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Chapter 1

Introduction

In a previous paper in this volume [15], henceforth to berrefito as Paper I, we
presented a unified treatment of IFS/Fractal Transform oulin terms of “gen-
eralized fractal transforms”. A theory of Fractal Transferon Distributions was
developed so that the various IFS methods on function spa@esFS, IFZS and
IFSM (including “Fractal Transforms” and the “Bath Fracfahnsform”) could
be united with IFSP on measure spaces.

In this paper we examine various methods to attack the iaversblem of
function/measure approximation using generalized ftacamsforms, which in-
volve the use of IFS maps whose “range blocks” may overlap.séch, these
results may not appear to be greatly effective in the prold&fractal image com-
pression since overlapping blocks are viewed as redundatiiei coding of an
image. However, our philosophy has been to develop a sysitetheory of ap-
proximation of functions, measures and distributions gsirtomplete “basis set
of IFS maps.

As in Paper |, we consider such target functions or imagesetelbments
of an appropriate complete metric spd@& dy). The underlying idea in fractal
compression is the approximation, to some suitable acgudd@ targety ¢ Y
by the fixed pointy of a contraction mapping € Con(Y), i.e. f(y) = y. Itis
thenf which is stored in computer memory. By Banach’s celebraigdd-Point
Theorem or Contraction Mapping Principle (CMP), the uniquedipointy may
be readily generated by iteration ¢f using an arbitrary “seed” imagg € Y.
We have been interested [11, 12, 13, 14] in a complete matieahaolution to
the following formal inverse problem:

Given a “target’y € Y and ane > 0, find a mapf. € Con(Y') such that
dy (y,9e) < €, wheref.(y.) = y.. As is well known, the inverse problem is
somewhat simplified by the following corollary to the CMP,ialiis now referred
to in the IFS literature as the “Collage Theorem”:
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2 CHAPTER 1. INTRODUCTION

Theorem 1 Let (Y, dy) be a complete metric space. Giveryac Y suppose
that there exists a map € Con(Y') with contraction factok; € [0, 1) such that

dy (y, f(y)) < 4. Then 5

].—Cf’

dy (y,9) < (1.1)

wherey = f(y) is the fixed point of .

In other words, the closer th@tmaps a target point to itself, the closer thay

is to the fixed poing of f. By makingd sufficiently small (if possible)y may
become a suitable approximatiomtoRigorous solutions to the inverse problem
of approximation using IFS-type methods (i.e. for arbitéry 0) have been pro-
vided in [12] (for measures) and [13, 14, 11] (for functioas)well as algorithms
for the construction of these approximations. Our basatsty has been to work
with an infinite seW = {w;, w,, .. .} of fixedaffine contraction maps which sat-
isfy density conditions appropriate to the metric sp#cbeing employed. From
this set, sequences tf-map IFSw¥ may then be chosen to produce approxima-
tions of arbitrary accuracy. As such, our formal solutiotablishes that the set of
fixed points generated from this infinite set of IFS m3jss dense iY, dy ).

The layout of this paper is as follows. In Section 2 we brie@lyiew our so-
lution of the inverse problem for IFSM since it is a direct hnad. Section 3 is
devoted to measure approximation using IFSP. This is amdodinethod, since it
is the moments of the target measyrénat we seek to approximate as closely as
possible. In Section 4 we formulate a general fractal t@msimethod on orthog-
onal function expansions. In the specific case of the loc@MFnethod applied
to wavelet expansions, the method leads to “discrete weivat#al compression”

In the Appendix, a Collage Theorem for Fourier transformsefsures is given.
Much of the notation used in this paper follows the notatibRaper I.



Chapter 2

Inverse Problem for IFSM

The inverse problem for IFSM is a “direct method” since we mayk on the
target functions/images directly with IFS operators.

2.1 Collage Theorem for IFSM in £*( X, p)

From the Collage Theorem, the inverse problem for the appration of func-
tionsin£? (X, 1) by IFSM may be posed as follows:

Given a target functiom € £?(X, 1) and & > 0, find an IFSM(w, ®) with
associated operatdr such thatl, (v, Tv) < 4.

For anN-map contractive IFSMw, ®) on (X, d) with associated operatdt,
the squared:? collage distance is given by

A? | v—Tv |3

N

[ ot ) = ofe) P 21)

k=1

Following our discussion in the previous section (and ouwatsgy in [12]), we
consider the IFS maps; to be fixed. The problem reduces to the determination
of grey level mapsp; which minimize the collage distane&?. In the special
“p-nonoverlapping case’, i.e.,

1. U Xy = UN_ wi(X) = X, i.e. the sets(;, = wy(X) “tile” X, and

2. p(wi(X) Nw; (X)) = 0fori# 7, then
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4 CHAPTER 2. INVERSE PROBLEM FOR IFSM
the squared collage distand& becomes

AZ

Z/X (b (v(wy; (=) — v(z)] dp

N
> AL (2.2)
k=1

i.e. the sum of collage distances over fhaonoverlapping subsef§;,. The min-
imization of each integral is a continuous version of “lesgtiares” with respect
to the measurg: For each subseXy, find the¢; : R, — R, which provides the
best£2(X, 1) approximation to the graph efz) vs.v(w;, *(z)) for = € Xj..

Most, if not all, applications in the literature assume fhaonoverlapping
property, withy, = m (Lebesgue measure o) andw; € Affi(X). Inthe
following discussion, however, we consider the more gdrearse where the sets
w; (X) can overlap on sets of nonzegemeasure. We also assume the following:

3. U wi(X) = X, i.e. the sets; (X) “tile” X. Note thatw, € Aff1(X)
implies that|.J;| > 0 for 1 < ¢ < N, where|.J;| denotes the Jacobian
associated with the mapping= w;(z).

4. affine grey level maps, i.é; : Rt — RT, whereg;(t) = ait + 5;, t €
R*T. Thus,a;,3i > 0for1 <i < N.

The squared:? collage distance then becomes

A = <v—Tv,o—Tv>

N N
= ZZ[< Py > arar + 2 <Pryxi > o + < Xk, xi > B

k=11=1
N
— 23 < v, > ot < v, x> Belt+ < v,v >, (2.3)
k=1
where
Yi(z) = u(wi (2), xa(e) = Lo, x)(), z€w(X).  (24)
Note thatA? is a quadratic form in th¢-map parameters; andg;, i.e.

A? =xTAx + bTx +dy, (2.5)
wherex? = (ay,...,an, B, ....Bx) € R, The elements of the symmetric
matrix A are given by

aij = < i, >
ON+i,N+j = < XiyXj >
a{,N+j = <1/)ian>7 I<i< N, 1<j<N. (2.6)



2.1. COLLAGE THEOREM FOR IFSM IN? (X, j1) 5

As well,

by = —2<w,; >
byyi = —2<wvxi> L1<i<N (2.7)

anddy =< v,v >=|| v ||3.
For a given target € £?(X, u), assuming| v ||1# 0, we denote the feasible
set of N-map IFSM grey-level parameters as

H12;N = {(ala "'70‘N7ﬁ17 7BN) € RZN | || Tv ||1 S || v ||17 aiaﬁi Z 0}
(2.8)
(Note thatlT?V, which is compact in the natural topology ®&?¥, depends on
the target function.) In terms of the grey level map parameters, the condition
|| Tv ||y < | v]isalinear inequality constraint, i.e.

N
Y (arllvowyt i +okp(Xr) < [l (2.9)
k=1

For the caseX C R?, y = m andw; € Affi(X), 1 < i < N, which will be
used in all applications, the above linear inequality caist becomes

N
Do Willar [ v ][y +m(X)6) < vl (2.10)
k=1

The minimization ofA% may now be written as the following QP problem with
linear constraints:

minimize xTAx+bTx+dy, xT eI, (2.11)
The advantages of QP problems have been discussed in [1ilyBr

1. QP algorithms locate an absolute minimum of the objedtinetionA? in
the feasible regiofil?" in a finite number of steps and

2. in many problems, the minimum valug? . is achieved on a boundary
point of the feasible region. In such caseseif, 8;) = (0, 0) then¢g, (¢) =
0 which implies that the associated IFS map is superfluous. QP (as
opposed to gradient-type schemes) will locate such boynglaints, es-
sentially discarding such superfluous maps. The eliminatfcsuch maps
represents an increase in the data compression factos f@ature was ob-
served with minimization of the collage distance involvli&® with proba-
bilities [12].)
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The following result guarantees that, with the exceptioa degenerate case, the
IFSM operatorT’ corresponding to a feasiblé-map IFSM grey-level parameter
xT € 12V is contractive inC! (X, ).

Proposition 1 Let X C R?, u = mP) andv € LY(X,p), || v ||1# 0. Assume
thatw; € Affi(X)forl <i < N andx? = (ag,...,an, P, -, fn) € T2V,
Then the operatof” corresponding to thé&v-map IFSM(w, @) is contractive in
(LY(X, p),d1) except possibly whety = 8> = ... = Bx = 0. In this special
caseu = 0 is a fixed point of".

Note thatx” € I12Y doesnotguarantee thal is contractive in(L2(X, p), da).
Hence, the Collage Theorem does not appl#iX, ). Nevertheless, our al-
gorithm to approximate functions ii( X, 1) exploits the contractivity of in
(‘Cl(Xa N)a dl)

2.2 Formal Solution to the IFSM Inverse Problem

In this section, we outline the basic ideas behind a formlaitsm to the inverse
problem posed above. Detailed proofs appear in [11]. Thesd@ts would not be
of as much interest to fractal compression as they would bee@pproximation
theory of functions using fractal transforms.

One intuitively expects that thé? collage distancg v — T ||» can be made
arbitrarily small by adding IFS maps with increasing degreérefinement, i.e.
by increasingV. A trivial yet practical way of doing this is by simply dividg up
the base spac& into smaller regions with minimal overlap. This is essdhtia
the approach adopted in image compression, e.g. quadseesnonoverlapping
IFS maps. However, in the spirit of our earlier work on measuwe would like
to consider acompleteand infinite set of IFS maps which can provide various
degrees of refinement. Therefore, in our formal solutiorh®ihverse problem,
we construct sequences Bimap IFSM, denoted g™, &), N = 1,2,...,

WN:(w17w27"'7wN)a (I)N:(¢17¢27"'7¢N)7 (212)

where the IFS mapg; are chosen from fixedand infinite sedV of contraction
maps. The (contractive) operatdfé’ associated with thes¥-map IFSM will
play the role off in the Collage Theorem. In order for the collage distance to
become arbitrarily small with increasiny, a set of conditions will have to be
imposed on the set of map¥, according to the following definitions.

Definition 1 Let (X, d) be a compact metric space apds M (X). A family.A
of subsetA = {A;} of X is “ p-dense” in a familyB of subsetsB of X if for
everye > ( and anyB € B there exists a collectiod € .A such thatd C B and
p(B\A) <e.
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Definition 2 LetW = {w1, wa, ...}, w; € Con(X) be an infinite set of contrac-
tion maps onX. We say thaw generates a ji-dense and nonoverlapping” - to
be abbreviated asyi-d-n” - family .A of subsets oX if for everye > 0 and every
B C X there exists a finite set of integggs> 1,1 < k£ < N, such that

1. AEUévzlwik(X) C B,
2. u(B\ A) < eand
3. p(w; (X)) Nw (X)) =0ifk #£1.

A useful set of affine maps satisfying such a condition’6n= [0, 1] with
respect to Lebesgue measure is given by the following “veaMgpe” functions:

wij(z) =27 (e +j—1),i=1,2,.., 5 =1,2,..., 2" (2.13)

For each* > 1, the set of mapgw-;,j = 1,2,...,2"} provides a set o~""-
contractions of [0,1] which tile [0,1]. As such, the 38t providesN-map IFS
with arbitrarily small degrees of refinement ¢, d).

We now describe our algorithm. L&V be an infinite set of fixed one-to-one
affine contraction maps ok C R which generates a-dense and nonoverlap-
ping family of subsets oX and letw” denoteN-map truncations ofy. Given
a target function € £2(X, m), the regionlI2?, as defined in Eq. (2.8), contains
all feasible pointx” = (a, ..., an, B, ---, Bx) € R?¥, each of which defines a
uniqueN -vector of affine grey level maps”,

&N = {agt + B, ..., ant + Bx ). (2.14)

For anx®™ e M2V, let TV : £P(X, pu) — LP(X, p) be the operator associated
with the N-map IFSM(w?, &%) and

Af =llv =T |3 (2.15)

denote the corresponding squaidcollage distance. Sinaa%, : 12V — Rt is
continuous in the natural topology ®?¥, it attains an absolute minimum value,
A% min ON 2V, For eachV, we may determine this minimum value using QP.

The following result confirms that our procedure provideskason to the formal
inverse problem posed earlier.

Theorem 2 A2 —0asN — .

N,min
This theorem implies that the set of all attractaref N-map IFSM constructed
from W is dense inC?(X).

In Figure 2.1 are given some results of this method as appidte approxi-
mation ofv(z) = sin(wz) on X = [0, 1]. The wavelet maps of Eq. (2.13) were
used. The truncated IFS map vecter§ in Eq. (2.12) were formed by arranging
the waveletw;; maps in the following manner:

w171, w172, w271, ey w274, w371, .. .,w378, ceee (216)
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2.3 “Local IFSM”on LP(X,m))

Our IFSM method can easily be generalized to incorporatstiia¢egy originally
described by Jacquin [19], namely, that we consider theoastdf contractive
mapsw; on subsetof X (the “parent blocks”) to produce smaller subsetsXof
(the “child blocks”). (This is also referred to as a “localIF(LIFS) in [3].)
Rather than trying to approximate a target as a union of ected copies of itself
as in the IFS method, the local IFS method tries to exprestthet as a union of
copies ofsubset®f itself.

Here we formulate a simple “local IFSM” (LIFSM) - in fact, thsual “Fractal
Transform” employed in the literature - o? (X, i), wherep = m. Let Ry C
X, k=1,2,...,N,with N > 1, such that

1. U{_ Ry, = X (tiling condition) and
2. p(R; N Ry) = 0 for j # k (w-nonoverlapping condition).

Also suppose that for eadiy,, 1 < k < N, there exists a; ;) C X and a map
wir),x € Aff1(X), with contractivity factore;(x ., such thatw; i) x(Dix)) =
Ry. In other words, for eachangeor child block Ry, there is a corresponding
domainor parentblock D). For each mapu;x) : Dix) — Ry, let there
be a grey level mag : R — R. The vectorswi,e = {wi(1),1, - Wi(N),N}
and® comprise artV-map LIFSM (wy,., ®). Now define an associated operator
Tioe : LP(X, p) — LP(X, p) as follows: Foru € £P(X,u) andz € Ry, k €
{1,2,...,N},

¢k(u(wi_(;)7k($)))a z € Ry — Uiz R N Ry,

(2.17)
0, z € Uiz Ry N Ry

(Toe(o) = {

Proposition 2 Let X ¢ R? andu = m. Let(wy,., ®) be a local IFSM defined
as above, witlp;, € Lip(R;R) for1 < k < N. Then foru,v € £? (X, m),

N
dp(Tioct; Tiocv) < Cloc pdp(u,v),  Clocp = [Z |Jk|K£]1/pa (2.18)

k=1
wherel|.J;| denotes the Jacobian of the transformatios: w; ),z (v)-
Remarks:

1. If Croe,p < 1, thenTy,, is contractive over the spad€? (X, m), d,) and
possesses a unique fixed paint

2. The factoiCy,. , is similar in form to the “optimal” factoC, in Eq. (3.32)
of Paper I, due to the nonoverlapping property of f)e It is not neces-
sary to impose the restriction that &} maps be contractive. As before, it
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0.9 (a)

u(x)
°
o

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X

u(x)

u(x)

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 2.1: Approximations to the target sgtz) = sin(rz) on X = [0,1]
yielded by the “normal” IFSM method of Section 2.2, usingweaelet-type basis
of Eq. (2.13), withV = 2, 6 and 14 maps, respectively.
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follows that

Cloep(Dyp) <K, K= 12}6213}(]\7}{;6. (2.19)
The weaker upper bound, which is independent ¢f, is identical to the
result for the “Fractal Grey-Scale Transform” [3].

Given the aboveV-map LIFSM, we now compute the squaréd collage
distance, i.e.

AT = || Tov—v |3
N
= 3 [ Wlotuh yfe) = oo
k=1 k
N
= Y AL (2.20)
k=1

Again, because the range blocks are conveniently nongyerlg, the problem
reduces to the minimization of each squared collage distacover the block
Ry, a“least squares” determinationg@jf. In the special case that tilg maps are
affine, the minimization of eachA? is a quadratic programming problem in the
two parametersy, andgy.

Given a target sat, a formal solution of the inverse problem for the nonover-
lapping LIFSM case is straightforward, following the ide&EsSection 2.2. The
formal construction is outlined in [11].

In Figure 2.2 are some approximations to the taige = sin(wz) using the
nonoverlapping local IFSM method. As expected, the acguodapproximation
has improved. Some caution must be employed, however, asrsEggure 2.2(c),
where two range blocks and eight domain blocks have been Tisedapproxima-
tionis rather poor since the “halves” of the functidn(zz) provide poor collages
of the rather straight portiong;, k = 1,2, 3,6, 7,8. As a result, itis necessary to
employ more refined partitions for the parent cells.
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2.4 Inverse Problem With Place-Dependent IFSM

The above methods for a formal solution to the inverse praldan be applied to
place-dependent IFSM (introduced in Paper 1). The expradsir the squared >
collage distance will depend upon the functional form assdifior theg; maps.
We consider the following “nonoverlapping IFS” case:

1. X c R? andy = m. We consider only the casB = 1 here, since the
expressions involving the variablec X become quite complicated.

2. w; € Affi(X). As well, X = U, X;, whereX; = w;(X); in other
words, theX; “tile” the spaceX.

3. u(X; N X;) = 0for: # j (y-nonoverlapping condition).

We assume that the grey-level maggsassume the following functional form:

¢i(t7 8) = ai(s)t +ﬁz(8)7 teR, secX, (221)
where . .
ai(s) =D aist, Bi(s) =D bijsl. (2.22)
j=0 =0

(The special case; = n2 = 0 corresponds to the “normal” IFSM affine maps.)
Each squared collage distants over X; becomes

A} = /X}[adwi‘l(fv))v((w{l(:fc))) + Bi(wy M=) — v(z)]de
= cz'/X[ai(fv)v(fB)+ﬁi(fv)—v(wi(fc))]2dfc

ci/ [v(z) Zaij:vj + Z bz — v(wi(:v))]zdfv. (2.23)
X j=0 k=0

A?is a quadratic form in the coefficients;, b;;. The coefficients of this quadratic
form involve power moments of the functionsy? andw o w; as well as moments
over X. The minimization ofA? is a quadratic programming (QP) problem sub-
ject to suitable constraints.

The method of “least squares” can be applied to this probBynimposing
the stationarity conditions,

A} AN}
aai]' o ab,’j o

0, j=1,2,..n, (2.24)

one obtains a set of linear equations in the place-deperm@ymomial coeffi-
cientSaij, ﬁ”



12 CHAPTER 2. INVERSE PROBLEM FOR IFSM

u(x)

u(x)

u(x)

Figure 2.2: Approximations to the target sgtz) = sin(nz) on X = [0,1]
yielded by the nonoverlapping Local IFSM method of SecticghusingN; parent
intervals andN; child intervals. (aYNr, Ny) = (2,4). (b) (N1, Ns) = (4,8).
(€) (N1, Ns) = (2,8).
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Place-dependent grey level maps could also be used in thegenegal over-
lapping IFS case. The coefficients of the quadratic form md}, b;; involve
power moments. It is also quite straightforward to use pliegendent grey
level maps in the “Local IFSM” formalism given in the previgection. In
Figure 2.3 are shown some results for a PDLIFSM approach egbpdi the tar-
getv(z) = sin(wz). A comparison with Figures 2.1 and 2.2 shows that the PD
method yields a better approximation even in the case wherdamain block is
X =10,1].

Our numerical calculations in [11] confirmed the statemefitsome workers
[22, 30] that there is little need for searching for optimahthin blocks when
place-dependent grey level maps are used. We have foundreepéally that for
most domain-range block pairs, the minimum collage distaryelded by each
of the eight possible affine IFS maps were equal to two, if hotd, figures of
accuracy. As well, we found that the minimal collage diseangielded by vari-
ous domain blocks do not differ by much. Of course, the redaadf searching
represents an enormous saving in computer time.

2.5 Application of IFSM Methods to Images

We summarize this section with a brief comparison of theossilFSM results
outlined above, using the target image “Lena” in Figure 212 (x 512 pixel array
with each pixel assuming one of 256 grey level values). lufé@.5 is shown the
result of the nonoverlapping Local IFSM method of Jacquim@i$6 x 16 pixel
domain blocks an@ x 8 pixel range blocks. No searching for optimal domain
blocks was done - for each range block, only the domain blackaining was
used. All 8 possible IFS maps, however, were tested. In Eigus is shown the
approximation from a place-dependent Local IFSM methode-“Bath Fractal
Transform” using the same domain and range blocks as in €igis. The grey
level maps were affine in both grey level value as well as apatiriable, i.e.
n1 = 0 andns = 1in Eq. (2.22):

$i(t,s) = a; ot + Fi,18 + Bios (2.25)

It is found that some improvement is made if a quadratic fiamctor the offset
term, i.e.ny = 2in Eq. (2.22), is assumed. However, there is little, if amy; i
provement if higher order polynomialsin thg(s) term, i.e.n; > 1 are assumed.
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09 - (a)

08|

07 |

06 |

05 |

u(x)

04 |

03|

02|

01

09 - (b)

08|

07 |

06 [

05 |

u(x)
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03|

02|
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Figure 2.3: Approximations to the target sgtz) = sin(nz) on X = [0,1]
yielded by the place-dependent nonoverlapping Local IFS&thod of Section
2.4 usingNy parent intervals andv; child intervals. (a)(Nr, Ny) = (1,2).
Even with such low resolution, there is already a marked owpment in the
approximation as compared to the and “local” IFSM methodBigiire 2.2. (b)
(N1, Nj) = (2,4).
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Figure 2.4: The targetimage “Lena’5&2 x 512 pixel array, 8 bits (256 grey-level
values) per pixel.

Figure 2.5: Approximation to target image “Lena” using neadapping Local
IFSM method of Jacquin wittv; = 322 domain blocks 16 x 16 pixel blocks)
andN; = 642 range blocks§ x 8 pixel blocks). For each child block, only the
parent block containing it was used. All 8 possible maps weseed. £ error

|| v— |[1= 0.029, RelativeL! error= 0.068. (Unoptimized) coding time = 34
sec..
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Figure 2.6: Approximation to target image “Lena” using @atependent Local
IFSM method withV; = 32% domain blocks16 x 16 pixel blocks) andV; = 64>
range blocks § x 8 pixel blocks). No search for optimal parent blocks. For
each child, only the parent containing it was used. Only tla@ producing no
rotation or inversion was used} v — u ||;= 0.022, RelativeL® error = 0.05.
(Unoptimized) coding time = 27 sec..



Chapter 3

Approximation of Measures
Using IFSP

The approximation of measures must employ indirect methodsving either

moments or transforms. Here we outline the important stegbsnidl a solution
to the inverse problem for IFS approximation of measuresagusioments. An
inverse problem may also be formulated in terms of Fouri@ngforms. A Col-

lage Theorem for Fourier transforms of measures\it{X) is presented in the
Appendix.

3.1 Approximation by “Moment Matching”

Much of the early work on the approximation of measures ulH8P was based
on a knowledge of the moments of a target measure. Some fofimarhent
matching” was applied, in the following spirit: Given a tatgneasure € M(X)
(X C R for simplicity of notation), with momentg, = [ z"dv,n =10,1,2,...,
find an IFS invariant measugewhose respective momerits [ 2" dj are “close”
to theg,. In practical applications, moment matching is performedadfinite
sequence of moments. In the case of an IFS with affine mapmaheents;,, of
its invariant measurg may be computed recursively from the coefficients of the
IFS maps as well as the associated probabilities. In [12]pmeegided a formal
solution to the inverse problem for measure approximatipnHSP as well as
an algorithm to approximate measures to arbitrary accur@wy method differs
from previous efforts in two principal aspects:

1. We work with afixed infinite set of affine IFS maps which satisfy a density
condition quite analogous to thedense and nonoverlapping property of

17
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IFSM. Thus, only an optimization over the probabilitieds required.

2. The moment matching is accomplished by means GbHage Theorem
for Moments The minimization of the squared collage distance in moment
space is a quadratic programming (QP) problem ingthsith a linear con-
straint. This problem can be solved numerically in a finitenber of steps.
The advantages of QP were outlined in Section 2.1 above.

Moment matching for the approximation of measure$ioi]” can be justified by
the fact that the convergence of moments is equivalent teviek convergence
of measures. Since we are working on compact spaces, tbedattvergence is
equivalent to convergence in Hutchinson mettjg. This is summarized in the
following theorem.

Theorem 3 [6] For X = [0,1] let yi, u(™) € M(X),n = 1,2,3,..., with power
moments defined by

gk:/ *du, g,(gn):/ xkd/j("), k=0,1,2,.... (3.1)
X X

Then the following statements are equivalent:

(i)g,(gn) —grasn—o00,k=0,1,2,..,

(i) the sequence of measurg§®) converges weakio ., i.e. for anyf ¢ c(X),
ffd/j(") — [ fdpasn — oo,

(i) dg (u™, 1) = 0 asn — oo.

The results of this theorem apply fi 1]".

3.2 Collage Theorem for Moments

Let X = [0, 1]. (The extension tf0, 1]™ is straightforward.) As well, we consider
only affine maps having the form

wi(z) = six+a;, ¢ =|s] <1, 1<i<N. (3.2)

The use of affine maps leads to rather simple relations imvglthe moments of
probability measures. That it will be sufficient to considaty affine maps is a
result of the following theorem [6].

Theorem 4 Let(X, d) denote a compact metric space abtlyjrs (X) C M(X)
the subset of invariant measures of affine IFSXn ThenM 4;rs is dense in
(M(X), dg).

The above theorem is, in turn, a consequence of the follovasugjt.
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Theorem 5 [24] Let (X, d) denote a compact metric space and .ty (X) C
M(X) denote the set of all measures with finite support. Mg(X) is dense in
M(X).

We now provide the mathematical setting for the inverse jgmbapplied to mo-
ments using IFSP. First we introduce the sp&neX) of all (infinite) moment
vectors for probability measures it (X ):

D(X) ={g = (90:91,92,---) | 9n :/Xxnd#’ n=20,12,...,
for somey € M(X)}. (3.3)

(Note thayo = 1.) Then define the following metric B (X): Foru,v € D(X),
i i (up — v (3.4)
12 ¥k B) .

It was proved in [12] thatD(X), d») is a complete metric space.
Let (w, p) be anN-map affine IFS with Markov operata¥ : M(X) —
M(X). Furthermore, leg, v € M(X), with = M .. Note that

[ e = [ s
sz/ o w;)(x)dp(z). (3.5)

The moment vectors gf andv will be denoted by, h € D(X), respectively.
From the above equation, settifige) = 2", n = 1,2,..., we have

hn_2< >[sz k]gk, n=1,2,.... (3.6)

k=0

Thus to each Markov operatdd : M(X) — M(X), there corresponds a
linear operatord : D(X) — D(X) so thath = Ag. In the standard basis
{e; = (0,0,...,0,1,0,...)}%2,, the (infinite) matrix representation df is lower
triangular. The diagonal elements of this matrix asg = 1 and

N
Apn = Zpis?, n > 1. (3.7)
i=1

Sincelann| < ¢" < 1forn > 1, we have the following results.
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Proposition 3 The linear operator is contractive i D(X ), ds).
Corollary 1 The operatord has a unique and attractive fixed poge D(X).

The componentg,, of g are the moments gf = M j, the invariant measure
of the IFSP(w, p). (These moments may be computed recursively by a slight
rearrangement of Eq. (3.6) above.)

Corollary 2 (Collage Theorem for Moments): Assume {t&td) is a compact
metric space angh € M (X) with moment vectog € D(X). Let(w,p) be an
N-map IFSP with contractivity factar € [0, 1) such thatds(g, h) < €, where
h = Ag is the moment vector correspondingite= M ui. Then

= €

ds(g, g) < (3.8)

1—¢’

whereg € D(X) is the moment vector correspondingitgthe invariant measure
of the IFSP(w, p).

An inverse problem for the approximation of measuresVt{X) may now be
posed as follows: Let € M(X) be a target measure with moment vegtoe
D(X). Given aé > 0, find an IFSRw, p) with Markov operatotM : M(X) —
M(X) and associated linear operatbr D(X) — D(X) such thatl»(g, Ag) <
d. Asfor the IFSM case, we considar-map affine IFSRw, p) for which the IFS
mapsw; are fixed. The problem then reduces to the determinationaifgivilities
p; which minimize the moment collage distantgg, h) < J, whereh = Ag.

We denote the squared collage distance between moments/got® (X ), d-)
as

Sp) =), %(hn(p) —gn)’. (3.9)

From Eq. (3.6) the moments, are given by

N
hn = Anipi; n=1,2,3,..., (3.10)
=1
where
_ n k n—k
Ani _;< . >s a gy (3.11)

Thus the functiorf(p) may be written in the form

S(p)=p"Qp+b'p+s0, pell”, (3.12)
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where
Y = {p = (p1,p3, -, pn) | Zpi =1, pi > 0}. (3.13)

i=1
The elements of the symmetric matfixare given by

— 1 L
g@i=> —Anidnj, 1<6j <N, (3.14)

n=1

The elements ab are

1 .
b = —2 Z:l —Anign, 1<i<N (3.15)
and
[o@] g2
o=, (3.16)
n=1 n

The minimization of the squared moment collage distafige) is a quadratic
programming problem with linear constraints,

N
minimize S(p), Zpi =1, pi>0. (3.17)
i=1

3.3 Formal Solution to Inverse Problem

It will now be necessary to guarantee that the collage distép) can be made
arbitrarily small. As in the IFSM case, we construct seqesnaf N-map IFSP,
denoted agw? | p'), where the IFS maps w® are chosen from a fixed, infinite
setW of contraction maps oX . A condition must be placed on this set, according
to the following definition.

Definition 3.2: An infinite set of contraction map& = {ws, ws, ...}, w; €
Con(X) is said to satisfy am-contractivity condition onX if for eachz € X
and anye > 0, there exists aii* € {1,2,...} such thaty;- (X) C N.(z), where
N.(z) {y € X | d(z,y) < e} denotes the-neighbourhood of.

If W satisfies the-contractivity condition onX, theninf; <;<., ¢; = 0. The
setW providesN-map IFS with arbitrarily small degrees of r_ef_inement(é&h d).
The “wavelet-type” basis functions of Eq. (2.13) convetlienatisfy such ar-
contractivity condition.

Now let W = {w1,ws,---} be an infinite set of affine contraction maps on
X =[0,1] which satisfies the-contractivity condition. Let

WY = {wy,w,...wx}, N=12,..., (3.18)
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denoteN-map truncations of W. As well, let

N:{pN:(Plapzw' ,Pn) |pi >0, sz—l} (3.19)

denote the set of all probability-vectors forw”. Note that IIV ¢ RV is
compact in the natural topology o™ . Now let ;. € M(X) be atarget mea-
sure with moment vectorge D(X). For ap™ € IV, let MY be the Markov
operator corresponding to theV-map IFS(w™,pY). Also let vy = MYy,
with associated moment vectdny € D(X). The collage distance between the
moment vectors ofy and vy will be denoted as

AN (™) = |lg—hyll - (3.20)

Since AY : IV — R7T s continuous, it attains an absolute minimum value,
to be denoted asAYY, , on TIV. The following result establishes that the above
procedure provides a solution to the inverse problem forsuesaapproximation.

Theorem 6 AY. —~ 0 as N — co.

min

Remarks:

1. Theorem 6 is a density result establishing that the setvafiant measures
for all N-map IFS ¢, p") where p¥ ¢ IV, N = 1,2,...,isdense in
(M(X),dg). This result can be extended[th 1]¢, ¢ > 2.

2. Although not explicitly stated in the proof, the collagstednces A and,
in particular, the sequenc@\?. | are also dependent on the ordering of the
w; Maps in the infinite se?d. However, at this point, we are not interested
in any questions about the “optimal” ordering of the mapsy¥ nor how
N-map subsetsw” should be chosen.

3.4 Some Numerical Results

We present some results of the above approximation methsltbiw its important
features. The target measyteconsidered here the Lebesgue-Stieltjes measure
generated by the following distributidn(z) on [0, 1]:

e, wzel0, %2)
F(z)=} 1 xE[% 2), (3.22)
T, TE [§ 1]
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i.e. u(a,b) = F(b) — F(a), a < b. The moments of this measure are given by
g 1/2\" [
/0 :B"d:v—l—g <§> —|—/§ z"dx
1 1 n+1 9 n+1 1 9 n
1 = -z - = > 0. (3.22
+(5) -() |+3(5) 2o

n—+1
The wavelet-type maps of Eq. (2.13) were used here. TheateddFS map
vectorsw” were formed by arranging the;; maps in the same manner as in Eq.

(2.16). In practical calculations, only a finite number ofments can be matched.
As such, the following function,

gn

Mo [N 2
S(e™) =D — D Awipi —gn] : (3.23)
n=1 i=1

was minimized, subject to the constraints on the probaslit In calculations
reported here}d = 30 moments were matched. The minimization of the function
S& was performed with a quadratic programming algorithm depet! by Best
and Ritter [4].

Figure 3.1 shows approximatio®s; () to F(z) yielded by the optimal IFSP
for values ofN = 2, 6, 14, respectively. TheFy (z) functions were approximated
by generating discrete approximations of the invariantsuess of théw?” , p*)
on a lattice of 2000 points on [0,1]. There are two importadtiires of these
calculations:

1. AsN increasesFy (z) is seen to converge tB(z), with better approxima-
tions to the jump at = 2.

2. For eachV > 3, the minimum ofS3; (p¥) located by the QP algorithm
occurred on a boundary of the feasible regib¥, implying that there were
some zero probabilities. The actual number of nonzero fidtiias which
existed for the case® = 2,6, 14 in Figure 3.1 wereV = 2, 4, 8, respec-
tively. As such, the QP algorithm has performed a data cossjoa, elim-
inating the unnecessary IFS maps. (This would not necés$earie been
done if gradient methods were used to locate the minima obbjective
function.)
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Figure 3.1: Approximations to the distributidn(z) of Eq. (3.21) obtained by
moment matching, using the wavelet-type basis of Eq. (2W®h N = 2,6 and

14 maps, respectively.



Chapter 4

IFSM and Fractal Wavelet
Compression

Let(w, @) be anV-map affine IFSM oX = [0, 1] and suppose that its associated
operatorT is contractive on(£? (X, m) for some (or all}jp > 1. Then the fixed
pointw satisfies the equation (cf. Eq. (3.36) in Paper 1)

N
a(z) =) [ara(wy (2)) + Bulx, (2)] (4.2)
k=1
As noted in Paper I is expressed as a linear combination of dilated and traetslat
copies of itself along with piecewise constant functionkisTis somewhat rem-
iniscent of using wavelet functions which are obtained Hgtdtions and trans-
lations of a “mother wavelet” function. The IFSM method mag/\lewed as an
adaptiveencoding since the “mother” function is the target itselowver, the
copiesyx (z) = u(wy '(z)) are generally not orthogonal to each other. In fact,
the above expansion may be considered as highly redundaaipiecewise con-
stant functions are sufficient to create a linearly indepentasis. Nevertheless,
some workers have been investigating the idea of constigictithonormal basis
functions from the scaled copigsg () of the target functiom(z) [28].
If the affine grey level maps are now assumed to be place-dep&nhaving
the form
¢k(t7 8) = apt + Y (8)7 1<k <N, (4.2)
(with the offset term;, being absorbed by the functiop (s)), the fixed point
equation forz then becomes

ae) = [onu(wy (@) +ye(wy  (2))] (4.3)
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If o = 0forl < k& < N (implying that the contraction factor & is C,, = 0),
then the above equation reduces to an expansianiofterms of functionsy;, :

X — R. In most practical applications to date (e.g. the Bath Rtabtansform
[22, 23, 30]) these functions have been assumed to be poighormHowever,
one could equally assume that thes) were linear combinations of orthonormal
functions, e.g{cos(nmz)}, etc..

In the place-dependent local IFSM formalism (PDIFSM). thecfionsy; (s)
now mapdomain blocksD;, to the grey level rang®. Moreover, the composi-
tions(yz o w].‘(z%k)(:c) are now translations and dilatations of the s) functions.

If the y; (s) are chosen to b&aveletfunctions, then the orthogonality is guaran-
teed. In the special case that all grey-level scaling patensie;, are zero, the
place-dependent local IFSM method can be made to coincithenaivelet expan-
sions. What remains is to examine wavelet expansions ofifursfimages from
anindirectapproach as was done for measures, i.e. through their mement

For simplicity we restrict our attention to the one-dimemsil case, i.eX =
[0,1]. Let {gn}22,, With go(z) = 1, denote a complete set of orthonormal basis
functions onX. Then for a given: € £3(X, m),

u(z) = chqk(:v), (4.4)
k=0
where
cr =< u,qp >= / u(z) gy (z)de. (4.5)
X

Now let (w, ®) denote arV-map affine IFSM onX with associated operat@r
and letv = Tw. Then

v(z) = deqk(:v), (4.6)
k=0
where
dp, = <gqp,v>
= < (IvaU >
N N
= Y ai<quow; >+ i <qr L x) > (4.7)
i=1 i=1

Using Eq. (4.4) to expand(w; *(z)) yields

dy = Zakm + e, (4.8)
=1
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where

N N

agr = Zai <grgrowt>, ey = Zﬁi < s Ly (x) > (4.9)
i=1 i=1

This is the affine mappingd : ¢ — d associated with the IFSM operatét In

this general case, there is a simple, yet important result:

Proposition 4 Given an orthonormal basi§g, } on X as above. Suppose that
the N-map IFSM operatofl" is contractive in?(X) with fixed pointi. Then the
mapping4 : I?(N) — [?(N) in Eq. (4.9) is contractive in th& (N) metric. The
fixed pointc = Ac is the vector of Fourier coefficients afin theq,; basis.

Proof: Letu,v € £L%(X, m) with Fourier coefficients, d € {?(N), respectively,
in theg, basis. Sincd' is contractive, there exists@ € [0, 1) such that

| Tu—Tvllcz < Cllu—wvlge. (4.10)
From Parseval's relation, i.8.u ||c= = || ¢ |2, etc.,

| Tu—Tollez = | Ac— Ad | (4.11)
so that

| Ae—Ad ||z < Clle—d]|=. (4.12)

Therefore A is contractive inl?(IN). Sincel?(N) is complete, there exists an
elemente € [*(N) such thatde = ¢. The vectore defines a unique function
u € L£2(X) through the expansion in Eq. (4.4). From Eqgs. (4.7)-(4tSpliows
thate = Ac impliesTu = .

In general, the matrix elements g, ¢ o w; ' > in EQ. (4.9) do not vanish,
leading to a rather full (i.e. not sparse) matrix represgmaof A. This would
occur, for example, in the case of the Discrete Cosine Toarsf However, in
the special case that tlag are localized in space, e.gvavelets many of these
matrix elements vanish. The relations betweendheand thec; simplify even
further when the IFS map&; arelocal and map domain blocks which support
wavelets of lower resolution/frequency to range blocksaltsupport wavelets
of higher resolution/frequency. This is the basis of what heen referred to in
one form or another as “wavelet-based fractal compresdin20, 25]. In what
follows, we consider only the one-dimensional case for $iciip. The extension
to functions/images iR ? is straightforward but more tedious.

The following standard dyadic multiresolution approximatof £2(R.) is as-
sumed [21]:

1. A sequence of nested subspales L£L2(R), j € Z, whereV; C Vj11. V;
contains the set of all approximations of functighs £2(R) at resolution
24, Moreoverlim,_, . V,, = L%(R).
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2. The sequence of orthogonal complemdiits — V; such thai¥; @ V; =
Vi+1,7 € Z. This implies that for any: € Z andn > 0,

VidoW, @Wir1 @ ...® Wit = Vignt1- (4.13)

3. A*scaling function’ € £?(R) such that the functions
$ij(z) = 212p(2'z — j), j €L, (4.14)
form an orthonormal basis fdr;.
4. The “orthogonal wavelet}) € £*(R) such that the functions
Pij(z) = 22922 — j), jEL, (4.15)

form an orthonormal basis fd¥;. It follows that the sef+;;}, 4,5 € Z,
forms a complete orthonormal basis #t(R.).

In the case of the Haar wavelet system,

1
poo(z) =1, = €10,1), ¢oo(:c):{ 0, g Zi)’ (4.16)

Thenu € £2(R) may be expanded as

u(z) = Z <, Prj > ¢kj($)+z Z < Uy Pregt,j > gty (x). (4.17)

j=—o0 =0 j=—

For functions orf0, 1], all contributions fron¥;, j < 0 vanish. (We assume some
kind of periodic extension of the functions on [0,1] ) Thenk = 0 in Eq.
(4.17) so that

0o 26-1

u(z) = boodoo(z) + coopoo() + Z Z cijij(z), (4.18)

i=1 j=0

where, of coursehgp =< u, oo > ande;; =< u, ;; >. In the case of the Haar
wavelets, the supports of the functiopg are the dyadic intervals

T

I;; = L., J +
207 21

For more generalized wavelets, the supports ofithewill be larger than these

intervals. Nevertheless the orthogonality of the is preserved. In this case, we
shall consider the wavelets; to be centered on the intervdlg. The coefficients

], 0<j<2. (4.19)



29

Cio C1
Co C1 G Cxs3

0 1

Figure 4.1: The table of wavelet coefficierdts andc; ; associated with the ex-
pansion in Eq. (4.18). The location of each coefficient rkvéze resolution as
well as the spatial localization of the wavelgj; .

boo andc;; may be conveniently arranged in a table such as the one shown i
Figure 4.1 which reflects the degree of resolution as welbaalization in space.

For simplicity, we consider the following “nonoverlappirigcal IFSM. (Our
analysis may be extended to cover more general cases wheadttge partition-
ing” has been used.)

1. Domain blocks given by the intervals ;, 0 < j < 20" 1,
2. Range blocks given by the intervdls ;, 0 <1 < 2%" — 1, wherek* > i*.

Suppose that for each range blabk ;, I € {0,1,...,2%" — 1}, we choose a
domain block;- ;). The local IFSM map for this pair, denotedas: I;- ;) —
I+ 1, will have the contraction factd"—*". There will be an associated affine
grey level mapg;(t) = «a;t + G (not to be confused with the scaling function
$i;j(z)). From Eq. (4.8) and the orthogonality property of the, we have

div g = ouci juy < Pris pij o wy L > (4.20)
Since(y;j o wy ) (z) = 208/ 24py (), it follows that
g = 2077 2. (4.21)

As well, all coefficients lying belowd;.- ; in the table will be scaled copies of the
corresponding entries below. ;, that is,

= 207 F")/2 E >0 0<I <2¥ —1.

d Cingr! 2 j ()"

Btk 20 141
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G |

0 1

Figure 4.2: The domain and range blocks associated with tm@werlapping
IFSM in the text, cf. Egs. (4.21) and (4.22).

This equation represents the transformation on the wavelefficientsc;; for

¢ > k* induced by the local IFSM. The domain and range regions imneelet
coefficient table are schematically illustrated in Figur2 Such a transformation
has been derived independently in the literature in thesoaiof wavelet represen-
tations. Writing this transformation as an IFS-type metbndvavelet coefficients
has been referred to as “fractal wavelet compression”. Turpgse of this Sec-
tion has been to show how IFSM/local IFSM induces an IFS-tygesform on
the wavelet coefficients.

Note that no “offset” terms involving thg; appear in Egs. (4.21) and (4.22).
Such terms would appear only if the resolution level of thendm blocks would
be:i* = 0, i.e. “traditional IFS”, where the domain block ¥ itself. Again
by orthogonality, the offset terms involving ti#e would contribute only to the
coefficientbyg. (See note later in this section.)

The coefficientsgo ande;;, 0 < i < k* — 1,0 < j < 2¢ — 1 remain fixed.
Therefore, once computed using Eq. (4.5), these coeffimm stored and then
used to generate the higher resolution coefficients. In ddikws, we provide
the framework for an IFS-type inverse problem on the wavebefficients.

For a given function: € £2([0, 1]) and the above local IFSM, define the
following wavelet coefficient space:

Culw, k%) = {boo,cri, k> 0,0<1<2%— 1] Y e < oo, where
k1

cij =< uyhij >, 0<i<k*—1,0<j<2 —1}. (4.23)

Let T, : Cu(u,k*) — Cyu(u,k*) denote the transformation induced by the
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LIFSM on the wavelet coefficients. We consider the followimetric onC', (v, &*):
Fore,d € Cy (u, k*), define

dy(c,d)= max Af, (4.24)
0<I<2k" —1
where
s 2% 1
2 _ 2
Al = Z Z (ck*+k’,2k'l+l’ _dk*+k’,2k'l+l’) : (4.25)
k=0 I'=0

Proposition 5 The metric spacéC,, (u, k*), dy,) is complete.
Proposition 6 For ¢,d € C,, (u, k*),

dy (Tye, Tyd) < cydy(c,d), ¢y = max |al|2(i*_k*)/2. (4.26)
0<I<2k —1

Corollary 3 If ¢,, < 1, there exists a unique € C,, (u, £*) such thatl, ¢ = c.

Corollary 4 Letc € Cy(u, k*) and suppose that there exists an IFSM with asso-
ciated transformatiofl, such thatl, (¢, Tiy¢) < €. Then

€

dy (e, ¢) < (4.27)

1—cy’
whereec = T, c.

For the wavelet coefficient vecterof a target functiom € £2([0, 1]), the squared
L? collage distance associated with each range hlgck will be given by

I
oo 2F —1

2 _ . olit—k)/2 , 2
Ar = Z Z (ck*+k’,2k 1y a2 Ciogr! 2k j(l)+1’) . (4.28)
k'=0 1'=0

The absence of terms involvirtdy greatly simplifies the minimization of this dis-
tance. The optimal scaling factor is given by

a; = 2(k*_i*)/25k*,l,i*,j’ (429)
Siv i
where
o 28 —1
Sap7.0 = Z Z Cath’ 2% g+l Cytn' 24 541" (4.30)

k=0 I'=0



32 CHAPTER 4. IFSM AND FRACTAL WAVELET COMPRESSION

The minimum collage distance is
Ay min = [Ske 1500 — 0712(i*_k*)/zsk*,l,i*,j]l/z- (4.31)

One may now proceed in a fashion similar to that of the usuBSM method:
For a given range block; . ;, find the optimal domain block,- ;), i.e. the block
yielding the lowest minimum collage distangg ,,;,. When this has been done
for all range blocks, an operat@y, has then been defined. One may then generate
the fixed point of T,, by the iteration procesE} co, wherecq € C), (u, k*). The
corresponding approximatiar{z) to »(z) may then be constructed by summing
the resulting wavelet series in the coefficieats

One further note regarding offset terifis and their role in the wavelet coef-
ficient transformation: As stated earlier, offset terms Wdcappear in this trans-
formation only ifi* = 0, i.e. the domain block®; = X. However, note that
our local IFSM method in Paper | involves offset terms in tmeydevel maps.
The explanation is that the wavelet expansion implicitisuased by the LIFSM
method is not Eq. (4.17) but rather the following:

2i" 1 2i" 1
u(@)= D b jdie (@) + Y et (x)
j:O j:O
oo 287 Hi1
+ Z Z CivtijWiryij(z).  (4.32)
=1 =0

In other words, the minimum resolutidnin Eq. (4.17) isi*. Each domain block
Dy, has been expanded separately in a wavelet series expafsierstructure of
the corresponding wavelet coefficient table is sketchedgnre 4.3.

0 1

Figure 4.3: The domain and range blocks associated with ¢tm@werlapping
IFSM in the text.

When the wavelet system used above is the Haar system, thabtkre fractal
transform method is identical to the usual nonoverlappilEM method. How-
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ever, the above method also applies to more generalizedetsyg; which are
supported on range block®;, which overlap with each other. Even though these
blocks overlap, the wavelets remain orthogonal to eachrof@®&course, the form
of the local IFSM maps will have to be altered accordinglyneToverlapping of
these wavelets has been shown to be beneficial as it can rdduasual “block”
effects exhibited by normal “nonoverlapping” fractal tséorms [26, 27]. An ex-
ample is shown in Figure 4.4. Both images t§ex 16 pixel domain blocks and
8 x 8 pixel range blocks. However, Figure 4.4(a) was producedgitie Haar
wavelet basis and Figure 4.4(b) was produced using the hGoif12” wavelet
basis [29]. Wavelet functions of the latter type which areteeed on neighbour-
ing blocks overlap with each other while remaining orthogido each other. The
“blockiness” of the Haar expansion has been reduced sontdwhhae Coifman
12 expansion. We thank Mr. A. Van de Walle for providing thesages as com-
puted from his fractal wavelet compression routine [26, 27]
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Figure 4.4: Approximations to target image “Lena” usingodéde wavelet fractal
transform method of Section 5. Domain blocks afex 16 pixel arrays, range
blocks are8 x 8 pixel arrays. (a) Haar wavelet basis. (b) “Coifman 12" wavel
basis. (Courtesy of A. Van de Walle.)
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Chapter 6

Collage Theorem for Fourier
Transforms

In Chapter 3, it was shown that @i-map IFSP(w, p) with associated Markov
operatorM : M(X) — M(X) induces a linear operatet which mapsD(X),

the space of moment vectors for measuread X ), into itself. In this section,
we derive the mapping which is induced on the space of Fotraasforms of
measures iMM(X). The treatment may easily be modified to treat the discrete
cosine transforms (DCT) of measures. The structure of aaudision will closely
follow that of Section 3.1 on moments. As in the main textsissumed that

X =[0,1].

Given a measurg € M(X), we define its Fourier transform (FT): R — C as
fi(w) :/ e~ “Tdu(z), weER. (6.1)
X

Note that(0) = 1 and thati(w)| < 1, Vw € R. Now let FT(X) denote the
set of FT's for all measures im(X). As is well known,ii(w) € FT(X) does
not necessarily imply thgit(w) € £2%(R, m). We thus define the following metric
onFT(X): Forji, v € FT(X), let
oo 1/2

o) = | [ lnto) = vl 62
That these integrals exist is an immediate consequence &llbwing result: For
anyu € M(X), the functionf, : R — C defined byf,(v) = w=!(fi(w) — 1)
forw # 0 satisfies/ ™ |fu(w)[?dw < oc.

Proposition 7 (FT(X),drr) is a complete metric space.
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Proposition 8 Letu, v(™ € M(X),n=1,2,3,...,WithFT'sji, o(®) € FT(X).
Thendr (F, F(™) — 0 asn — oo iff dgr (s, v(™)) = 0 asn — oo.

Now, as in Section 3.1, leftw,p) be anN-map affine IFSP with associated
Markov operatorM : M(X) — M(X). Letu,v € M(X), withv = Mu

and FT'sji, © € FT(X), respectively. From Eg. (3.5) in Section 3.2, setting
f(z) = e~ we have

N
D(w) =Y pre " fi(spw), w € R. (6.3)
k=1

Therefore, to each Markov operatdf : M(X) — M(X), there corresponds a
linear operatoB : FT(X) — FT'(X).

Proposition 9 The linear operatotB is contractive in(FT(X),dpr).

Proof: Let i, o € FT(X). Then

I

5 1/2
drr (B(f1), B(D)) w_zdw]

N .
Yo e [spw) — P(spw)]
k=1

N oo 1/2
< Dom [ / |i(skw) - ﬁ(sw)ﬁw-%zw]
k=1 -
N oo 1/2
= Sowlal? | [ litr) - o(r)Prar]
k=1 -
< Map(p,). B (6.4)

Corollary 5 The operator3 has a unique and attractive fixed pojne D(X).

Note: z1 is the FT of the invariant measufeof the affine IFSRw, p) and satisfies
the relation

N
filw) = Y prem ™ fi(siw), @ €R. (6.5)
k=1

In other words/i(w) satisfies a “self-tiling property”: its graph may be expesgss
as a linear combination of dilated copies of itself. Howetee graphgi(s.w)
are copies ofi(w) which arestretchedalong thew-axis, unlike the case for IFSM
functions. (This is perfectly in accord with the “dualityf space and frequency
variables in Fourier transforms.)
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Corollary 6 (Collage Theorem for Fourier Transforms): LiX,, d) be a compact
metric space angk € M(X) with FT i € FT(X). Let(w,p) be anN-map
IFSP with contractivity factoe € [0,1) such thatdpr (i, ) < €, whered =
B(ji) is the FT corresponding to = M u. Then

€

FEEVER (6.6)

dpr(fi, ) <

wherej, € FT(X) isthe FT corresponding to = M fi, the invariant measure of
the IFSP(w, p).

The above treatment now allows us to formulate an inversbleno for Fourier
transforms of measures as a minimization of the collagedcst!Fr /i, Bji).
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