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Chapter 1

Introduction

In a previous paper in this volume [15], henceforth to be referred to as Paper I, we
presented a unified treatment of IFS/Fractal Transform methods in terms of “gen-
eralized fractal transforms”. A theory of Fractal Transforms on Distributions was
developed so that the various IFS methods on function spaces, e.g. IFS, IFZS and
IFSM (including “Fractal Transforms” and the “Bath FractalTransform”) could
be united with IFSP on measure spaces.

In this paper we examine various methods to attack the inverse problem of
function/measure approximation using generalized fractal transforms, which in-
volve the use of IFS maps whose “range blocks” may overlap. Assuch, these
results may not appear to be greatly effective in the problemof fractal image com-
pression since overlapping blocks are viewed as redundant in the coding of an
image. However, our philosophy has been to develop a systematic theory of ap-
proximation of functions, measures and distributions using a complete “basis set”
of IFS maps.

As in Paper I, we consider such target functions or images to be elements
of an appropriate complete metric space(Y; dY ). The underlying idea in fractal
compression is the approximation, to some suitable accuracy, of a targety 2 Y
by the fixed point�y of a contraction mappingf 2 Con(Y ), i.e. f(�y) = �y. It is
thenf which is stored in computer memory. By Banach’s celebrated Fixed Point
Theorem or Contraction Mapping Principle (CMP), the unique fixed point�y may
be readily generated by iteration off , using an arbitrary “seed” imagey0 2 Y .
We have been interested [11, 12, 13, 14] in a complete mathematical solution to
the following formal inverse problem:

Given a “target”y 2 Y and an� > 0, find a mapf� 2 Con(Y ) such thatdY (y; �y�) < �, wheref�(�y�) = �y�. As is well known, the inverse problem is
somewhat simplified by the following corollary to the CMP, which is now referred
to in the IFS literature as the “Collage Theorem”:
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2 CHAPTER 1. INTRODUCTION

Theorem 1 Let (Y; dY ) be a complete metric space. Given ay 2 Y suppose
that there exists a mapf 2 Con(Y ) with contraction factorcf 2 [0; 1) such thatdY (y; f(y)) < �. Then dY (y; �y) < �1� cf ; (1.1)

where�y = f(�y) is the fixed point off .

In other words, the closer thatf maps a target pointy to itself, the closer thaty
is to the fixed point�y of f . By making� sufficiently small (if possible),�y may
become a suitable approximation toy. Rigorous solutions to the inverse problem
of approximation using IFS-type methods (i.e. for arbitary� > 0) have been pro-
vided in [12] (for measures) and [13, 14, 11] (for functions)as well as algorithms
for the construction of these approximations. Our basic strategy has been to work
with an infinite setW = fw1; w2; : : :g of fixedaffine contraction maps which sat-
isfy density conditions appropriate to the metric spaceY being employed. From
this set, sequences ofN -map IFSwN may then be chosen to produce approxima-
tions of arbitrary accuracy. As such, our formal solution establishes that the set of
fixed points generated from this infinite set of IFS mapsW is dense in(Y; dY ).

The layout of this paper is as follows. In Section 2 we briefly review our so-
lution of the inverse problem for IFSM since it is a direct method. Section 3 is
devoted to measure approximation using IFSP. This is an indirect method, since it
is the moments of the target measure� that we seek to approximate as closely as
possible. In Section 4 we formulate a general fractal transform method on orthog-
onal function expansions. In the specific case of the local IFSM method applied
to wavelet expansions, the method leads to “discrete wavelet fractal compression”
In the Appendix, a Collage Theorem for Fourier transforms ofmeasures is given.
Much of the notation used in this paper follows the notation of Paper I.



Chapter 2

Inverse Problem for IFSM

The inverse problem for IFSM is a “direct method” since we maywork on the
target functions/images directly with IFS operators.

2.1 Collage Theorem for IFSM inL2(X;�)
From the Collage Theorem, the inverse problem for the approximation of func-
tions inLp(X;�) by IFSM may be posed as follows:

Given a target functionv 2 Lp(X;�) and a� > 0, find an IFSM(w;�) with
associated operatorT such thatdp(v; Tv) < �.

For anN -map contractive IFSM(w;�) on(X; d)with associated operatorT ,
the squaredL2 collage distance is given by�2 = k v � Tv k22= ZX [ NXk=1 0�k(v(w�1k (x)))� v(x)]2d�: (2.1)

Following our discussion in the previous section (and our strategy in [12]), we
consider the IFS mapswi to be fixed. The problem reduces to the determination
of grey level maps�i which minimize the collage distance�2. In the special
“�-nonoverlapping case”, i.e.,

1. [Nk=1Xk = [Nk=1wi(X) = X, i.e. the setsXk = wk(X) “tile” X, and

2. �(wi(X) \wj(X)) = 0 for i 6= j, then
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4 CHAPTER 2. INVERSE PROBLEM FOR IFSM

the squared collage distance�2 becomes�2 = NXk=1ZXk [�k(v(w�1k (x))� v(x)]2d�= NXk=1�2k; (2.2)

i.e. the sum of collage distances over the�-nonoverlapping subsetsXk. The min-
imization of each integral is a continuous version of “leastsquares” with respect
to the measure�: For each subsetXk, find the�k : Rg ! Rg which provides the
bestL2(X;�) approximation to the graph ofv(x) vs. v(w�1k (x)) for x 2 Xk.

Most, if not all, applications in the literature assume the�-nonoverlapping
property, with� = m (Lebesgue measure onX) andwk 2 Aff1(X). In the
following discussion, however, we consider the more general case where the setswi(X) can overlap on sets of nonzero�-measure. We also assume the following:

3. [Nk=1wk(X) = X, i.e. the setswi(X) “tile” X. Note thatwi 2 Aff1(X)
implies thatjJij > 0 for 1 � i � N , wherejJij denotes the Jacobian
associated with the mappingy = wi(x).

4. affine grey level maps, i.e.�i : R+ ! R+, where�i(t) = �it + �i; t 2R+. Thus,�i; �i � 0 for 1 � i � N .

The squaredL2 collage distance then becomes�2 = < v � Tv; v � Tv >= NXk=1 NXl=1 [<  k;  l > �k�l + 2 <  k; �l > �k�l + < �k; �l > �k�l]� 2 NXk=1[< v;  k > �k+ < v; �k > �k]+ < v; v >; (2.3)

where  k(x) = u(w�1k (x)); �k(x) = Iwk(X)(x); x 2 wk(X): (2.4)

Note that�2 is a quadratic form in the�-map parameters�i and�i, i.e.�2 = xTAx+ bTx + d0; (2.5)

wherexT = (�1; :::; �N; �1; :::; �N) 2 R2N . The elements of the symmetric
matrix A are given byai;j = <  i;  j >aN+i;N+j = < �i; �j >ai;N+j = <  i; �j >; 1 � i � N; 1 � j � N: (2.6)
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As well, bi = �2 < v;  i >bN+i = �2 < v; �i >; 1 � i � N (2.7)

andd0 =< v; v >=k v k22.
For a given targetv 2 Lp(X;�), assumingk v k1 6= 0, we denote the feasible

set ofN -map IFSM grey-level parameters as�2Nv = f(�1; :::; �N; �1; :::; �N) 2 R2N j k Tv k1 � k v k1; �i; �i � 0g:
(2.8)

(Note that�2Nv , which is compact in the natural topology onR2N , depends on
the target functionv.) In terms of the grey level map parameters, the conditionk Tv k1 � k v k1 is a linear inequality constraint, i.e.NXk=1(�k k v �w�1k k1 +�k�(Xk)) � k v k1 : (2.9)

For the caseX � RD, � = m andwi 2 Aff1(X), 1 � i � N , which will be
used in all applications, the above linear inequality constraint becomesNXk=1 jJkj(�k k v k1 +m(X)�k ) � k v k1; (2.10)

The minimization of�2 may now be written as the following QP problem with
linear constraints:

minimize xTAx+ bTx+ d0; xT 2 �2Nv : (2.11)

The advantages of QP problems have been discussed in [12]. Briefly,

1. QP algorithms locate an absolute minimum of the objectivefunction�2 in
the feasible region�2Nv in a finite number of steps and

2. in many problems, the minimum value�2min is achieved on a boundary
point of the feasible region. In such cases, if(�k; �k) = (0; 0) then�k(t) =0 which implies that the associated IFS mapwk is superfluous. QP (as
opposed to gradient-type schemes) will locate such boundary points, es-
sentially discarding such superfluous maps. The elimination of such maps
represents an increase in the data compression factor. (This feature was ob-
served with minimization of the collage distance involvingIFS with proba-
bilities [12].)
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The following result guarantees that, with the exception ofa degenerate case, the
IFSM operatorT corresponding to a feasibleN -map IFSM grey-level parameterxT 2 �2Nv is contractive inL1(X;�).
Proposition 1 LetX � RD, � = m(D) andv 2 L1(X;�), k v k1 6= 0. Assume
thatwi 2 Aff1(X) for 1 � i � N andxT = (�1; :::; �N; �1; :::; �N) 2 �2Nv .
Then the operatorT corresponding to theN -map IFSM(w;�) is contractive in(L1(X;�); d1) except possibly when�1 = �2 = ::: = �N = 0. In this special
caseu � 0 is a fixed point ofT .

Note thatxT 2 �2Nv doesnot guarantee thatT is contractive in(L2(X;�); d2).
Hence, the Collage Theorem does not apply inL2(X;�). Nevertheless, our al-
gorithm to approximate functions inL2(X;�) exploits the contractivity ofT in(L1(X;�); d1).
2.2 Formal Solution to the IFSM Inverse Problem

In this section, we outline the basic ideas behind a formal solution to the inverse
problem posed above. Detailed proofs appear in [11]. These results would not be
of as much interest to fractal compression as they would be tothe approximation
theory of functions using fractal transforms.

One intuitively expects that theL2 collage distancek v � Tv k2 can be made
arbitrarily small by adding IFS maps with increasing degrees of refinement, i.e.
by increasingN . A trivial yet practical way of doing this is by simply dividing up
the base spaceX into smaller regions with minimal overlap. This is essentially
the approach adopted in image compression, e.g. quadtrees using nonoverlapping
IFS maps. However, in the spirit of our earlier work on measures, we would like
to consider acompleteand infinite set of IFS maps which can provide various
degrees of refinement. Therefore, in our formal solution to the inverse problem,
we construct sequences ofN -map IFSM, denoted as(wN ;�N ),N = 1; 2; : : :,wN = (w1; w2; : : : ; wN); �N = (�1; �2; : : : ; �N ); (2.12)

where the IFS mapswi are chosen from afixedand infinite setW of contraction
maps. The (contractive) operatorsTN associated with theseN -map IFSM will
play the role off in the Collage Theorem. In order for the collage distance to
become arbitrarily small with increasingN , a set of conditions will have to be
imposed on the set of mapsW, according to the following definitions.

Definition 1 Let (X; d) be a compact metric space and� 2 M(X). A familyA
of subsetsA = fAig of X is “�-dense” in a familyB of subsetsB of X if for
every� > 0 and anyB 2 B there exists a collectionA 2 A such thatA � B and�(B nA) < �.
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Definition 2 LetW = fw1; w2; :::g,wi 2 Con(X) be an infinite set of contrac-
tion maps onX. We say thatW generates a “�-dense and nonoverlapping” - to
be abbreviated as “�-d-n” - familyA of subsets ofX if for every� > 0 and everyB � X there exists a finite set of integersik � 1; 1 � k � N , such that

1. A � [Nk=1wik(X) � B,

2. �(B nA) < � and

3. �(wik(X) \wil(X)) = 0 if k 6= l.
A useful set of affine maps satisfying such a condition onX = [0; 1] with

respect to Lebesgue measure is given by the following “wavelet-type” functions:wij(x) = 2�i(x+ j � 1); i = 1; 2; :::; j = 1; 2; :::; 2i: (2.13)

For eachi� � 1, the set of mapsfwi�j; j = 1; 2; :::; 2i�g provides a set of2�i�-
contractions of [0,1] which tile [0,1]. As such, the setW providesN -map IFS
with arbitrarily small degrees of refinement on(X; d).

We now describe our algorithm. LetW be an infinite set of fixed one-to-one
affine contraction maps onX � RD which generates a�-dense and nonoverlap-
ping family of subsets ofX and letwN denoteN -map truncations ofW. Given
a target functionv 2 L2(X;m), the region�2Nv , as defined in Eq. (2.8), contains
all feasible pointsxN = (�1; :::; �N; �1; :::; �N) 2 R2N , each of which defines a
uniqueN -vector of affine grey level maps�N ,�N = f�1t+ �1; :::; �Nt+ �Ng: (2.14)

For anxN 2 �2Nv , let TN : Lp(X;�) ! Lp(X;�) be the operator associated
with theN -map IFSM(wN ;�N ) and�2N =k v � TN v k22 (2.15)

denote the corresponding squaredL2 collage distance. Since�2N : �2Nv ! R+ is
continuous in the natural topology onR2N , it attains an absolute minimum value,�2N;min on�2Nv . For eachN , we may determine this minimum value using QP.
The following result confirms that our procedure provides a solution to the formal
inverse problem posed earlier.

Theorem 2 �2N;min ! 0 asN !1.

This theorem implies that the set of all attractors�u of N -map IFSM constructed
fromW is dense inLp(X).

In Figure 2.1 are given some results of this method as appliedto the approxi-
mation ofv(x) = sin(�x) onX = [0; 1]. The wavelet maps of Eq. (2.13) were
used. The truncated IFS map vectorswN in Eq. (2.12) were formed by arranging
the waveletwij maps in the following manner:w1;1; w1;2; w2;1; : : : ; w2;4; w3;1; : : : ; w3;8; : : : : (2.16)
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2.3 “Local IFSM” on Lp(X;m))
Our IFSM method can easily be generalized to incorporate thestrategy originally
described by Jacquin [19], namely, that we consider the actions of contractive
mapswi on subsetsof X (the “parent blocks”) to produce smaller subsets ofX
(the “child blocks”). (This is also referred to as a “local IFS” (LIFS) in [3].)
Rather than trying to approximate a target as a union of contracted copies of itself
as in the IFS method, the local IFS method tries to express thetarget as a union of
copies ofsubsetsof itself.

Here we formulate a simple “local IFSM” (LIFSM) - in fact, theusual “Fractal
Transform” employed in the literature - onL2(X;�), where� = m. Let Rk �X; k = 1; 2; :::;N , withN � 1, such that

1. [Nk=1Rk = X (tiling condition) and

2. �(Rj \Rk) = 0 for j 6= k (�-nonoverlapping condition).

Also suppose that for eachRk; 1 � k � N , there exists anDj(k) � X and a mapwi(k);k 2 Aff1(X), with contractivity factorci(k);k, such thatwi(k);k(Di(k)) =Rk. In other words, for eachrangeor child blockRk, there is a corresponding
domainor parent block Di(k). For each mapwi(k) : Di(k) ! Rk, let there
be a grey level map�k : R ! R. The vectorswloc = fwi(1);1; :::; wi(N);Ng
and� comprise anN -map LIFSM(wloc;�). Now define an associated operatorTloc : Lp(X;�) ! Lp(X;�) as follows: Foru 2 Lp(X;�) andx 2 Rk, k 2f1; 2; :::;Ng,(Tlocu)(x) � � �k(u(w�1i(k);k(x))); x 2 Rk � [l6=kRk \Rl;0; x 2 [l6=kRk \Rl: (2.17)

Proposition 2 LetX � RD and� = m. Let (wloc ;�) be a local IFSM defined
as above, with�k 2 Lip(R;R) for 1 � k � N . Then foru; v 2 Lp(X;m),dp(Tlocu; Tlocv) � Cloc;pdp(u; v); Cloc;p = [ NXk=1 jJkjKpk ]1=p; (2.18)

wherejJkj denotes the Jacobian of the transformationx = wi(k);k(y).
Remarks:

1. If Cloc;p < 1, thenTloc is contractive over the space(Lp(X;m); dp) and
possesses a unique fixed pointu.

2. The factorCloc;p is similar in form to the “optimal” factor�Cp in Eq. (3.32)
of Paper I, due to the nonoverlapping property of theRk. It is not neces-
sary to impose the restriction that all�k maps be contractive. As before, it
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Figure 2.1: Approximations to the target setv(x) = sin(�x) on X = [0; 1]
yielded by the “normal” IFSM method of Section 2.2, using thewavelet-type basis
of Eq. (2.13), withN = 2; 6 and 14 maps, respectively.
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follows that Cloc;p(D; p) � K; K = max1�k�NKk: (2.19)

The weaker upper bound,K, which is independent ofp, is identical to the
result for the “Fractal Grey-Scale Transform” [3].

Given the aboveN -map LIFSM, we now compute the squaredL2 collage
distance, i.e. �2 = k Tlocv � v k22= NXk=1 ZRk [�i(v(w�1i(k);k(x))� v(x)]2dx= NXk=1�2k: (2.20)

Again, because the range blocks are conveniently nonoverlapping, the problem
reduces to the minimization of each squared collage distance�2k over the blockRk, a “least squares” determination of�k. In the special case that the�k maps are
affine, the minimization of each�2k is a quadratic programming problem in the
two parameters�k and�k.

Given a target setv, a formal solution of the inverse problem for the nonover-
lapping LIFSM case is straightforward, following the ideasof Section 2.2. The
formal construction is outlined in [11].

In Figure 2.2 are some approximations to the targetv(x) = sin(�x) using the
nonoverlapping local IFSM method. As expected, the accuracy of approximation
has improved. Some caution must be employed, however, as seen in Figure 2.2(c),
where two range blocks and eight domain blocks have been used. The approxima-
tion is rather poor since the “halves” of the functionsin(�x) provide poor collages
of the rather straight portionsRk, k = 1; 2; 3; 6; 7;8. As a result, it is necessary to
employ more refined partitions for the parent cells.
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2.4 Inverse Problem With Place-Dependent IFSM

The above methods for a formal solution to the inverse problem can be applied to
place-dependent IFSM (introduced in Paper I). The expression for the squaredL2
collage distance will depend upon the functional form assumed for the�k maps.
We consider the following “nonoverlapping IFS” case:

1. X � RD and� = m. We consider only the caseD = 1 here, since the
expressions involving the variables 2 X become quite complicated.

2. wi 2 Aff1(X). As well, X = [Ni=1Xi, whereXi = wi(X); in other
words, theXi “tile” the spaceX.

3. �(Xi \Xj) = 0 for i 6= j (�-nonoverlapping condition).

We assume that the grey-level maps�i assume the following functional form:�i(t; s) = �i(s)t + �i(s); t 2 R; s 2 X; (2.21)

where �i(s) = n1Xj=0 aijsj ; �i(s) = n2Xj=0 bijsj : (2.22)

(The special casen1 = n2 = 0 corresponds to the “normal” IFSM affine maps.)
Each squared collage distance�2i overXi becomes�2i = ZXi [�i(w�1i (x))v((w�1i (x))) + �i(w�1i (x)) � v(x)]2dx= ci ZX [�i(x)v(x) + �i(x)� v(wi(x))]2dx= ci ZX [v(x) n1Xj=0 aijxj + n2Xk=0 bikxk � v(wi(x))]2dx: (2.23)�2i is a quadratic form in the coefficientsaij; bij. The coefficients of this quadratic
form involve power moments of the functionsv, v2 andv �wi as well as moments
overX. The minimization of�21 is a quadratic programming (QP) problem sub-
ject to suitable constraints.

The method of “least squares” can be applied to this problem.By imposing
the stationarity conditions,@�2i@aij = @�2i@bij = 0; j = 1; 2; :::; n; (2.24)

one obtains a set of linear equations in the place-dependentpolynomial coeffi-
cients�ij; �ij.
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Figure 2.2: Approximations to the target setv(x) = sin(�x) on X = [0; 1]
yielded by the nonoverlapping Local IFSM method of Section 2.3 usingNI parent
intervals andNJ child intervals. (a)(NI ; NJ ) = (2; 4). (b) (NI ; NJ ) = (4; 8).
(c) (NI ; NJ ) = (2; 8).
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Place-dependent grey level maps could also be used in the moregeneral over-
lapping IFS case. The coefficients of the quadratic form in the aij; bij involve
power moments. It is also quite straightforward to use place-dependent grey
level maps in the “Local IFSM” formalism given in the previous section. In
Figure 2.3 are shown some results for a PDLIFSM approach applied to the tar-
getv(x) = sin(�x). A comparison with Figures 2.1 and 2.2 shows that the PD
method yields a better approximation even in the case where the domain block isX = [0; 1].

Our numerical calculations in [11] confirmed the statementsof some workers
[22, 30] that there is little need for searching for optimal domain blocks when
place-dependent grey level maps are used. We have found experimentally that for
most domain-range block pairs, the minimum collage distances yielded by each
of the eight possible affine IFS maps were equal to two, if not three, figures of
accuracy. As well, we found that the minimal collage distances yielded by vari-
ous domain blocks do not differ by much. Of course, the reduction of searching
represents an enormous saving in computer time.

2.5 Application of IFSM Methods to Images

We summarize this section with a brief comparison of the various IFSM results
outlined above, using the target image “Lena” in Figure 2.4 (512�512 pixel array
with each pixel assuming one of 256 grey level values). In Figure 2.5 is shown the
result of the nonoverlapping Local IFSM method of Jacquin using 16 � 16 pixel
domain blocks and8 � 8 pixel range blocks. No searching for optimal domain
blocks was done - for each range block, only the domain block containing was
used. All 8 possible IFS maps, however, were tested. In Figure 2.6 is shown the
approximation from a place-dependent Local IFSM method - the “Bath Fractal
Transform” using the same domain and range blocks as in Figure 2.5. The grey
level maps were affine in both grey level value as well as spatial variable, i.e.n1 = 0 andn2 = 1 in Eq. (2.22):�i(t; s) = �i;0t+ �i;1s + �i;0; (2.25)

It is found that some improvement is made if a quadratic function for the offset
term, i.e.n2 = 2 in Eq. (2.22), is assumed. However, there is little, if any, im-
provement if higher order polynomials in the�i(s) term, i.e.n1 > 1 are assumed.
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Figure 2.3: Approximations to the target setv(x) = sin(�x) on X = [0; 1]
yielded by the place-dependent nonoverlapping Local IFSM method of Section
2.4 usingNI parent intervals andNJ child intervals. (a)(NI ; NJ ) = (1; 2).
Even with such low resolution, there is already a marked improvement in the
approximation as compared to the and “local” IFSM methods ofFigure 2.2. (b)(NI ; NJ ) = (2; 4).
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Figure 2.4: The target image “Lena”, a512�512 pixel array, 8 bits (256 grey-level
values) per pixel.

Figure 2.5: Approximation to target image “Lena” using nonoverlapping Local
IFSM method of Jacquin withNI = 322 domain blocks (16 � 16 pixel blocks)
andNJ = 642 range blocks (8 � 8 pixel blocks). For each child block, only the
parent block containing it was used. All 8 possible maps weretested.L1 errork v � u k1= 0:029, RelativeL1 error= 0:068. (Unoptimized) coding time = 34
sec..
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Figure 2.6: Approximation to target image “Lena” using place-dependent Local
IFSM method withNI = 322 domain blocks (16�16 pixel blocks) andNJ = 642
range blocks (8 � 8 pixel blocks). No search for optimal parent blocks. For
each child, only the parent containing it was used. Only the map producing no
rotation or inversion was used.k v � u k1= 0:022, RelativeL1 error= 0:05.
(Unoptimized) coding time = 27 sec..



Chapter 3

Approximation of Measures
Using IFSP

The approximation of measures must employ indirect methodsinvolving either
moments or transforms. Here we outline the important steps behind a solution
to the inverse problem for IFS approximation of measures using moments. An
inverse problem may also be formulated in terms of Fourier transforms. A Col-
lage Theorem for Fourier transforms of measures inM(X) is presented in the
Appendix.

3.1 Approximation by “Moment Matching”

Much of the early work on the approximation of measures usingIFSP was based
on a knowledge of the moments of a target measure. Some form of“moment
matching” was applied, in the following spirit: Given a target measure� 2M(X)
(X � R for simplicity of notation), with momentsgn = R xnd�,n = 0; 1; 2; : : :,
find an IFS invariant measure��whose respective moments�gn R xnd�� are “close”
to thegn. In practical applications, moment matching is performed on a finite
sequence of moments. In the case of an IFS with affine maps, themoments�gn of
its invariant measure�� may be computed recursively from the coefficients of the
IFS maps as well as the associated probabilities. In [12], weprovided a formal
solution to the inverse problem for measure approximation by IFSP as well as
an algorithm to approximate measures to arbitrary accuracy. Our method differs
from previous efforts in two principal aspects:

1. We work with afixed, infinite set of affine IFS maps which satisfy a density
condition quite analogous to the�-dense and nonoverlapping property of

17
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IFSM. Thus, only an optimization over the probabilitiespi is required.

2. The moment matching is accomplished by means of aCollage Theorem
for Moments. The minimization of the squared collage distance in moment
space is a quadratic programming (QP) problem in thepi with a linear con-
straint. This problem can be solved numerically in a finite number of steps.
The advantages of QP were outlined in Section 2.1 above.

Moment matching for the approximation of measures on[0; 1]n can be justified by
the fact that the convergence of moments is equivalent to theweak convergence
of measures. Since we are working on compact spaces, the latter convergence is
equivalent to convergence in Hutchinson metricdH . This is summarized in the
following theorem.

Theorem 3 [6] For X = [0; 1] let �; �(n) 2 M(X), n = 1; 2; 3; : : :, with power
moments defined bygk = ZX xkd�; g(n)k = ZX xkd�(n); k = 0; 1; 2; : : : : (3.1)

Then the following statements are equivalent:
(i) g(n)k ! gk asn!1, k = 0; 1; 2; : : :,
(ii) the sequence of measures�(n) converges weak� to �, i.e. for anyf 2 C(X),R fd�(n) ! R fd� asn!1,
(iii) dH(�(n); �)! 0 asn!1.

The results of this theorem apply to[0; 1]n.

3.2 Collage Theorem for Moments

LetX = [0; 1]. (The extension to[0; 1]n is straightforward.) As well, we consider
only affine maps having the formwi(x) = six+ ai; ci = jsij < 1; 1 � i � N: (3.2)

The use of affine maps leads to rather simple relations involving the moments of
probability measures. That it will be sufficient to consideronly affine maps is a
result of the following theorem [6].

Theorem 4 Let(X; d) denote a compact metric space andMAIFS (X) �M(X)
the subset of invariant measures of affine IFS onX. ThenMAIFS is dense in(M(X); dH).
The above theorem is, in turn, a consequence of the followingresult.
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Theorem 5 [24] Let (X; d) denote a compact metric space and letMf (X) �M(X) denote the set of all measures with finite support. TheMf (X) is dense inM(X).
We now provide the mathematical setting for the inverse problem applied to mo-
ments using IFSP. First we introduce the spaceD(X) of all (infinite) moment
vectors for probability measures inM(X):D(X) = fg = (g0; g1; g2; : : :) j gn = ZX xnd�; n = 0; 1; 2; : : : ;

for some� 2M(X)g: (3.3)

(Note thatg0 = 1.) Then define the following metric onD(X): Foru;v 2 D(X),�d2(u;v) = 1Xk=1 1k2 (uk � vk)2: (3.4)

It was proved in [12] that(D(X); �d2) is a complete metric space.
Let (w;p) be anN -map affine IFS with Markov operatorM : M(X) !M(X). Furthermore, let�; � 2 M(X), with � = M�. Note thatZX f(x)d�(x) = ZX f(x)d(M�)(x)= NXi=1 pi ZX (f �wi)(x)d�(x): (3.5)

The moment vectors of� and� will be denoted byg;h 2 D(X), respectively.
From the above equation, settingf(x) = xn, n = 1; 2; : : :, we havehn = nXk=0� nk �" NXi=1 piski an�ki # gk; n = 1; 2; : : : : (3.6)

Thus to each Markov operatorM : M(X) ! M(X), there corresponds a
linear operatorA : D(X) ! D(X) so thath = Ag. In the standard basisfei = (0; 0; : : : ; 0; 1; 0; : : :)g1i=0, the (infinite) matrix representation ofA is lower
triangular. The diagonal elements of this matrix area00 = 1 andann = NXi=1 pisni ; n � 1: (3.7)

Sincejannj � cn < 1 for n � 1, we have the following results.
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Proposition 3 The linear operatorA is contractive in(D(X); �d2).
Corollary 1 The operatorA has a unique and attractive fixed point�g 2 D(X).
The components�gn of �g are the moments of�� = M ��, the invariant measure
of the IFSP(w;p). (These moments may be computed recursively by a slight
rearrangement of Eq. (3.6) above.)

Corollary 2 (Collage Theorem for Moments): Assume that(X; d) is a compact
metric space and� 2 M(X) with moment vectorg 2 D(X). Let (w;p) be anN -map IFSP with contractivity factorc 2 [0; 1) such that�d2(g;h) < �, whereh = Ag is the moment vector corresponding to� = M�. Then�d2(g; �g) < �1� c ; (3.8)

where�g 2 D(X) is the moment vector corresponding to��, the invariant measure
of the IFSP(w;p).
An inverse problem for the approximation of measures inM(X) may now be
posed as follows: Let� 2 M(X) be a target measure with moment vectorg 2D(X). Given a� > 0, find an IFSP(w;p) with Markov operatorM :M(X)!M(X) and associated linear operatorA : D(X) ! D(X) such that�d2(g; Ag) <�. As for the IFSM case, we considerN -map affine IFSP(w;p) for which the IFS
mapswi are fixed. The problem then reduces to the determination of probabilitiespi which minimize the moment collage distance�d2(g;h) < �, whereh = Ag.

We denote the squared collage distance between moment vectors in(D(X); �d2)
as S(p) = 1Xn=1 1n2 (hn(p)� gn)2: (3.9)

From Eq. (3.6) the momentshn are given byhn = NXi=1 Anipi; n = 1; 2; 3; : : :; (3.10)

where Ani = nXk=0� nk � ski an�ki gk: (3.11)

Thus the functionS(p) may be written in the formS(p) = pTQp+ bTp+ s0; p 2 �N ; (3.12)



3.3. FORMAL SOLUTION TO INVERSE PROBLEM 21

where �N = fp = (p1; p2; : : : ; pN ) j Xi=1 pi = 1; pi � 0g: (3.13)

The elements of the symmetric matrixQ are given byqij = 1Xn=1 1n2AniAnj; 1 � i; j � N: (3.14)

The elements ofb arebi = �2 1Xn=1 1n2Anign; 1 � i � N (3.15)

and s0 = 1Xn=1 g2nn2 : (3.16)

The minimization of the squared moment collage distanceS(p) is a quadratic
programming problem with linear constraints,

minimize S(p); NXi=1 pi = 1; pi � 0: (3.17)

3.3 Formal Solution to Inverse Problem

It will now be necessary to guarantee that the collage distanceS(p) can be made
arbitrarily small. As in the IFSM case, we construct sequences ofN -map IFSP,
denoted as(wN ;pN ), where the IFS maps inwN are chosen from a fixed, infinite
setW of contraction maps onX. A condition must be placed on this set, according
to the following definition.

Definition 3.2: An infinite set of contraction mapsW = fw1; w2; : : :g, wi 2Con(X) is said to satisfy an�-contractivity condition onX if for eachx 2 X
and any� > 0, there exists ani� 2 f1; 2; : : :g such thatwi�(X) � N�(x), whereN�(x) fy 2 X j d(x; y) < �g denotes the�-neighbourhood ofx.

If W satisfies the�-contractivity condition onX, theninf1�i�1 ci = 0. The
setW providesN -map IFS with arbitrarily small degrees of refinement on(X; d).
The “wavelet-type” basis functions of Eq. (2.13) conveniently satisfy such an�-
contractivity condition.

Now let W = fw1; w2; � � �g be an infinite set of affine contraction maps onX = [0; 1] which satisfies the�-contractivity condition. Let

wN = fw1; w2; : : :wNg; N = 1; 2; : : : ; (3.18)
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denoteN -map truncations ofW. As well, let�N = fpN = (p1; p2; � � � ; pn) j pi � 0; NXi=1 pi = 1g (3.19)

denote the set of all probabilityN -vectors forwN . Note that �N � RN is
compact in the natural topology onRN . Now let � 2M(X) be a target mea-
sure with moment vectorg2 D(X). For apN 2 �N , let MN be the Markov
operator corresponding to theN -map IFS(wN ; pN ). Also let �N = MN�,
with associated moment vectorhN 2 D(X). The collage distance between the
moment vectors of� and �N will be denoted as�N (pN ) � kg� hNk�l2 : (3.20)

Since �N : �N ! R+ is continuous, it attains an absolute minimum value,
to be denoted as�Nmin, on �N . The following result establishes that the above
procedure provides a solution to the inverse problem for measure approximation.

Theorem 6 �Nmin ! 0 as N !1.

Remarks:

1. Theorem 6 is a density result establishing that the set of invariant measures
for all N -map IFS (wN ; pN ) where pN 2 �N ; N = 1; 2; : : : ; is dense in(M(X); dH). This result can be extended to[0; 1]q; q � 2.

2. Although not explicitly stated in the proof, the collage distances�N and,
in particular, the sequence�Nmin, are also dependent on the ordering of thewi maps in the infinite setW. However, at this point, we are not interested
in any questions about the “optimal” ordering of the maps inW nor howN -map subsetswN should be chosen.

3.4 Some Numerical Results

We present some results of the above approximation method toshow its important
features. The target measure� considered here the Lebesgue-Stieltjes measure
generated by the following distributionF (x) on [0; 1]:F (x) = 8<: x; x 2 [0; 13 );13 ; x 2 [13 ; 23 );x; x 2 [23 ; 1]; (3.21)
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i.e. �(a; b] = F (b)� F (a), a < b. The moments of this measure are given bygn = Z 130 xndx+ 13 �23�n + Z 123 xndx= 1n+ 1 "1 + �13�n+1 � �23�n+1# + 13 �23�n ; n � 0: (3.22)

The wavelet-type maps of Eq. (2.13) were used here. The truncated IFS map
vectorswN were formed by arranging thewij maps in the same manner as in Eq.
(2.16). In practical calculations, only a finite number of moments can be matched.
As such, the following function,SNM (pN ) = MXn=1 1n2 " NXi=1 Anipi � gn#2 ; (3.23)

was minimized, subject to the constraints on the probabilities. In calculations
reported here,M = 30moments were matched. The minimization of the functionSNM was performed with a quadratic programming algorithm developed by Best
and Ritter [4].

Figure 3.1 shows approximations�FN (x) toF (x) yielded by the optimal IFSP
for values ofN = 2; 6; 14, respectively. The�FN (x) functions were approximated
by generating discrete approximations of the invariant measures of the(wN ;pN )
on a lattice of 2000 points on [0,1]. There are two important features of these
calculations:

1. AsN increases,�FN (x) is seen to converge toF (x), with better approxima-
tions to the jump atx = 23 .

2. For eachN � 3, the minimum ofSNM (pN ) located by the QP algorithm
occurred on a boundary of the feasible region�N , implying that there were
some zero probabilities. The actual number of nonzero probabilities which
existed for the casesN = 2; 6; 14 in Figure 3.1 were�N = 2; 4; 8, respec-
tively. As such, the QP algorithm has performed a data compression, elim-
inating the unnecessary IFS maps. (This would not necessarily have been
done if gradient methods were used to locate the minima of theobjective
function.)
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Figure 3.1: Approximations to the distributionF (x) of Eq. (3.21) obtained by
moment matching, using the wavelet-type basis of Eq. (2.13), withN = 2; 6 and
14 maps, respectively.



Chapter 4

IFSM and Fractal Wavelet
Compression

Let (w;�) be anN -map affine IFSM onX = [0; 1]and suppose that its associated
operatorT is contractive on(Lp(X;m) for some (or all)p � 1. Then the fixed
point �u satisfies the equation (cf. Eq. (3.36) in Paper I)�u(x) = NXk=1[�k�u(w�1k (x)) + �kIXk (x)] (4.1)

As noted in Paper I,�u is expressed as a linear combination of dilated and translated
copies of itself along with piecewise constant functions. This is somewhat rem-
iniscent of using wavelet functions which are obtained by dilatations and trans-
lations of a “mother wavelet” function. The IFSM method may be viewed as an
adaptiveencoding since the “mother” function is the target itself. However, the
copies k(x) = �u(w�1k (x)) are generally not orthogonal to each other. In fact,
the above expansion may be considered as highly redundant - the piecewise con-
stant functions are sufficient to create a linearly independent basis. Nevertheless,
some workers have been investigating the idea of constructing orthonormal basis
functions from the scaled copies k(x) of the target functionv(x) [28].

If the affine grey level maps are now assumed to be place-dependent, having
the form �k(t; s) = �kt+ k(s); 1 � k � N; (4.2)

(with the offset term�k being absorbed by the functionk(s)), the fixed point
equation for�u then becomes�u(x) = NXk=1[�k�u(w�1k (x)) + k(w�1k (x))] (4.3)

25
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If �k = 0 for 1 � k � N (implying that the contraction factor ofT isCp = 0),
then the above equation reduces to an expansion of�u in terms of functionsk :X ! R. In most practical applications to date (e.g. the Bath Fractal Transform
[22, 23, 30]) these functions have been assumed to be polynomial. However,
one could equally assume that thek(s) were linear combinations of orthonormal
functions, e.g.fcos(n�x)g, etc..

In the place-dependent local IFSM formalism (PDIFSM). the functionsk(s)
now mapdomain blocksDk to the grey level rangeR. Moreover, the composi-
tions(k �w�1j(k);k)(x) are now translations and dilatations of thek(s) functions.
If the k(s) are chosen to bewaveletfunctions, then the orthogonality is guaran-
teed. In the special case that all grey-level scaling parameters�k are zero, the
place-dependent local IFSM method can be made to coincide with wavelet expan-
sions. What remains is to examine wavelet expansions of functions/images from
an indirectapproach as was done for measures, i.e. through their moments.

For simplicity we restrict our attention to the one-dimensional case, i.e.X =[0; 1]. Let fqng1n=0, with q0(x) = 1, denote a complete set of orthonormal basis
functions onX. Then for a givenu 2 L2(X;m),u(x) = 1Xk=0 ckqk(x); (4.4)

where ck =< u; qk >= ZX u(x)qk(x)dx: (4.5)

Now let (w;�) denote anN -map affine IFSM onX with associated operatorT
and letv = Tu. Then v(x) = 1Xk=0dkqk(x); (4.6)

where dk = < qk; v >= < qk; Tu >= NXi=1 �i < qk; u �w�1i > + NXi=1 �i < qk; Iwi(X) > : (4.7)

Using Eq. (4.4) to expandu(w�1i (x)) yieldsdk = 1Xl=1 aklcl + ek; (4.8)
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whereakl = NXi=1 �i < qk; ql �w�1i >; ek = NXi=1 �i < qk; Iwi(X) > : (4.9)

This is the affine mappingA : c ! d associated with the IFSM operatorT . In
this general case, there is a simple, yet important result:

Proposition 4 Given an orthonormal basisfqng onX as above. Suppose that
theN -map IFSM operatorT is contractive inL2(X) with fixed point�u. Then the
mappingA : l2(N)! l2(N) in Eq. (4.9) is contractive in thel2(N) metric. The
fixed point�c = A�c is the vector of Fourier coefficients of�u in theqi basis.

Proof: Let u; v 2 L2(X;m) with Fourier coefficientsc;d 2 l2(N), respectively,
in theqi basis. SinceT is contractive, there exists aC 2 [0; 1) such thatk Tu� Tv kL2 � C k u� v kL2 : (4.10)

From Parseval’s relation, i.e.k u kL2 = k c kl2 , etc.,k Tu� Tv kL2 = k Ac� Ad kl2 (4.11)

so that k Ac� Ad kl2 � C k c� d kl2 : (4.12)

ThereforeA is contractive inl2(N). Sincel2(N) is complete, there exists an
element�c 2 l2(N) such thatA�c = �c. The vector�c defines a unique function�u 2 L2(X) through the expansion in Eq. (4.4). From Eqs. (4.7)-(4.9), it follows
that�c = A�c impliesT �u = �u.

In general, the matrix elements< qk; ql � w�1i > in Eq. (4.9) do not vanish,
leading to a rather full (i.e. not sparse) matrix representation of A. This would
occur, for example, in the case of the Discrete Cosine Transform. However, in
the special case that theqk are localized in space, e.g.wavelets, many of these
matrix elements vanish. The relations between thedk and thecl simplify even
further when the IFS mapswi are local and map domain blocks which support
wavelets of lower resolution/frequency to range blocks which support wavelets
of higher resolution/frequency. This is the basis of what has been referred to in
one form or another as “wavelet-based fractal compression”[7, 20, 25]. In what
follows, we consider only the one-dimensional case for simplicity. The extension
to functions/images inR2 is straightforward but more tedious.

The following standard dyadic multiresolution approximation ofL2(R) is as-
sumed [21]:

1. A sequence of nested subspacesVj 2 L2(R), j 2 Z, whereVj � Vj+1. Vj
contains the set of all approximations of functionsf 2 L2(R) at resolution2j. Moreoverlimn!1 Vn = L2(R).
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2. The sequence of orthogonal complementsWj ? Vj such thatWj � Vj =Vj+1, j 2 Z. This implies that for anyk 2 Z andn > 0,Vk �Wk �Wk+1 � : : :�Wk+n = Vk+n+1: (4.13)

3. A “scaling function”� 2 L2(R) such that the functions�ij(x) = 2i=2�(2ix� j); j 2 Z; (4.14)

form an orthonormal basis forVi.
4. The “orthogonal wavelet” 2 L2(R) such that the functions ij(x) = 2i=2 (2ix� j); j 2 Z; (4.15)

form an orthonormal basis forWi. It follows that the setf ijg, i; j 2 Z,
forms a complete orthonormal basis forL2(R).

In the case of the Haar wavelet system,�00(x) = 1; x 2 [0; 1);  00(x) = � 1; x 2 [0; 12 );�1; x 2 [12 ; 1): (4.16)

Thenu 2 L2(R) may be expanded asu(x) = 1Xj=�1 < u; �kj > �kj(x)+ 1Xl=0 1Xj=�1 < u; k+l;j >  k+l;j(x): (4.17)

For functions on[0; 1], all contributions fromVj , j < 0 vanish. (We assume some
kind of periodic extension of the functions on [0,1] toR.) Thenk = 0 in Eq.
(4.17) so thatu(x) = b00�00(x) + c00 00(x) + 1Xi=1 2i�1Xj=0 cij ij(x); (4.18)

where, of course,b00 =< u; �00 > andcij =< u; ij >. In the case of the Haar
wavelets, the supports of the functions ij are the dyadic intervalsIij = � j2i ; j + 12i � ; 0 � j < 2i: (4.19)

For more generalized wavelets, the supports of the ij will be larger than these
intervals. Nevertheless the orthogonality of the ij is preserved. In this case, we
shall consider the wavelets ij to be centered on the intervalsIij. The coefficients



29

1

c c

c c c c

10 11

20 21 22 23

b

c

00

00

0

Figure 4.1: The table of wavelet coefficientsb00 andci;j associated with the ex-
pansion in Eq. (4.18). The location of each coefficient reveals the resolution as
well as the spatial localization of the wavelet ij .b00 and cij may be conveniently arranged in a table such as the one shown in
Figure 4.1 which reflects the degree of resolution as well as localization in space.

For simplicity, we consider the following “nonoverlapping” local IFSM. (Our
analysis may be extended to cover more general cases where “quadtree partition-
ing” has been used.)

1. Domain blocks given by the intervalsIi�;j ; 0 � j � 2i� � 1,

2. Range blocks given by the intervalsIk�;l; 0 � l � 2k� � 1, wherek� > i�.
Suppose that for each range blockIk�;l, l 2 f0; 1; : : : ; 2k� � 1g, we choose a
domain blockIi�;j(l). The local IFSM map for this pair, denoted aswl : Ii�;j(l) !Ik�;l, will have the contraction factor2i��k� . There will be an associated affine
grey level map�l(t) = �lt + �l (not to be confused with the scaling function�ij(x)). From Eq. (4.8) and the orthogonality property of the ij , we havedk�;l = �lci�;j(l) <  kl;  ij �w�1l > : (4.20)

Since( ij �w�1l )(x) = 2(i�k)=2 kl(x), it follows thatdk�;l = �l2(i��k�)=2ci�;j(l): (4.21)

As well, all coefficients lying belowdk�;l in the table will be scaled copies of the
corresponding entries belowci�;j, that is,dk�+k0 ;2k0 l+l0 = �l2(i��k�)=2ci�+k0 ;2k0 j(l)+l0 ; k0 � 0; 0 � l0 � 2k0 � 1:

(4.22)
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Figure 4.2: The domain and range blocks associated with the nonoverlapping
IFSM in the text, cf. Eqs. (4.21) and (4.22).

This equation represents the transformation on the waveletcoefficientscij fori � k� induced by the local IFSM. The domain and range regions in thewavelet
coefficient table are schematically illustrated in Figure 4.2. Such a transformation
has been derived independently in the literature in the context of wavelet represen-
tations. Writing this transformation as an IFS-type methodon wavelet coefficients
has been referred to as “fractal wavelet compression”. The purpose of this Sec-
tion has been to show how IFSM/local IFSM induces an IFS-typetransform on
the wavelet coefficients.

Note that no “offset” terms involving the�i appear in Eqs. (4.21) and (4.22).
Such terms would appear only if the resolution level of the domain blocks would
be i� = 0, i.e. “traditional IFS”, where the domain block isX itself. Again
by orthogonality, the offset terms involving the�i would contribute only to the
coefficientb00. (See note later in this section.)

The coefficientsb00 andcij , 0 � i � k� � 1, 0 � j � 2i � 1 remain fixed.
Therefore, once computed using Eq. (4.5), these coefficients are stored and then
used to generate the higher resolution coefficients. In whatfollows, we provide
the framework for an IFS-type inverse problem on the waveletcoefficients.

For a given functionu 2 L2([0; 1]) and the above local IFSM, define the
following wavelet coefficient space:Cw(u; k�) = fb00; ckl; k � 0; 0 � l � 2k � 1 j 1Xk;l ckl <1; wherecij =< u; ij >; 0 � i � k� � 1; 0 � j � 2i � 1g: (4.23)

Let Tw : Cw(u; k�) ! Cw(u; k�) denote the transformation induced by the
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LIFSM on the wavelet coefficients. We consider the followingmetric onCw(u; k�):
Forc;d 2 Cw(u; k�), definedw(c;d) = max0�l�2k��1�2l ; (4.24)

where �2l = 1Xk0=0 2k0�1Xl0=0 (ck�+k0 ;2k0 l+l0 � dk�+k0 ;2k0 l+l0 )2: (4.25)

Proposition 5 The metric space(Cw(u; k�); dw) is complete.

Proposition 6 For c;d 2 Cw(u; k�),dw(Twc; Twd) � cwdw(c;d); cw = max0�l�2k��1 j�lj2(i��k�)=2: (4.26)

Corollary 3 If cw < 1, there exists a unique�c 2 Cw(u; k�) such thatTw�c = �c.
Corollary 4 Letc 2 Cw(u; k�) and suppose that there exists an IFSM with asso-
ciated transformationTw such thatdw(c; Twc) < �. Thendw(c; �c) < �1� cw ; (4.27)

where�c = Tw�c.
For the wavelet coefficient vectorc of a target functionv 2 L2([0; 1]), the squaredL2 collage distance associated with each range blockIk�;l will be given by�2l = 1Xk0=0 2k0�1Xl0=0 (ck�+k0 ;2k0 l+l0 � �l2(i��k�)=2ci�+k0 ;2k0 j(l)+l0 )2: (4.28)

The absence of terms involving�l greatly simplifies the minimization of this dis-
tance. The optimal scaling factor is given by��l = 2(k��i�)=2Sk�;l;i�;jSi�;j;i�j ; (4.29)

where S�;�;;� = 1Xk0=0 2k0�1Xl0=0 c�+k0 ;2k0 �+l0 c+k0 ;2k0 �+l0 : (4.30)
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The minimum collage distance is�l;min = [Sk�;l;k�;l � ��l2(i��k�)=2Sk�;l;i�;j]1=2: (4.31)

One may now proceed in a fashion similar to that of the usual LIFSM method:
For a given range blockIk�;l, find the optimal domain blockIk�;j(l), i.e. the block
yielding the lowest minimum collage distance�l;min. When this has been done
for all range blocks, an operatorTw has then been defined. One may then generate
the fixed point�c of Tw by the iteration processTnwc0, wherec0 2 Cw(u; k�). The
corresponding approximation�v(x) to v(x) may then be constructed by summing
the resulting wavelet series in the coefficients�cij.

One further note regarding offset terms�k and their role in the wavelet coef-
ficient transformation: As stated earlier, offset terms would appear in this trans-
formation only if i� = 0, i.e. the domain blocksDk = X. However, note that
our local IFSM method in Paper I involves offset terms in the grey level maps.
The explanation is that the wavelet expansion implicitly assumed by the LIFSM
method is not Eq. (4.17) but rather the following:u(x) = 2i��1Xj=0 bi�;j�i�;j(x) + 2i��1Xj=0 ci�;j i�;j(x)+ 1Xi=1 2i�+i�1Xj=0 ci�+i;j i�+i;j(x): (4.32)

In other words, the minimum resolutionk in Eq. (4.17) isi�. Each domain blockDk has been expanded separately in a wavelet series expansion.The structure of
the corresponding wavelet coefficient table is sketched in Figure 4.3.

i* j

0 1

ci* j

k* lc

b

Figure 4.3: The domain and range blocks associated with the nonoverlapping
IFSM in the text.

When the wavelet system used above is the Haar system, then the above fractal
transform method is identical to the usual nonoverlapping LIFSM method. How-
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ever, the above method also applies to more generalized wavelets ij which are
supported on range blocksRk which overlap with each other. Even though these
blocks overlap, the wavelets remain orthogonal to each other. (Of course, the form
of the local IFSM maps will have to be altered accordingly.) The overlapping of
these wavelets has been shown to be beneficial as it can reducethe usual “block”
effects exhibited by normal “nonoverlapping” fractal transforms [26, 27]. An ex-
ample is shown in Figure 4.4. Both images use16� 16 pixel domain blocks and8 � 8 pixel range blocks. However, Figure 4.4(a) was produced using the Haar
wavelet basis and Figure 4.4(b) was produced using the “Coifman 12” wavelet
basis [29]. Wavelet functions of the latter type which are centered on neighbour-
ing blocks overlap with each other while remaining orthogonal to each other. The
“blockiness” of the Haar expansion has been reduced somewhat by the Coifman
12 expansion. We thank Mr. A. Van de Walle for providing theseimages as com-
puted from his fractal wavelet compression routine [26, 27].
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Figure 4.4: Approximations to target image “Lena” using discrete wavelet fractal
transform method of Section 5. Domain blocks are16 � 16 pixel arrays, range
blocks are8 � 8 pixel arrays. (a) Haar wavelet basis. (b) “Coifman 12” wavelet
basis. (Courtesy of A. Van de Walle.)
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Chapter 6

Collage Theorem for Fourier
Transforms

In Chapter 3, it was shown that anN -map IFSP(w;p) with associated Markov
operatorM : M(X) !M(X) induces a linear operatorA which mapsD(X),
the space of moment vectors for measures inM(X), into itself. In this section,
we derive the mapping which is induced on the space of Fouriertransforms of
measures inM(X). The treatment may easily be modified to treat the discrete
cosine transforms (DCT) of measures. The structure of our discussion will closely
follow that of Section 3.1 on moments. As in the main text, it is assumed thatX = [0; 1].
Given a measure� 2M(X), we define its Fourier transform (FT)̂� : R! C as�̂(!) = ZX e�i!xd�(x); ! 2 R: (6.1)

Note that�̂(0) = 1 and thatj�̂(!)j � 1; 8 ! 2 R. Now letFT (X) denote the
set of FT’s for all measures inM(X). As is well known,�̂(!) 2 FT (X) does
not necessarily imply that̂�(!) 2 L2(R;m). We thus define the following metric
onFT (X): For �̂; �̂ 2 FT (X), letdFT (�̂; �̂) = �Z 1�1 j�̂(!) � �̂(!)j2!�2d!�1=2 ; (6.2)

That these integrals exist is an immediate consequence of the following result: For
any� 2 M(X), the functionf� : R ! C defined byf�(!) = !�1(�̂(!) � 1)
for ! 6= 0 satisfies

R1�1 jf�(!)j2d! <1.

Proposition 7 (FT (X); dFT ) is a complete metric space.

37
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Proposition 8 Let�; �(n) 2M(X), n = 1; 2; 3; : : :, with FT’s�̂; �̂(n) 2 FT (X).
ThendT (F; F (n))! 0 asn!1 iff dH(�; �(n))! 0 asn!1.

Now, as in Section 3.1, let(w;p) be anN -map affine IFSP with associated
Markov operatorM : M(X) ! M(X). Let �; � 2 M(X), with � = M�
and FT’s�̂; �̂ 2 FT (X), respectively. From Eq. (3.5) in Section 3.2, settingf(x) = e�i!x, we have�̂(!) = NXk=1 pke�i!ak �̂(sk!); ! 2 R: (6.3)

Therefore, to each Markov operatorM : M(X) ! M(X), there corresponds a
linear operatorB : FT (X)! FT (X).
Proposition 9 The linear operatorB is contractive in(FT (X); dFT ).
Proof: Let �̂; �̂ 2 FT (X). ThendFT (B(�̂); B(�̂)) = 24Z 1�1 ����� NXk=1pke�i!ak [�̂(sk!) � �̂(sk!)]�����2 !�2d!351=2� NXk=1 pk �Z 1�1 j�̂(sk!)� �̂(sk!)j2!�2d!�1=2= NXk=1 pkjskj1=2 �Z 1�1 j�̂(� )� �̂(� )j2��2d��1=2� c1=2dT (�̂; �̂): (6.4)

Corollary 5 The operatorB has a unique and attractive fixed point�̂� 2 D(X).
Note: �̂� is the FT of the invariant measure�� of the affine IFSP(w;p) and satisfies
the relation �̂�(!) = NXk=1pke�i!ak �̂�(sk!); ! 2 R: (6.5)

In other words,̂��(!) satisfies a “self-tiling property”: its graph may be expressed
as a linear combination of dilated copies of itself. However, the graphŝ��(sk!)
are copies of̂��(!) which arestretchedalong the!-axis, unlike the case for IFSM
functions. (This is perfectly in accord with the “duality” of space and frequency
variables in Fourier transforms.)
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Corollary 6 (Collage Theorem for Fourier Transforms): Let(X; d) be a compact
metric space and� 2 M(X) with FT �̂ 2 FT (X). Let (w;p) be anN -map
IFSP with contractivity factorc 2 [0; 1) such thatdFT (�̂; �̂) < �, where�̂ =B(�̂) is the FT corresponding to� =M�. ThendFT (�̂; �̂�) < �1� c1=2 ; (6.6)

where�̂� 2 FT (X) is the FT corresponding to�� =M ��, the invariant measure of
the IFSP(w;p).
The above treatment now allows us to formulate an inverse problem for Fourier
transforms of measures as a minimization of the collage distancedFT (�̂; B�̂).
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