which have already made their way to applied sciences, where they have been
successfully used to facilitate numerous practical applications across various fields. Surprisingly enough, one
particular field, which could have benefited from the above contributions to a much greater extent, still relies on
finite-dimensional models and approximations, thus missing out on numerous advantages offered through
adopting a more general framework. This field is image processing, which is in the focus of this study. In
particular, in this paper, we introduce an alternative approach to the analysis of multidimensional imagery data
based on the mathematical theory of function-valued mappings. In addition to extending various tools of
standard functional calculus, we generalize the notions of Fourier and fractal transforms, followed by their
application to processing of multispectral imaging data. Some applications and future extensions of this work
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are discussed as well.

1. Introduction

In imaging science, the concept of function-valued mappings
generalizes the concept of vector-valued functions (or, equiva-
lently, vector fields), the simplest example of which would be
colour images [24]. In a more general case, vector-valued functions
provide a quite natural, if not obvious, representation: associated
with each pixel location x is an N-dimensional vector
u@) = ((x), up (x),...,uxy(x)) € RV of image values. Thus, in the
context of hyperspectral imaging, u(x) corresponds to N values of
spectral reflectance, measured at the location x over N different
wavelengths 1, 4, ...,4y. It is important to note, however, that the
entries of u(x) are, in fact, a discretization or sampling of the
continuously defined spectral function at x.

As is well known, many image processing procedures performed on
colour images (such as, for example, image compression) rely on
colour-space transformations, intended to exploit the significant cor-
relations between colour channels. Analogous procedures have been
devised for higher-dimensional vector-valued images as well. Thus, for
instance, it is common to reduce the correlation between different
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channels of hyperspectral images by means of principal component
analysis (PCA), as discussed in [13]. In all such cases, the images thus
obtained are consequently dealt with as “image cubes”, in which case
the range (e.g., RY) is simply regarded as an additional (discrete)
coordinate.

As opposed to the “image cube” formalism, a number of very
effective image processing solutions, capable of working directly on the
correlated channels of vector-valued images, have been recently
developed [21,7,22]. Rather than treating the range of such images
as “yet another dimension”, such methods are essentially vector-based,
in the sense that they consider the input to be a mapping from its
domain to R". Naturally, this approach leads to an important question,
namely: Could vector-valued images be better understood, and perhaps
better algorithms be developed, if their range were a space of
continuously defined functions instead of RV? To establish a “backward
compatibility” between the continuous and discrete formulations, we
recall an obvious fact: the elements of RY admit an alternative
interpretation as functions from {1, 2,...,N} to R. Besides, the field of
mathematical imaging has witnessed a great number of conceptual
breakthroughs, which resulted from working with continuous counter-

E-mail addresses: dotero@uwaterloo.ca (D. Otero), davide.latorre@unimi.it, davide.latorre@nu.edu.kz (D. La Torre), olegm@uwaterloo.ca (0. Michailovich),

ervrscay@uwaterloo.ca (E.R. Vrscay).

http://dx.doi.org/10.1016/j.sigpro.2016.12.014

Received 22 April 2016; Received in revised form 16 October 2016; Accepted 12 December 2016

Available online 16 December 2016
0165-1684/ © 2016 Elsevier B.V. All rights reserved.


http://www.sciencedirect.com/science/journal/01651684
http://www.elsevier.com/locate/sigpro
http://dx.doi.org/10.1016/j.sigpro.2016.12.014
http://dx.doi.org/10.1016/j.sigpro.2016.12.014
http://dx.doi.org/10.1016/j.sigpro.2016.12.014
http://crossmark.crossref.org/dialog/?doi=10.1016/j.sigpro.2016.12.014&domain=pdf

D. Otero et al.

parts of discrete images, viewed as elements of standard functional
spaces, such as L2. Should we not expect that the representation of, say,
the spectral portions of hyperspectral images as functions could do the
same?

To formalize the above conceptual generalization, we introduce an
alternative representation of multivariate data as function-valued
mappings (FVM) of the form,

u: X - F(Y), (€8]

where X denotes the support (aka domain) of the FVM, and #(Y) is a
Banach space of either real- or complex-valued functions defined over
an appropriate set Y. While X can still be a subset of either R? or R? (as
it is usually the case with standard planar or volumetric images), the
definition of #(Y) is problem-dependent. For example, in the case of
hyperspectral images, we may consider 7(Y) = L?(R), which suggests
that for each x € X, the function u(x) € L*(R) is a spectral function
with finite energy. (That being said, it may be advantageous to consider
functional spaces with much greater regularity, such as, e.g., the space
of functions with bounded variation (BV) [11]. This is an open question
that requires more study.)

At this point, it should be mentioned that outside of the area of
imaging science, the FVM formalism has been widely used across
different fields of mathematics, including partial differential equations
[45], harmonic analysis [32,37], statistics [2], and analysis [16]. In fact,
FVMs are known in the mathematical community as Banach-valued
functions (BVF), studied by analysts who were mainly interested in
extending the classical results of real-valued functions to a Banach-
valued setting [16,10,14]. However, within the realm of applied
sciences (and imaging sciences, in particular), the full potential of the
FVM formalism remains largely untapped, apart from a few exceptions.
For example, in [31], the authors use the FVM approach to analyze
medical diagnostic data acquired by means of diffusion Magnetic
Resonance Images (dMRI). An alternative to FVM was presented in
[26] through the introduction of the concept of measure-valued
functions/images, which have been shown to be well suited for non-
local image processing. Indeed, non-local means (NLM) denoising
[8,9] and fractal image coding [25] are only two among many image
processing procedures which can be formulated and conceptualized
using this measure-valued methodology, as demonstrated in [26].

We acknowledge that papers on remote sensing which employ
“Banach space techniques” have appeared, e.g., [28,39]. The Banach
spaces considered in these papers, however, involve the spatial
domains of the hyperspectral images and not the spectral domains.
Much closer to the spirit of function-valued mappings are papers which
actually focus on the spectral functions comprising hyperspectral
images, for example, dictionary methods [29] and basis expansions
[12,36]. We also note the following paper which has emphasized the
importance of determining proper spectral distance functions and
metrics for hyperspectral image processing [15].

The main purpose of this paper is to set up a basic mathematical
framework for FVMs. Based on this framework, we shall be able to
extend the formulation of Fourier transform to FVMs, thereby paving
the way for the extension of other standard transformations (such as,
e.g., wavelet transform). We also consider a class of fractal transforms
for FVMs, which have been used for the processing of hyperspectral
images [42,43]. In particular, we demonstrate how a fractal transform
on a FVM u induces a generalized fractal transform operator on the
Fourier transform of u. It is hoped that our formulation of FVMs will
stimulate further research, which could lead to new algorithms for the
processing of multi-variable complex datasets, and of hyperspectral
images, in particular.

2. Definition and motivation of FVMs

In what follows, we let X denote the domain of a FVM u, which is
defined as a mathematical relation that assigns to every x € X a
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function f in some functional space F(Y), as suggested by (1). For
the sake of concreteness, X and Y may be assumed to be sets in R" and
R™, respectively (unless stated otherwise). We also let the pairs
X, |Illx) and (F(Y), |I-ll=x)) denote corresponding Banach spaces, with
the elements of #(Y) being either real- or complex-valued functions
supported on Y. Note that setting X = R?> and 7(Y) = IR" recovers the
standard case of vector-valued functions/images, with hyperspectral
imaging being among its most quintessential examples. As such, (1)
can be considered to be a generalization of these classical representa-
tions.

Although in this paper we focus our attention on hyperspectral
images, it is worthwhile to see how other kinds of data sets can be
represented using the FVM approach.

Example 1. [31] dMRI is a powerful tool of modern medical imaging
which allows a non-invasive probing of the diffusivity property of water
molecules in vivo. In a particular variant of dMRI, known as high-
angular resolution diffusion imaging (HARDI), the measurements are
acquired at different anatomical locations over a range of orientations
of diffusion encoding. Such signals may, therefore, be conveniently
represented by a FVM u: X € R?® — 12($?), where F(Y) = 1%($?) is the
space of square-integrable functions supported on the unit sphere $2.

Example 2. A sensor network [41] may be considered as a FVM
u: X - F(Y), where X is a graph and F(Y) is, e.g., the space of square
integrable functions that are supported on a subset of R.

Example 3. A video sequence may be viewed as a FVM
u: X CR* - BV (Y), where BV(Y) is the space of functions of
bounded variation and Y is a subset of the real line. In a video, at
each x € X we may have functions with discontinuities, and thus the
function space BV(Y) seems to be a reasonable choice for the range of
u.

3. Mathematical foundation of FVMs

In this section, we present the mathematical foundation of FVM
processing, which consists of three parts: (i) calculus of FVMs, (ii) LP
spaces of FVMs, and (iii) the Euler-Lagrange equation for FVM-based
functionals. In each of the above cases, we introduce associated
mathematical concepts that are employed throughout this paper. The
reader who is familiar with the basic mathematical concepts of
functions that take values in a Banach space may skip this section.

3.1. Calculus of FVMs

As with the calculus of real-valued functions, the concept of limit is
also fundamental to the calculus of FVMs, which we introduce in the
following definition.

Definition 1. Let u: X c R" —» F(Y). Let x be a point that belongs to
either X or its boundary 0X, and let N' be an open neighbourhood of
f € F(Y). We say that u is eventually in N as x approaches x, in the
|I-|lx sense if there exists an open neighbourhood M of xy such that
x # x9, x € M, and x € X implies that u(x) € N'. We say that u tends to
f when x tends to xp, which we write as
limu(x) =1,
x=x0
when, for any neighbourhood N of f, u is eventually in N as x
approaches xp. If, as x tends to xy, u(x) does not approach any
particular function f € #(Y) in the ||-[lr, sense, then we say that the
limit of u as x — x; does not exist.

The following theorem shows that Definition 1 has an &-6 counter-
part.

Theorem 1. Letu: X c R" - F(Y) and let xy be a point in either X or
its boundary 0X. Then lim,_, . u(x) = f if and only if for all ¢ > 0 there
exists & > 0 such that, for x € X that satisfies 0 < || x — xo |lx < 8, we



D. Otero et al.

have that || u(x) = f g < €.

Proof. See Theorem 3.1.1 of [34]. o.

As mentioned earlier, an FVM is a mapping between two Banach
spaces. As such, the derivative of an FVM u at a given point xo € X C R"
may be defined by means of the Fréchet derivative:

Definition 2. Let u: X C R" - F(Y). We say that Du(x,) is the
(Fréchet) derivative of u at xy € X if

| u(xo + 1) — u(xo) — Du(xo)h |lFy)
7 llx 2

Moreover, Du: X — ¥(Y) is bounded and linear. Also, if (2) exists at all
Xo € X, we say that u is differentiable in X in the ||-||l#y) sense.

As in the case of real-valued functions of several variables, FVMs
also have a directional derivative. Such a derivative can be defined by
means of the Gateaux derivative.

lim =0.

h—0

Definition 3. Let u: X C R" - F(Y). We say that Du(xg; h) is the
directional derivative of u at x, € X in the direction of # € R" if the
limit
u(xg + €h) — u(xp)

e 3)

exists. If (3) holds for all x € X, we say that u is Gateaux differentiable
in X.As usual, Fréchet differentiability implies Gateaux differentiability,
while the opposite direction does not necessarily follow.

In the case of X C R", we can define the partial derivatives of
u(x) = u(x,...,x,) with respect to the coordinates x;. Specifically, as in
the case of standard calculus, the partial derivative du/ox; is defined as
the following directional derivative,

Du (xp; h) = lim
el0

ou .
— = lim
ox;  h—0

wXp, .. Xi + hnx,) —u(n,..

h

i,...,x")

Q)

Theorem 2. If the partial derivatives du/dx; exist at every x € X, and
if, for all i, the mappings ou/dx;: X C R" - F(Y) are continuous at a
point xy € X, then u is differentiable at x,.

Proof. See Proposition 3.7.2 of [10]. o.

Theorem 2 implies that, at each x € X, Du(x) can be considered to
be a member of the product space §:=F(¥Y) X F(Y)x--xF(Y) = F(Y)",
and thus the derivative Du can be viewed as an operator from X to §,
which can be shown to be bounded. In what follows, we denote this
operator by V.

The integration of FVMs can be defined by means of the Bochner
integral [2,6], which is a natural generalization of the Lebesgue
integral for mappings that take their values in a Banach space. The
Bochner integral inherits many properties of Lebesgue integration,
chief among which is linearity.

Definition 4. Let u: X CR" —» ¥(Y) and let (X, X, u) be a measure
space, where u is the canonical Lebesgue measure and X is a o-algebra
of X. We say that u is measurable if there exists a sequence {¢,} of
X-simple mappings, where ¢, XCR"— F(Y), such that
lim, o || #u(x) = @,®)|l7v) = 0 for almost all x € X in the sense of
Lebesgue measure.

In the context of the above definition, an X-step mapping is a
measurable mapping ¢: X - F(Y) with finite range: that is, ¢ is a
mapping such that its range is the set

R)=1{f:fieF),ieN, 1<i<n}, (5)

and whose inverse mapping ¢! assigns to every f € R(p) its
corresponding measurable set A; € X; i.e.,

A= (HEZ (6)

for all 7, with u(4;) < o for every non-zero f;. If the condition
u(A;) < oo is dropped, then ¢ is called an X-simple mapping. Both
X-simple and X-step mappings can be represented in terms of the usual
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characteristic function x as given by

o) = D fixa, (0,
Z; ! %)

where, for a set D, y,(x) = 1 if x € D and zero otherwise. In particular,
the integral of an X-step mapping is given by

[odu= Y naos.
i=1
Furthermore, the integral of ¢ over any D € X is defined as

fD pdp = f Pxpdp. ©)

Based on the above definition, we can now formally define the
integral of a measurable FVM as follows.

8

Definition 5. Let u: X CR" —» F(Y). Also, let X be a o-algebra of X
and (X, X, 4) be a measure space endowed with the Lebesgue measure.
If u is measurable, we say that u is integrable if there exists a sequence
{@,) of X-simple mappings such that the real-valued function
[l u(x) — @,(x)ll7) is Lebesgue integrable for each n and

tim [l 1) = 0,0l dr = 0. 10)

Moreover, for each D € X, the integral of u over D is defined as

The latter definition of integrability might be difficult to apply in
general. However, for finite measure spaces, the integrability of a
measurable FVM is easier to verify based on the following criterion.

Theorem 3. Let u: X CR" — F(Y) be a measurable FVM, and let
(X, 2, ) be a finite measure space. Then, u is integrable if and only if
|| w @)l is Lebesgue integrable, that is, /x | u()llgyy dx < o0.

Proof. See Theorem I11.2.2 of [16]. o.
Interestingly enough, we have that the set of all integrable FVMs of
the form u: X CR* - F(¥) forms a subspace in the vector space of

measurable FVMs, which we denote by M«, i.e.,
Mg = {u € (F(Y))X: uis measurable}. (12)

The integral of FVMs is also a linear operator from the set Mg into the
function space ¥ (Y).

Theorem 4. If u and v are integrable and a, p € R, then au + pv is
also integrable and

/D(au+ﬁv)dx=a/1;udx+ﬂfnvdx

fordlDezXx.

(13)

Proof. See Theorem 11.43 of [2]. 0.
3.2. LP spaces of FVMs

In the literature, the L” spaces of functions that take values in a
Banach space are known as Lebesgue-Bochner LP spaces [16,45].
However, for the sake of nomenclatural simplicity, in this paper, we
refer to them simply as IL? spaces. Specifically, we have the following
definition.

Definition 6. Let (X, X, u) be a measure space and 1 < p < c0. We
define the LP(X; F(Y)) space as the set of all equivalence classes of u-
measurable FVMs of the form u: X C R" — F(Y) such that

1/p
||u||,,==[ S, dx] < o, "
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In particular, if p = oo, we have the space L®(X; #(Y)) whose elements
are measurable FVMs such that

[l lloo:=esssup {|| u(xX)|lFr)} < oo,
xeX

(15)

where the essential supremum is taken with respect to the measure p.

Both |||l and ||-||, fulfill the properties of a norm, so that L” spaces
are normed spaces, which implies that || u ||, is the norm of
u € LP(X; ¥(Y)). Moreover, if F(Y) is a Banach space, then
LP(X; F(Y)) is a Banach space as well. More formally, we have the
following result.

Theorem 5. Let (X, X, u) and (Y, T, v) be finite measure spaces and
let 1 <p < 0. If F(Y) is a Banach space, then L?(X; ¥(Y)) is also a
Banach space.

Proof. See Theorem 3.2.2 of [34]. o.

Given the previous theorems, it can be seen that L” spaces of FVMs
are Banach spaces. In other words, L* spaces “inherit” the complete-
ness of their function space #(Y). A similar line of arguments can be
used to establish separability of L” spaces.

Theorem 6. If F(Y) is separable and X C R, then L?(X; ¥(Y)) is also
separable.

Proof. See Problem 23.2 of [45], Volume II-A. .
Finally, we arrive at a result that has particular importance for
practical applications of the theory.

Theorem 7. If #(Y) is a Hilbert space with scalar product (-, )#y),
then L*(X; F(Y)) is also a Hilbert space with scalar product defined as

vy = [ e, v@)rd, 16)

for allu,v € L*(X; F(Y)).
Proof. See Theorem 3.2.4 of [34]. o.

3.3. Euler-lagrange equations for FVMs

In this section, we still consider FVMs supported on a subset of R”,
ie., u: X CR" - F(Y), and derive the Euler-Lagrange equation for
functionals that take such u as their argument. In particular, we focus
our attention on functionals of the following form
1) = [ 00, V), a
where f: X X F(Y) x G"(Y) — R is a mapping that is Fréchet differ-
entiable with respect to all of its arguments, and G"(Y) is the Cartesian
product of the range of V,; that is, G*(Y) = G(Y)X---XG(Y), where
%: X c R*" > G(Y). The solution of the Euler-Lagrange equation is an
FVM that belongs to the set of stationary points of I(u).

Theorem 8. Let (X, X, u) and (Y, T, v) be finite measure spaces. Also,
let u: X CR" - F(Y), X and assume that the

s XCcR'— G(Y),
function
D (x)=f (x, u(x), Vru(x))

is integrable over X. In addition, suppose that the Fréchet derivatives
of [+ XX F(Y) x G"(Y) - R with respect to all of its arguments are
continuous. Define the functional I (u): Z(F(Y), G(¥)) — R as follows:

(18)

I ()= fx £ 1), Veu(x)dx, 19

where Z (F(Y), G(Y)) is a Banach space of FVMs that depends on the
function spaces ¥(Y) and G(Y). If up: X C R* - ¥(Y) is a stationary
point of I(u), ug is the solution of the equation

of of

g —v.
™ Vo

(Veup) = 0. 20)

where % € F(Y)* and % € G"(Y)* are the Fréchet derivatives of f
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with respect to u and Vy, respectively, V- is the classical divergence
operator, and F(Y)* and G(Y)* are the dual spaces of F(Y) and G(Y)
respectively.

Proof. See Theorem 3.3.1 of [34]. o.

We consider Eq. (20) as the Euler-Lagrange equation associated
with the functional I(u) defined in (19). As in the case of its classical
counterpart, it is a necessary condition for solutions of the variational
problem stated in the previous theorem, however, it is not a sufficient
condition for the existence of such solutions. To determine if such
solutions exist, the standard sufficient conditions from calculus of
variations can be employed [45].

4. Fourier transforms of FVMs

In [37], Peetre provides perhaps one of the first generalizations of
the Fourier transform for Banach-valued functions. In fact, for
p € (1, 2], Peetre proves that the Fourier transform is a bounded
operator from L”(R; Z) to L4 (R; Z), where q is the Holder conjugate of
p and Z is a Banach space. This result was further extended by Milman
in [32], where it is proved that the Fourier transform is a well defined
operator from L”(G; Z) to L7 (G; Z), where G is a locally compact
abelian group and G its Pontryagin dual'.

Based on the above results and on the definition of the Bochner
integral [2], the following definition of the Fourier transform was
proposed in [40],

— lw-x
U(w)y= /R e u(x)dr, on
where u: IR" — H is an element of L' (R"; H), with H being a separable
Hilbert space. As detailed in [40], U(w) can be shown to be well-
defined, bounded operator from L'(R%; H) to L®(R"; H).
Unfortunately, no definition of the inverse Fourier transform is given
in the above study.

The already existing definitions of the Fourier transforms for
Banach-valued functions provide the foundation for defining the
Fourier transform of FVMs. In particular, we focus our attention on
the elements of the space of integrable FVMs, i.e., L'(R"; F(Y)).

Definition 7. Let u € L'(R"; F(Y)), with the space F(Y) being
complex-valued. We define the Fourier transform of u as the integral®
o— —_ —lw-x
F{u}(0)=U (o) = fR e u(x)dr, ©2)

where w € R".

Technically, @ must belong to the Pontryagin dual of R". However,
the Euclidean space R” is a locally compact abelian group that is self-
dual, and therefore w is again an element of R". Moreover, in a general
setting, it is customary to employ the Haar measure when integration is
carried out over a locally compact topological group. However, in the
case of R”, the Haar measure is Lebesgue measure.

Remark 1. The Fourier transform in (22) could be viewed as a
generalization of the classical definition of the Fourier transform of a
vector-valued function u. Recall that in such (finite-dimensional) case,
the Fourier transform of u = (u, uy,...,u,): X € R" - R™ is standardly
obtained through transforming each component u; of u independently.
In this regard, it is interesting to observe this classical construct follows
naturally from its generalization in (22) through setting #(Y) = R™.

Theorem 9. The Fourier transform F in (22) is a bounded operator
of the form

F: L'(R% F(Y)) = L (R™ F(Y)). (23)

1 In brief, the Pontryagin dual is the set of all frequencies w. The “nature” of this dual is
determined by how the set G is defined (e.g., the real line, a finite cyclic group, etc.)

2 Note that, as opposed to (21), we define the exponential to have a negative argument,
which is more conventional to image processing.
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Proof. See Theorem 4.2.1 of [34]. o.

Unfortunately, the inverse transform operator is not well-defined
for all elements in L*®(R"; ¥(Y)), as not all FVMs in this space lie in
L'(R™; F(Y)). As such, we define the inverse transform under the
assumption that both u and U belong to L' (R"; F(Y)), as is customary
in harmonic analysis [18].

Definition 8. If both u and U are elements of L! (R"; 7(Y)), the inverse
Fourier transform of U can be defined as

FHU @=—— [ U @do.

{U} (@) o Jue e (w)dw o
The measure of the above integral is defined as the dual measure i of
. In our particular case, we have 7 = ﬁ” [18].

Theorem 10. If both u and U belong to L'(R*; F(Y)), then

/rR"e > U (w)dw, (25)

where U (w) 1s defined in (22).
Proof. See Theorem 4.2.2 of [34]. o.
It is clear that the operators F and F-! are linear, which is, of

course, a consequence of the linearity of the Bochner integral.
Formally, for any a, # € C and u, v € L'(R"; F(Y)) we have

F{au + pv} = aF{u} + pF{v}, (26)
and
F-'{aU + BV} = aF-'{U} + F-'{V). 27)

Moreover, as in the classical case, Fourier transforms of FVMs also
possess many useful properties which relate the Fourier transform of
an FVM u with that of its shifted, modulated, scaled, as well as
differentiated and integrated versions, as detailed in the next two
theorems.

Theorem 11. Let ue€ L'(R%; F(Y)) and U(w) be its Fourier
transform. Also, let wg, xo €R" and a €R, a#0. Then, the
following assertions hold

1. Translation: F{u(x — xp)} = e7*U (w).
2. Modulation: F{e= @0y (x)} = U (0 — wy).

3. Scaling: F{u(ax) = U2

lal

4, Integration: j[R Lu(x)dx = U(0).
Proof. See Theorem 4.2.3 of [34]. o.

Theorem 12. Assume all % and (iw,—)’U are elements of L'(R"; F(Y))
i

with 0 <[ < k. Then,

F{ﬁ;}(w) = (i0)*U ().
ox; (28)
Proof. See Theorem 4.2.4 of [34]. o.

It is interesting to observe that, similarly to the classical case, the
Fourier transform in (28) diagonalizes the differential operator. The
following result shows that the diagonalization properties of the
Fourier transform extend to the convolution operator as well. In fact,
the theorem generalizes the famous convolution theorem for scalar-
and vector-valued functions.

Theorem 13. For u, v € L'(R"; F(Y)),

(u*v) (x):= -/|R” ulx — z)v(z)dz = »/II;" uZ)v(x — z)dz

(29)
is in L'(R"; ¥(Y)) and

F{u*v} = F{u}F{v}. (30)
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Proof. See Theorem 4.2.5 of [34]. o.

5. Fractal transforms on FVMs and associated operators on
their fourier transforms

In [42], the FVM formalism was applied to processing of hyper-
spectral (HS) images, which can be considered to be FVMs from a pixel
space X to L?(R). The main objective of the study was to explore some
basic self-similarity properties of HS images, which has led to the
formulation of a family of fractal transforms acting upon them. A
rigourous mathematical framework for such transforms was further
developed in [43]. One of the main results of the above study was to
show that, under certain conditions, a fractal transform T can be
contractive, which implies the existence of a fixed point # such that
Ti = u. Naturally, this leads to the inverse problem of fractal image
coding, which consists in finding a fractal transform T with fixed point
u that approximates a given u to a sufficient degree of accuracy. As in
the case with fractal coding of greyscale images, this problem can be
solved by means of collage-based coding [25] (to be defined in Section
5.3), seeking a fractal transform T that maps the image u as close to
itself as possible.

In what follows, we outline the mathematical framework for fractal
transforms of FVMs. Our principal motivation is to show that a fractal
transform T acting on an FVM u induces an operator T* on the Fourier
transform U of u.

5.1. A complete metric space (Z, dz) of hyperspectral images

In the context of HS processing, data images are interpreted as
FVMs from a pixel (or base) space X to the space of spectral functions
F(Y) [31,42]. More specifically, we consider the following practical
settings and their related definitions.

e The base space X: The compact support of HS images, with metric
dx. For convenience, we assume X = [0, 1]*, where n=1,2 or 3.
The spectral space 7(Y): The space L>(R,) of square-integrable
functions supported on a compact set R; C R;:={y € Rly > 0}. As
follows from Theorem 7, L?(IR,) is a Hilbert space with the standard
definition of the inner product, i.e.,

¢, g) = /[R FOIEOM VS8 € PR, .

In what follows, the norm defined by the above inner product will be
denoted by |- [l;2 -

Now, let Z denote the set of all FVMs from X to L2(R,). Given a
u € Z, then at any particular x € X, u(x) is an element of the space
L*(R,). Moreover, following [31], the norm ||-||,2g, may be used to
define a norm ||-||; on Z which, in turn, defines a metric d on Z.
Specifically, for any u, v € Z, we have

12
- _ 2

dy(u, v) = [ S = v B dx] : 32

By Theorem 5, the space L?(X; L*(R,)) is complete, which implies that

the metric space (Z, d;) of HS images is complete as well.

5.2. A class of fractal transforms on (Z, dz)

We are now in position to introduce a class of fractal transforms on
Z. For the sake of notational simplicity, we assume the HS images to be
defined over “one-dimensional” pixel space X = [0, 1]. The extension to
[0, 1]" (and, in particular, n=2) is straightforward. The following items
will be required to formalize our results.

1. A set of N one-to-one, affine contraction mappings w;: X — X,
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wi(x) = s;x + a;, x € X, with the condition that UY ,w;(X) =X. In

other words, the contracted copies, or “tiles” of X, w;(X), cover X.
2. Associated with each map w; are the following;:

(a) A scalar «; € R and

(b) A function g: R; —» Ry, B € L*(R)).

Consequently, for an arbitrary u € Z and x € X, the fractal trans-
form T: Z — Z is defined as follows,

N
D leu(w () + B,

i=1

v(x) = (Tu)(x) =

(33)
where the prime indicates that the summation is carried out over only
those i € {1, 2,...,N} for which the preimage w; ! (x) exists, i.e., those i
for which x € w;(X).

The above formulation represents a generalization of the standard
fractal transform for greyscale images [17,29]. The value of the HS
image v(x) = (Tu)(x) at a point x € X is a spectral function, i.e.,
v(x) € L*(R,). Furthermore, the values of v(x) at y € R, are given by
v(x)(y) =

N
TwE@ ) = Y, lauw 6)O) + B

i=1

(34

The function f;(y) replaces the traditional constant ff; employed in
standard fractal transforms for scalar-valued image functions [17,29].

The following theorem shows that the fractal transform defined in
(33) can be contractive.

Theorem 14. Given the fractal transform T defined in (33), for any
u,veZ,

dz (Tu, Tv) < Kdz (u, v), (35)
where

N
K= Y lIs"la;l > 0.

i=1 (36)

Proof. We simply find a bound for d;(Tu, Tv):

172
dz (Tu, Tv) = [f [ Za,(u(w‘l(x)) v ) B, ]
< 172
. »
< g (fw( Il e ™ () = v )) 1 x]
Y 172
= ; (Is, f i@ = v@) s, dz)
il 172
- [Z} 1512l ](/ 14 = V@) B, z) — Kdy(u. v).
37)
O

The following result is a consequence of Banach's Fixed Point
Theorem.

Corollary 1. If T is contractive on Z (i.e., K < 1), there exists a unique
il € Z, the fixed point of T, such that i = Tu. Furthermore, let uy € Z
be any “seed” for the iteration sequence u,., = Tu,. Then u, — i as
n — oo, i.e., dz (u,, 1) - 0.

From Eq. (34), the fixed point FVM, i, of a contractive fractal
transform T obeys the following “self-similarity” relation,

N
2O = Y Taaw @) ) + A1

i=1

(38)

In other words, # may be expressed as a linear combination of scaled
and spatially-contracted copies of itself, along with the addition of the
“shift functions” ;.
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5.3. Inverse problem for fractal transforms on (Z, dy)

We now consider the following inverse problem, a hyperspectral
version of fractal image coding [5,17,29]: Given a target FVM u € Z,
find a contractive fractal transform 7: Z — Z, such that its fixed point &
approximates u to a desired accuracy, i.e., dz (it, u) is sufficiently small.
Given the complicated nature of the fractal transform T, such direct
problems are intractable. An enormous simplification is achieved by
means of the following simple consequence of Banach's Fixed Point
Theorem, known in the fractal coding literature as the Collage
Theorem [4].

Theorem 15. If the fractal transform T in (33) is contractive on Z
(i.e., K < Nwith fixed point i € Z, then for any u € Z,

dz (u, it) < 1 _1 Kdz(u, Tu).

(39

The above result is not restricted to fractal transforms — it applies in
general to contraction maps T on complete metric spaces (X,d). In
collage-based coding [25], one looks for a contractive fractal transform
T that maps a target u € X as close as possible to itself, in an effort to
make the so-called “collage error,” d (u, Tu), as small as possible.

One of the original motivations for fractal image coding was image
compression [5,17,29]. In Section 6, we outline a simple fractal coding
method for HS images. More details are to be found in [42,43].

5.4. Induced fractal operator on the space of Fourier transforms

As in the previous section, let us consider the space
Z = L*(X; L*(R,)) with X = [0, 1]. Since X is a finite measure space,
each u € Z is also an element of L' (X; L2(R,)). Consider the L' norm of
u:

fx ) 2y .

Il el

(40)
By using the Hoélder inequality we have that
1 2
JAECIESE ﬂ(X)Z( AL dx) n
1
— 2 d 2
—( JAECI. x] )
=l ullz. (43)

Thus, it is possible to calculate the Fourier transform of u which is also
an FVM,

U(w) = F{u}(w) = f e" ™y (x)dx, ® €R.
X

(44)
Consequently, one can define the following space,
3(2) = {U=Flu}, u € L'X; *([R)): U € L*(R" L*(Ry))
n L'(R% L2 (Ry)) }. (45)

Theorem 16. §(Z) is a closed subset of L® (R"; L*(R,)) and complete
with respect to the |||, norm.

Proof. Let U, € F(Z) be a convergent sequence of Fourier transforms
toU € L*(R"; L*(R,)). We aim at showing thatU € §(Z). Letu, € Z be
such that U, = F{u,}: Thanks to Theorem 10, we also have that

u, (x) =

! f U, () do,
Qr)" Jr
which easily implies that u,, is a Cauchy sequence in Z = L>(X; L*(R,))
(because X = [0, 1]). As Z is complete, there exists a u € Z such that
u, — u whenn — oo. Let U = F {u}. The desired result follows from the

(46)
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Sfollowing simple calculation,

MU = U llso = ess Su1D{|I fx e (uy (1) — u(x))dx ”LZ([RS)}

w€R (47)
< fx Il 0 () = 1)) 2wy dx (48)
<Nty — 1 llz. 49

Since || u, — u ||z — 0, it immediately follows that || U — U, ||, — 0 as
well. o

Now recall the fractal transform 7: Z — Z as defined in (33). We
compute the Fourier transforms of both sides of (33) in order to
determine the induced fractal transform operator T~ on the space of
Fourier transforms §(Z):

N
(T ’ —iwX fl —iwx g
W (@)=(T*U) () ; fxe i (w (x))dx + /Xe Bdx

aisife—iw(y[y-#a;)u(x)dx_'_ /e—imx/}idx
X X

M=M=

a;sie”ieU (5;0) + fK (w),
(50)

where

K(w) = /Xe”““dx. 1)

The following result shows that T is Lipschitz continuous on F(2).

Theorem 17. The fractal operator T*: §(Z) — §(Z), defined by (50)
satisfies

| T*U, = T*Us |l < K* | Ui = U |l (52)
where

N
K*= Y layls;l.

vt (53)

Proof.

N
| T5U, = T o < 2 lassie™less sup (|| Ui (s50) = Us (5;0) 2 e,y }
i=1

w€R

M=

IA

lailislll Uy = Us llo = K* || Ui = U2 llw-
(54)

i=1

]

Corollary 2. If T' is contractive on §(Z) (which is guaranteed if
K* < 1),then there exists a unique U € §(Z), the fixed point of T, such
that U = T*U. Furthermore, let Uy € F(Z) be any “seed” for the
iteration sequence U,,,= T*U,. Then U,— Uas ie.,
| U,— U |l = 0.

From (50), the fixed point Fourier transform, U, of a contractive
fractal transform operator T" obeys the following “self-similarity”
relation,

n—»oo,

N
U)= Y ase T (s0) + BK (o).

i=1

(55)

In other words, U may be expressed as a linear combination of scaled,
phase-shifted and frequency-contracted copies of itself, along with the
addition of the modified “shift functions,” f,K (w). The fact that the
copies are contracted in frequency space is a consequence of the
complimentarity of space (or time) and frequency domains. A similar
complimentarity in the self-similarity relations for fixed points of
fractal transforms and their Fourier transforms in the classical,
scalar-valued case was derived and exploited in [30].
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In closing this section, we mention that the idea of a fractal
transform inducing a corresponding transform on a “dual” transform
space is not new. Perhaps one of the earliest systematic treatments, for
the case of orthogonal expansions of scalar-valued functions, including
wavelet expansions, is to be found in [19]. A discussion of transforms
induced by fractal transforms on both function as well as measure
spaces is given in [25].

6. Applications

In this section, we present two applications that employ the FVM
formalism, namely, denoising (using the Euler-Lagrange method of
Section 3.3) and fractal coding of HS images. Of course, any practical
application of our formalism will involve the processing of digital HS
images supported on an N X N,-pixel array, M channels
per pixel. As such, a digital HS image is a “data cube” which can be
represented by a vector-valued image function u: X - RY, where
X ={1,2,...N} x {1, 2,...,N,} is the base or pixel space and RY, the
nonnegative orthant of RY, is the spectral space. At a pixel location
(i1, i) € X, the digital HS image function u (i}, i) is a non-negative M-
vector with components u (if, i), 1 <k < M. We shall refer to this
vector as the spectral function at pixel (i, ip).

6.1. A simple denoising scheme

If HS images are represented as FVMs there are several ways in
which the inverse problem of denoising can be addressed. In this
section we describe one possible method which employs a very simple
denoising model. We begin with the assumption that the HS images in
which we are interested belong to C?(X; L?>(Y)), where X and Y are
subsets of IR?> and R respectively. Admittedly, this is a quite strong
requirement on the HS image in the spatial direction—piecewise
C2(X; L*(Y)) would be more “realistic”. Our assumption allows us to
use the previous formulation of the Euler-Lagrange equation, where all
derivatives are understood to be in the classical sense, along with our
definition of Fourier transforms for FVMs to arrive at a simple
denoising method.

That being said, our regularity assumption can be weakened by
introducing the notion of the variational derivative which, in turn,
requires the use of the weak formulation of the Euler-Lagrange
equation, where all derivatives are defined in the weak sense. In this
way, we could assume, more realistically, that the HS images are
piecewise continuous or perhaps even functions of bounded variation.
This, however, is beyond the scope of this paper and will be addressed
elsewhere.

With this regularity assumption in mind, we seek to recover a
denoised reconstruction i of an HS image from a noisy observation f by
minimizing the following functional, I: C*(X; L*(Y)) — R:

muin{% low =PI+ [ IV dx}- 56)
Here we acknowledge that the L?-squared norm of the gradient—a kind
of “elastic bending” term—is not an optimal norm in terms of denoising
ability—an L' norm of the gradient (total variation) would be more
effective. The L2-squared norm was chosen because it yields a closed-
form solution in terms of Fourier transforms.

Also note that we allow the regularization parameter p = p(y) to be
a function of the spectral parameter y € Y, representing the possibility
of imposing different strengths of the denoising process throughout the
spectral space Y.

From Section 3.3, the Euler-Lagrange equation which corresponds

to Eq. (56) is given by
)(y)]dy =0,

fy [p(u(x) —FeNG) - (

u(x)  0%u(x)
ox? ox?

(57)
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As mentioned in Section 3.3, a solution to (57) is a stationary point of
the functional I(u) being minimized in (56). Here we consider the
particular solution u: X — L*(Y) which satisfies the following PDE,

[ 0%u (x)

ot

0%u (x)

o2 ](y) —pu®) - f@®O») =0,

(58)
for almost all x € X and almost all y € Y (Lebesgue measure in both
cases). In this case u can be determined using the Fourier transform for
FVMs. The result is the following low-pass filter,

u(y) = F‘l{[ ]F{f}(w)}.

Once again, the variability of the regularization parameter p(y) can
produce different degrees of denoising over the spectral space Y. In the
special case that p(y) = p,, a constant, we have the classical result,

u(y) = F"‘{[ ]F{f}(w)}-

Because of the simplicity of the model in (56), where there is no
coupling between spectral components with different y-values, the
filtering in both (59) and (60) may be performed on each y-value
independently.

One final comment: Notice that when p is constant over Y, the
average of u with respect to y is invariant across all solutions to the
Euler-Lagrange Eq. (57). To see this, define the following real-valued
average functions,

()

ol +pG) (59)

Po

ol +p, (60)

) = fy u @)y, F (x) = fy FEOG)dy.

(61)
From Eq. (57) one easily obtains the following PDE in i (x),
m(x) %) i _
) _ - =0
ot ox? PEE) ~f () (62)

for a.e. x € X. Using the classical Fourier transform for functions, we
easily obtain its solution,

- { PF (@) }
ol +p

where F is the classical Fourier transform of the function f.

In what follows, we present some results obtained from the
denoising of two standard digital HS images, Indian Pines and
Salinas-A—the latter being a subset of the Salinas image. Both of
these images can be downloaded from [20]. The dimensions of the 3D
Indian Pines and Salinas-A images, assumed to be the noiseless data
sets, Ny X N, x M = 145 x 145 x 220 and 83 x 86 x 224, respectively.
Additive White Gaussian Noise with constant power over all channels
was added to these two data sets. In all experiments, the PSNR between
the noisy and noiseless HS images was 30.103 dB.

The HS images were denoised using discrete versions of both Egs.
(59) and (60) involving the Fast Fourier Transform. For the method
rendered by Eq. (59), discrete approximations, pz, of p(y), for
1 <k <M, were determined experimentally by minimizing the mean
squared error (MSE) between the kth channels of the denoised result u
and the noiseless HS image uo. In the case p(y) = p, (see Eq. (60)), the
parameter po was determined in the same manner.

The Peak Signal-to-Noise Ratio (PSNR) and the Structural
Similarity Index Measure (SSIM) [44] were employed as measures of
performance. The SSIM was computed between the original and
recovered HS images in both the spatial and spectral domains. As the
name suggests, the “spectral SSIM” was computed between (denoised
and original) spectra. The “spatial SSIM” was computed between
(denoised and original) channels. In each case, as is normally done,
an overall spectral or spatial SSIM was obtained by averaging over all
computed SSIMs. A summary of these results is shown in Table 1.

<

(63)
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Table 1

Numerical results with respect to different measures of performance. The PSNR prior to
denoising was 30.103 dB. The results presented in the second column correspond to the
cases in which the regularizing parameter is constant. The results presented in the third
column show how the denoising improves when the strength of the denoising process
changes across the spectral domain.

Po @)
SALINAS-A
PSNR (dB) 33.1069 36.3229
SPATIAL SSIM 0.9008 0.9311
SPECTRAL SSIM 0.9872 0.9927
INDIAN PINES
PSNR (dB) 31.5657 34.4031
SPATIAL SSIM 0.7368 0.8906
SPECTRAL SSIM 0.9873 0.9934

Some visual results are presented in Figs. 1 and 2. In Fig. 1 is shown
the denoising result for a particular channel (No. 23) of the Salinas
image. The noisy HS image is at the top left, the original noiseless
image is at the bottom left. The denoised channel is shown at bottom
right. At top right is shown the Structural Similarity (SSIM) map
between the denoised and noiseless image: The brighter a given
location, the greater the similarity between the denoised and original
bands at that location. In Fig. 2, the denoising of a particular spectral
function of the Salinas image (at a particular pixel) is shown.

Visual results for a channel of the Indian Pines HS image are shown
in Figs. 3 and 4.

In closing this section, we mention that the roles of the domains X
and Y in HS images—cf. Eq. (1) in the Introduction—can easily be
reversed, so that X is now the spectral domain and Y is the spatial
domain. In this case, where

wXcR - L2(Y), YCR? (64)

associated with each spectral value x € X, there is a 2D (spatial) image
u(x). Because of the greater regularity that HS images tend to exhibit in
the spectral direction, the choice of the representation space
C%(X; L*(Y)) may seem to be a more reasonable. We have shown
elsewhere that, indeed, better denoising is achieved [35].

6.2. Fractal coding of HS images

Most, if not all, fractal image coding methods employ block-based
transforms, where greyscale values supported on subblocks of an image
are mapped onto modified greyscale values supported on smaller
subblocks of the image, following the original method of Jacquin
[23]. We shall employ basically the same strategy for HS images. It is
tempting to perform fractal image coding on each channel of an HS
image separately. This, however, is contrary to the spirit of function-
valued mappings. The simple block-based fractal transform described
below operates on entire spectral functions.

As done in [1] for greyscale images, we let R™ denote a set of Ng
nonoverlapping n X n-pixel range subblocks R; ¢ X such that
X= U; R, ie, R®™ forms a partition of the pixel space X.
Furthermore, let u(R;) denote the portion of the digital HS image
function u that is supported on subblock R;. In addition, let D™ denote
a set of Np m x m-pixel domain subblocks D; ¢ X where, for simplicity,
m = 2n. This set need not be overlapping but the blocks should cover X,
ie., Uj:]Dj =X.

Given an M-channel digital HS image u, the fractal transform
operator T is constructed as follows: For each image subblock R; € R™,
we choose from D™ a domain block u(D;() in order to produce an
approximation of the form
u(R) = (Tu)(R) = au(Dj) + . 1 < i < Ne. (65)

Here f, = (B, By ---.Pu) is an M-vector which plays the role of the f (1)
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Left: Noisy band. Right: SSIM map.

Left: Original band Right: Recovered band.

Fig. 1. Visual results for band No. 23 of the Salinas HS image.
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Fig. 2. Denoising results for a particular spectral function of the Salinas HS image. For
the purpose of comparison, the original spectrum (green plot) along with the corre-
sponding reconstruction (blue plot) can be observed in the figure at the left. The
reconstruction (blue plot) and noisy spectrum (red plot) are shown in the figure at the

right.

function in Eq. (33). The term 7);,) denotes an appropriate
2n X 2n — n X n-pixel decimation operation which produces the geo-
metric contraction in discrete pixel space. Note that only one constant
a; is employed for all M channels supported on range block R;—the M
channels are not coded separately.

The approximation problem in Eq. (65) may be expressed in the

193

general form,

Vim & W + B, L KISN, 1 <m <M, (66)

where N = N; X N,. For simplicity, the N X N, matrices in pixel space
have been converted into Q-vectors. The “stack” of M N-vectors yz,,,
contain the elements of the range block u (R;) being approximated. The
“stack” of M N-vectors x;,,, contain the elements of the decimated
domain block u (/D;,-)).

The parameters a and f3,,,, 1 < m < M, which minimize the squared
L? distance,

N M
2 — — 2

4= 22 O e (67)
are given by (details in [42])

M N M M -1
a= [Z lem(y,m — ym)}[z Z X2 — N Z f,i}

m=1 =1 I=1 m=1 m=1 (68)
and
Py =T — QX | Sm <M. (69)
Here,

1 < 1 <
Xy = I 1=Z] Xy and ¥, = N 1=21 Xim 70)

denote the (spatial) mean values on each channel.

The set of range-domain assignments, (i, j(i)) and spectral map
parameters (a;, B, B, -...By) for 1 <i < Ng comprise the fractal code
of u which defines a (block) fractal transform T. If T is contractive, then
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Left: Noisy band. Right: SSIM map.

Left: Original band Right: Recovered band.

Fig. 3. Visual results for band No. 33 of the Indian Pines HS image.
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Fig. 4. Denoising results for a particular spectral function of the Indian Pines HS image.
For the purpose of comparison, the original spectrum (green plot) along with the
corresponding reconstruction (blue plot) can be observed in the figure at the left. The
reconstruction (blue plot) and noisy spectrum (red plot) are shown in the figure at the

right.

its fixed point HS image # may be computed by the iteration procedure
u,+1 = Tu,, where ug is any “seed” HS image, e.g., uy = 0.

It now remains to find the “best” fractal transform T associated with
a given HS image u, i.e., the transform T with fixed point & that
approximates u as best as possible. Because the range blocks R; are
nonoverlapping, the sums of the errors associated with the approxima-
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tions in Eq. (65) defines the total collage error d (u, Tu) on the right
hand side of Eq. (39). Since our goal is to make the approximation
error dz (u, i) on the left hand side of Eq. (39) as small as possible, we
choose, for each image range block u(R;), the image domain block
u(D;;) which best approximates u(R;), i.e., which minimizes the
(squared) error in Eq. (67). If we let A; denote the error in
approximating a range block u(R;) with a domain block u(Dy) (after
decimation), i.e.,

Ay = I(Illl_/gl [l u(R) — au(Dy) = B 2, 1)
then the index j(i) of the optimal domain block u (D; ;) associated with
u(Ry) is

J (@) = arg min 4y (72)

We now show some results of our rather simple block-based fractal
transform as applied to the AVIRIS (Airborne Visible/Infrared Imaging
Spectrometer) image, “Yellowstone calibrated scene 0”, a 512 line, 677
samples per line, 224-channel image, available from [3]. The computa-
tions reported below were performed on a 512x512-pixel section of
this image. The range blocks R; used were Nz = 4096 nonoverlapping
8x8-pixel blocks. The domain blocks D; were Np = 1048 nonoverlap-
ping 16x16-pixel blocks.

In Fig. 5 are shown some results of this fractal coding procedure:
Channels 20, 120 and 220 of the original AVIRIS image on the left
along with the corresponding channels of the fixed point approxima-
tion # on the right. After the fractal code of the AVIRIS image was
obtained, the fixed point # was generated using the iteration procedure
un+1 = Tu, starting with the zero image 1, = 0. Reasonable convergence
of the procedure was obtained at usg.
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Channel 20.

Left: Original. Right:

Fractal-based approximation.

o
.

Channel 220. Left: Original. Right: Fractal-based approximation.

Fig. 5. Some channels of the attractor @ of the fractal transform T obtained by fractally coding the AVIRIS hyperspectral image using 8x8-pixel range blocks and 16x16-domain blocks.

7. Final remarks

We have established a connection between the mathematical theory
of FVMs and image processing, showing that is possible to carry out
image processing tasks without relying on the classical finite-dimen-
sional vector-valued approach. Some simple imaging tools were pre-
sented and applied in an application where high dimensionality is
always present, namely, hyperspectral images.

On the other hand, we have employed only part of the large amount
of available mathematical theory of Banach-valued functions. In the
future, we plan to continue our investigation of ways in which existing
mathematical results on Banach-valued functions can be applied to
image processing. For example, in [33,38], formulations of total
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variation for Banach-valued functions are provided. To the best of
our knowledge, however, these contributions have not yet been
employed in imaging. Also, the concept of sparsity has not yet been
explored in the FVM context, which could provide new state-of-the-art
algorithms for imaging applications.

Lastly, it is worthwhile to mention that we have considered only
FVMs whose range is a space of either real- or complex-valued
functions. It would also be interesting to explore the notion of
vector-FVMs, that is, FVMs whose range is a vector-valued Banach
space. In this case, u: X CA - F(Y):

w(x) = [y (x),...,u, (x)1".

Observe that each u;, 1 <i < n,is a FVM of the form u;: X ¢ A — F(Y).

(73)
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The importance of this representation is that it allows to parallelize
image processing tasks. For instance, if each u; is a HS image, a set of n
HS datasets can be, say, denoised at the same time with a denoising
algorithm that is based on this representation.
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