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Perturbation theory and the classical limit of quantum
mechanics

S. M. McRae® and E. R. Vrscay
Department of Applied Mathematics, Faculty of Mathematics, University of Waterloo,
Waterloo, Ontario N2L 3G1, Canada

(Received 11 June 1996; accepted for publication 25 February) 1997

We consider the classical limit of quantum mechanics from the viewpoint of per-
turbation theory. The main focus is time dependent perturbation theory, in particu-
lar, the time evolution of a harmonic oscillator coherent state in an anharmonic
potential. We explore in detail a perturbation method introduced by Bhaumik and
Dutta-Roy[J. Math. Phys16, 1131(19795] and resolve several complications that
arise when this method is extended to second order. A classical limit for coherent
states used by the above authors is then applied to the quantum perturbation ex-
pansions and, to second order, the classical Poinrtamdstedt series is retrieved.
We conclude with an investigation of the connection between the classical limits of
time dependent and time independent perturbation theories, respectiveiQ9®
American Institute of Physic§S0022-24887)01406-0

I. INTRODUCTION

This paper represents a continuation of a series of investigations of classical limits of quantum
mechanical perturbation expansions. Previoustg showed that the classical mechanigaMm)
version of the Hellmann—FeynmaHF) theorem could be used to generate the CM Poinezasa
Zeipel perturbation expansioch®f a periodic orbit with fixed classical actiod. The CM
Poincare-von Zeipel perturbation expansion associated with a periodic orbit having actian
be obtained from the guantum mechani@M) Rayleigh—Schrdinger expansion of an eigenstate
by the following classical limit.n—o0,7—0, with nZ=J. This limit was first applied to the
one-dimensional quartic anharmonic oscillator by Turchetiid then studied rigorously by Graffi
and Pauf: (The most important features of this classical limit are summarized in Appendlix A.

In this paper we focus on time dependent quantum mechanical perturbation theory with the
same goal in mind, i.e. retrieving classical mechanical perturbation expansions from their QM
counterparts by means of an appropriate classical limit which involves the mathematical operation
h—0. Here we explore in some detail a perturbation method introduced by Bhaumik and Dutta-
Roy (BD)® which involves harmonic oscillator coherent stateOCS |a@), wherea e C. As is
well known®~2in the time evolution of a HOCS under the harmonic oscillator Hamiltonian, the
guantum expectation valug(t)) becomes the classical functiotft) = A cosfugt+ ¢) when the
following classical limit is taken#—0,a|—%, with |a|\% fixed and proportional teA. BD
applied this classical limit of coherent stai@gich we refer to as CLCSo the time dependent
guantum mechanical perturbation expansion for an anharmonic oscillator where the initial condi-
tion ¥(x,0) was a perturbed HOCS. It was observed that in this classical limit the perturbation

expansion for(\P(x,t)|§<|‘lf(x,t)) becomes, at least to first order, the Poineriadstedt pertur-
bation series for the positior(t) of the periodic orbit for the classical anharmonic oscillator.
[Here, ¥(x,t) is the solution of the time dependent Satirmer equation for the anharmonic
potential] Subsequently, the BD perturbation method was applied to a variety of Hamiltdrians

and the classical perturbation series retrieved in all cases. However, all calculations, including
those of BD, were performed only to first order. In a number of papers, it was concluded that the

3present address: Department of Physics, Simon Fraser University, Burnaby, British Columbia V5A 1S6, Canada.
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extension of this perturbation method and its classical limit would be straightforward. Indeed, in a
somewhat cavalier fashion, it was also suggested that this procedure could actually represent an
easier method to generate the well known classical perturbation expansions for periodic orbits. We
have found that this inotthe case. Indeed, a proper calculation of even the second order quantum
corrections involves a great deal of care and the extension to higher orders is not obvious. The
guantum results involve infinite summations which can be written in closed form only if first order
terms are retained, but cannot be expressed in closed form if higher order terms are included. In
addition, the success of this method depends heavily upon the initial conditions chosen for the
quantum problem. We show below that “secular terms” in the classical limit of the quantum
expansions are avoided if the initial conditions specified by BD are chosen. The proper classical
mechanical expansions may be obtairiatileast to second orderbut only if a proper “renor-
malization” of expansions is performed. This is actually analogous to what happens in classical
mechanics, as we explain below. Preliminary redtiesd later progred8 of this procedure have

been reported. Complete details are to be found in the thesis of M€Rae.

The complications in higher order calculations mentioned above are not limited to perturba-
tion theory in the Schdinger picture—they also appear in the Heisenberg picture. We have also
studied this problem and refer the reader to Ref. 21 for details.

We conclude this paper by establishing a connection betweearfitiel classical limit of time
independentRayleigh—Schrdingep perturbation theory and thigy| J# classical limit of time
dependent coherent state perturbation theory. The connection between these two limits is not
obvious apart from the common mathematical operation of lefiingD. Some insight is provided
from an analysis of the unperturbed harmonic oscillator problem. This connection between limits
also reveals that an infinity of quantum mechanical wavefunctions contribute to the construction of
a single classical orbit in the classical limit.

Many of the calculations presented in this paper were done with the aid of the symbolic
computation package MAPLE:23

II. CLASSICAL PERTURBATION THEORY: ESSENTIALS

Of specific interest are periodic solutiong({),p(t)) to Hamilton's equations of motion,

x(t)=aH/ap and p(t)=—dH/dx, in particular, where the Hamiltonian functidt(x,p) is the
perturbation of a solvable problem,

H(x,p)=HO(x,p) + \HD(x,p). (2.

A standard technique for determining periodic orbits of such perturbed problems is the Peincare
Lindstedt methodsee Nayfeff p. 58, Murdock® p. 157, or Verhulf p. 130, for example It is
normally applied to problems having the form

5'(+w(2)x=8f(t,x,)'(,s), (2.2

wheref either does not depend explicitly upor(i.e., an autonomous systemr is periodic in
t. The key idea of this method is thafTaperiodic solution to Eq(2.2) is written as a generalized
asymptotic expansion of the form

N
X(t)= ZO X (s)ek+0(eN*1), as e—0, 2.3

where the perturbation coefficientg(s) are T-periodic in the scaled time variabke= wt. The
frequencyw is expressed as an asymptotic expansion in powere.

w=wot wiet wye+ - . (2.9

J. Math. Phys., Vol. 38, No. 6, June 1997
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The correctionsw, are typically determined by the requirement that no secular, or unbounded,
solutions(e.g.,tsinwgt) may appear. Details of this procedure and applications may be found in the
references cited above.

We shall be primarily concerned with the quartic anharmonic oscillator Hamiltonian,

2 2
_Pp Mwo 4
H(x,p)—2m+ 5 X+ AX", (2.5
From Hamilton’s equations we have
X+ wSX+8X3=O, (2.6

wheree =4xm~1. Now assume that the initial conditions are given by
x(0)=A, x(0)=0. 2.7

The net result, to second orderin is

H)=A )+ AN 3wt )]+ AN
X(t)=A coq wt) 8mwé[cos{ wt)—coq wt)] 16w§m2
23 1
X Zcos{wt)—6c0$3wt)+zcos(5wt) +--, (2.8
where
3A? 21A* 81A°
0=wy+ A A2+ A3+ ---. (2.9

2Mw, B 16m2w8 32mswg

The perturbation expansion for the momentum can be found by differentiatingBj.

3
p(t)=mX(t) = —MwoA sin(wt)+ g\%[— 11 sifwt) — 3 sin3wt)]
0

AS)\Z

+ m[m sinwt) + 36 sin3wt)—5siM5wt)]+---. (2.10

From Eq.(2.9), the frequencyw depends upon the amplitude of oscillatidna behavior charac-
teristic of nonlinear oscillationsNe are particularly interested in how such nonlinear features
emerge from “linear” quantum mechanics &s—0.

Finally, it is extremely important to note that the Poincaréndstedt perturbation expansions
are sensitive to the initial conditions assumed for the problem. For example, the expansions in Egs.
(2.8 and (2.9 arise from the rather standard initial conditions of E2.7). However, a look at
Nayfeh?* for example, reveals a slightly different expansion—the second order correction in the
frequency hagapart from normalizationa numerical factor ofs instead ofZ. In Nayfeh?* a
different set of initial conditions was imposed. One can make a correspondence between the two
expansions with a proper “renormalization” of the amplitude of oscillation, as we now briefly
show. This is a rather important feature that has been ignored in a number of papers, especially
when the results are compared to references such as N&yfeh.

In Nayfeh's approach, the initial conditions for eacl{s) in Eq. (2.3) are chosen so that the
characteristic solution for each differential equation in the hierarchy is zero. Note that in the
resulting solutions,

J. Math. Phys., Vol. 38, No. 6, June 1997
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- AP\
X(t)=.7 coqwt+ ¢)+ m cog§ 3(wt+ )]
0

APN?

+W{_21 co$3(wt+ @)]+cod5(wt+ )]+, (2.11

372N 15.72*\?

D=w

o 2Mwg B 16m2w8 e 212
the initial conditionx(0) is a series in\. By settinge=0 and inverting the series
AN B2
A=_7 (2.13

It g gt e,
8wsm  16wgm?

one can recover the solutions in E¢2.8) and(2.9).
We show below that quantum mechanical expansions will also demonstrate such a phenom-
enon with respect to initial conditions.

lll. QM TIME DEPENDENT PERTURBATION THEORY

We now consider the quantum mechanical counterpart of the previous section, namely, the
time evolution of quantum states under the influence of perturbed Hamiltonians, as determined by
the time dependent Schiimger equatiofTDSE),

A 4 A
ih W(x,t)=H\I’(x,t), (3.1

where
A=A@4+\AD, (3.2

As usual, it is assumed that the eigenvalues and eigenfunctions of the unperturbed time indepen-
dent Schrdinger equation are known:

HOpO=EQ¢® n=01,... . (3.3
Let the time independent Sclinger equation for the Hamiltonian in E(B.2) be denoted by
H¢,=E,h,, n=0,12 ... . (3.9
Our focus will be the QM counterpart to E.5), namely, the QM quartic anharmonic oscillator,
with Hamiltonian

A A A w
H(X,p)= ==+ —— x>+ Ax%. (3.5

There are two major concerns in the formulation of a perturbation method.

(1) The basis set:The usual procedure in the ScHioger picture is to assume a perturbation
expansion for the wavefunctioW (x,t) in terms of theunperturbedeigenfunctions¢>§10)(x) of

H©). As in classical perturbation theory, however, there is a price to pay, namely, the appearance
of secular terms. Dirac®~% variation of constants method is the most common approach to

J. Math. Phys., Vol. 38, No. 6, June 1997



S. M. McRae and E. R. Vrscay: Perturbation theory and the classical limit 2903

removing secular terms from perturbation expansions in the unperturbed basis. Latghidff

have clarified certain aspects of the Dirac method such as how to deal properly with secular and
normalization terms at higher orders, but their methods are developed only for situations where the
initial condition is a single unperturbed eigenfunction. Bhattacha&fyantroduced an undeter-
mined phase method which can be adapted to handle more complicated initial conditions. This
method provides the same result as the BD method. The method of Bhaumik and Dutta-Roy, i.e.
assuming an expansion in the eigenfunctions,(x) of the perturbed Hamiltonian
H=A©+XAD, essentially bypasses the problem of secular terms. If the initial condition of Eq.
(3.2) may be written as

W(x0)= 2 Cohn(X), (3.6
then its time evolution in the “diagonal” basisp,} is given simply by

\If(x,t>=200ne“En””l¢n<x>. (3.7)

This formulation may be considered as a kind of scaling of time, roughly analogous to the
Poincare-Lindstedt method of classical mechanics.

(2) The initial condition ¥ (x,0): The goal is to produce dynamical quantum states whose
classical limits yield periodic orbits ix-p phase space. This rules out the use of eigenstates,
whose time evolution involves only a change in phase. Instead, it is more natural to consider the
harmonic oscillator coherent statdsOCS), which are dynamical states of the unperturbed har-
monic oscillator. The HOCS are definedds**4°

=N
jy=e12S, — 0 (x), (3.9

=N

where thep{?)(x) denote the harmonic oscillator eigenfunctions aneC. If ¥ (x,0)=|a) in Eq.
(3.1) andH is the Hamiltonian for the harmonic oscillator, then
PO(x t)=e 10?2 g~ w0ty (3.9

In other words, a HOCS remains a HOCS. From
. 2h
(WO X POx,t))= M' a|cog wgt+ @), (3.10
0

wherea=|a|e™'¢, and the classical harmonic oscillator solutioft) = Acost+¢), one may

define the following classical limit for coherent stat€d CS):
. . Mwgq
CLCS: limla|—»,A—0, with #|a|?= =—- AZ, (3.11
It also follows that

lim | O(x,1)|?= 8[x— Acog wet+ )], (3.12
CLCS

where §(x) denotes the Dirac delta function. An analogous result holds for momentum.

Bhaumik and Dutta-Royemployed the CLCS to study the TDSE for perturbed harmonic
oscillator problems using coherent states. Their method may be summarized as follows.

(1) Assume the following initial condition for the TDSE in E(B.1):

J. Math. Phys., Vol. 38, No. 6, June 1997



2904 S. M. McRae and E. R. Vrscay: Perturbation theory and the classical limit

=0
V(x0)=|a) =e 1R — (), (3.13
n=0 n!

where theg,(x) denote the solutions to theerturbedharmonic oscillator eigenvalue problem
given in Eq.(3.4).

(2) Solve the TDSE fot(x,t) as a perturbation series \ This is relatively straightforward in
the diagonalp, basis.

(3) Apply the CLCS to the the perturbation expansion for the quantum expectation alie

= (W (x,t)|x|¥(x,t)) to produce a perturbation seriég)c, o).

BD performed the above calculation, but only to first order. It was observed that the pertur-
bation seriegx)c, c«t) agreed with the Poincardindstedt series fox(t) for the corresponding
perturbed classical problem. However, as we show below, both the calculation of second and
higher order terms and their comparison with classical expansions must be done with extreme
care. There are two major points.

(1) Secular terms are avoided in the BD method.

(2) Since the initial conditions of this problem do not involve an unperturbed coherent state,
higher order terms daot agree(in the classical limit with the expansion in Eq4$2.8) and
(2.9), in particular, with regard to the perturbation series for the freques(ey).

In order to better understand the nature of the classical limit of such time dependent quantum
perturbation expansions, we have examined this perturbation method in the perturbed oscillator
basis usingwo different sets of initial conditions, which we refer to as follows.

Method 1: The initial condition is the exact HOCS) in Eq. (3.9),
Method 2: The initial condition used by BD; a kind of perturbed HOG®' in Eq. (3.13.

Method 1 would seem to be the natural choice since one starts with a HOCS with a well
defined classical limit/amplitude. It will be seen, however, that Method 2 is a far more convenient
way to both calculate the perturbation expansion(for(t) and take its classical limit. In both
cases, it is useful to employ a set of perturbed eigenfunciignst H which satisfy theorthonor-
malization condition {¢|én) =3y, rather than theintermediate normalizationcondition
<¢f1°)|<;/>n)=1 when constructing the RS perturbation expansions. Details of these two different
normalization conditions are given by Hirschfeldstral* (Note: This important point did not
have to be considered by BD since both normalization methods give the same results to first
order)

A. Method 1: HOCS initial condition

Using the initial condition of Eq(3.8) and the expansion of Ed3.6) and the fact that
(#wl dn)= Skn We have

k

Come S, (4] 40). (314
k=0 ki
Using Eq.(3.7)
~ - - t A
(FxDlawn)= 2 X CoChy exp[%(Em— En)}<¢m|a| bn), (319

wherea is the annihilation operator:

J. Math. Phys., Vol. 38, No. 6, June 1997
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1
a= ————(Mwx+ip). (3.16
Zmﬁwo

Now, the method will be applied to the quartic anharmonic oscillator whose Hamiltonian is given
by Eq.(3.5). The(time independentRayleigh Schrdinger perturbation theofRSPT) expansions
in A for the eigenvalude,, and the eigenvectap,, are first constructed:

E,=EQ+EMN+EZN2+0()\?), (3.17
o= T NF BINZHON). (3.18
For future reference,
EQ=hwy(n+1/2), (3.19
372
EM= ——(2n*+2n+1), (3.20
4Am-wy
" k3 (17 , 51 , 59 21
En/=— —n°+—n“+ —n+—|, (3.2
" mtell 4 8 8
#* (375 375 1041 333
E®= —n*+ —n3+17M%+ —n+ —|, (3.22
2mbod\ 8 4 8 8
o1
o= —Vn(n=1)(n-2)(n—3)¢2,+(2n—1)Vn(n—1) 42,
Aamlwl| 4
—(2n+3)V(n+1)(n+2)¢'%,
1
—Z¢<n+1)<n+2>(n+3><n+4>¢$f’£4 : (3.23
and
2 h 1\/ (0)
NS —vn(n—1)---(n—=7)¢,”
" 1emtwd| 32 n-e
1

—(6n—11 —1)---(n—5 (0)
+ (6 )Vn(n—1)---(n—5) ¢

+(2n?—9n+7)Vn(n—1)(n—2)(n—3) 42,

1
- Z(2n3+ 122— 107 +66)Vn(n—1)$'?,

1
T (65n*+13°%+ 48T+ 422n+156)

J. Math. Phys., Vol. 38, No. 6, June 1997
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1
- Z(2n3— 1232 - 350 —300)\(n+1)(n+2) %,

+(2n2+13n+18) V(n+1)---(n+4) ¢,

1

+1—2(6n+17)\/(n+1)---(n+6)¢$}26
! (0)
V(n+1)---(n+8 : 3.2
5 (n+1)---(n+8)¢p’g (3.29

Using the notation
Co=C+ACV+22CP+0\?), (3.29

and substituting Eq(3.18 into Eq.(3.15 yields

(¥ (x,1)]a| W (x,t))=S1+A\(S2+S3) + A\?(S4+ S5+ S6) + O(\3), (3.26
where
S it .
s1=2 2 exp[%(Em— En>}c<n°>6*m(°><¢£2>la| &), (3.27
o0 o0 it R
szznzo mE:O exp[g(Em— En)}(cg‘”crn(%cgl>c;<°>)<¢§,?>|a|¢g°)>, (3.29
o] oo |t . A
8= 2, ex;{#Em—En>}c<n°)c:$°><<¢£,?>lal¢&1)>+<¢£,?|a|¢<n°)>>, (3.29
o © |t .
=3 3 exp[g(Em— Enﬂ(cﬁ)c:;mc<n”c;“>+c(n°>c;<2>><¢$$>|a|¢$f’>>,
(3.30
o] o] it R R R
$5=2 2 ex%(Em—En>}c<n°)crn<°>(<¢&?>la| )+ (d'lalen’) +( o lal o)),
(3.31
and
= it
SG:n;:o ex;{%(Em— En)}(cg”c;wucg‘”c;;(l))
X (g1l o) +(dn'lalop”)). (3.32

We now wish to rearrange these expansions in order to facilitate the application of the classical
limit. First consider the zeroth order ter81. Using properties of the annihilation operator acting
on the harmonic oscillator wave function, we have

J. Math. Phys., Vol. 38, No. 6, June 1997
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<¢I(’T?)|é| ¢£10)> = \/ﬁam,n—l-

From Egs.(3.14), (3.18, and(3.25,
C<no>:ef\a|2/2a_
n!

The zeroth order term then becomes

|a|2n

Si=ae 1@
n=0

it
exr{%(En_ Ens1) |-

The discussion of the classical limit of this expression will be deferred until later.

2907

(3.33

(3.39

(3.39

Consider the first order expressions. From Egsl4), (3.18), (3.23, (3.25), (3.33, and(3.39

we have

h 2| a® < it |cu|2n
S2= Am2e3 ze [ZnEO exf{ﬁ(En-M Ents) |——

©

3 it [a|?"
+a®Y exp—(Enip—Enyg) |~ —(2n+3)

n=0

2°° |a|2n
—a(a*)ngo ex (E —Ens1) |——(2n+3)

*)4 *

ala it [
— nzo ex[{%(En_En+l):|T

( *)3 * it 2n
) eXF{%(Ems m}'“' (n+4)

- it 2n
a* > ex;{%(EnH—EHZ)}' al (2n2+7n+6)
n=0
*® : | |2n
—a®Y ep[ (En—Eps+1) |———(2n+5)
n=0

|a|2n
nt |’

- it
—%2 p{ﬁ(En—Em)

It is difficult to take the classical limit of the above expression. Equatg®?) can be used to cast

(3.39

Eqg. (3.36 in a form that is more amenable to taking the classical limit. Simds a complex

number, leta=|a|e'¢. In order to ensure that the quantum initial conditions correspond to the

classical initial conditions given in Ed2.7), we require thatp=0 [see Eq.(3.10 and Section
ll1 C]. Since it simplifies the results, we will replaee with |«| at this point. The simplified

version of Eq.(3.36) is

fi

1
lal?
7 3€ | l[{E(TA,S_TO,1)+4(T3,4_T1,2)
0

S2=
Am‘w

|a®
+[ 8T+ 12T 3+ T3 4l| |3+ 6T, 4 a|] ,

J. Math. Phys., Vol. 38, No. 6, June 1997
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where

o lal®  Tit(Eny—Eng)
Tj’k:nzo n! ex :

7 (3.38
After performing similar simplifications on the other terms, we obtain
a2
S3= 4m2wge | [2To 3~ 6T, 1~ T30l —6|a|T1 g, (3.39

hZ
—laf?
S4=e I Taroo (e (Toxt Tag=2Tag +2(To o+ Trg=2Tag)
Wo

+8(To5tTe772Tas) —2(T34+T56—2T45)]
X ||+ [ 3 (To1=T3a) +54T1o~ T30 +54To3=Tss) + 90 Ts 6~ T3+ 5 (Te 7~ Tap
+3(T76~Taa+ B(TasTag) || +[66Tg1+297T, ;—366T, 3~ 444T 5 1+ 3067, 5

+ 95[-5’6+ 1T5T6,7] | a|5+ [2701—0’1_ %;Tl’z_ 624T2‘3+ 342T3’4+ 120T4’5+ 15[-5’6:” Cl’|3

+[— 45 To1— 19271 o+ 90T, 3+ 30T 5 4+ FTygl|l}, (3.40
2
Ss=g |’ T {[8Tos 2T 0= 60Ty o+ 21T it F T3+ 138T3 o 5
0
+[—120T o5+ 42T 5o+ 8Ty o+ 4147, ]| @2+ [9T 1+ 180T, ]| |}, (3.41
and
2

A2
Se=e | oo LT Tod+ 3(Tog T70+3(Toa~ Tog) +8(Tas~ Te +4(Taa~Tod
@o

+24(T3,-Ts 9]l T+ [3T1 01+ 96T,1— 24T 3+ 12T3 o+ 48T, 5— 24T5 ,— 168743+ 6T3 6
- 3T6,3_ 21T5'4] | a'| 5+ [48T1,0+ 1081—1’4_ 54T4'1_ 252T3'2+ 18T25_ 9T5,2_ 24T4’3]| a| 3
+[60-|—0’3_ 301—3’0_ 72T2,l+ 12T1’4_ 6T4’]]|01|} (342

We have now accounted for all terms in the asymptotic expansion of&E2%). For a more
detailed account of these calculations, we refer the reader to the thesis of MfcRae.

B. Method 2: Perturbed HOCS initial condition (BD)

As stated earlier, the initial condition used by BD is

n

d(x,00=e 12> a—(pn. (3.43

n=0 \/I’]—'

J. Math. Phys., Vol. 38, No. 6, June 1997
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Assuming the expansion

©

@(x,t)=n§0 z exp( — 'ET”t) (X)), (3.44)
we have
. i it .
(@Dlal@(x)=2 X Zor exp[%(Em— En) [ bmlal bn), (3.45
where
Fomerloie (3.46

Vnt

Obviously, the expression fof,, much simpler than that of,, in Method 1, cf. Eq(3.14). The
solution of Method 2 is comprised of ti&l, S3, andS5 terms of Method 1.

C. Classical Limit of Method 1

For the sake of notation, let

(W (X, 1)]X|T(x,t))= }_}O (x)(ME", (3.47)

Using Eq.(3.26 and the fact that

(a+ah), (3.48

the zeroth order term is given by

(x)O= \/L(sus,l*). (3.49
meo

Settinga=|a|e™'¢ and using Eqs(3.11), (3.35, and(B8), it follows that

lim (x)(@=A cogWt+ o), (3.50
CLCS

where the frequencW admits the series expansion given in Eg9).
At this point, we can note two discrepancies from the zeroth order classical solution given in
Eqgs.(2.8 and(2.9).

(1) There is no phase term in the classical solufidue to the initial conditions in Eq2.7)]. This
can be easily remedied by settigg=0 in the quantum result.

(2) The frequency expansion in EB9) doesnot agree with the classical frequency expansion of
Eq. (2.9, specifically as regards the second order term. The explanation for this observation is
a bit more subtle.

Consider the zeroth order term from the classical Poindarelstedt methodA cost). From
Egs.(2.9 and(B9), we can write the classical PoinCaifldndstedt frequency as
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15A\2  147A8\3

=W+ — +---
8m2w8 16mgwg

(3.5)

Writing the classical Poincasd indstedt solution fox(t) given in Eq.(2.8) in terms of W and
replacing other trigonometric functions with the first few terms of their Taylor series expansions,

tH=A W) + AN 3Wt Wit L5A%\* in(Wt
X(t)=A cogWt) Smwg[wi ) —cogWt) ] B sin(Wt)
—+ A%N® W 6 3Wt)+ ! 5w
m ZCOi t) cosg t) ZCOS t)
A\3
+ M[BOB sifWt)—45 sin3Wt)]
22300 Wt)+O(\* 35
m—coi )+O(\Y). (3.52

Thus, in order for the classical limit of the BD method to agree with the classical Poincare
Lindstedt results, secular terms must arise from the classical limit of higher order terms in the
quantum BD series. This turns out to be the case, as we now show.

Consider the classical limit of the first order terms in E3}47):

| &
()= 5 (S2+S2* +S3+S3%). (3.53
m(x)o

Using Egs.(3.37) and(3.39,

23 (1) w> —|af? E 5
(x)H= 32m5wge “ §(T4,5_T0,D+4(T3,4_T1,2) |l

+ [ - 8T0’1+ 121—2'3“1‘ T3’4+ 2T0’3_ 6T2’1_ TS,O] | 01| 3

+6[T1o—Tiolle|{ + complex conjugate. (3.59

In order to calculate the classical limit of the|® term, we must use the results given in Egs.
(B11) and(B12). The classical limit of the other terms can be obtained with the use of88).
The result is

3

lim (x)V= Sz [CoS3WD) —cog W) — 20t sin( W], (3.55

3
cLcs Mwg

whereg is given by Eq.(B12). Explicitly writing out the first few terms ofr, we have

lim A (x)P = AN 3Wt Wt LAY Wt+255A7)\3t in(Wt)+O0(\*
CangS (x) —Sm—wg[COS( ) —cogWt) ] msm( ) 3w’ sin(W1) +O(A%).

(3.5

Note that the first term i gives the ordei? secular term that was predicted in E§.52 by
rearranging the classical solution.
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Now consider the classical limit of the second order tefsee Eqs(3.40), (3.41), and(3.42]:

h
()@= \/2 (S4+ S4* + S5+ S5* + S6+ S6%). (3.57
mwo

The classical limit of théa|®, |a|’, and|a|® terms can be found with the aid of Eq&11) and
(B14). Keeping only the first term of- [see Eq(B12)], we have that

5y 2

. 1 N3t
Fo N 273\ (2) <2 _ - IO A
C!ll_rgs)\ (x) 1602 4cos(Wt) 6cos{3Wt)+4 cog5Wt) |+ 6w’ sin(Wt)
AANT M 3Wt _5225A9>\4t2 Wt)+O0(\* 35
gamies SMEWY — oga e COSWD+OMD. (3.58

Comparing Egs(3.56 and (3.58 with Eq. (3.52, we see that we can account for the secular
terms which arise from the classical limit of the BD methbdaddition, if Eq. (3.51) is used to
write the results of Egs. (3.50), (3.56), and (3.58) in terms p&nd the trigonometric functions
involving (o — W) are replaced by the first few terms of their Taylor series expansions, we obtain
the Poincare-Lindstedt perturbation expansion of Egs. (2.8) and (2.9).

In summary, the application of the CLCS to the quantum perturbation expansion yielded by
Method 1 produces a classical expansion with secular terms. However, if the Peinicaistedt
perturbation expansion to the initial value problem of Egs6) and(2.7) is written in terms of the
frequency expansion obtained from Method 1 and then expanded, an identical expansion with
secular terms is obtaine@onversely, the classical expansion yielded by Method 1, complete with
secular terms, can be transformed into the Poinedrieadstedt perturbation expansion.

D. Classical limit of Method 2 (BD)

This proceeds in a manner similar to that of Method 1 above. In order to avoid confusion with
the constantA of Method 1, we denote the CLCS here &s-0, |a|—®, with #|a|?
=_7’Mwyl/2. The result is

AP\
(P(X,H)[X|D(X,t))cLcs= 7 cOg 7't) + ,[cog371) -6 cog 7'1)]
8muwg
AN?
+———[303 co$Z7't)— 78 co37't)+2 cos57't)]+---,
128wgm?
(3.59
with
3.7\ 517 37578
V'=wy+ A2+ A3+ (3.60

2mwy  16mlwd 32miwg

In order to compare these results with the classical Pointanelstedt results of Eq$2.8) and
(2.9, we need to invert the series

5 73 227 7

——— Nt o= N2
8mw; 128 mPwy

(D (x,0)|x|P(x,0)=A=. 72— , (3.61)
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to obtain

/?—A+5—A3 A 7 —A5 A2+ 3.6
=AY B el M 128! - (362

When this expansion forZ is substituted into Eq$3.59 and(3.60), then the classical Poincare
Lindstedt expansions of Eq&.8) and(2.9) are obtained.
In addition we have

A3\
(W (x,1)|p|¥(X,1))cLcs= —. ZMwg SINZ/'t)— . [3siN37%71)+6sinN71)]
wq
AN 249
+ —5sin571)+81 si371)+ — sin(Zt) | +---,
64mw3 2

(3.63

with 77" as given in Eq.(3.60. Once the substitution of Eq43.62 is made, then the classical
Poincare-Lindstedt expansion fap(t) of Eq. (2.10 is obtained.

In summary, the CLCS applied to Method 2 also yields a Poindarelstedt perturbation
expansion for a classical periodic orbit. However the amplitudef this orbit is given by Eqg.
(3.62 and not simplyA. This is in analogy to the situation for classical orbits shown in Section II.

IV. THE CONNECTION BETWEEN THE N# AND THE |a|?*4 CLASSICAL LIMITS FOR
THE HARMONIC OSCILLATOR PROBLEM

The connection between tié#: and thel |?#4 classical limits(for time independent and time
dependent perturbation theories, respectivislyiot obvious apart from the common mathematical
operation of lettinghi—0. This section will provide some insight by investigating the classical
limit of the quantum probability density for the harmonic oscillator problem.

A. The classical probability density

Here we assume the special case of a bounded periodic orbit in one spatial dimension in a
potential wellV(x) with turning points atx; and x,. Since the classical probability density is
inversely proportional to the the velocity (X)),

1
Pa(X)=N—=, 4.0
VE—-V(x)
whereN is determined by the normalization condition
X2
J P.(x)dx=1. (4.2
X1
For the harmonic oscillator,
2
Mw
V()= — x2, 4.3

2

the turning points are ankh = — A andx,=A, where
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o

~A

FIG. 1. The classicalR.(x)) and quantum|@$1°)(x)\2,n:50) probability densities for the harmonic oscillator.

T “
ML
A= \/%= \/%, (4.9

| | |
i
i riuw uu

1
—, for|x|<A,
Pa(X)=9 7vA2—x2 (4.5
0, for |x|>A.

The classical probability density along with the corresponding quantum probability density is
depicted in Fig. 1.

B. The probability density of the harmonic oscillator coherent state and its classical
limit

Consider the probability distribution for the harmonic oscillator coherent state and its classical
limit given in Eqg. (3.12. In order to compare this result with the probability density for an

ensemble of classical orbits given in Eg.5), we can take a time average over one period of
oscillation?? T=2m/ wy:

1 (T
lim J|\If(°>(xt)|2dt— fa[x—Acos(wotJrcp)]dt. (4.6)
CLCS

Using the fact thafRef. 8, p. 1471, Eq(21)]

S(t—t))
976" @9

5[g<t>]:;

where thet; are the simple zeroes gft), it can be shown that the right hand side of E46) is
equal to the classical probability density in E4.5).
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Poisson Distribution

0.015T

0.005T

L) 200 400 600 800 1000
n

FIG. 2. The Poisson distributioen"“‘2|a\2”/n!. The first peak corresponds fa|=17 and the second tar|=27.

Now consider the coherent state written in terms of the harmonic oscillator stationary state
basis functions:

P (x). (4.9

) e 1
VO (x t)=e 1472 —— exg —itw, n+5
|

n=0 n!

The time average of the magnitude of the above wavefunction is

*© |a|2n

1 (T
?f [T (x,t)|2dt=e" 1"
0

2 e (4.9

The coefficients of this sum constitute a Poisson density function,

ef|a|2|a|2n

n!

, (4.10

which is plotted in Fig. 2. If we assume for the moment thais a continuous variablgsay
X), we can write the Poisson density function in terms of the gamma function,

ef|a|2|a|2x
f(X)Z W (4.1])
The derivative off (x) is given by
—lal?| ,|2x 2_
e In X+1
10— & el Tnlaf® =y 1) w1

I'(x+1) '

wherey(-) is the digammador psj function[see Abramowitz and Stegdfp. 258, Eq.(6.3.1)].
From Abramowitz and Steguli,p. 259, Eq.(6.3.18,

1
l,D(X‘l‘l)’V'n(X'f‘l)—m-F'“, X— 0, (4.13
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so that there is a critical point at=|«|?>— 1, for largex (and hence for larggy|). This means that
the maximum of the Poisson distribution is approximately locatenlalta|? for large|a|. The
fact that the dominant contribution in the sum of harmonic oscillator wavefunctions is due to those
functions with quantum numbers in the neighborhood sf a|?> was noted by Schidinger in his
paper which introduced the harmonic oscillator coherent stdtest N denote the value af with
the maximum contribution to the sum in E4.9) (i.e., N~|a|2). Note that the maximum doe®t
become sharper and higher|ag increases. From Abramowitz and Steddm,. 929 the variance
of the Poisson distribution isr|? so that the distribution spreads out|as increasegsee Fig. 2
This means that the classical limit of coherent states does not just select a single wavefunction at
n~|a|?. Instead, an increasing number of wavefunctions are included in the classical limit. This
supports Ballentine’s stateméhthat the classical limit of a quantum state is an ensemble of
classical orbits, not a single classical orbit.

We have already shown, using tRerepresentation of the probability density that E4.9)
goes to the classical probability density in the CL[38e Eqs(4.6) and(4.7)]. The proof of this
fact using the representation in terms of the harmonic oscillator stationary Etaeteshe right
hand side of Eq(4.9)], is less elegant but it does however provide some insight into the interplay
between the CLC$see Eq(3.11)] and ther—0, n—o, nfi=J limit for stationary states.

The basic idedinspired by Liboff?> p. 55 is to use the change of variables

n—|al?

z= (4.14

|l

to transform the sum weighted by a discrete Poisson distribution to an integral weighted by a
continuous Gaussian distribution. Using Stirling’s formidae Abramowitz and Stegdfp. 257,
Eq. (6.1.37%], one can show that

e*|a|2|a|2n+1 1 _22) o
~ ()4 s a|—©

n! V2w
Note that sincey=N(1+2/|a|), the WKB approximatioff for | ${%)(x)|? is valid in the CLCS. It

can be shown that the WKB approximation 1a5{°)(x)|? goes to zero in the CLCS fgx|>A,
whereA is given in Eq.(4.4). For — A<x<A,

(4.19

mwo

7N —Q(X)

whereQ(x) =m2w3x?— 2mE. Letting J,=n# andJy=N#,

| b ke |=

2 x
—f V—Q(y)dy“, (4.16
hJ-A

{1+sin

1 n |a|Z-|—|af|2 |a|Z+|a|2
AT 3 g el (4.17
so that
|| 1 =
"“'E—|¢ 0[P~ —J e 7

V273(A2—x?)

2IalZ |0z|2
N

J mdyu 2 (419

X{1+9n
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Since the second part of the integral vanishe$ads-~, we have the required result. See the
thesis of McRa# for more details of this proof.

V. CONCLUSIONS

A major goal of this paper has been to point out several aspects of the method aftih
have not previously appeared in the literature. It is misleading to state that the BD method can be
easily extended to higher orders or that taking the classical limit of the results of this method is an
efficient approach to performing classical perturbation theory. As we have seen, in general, the
second order calculations involve infinite summations for which a closed form cannot be found. If
the initial condition is chosen to be a harmonic oscillator coherent @igéehod 1), secular terms
emerge in the classical limit. Knowing the classical frequensy, these results can be rewritten
in terms ofw to remove these secular terms and obtain the classical Poildadstedt expan-
sion. If the initial condition is chosen to be a perturbed coherent ga®eEQq(3.43)], as has been
done in the literature, then the resulting solution must be rearranged in order to agree with the
classical solution for higher orders in the perturbation parameter.

We have been able to pinpoint the location of secular terms which cause problems in the
classical limit when the initial conditions of Method 1 are assumed. In S3, the terms of order
o* and a® (which would lead to secular terms in the classical ljroincel each other out in the
expression( (Y] al M) + (o) al 4. Similarly in S5, terms of order® to «° disappear
through cancellation in the expression{?|al @)+ (¢V|a| ¢y + (42| a] ${?). These fortu-
itous cancellations do not occur in the expressifC* P+ cVcx(©) in S2 and S6, or in the
expressiorC?)cx @+ ccx M+ cOc* (@) in sS4, causing secular terms to emerge in the clas-
sical limit. Admittedly, a deeper reason for this appearance of secular terms is not known at this
time. In addition, there remains the question of whether secular terms will emerge at higher orders
from the second choice of initial conditions. Clearly further work is needed to understand these
problems completely. We hope that our study would inspire further investigations.

The method of Bhattachary$a*3has also been investigat8dising the initial conditions of a
HOCS. It is found to yield the same results as BD Method 1. As such, Bhattacharyya’s method
will encounter the same problem of secular terms emerging in the classical limit for this initial
condition.

Obtaining classical Poincas&indstedt perturbation expansions from a classical limit of co-
herent states is not unexpected. It turns out that the classical limit of coherent states given in Eq.
(3.11) is also valid for solutions of the time development of a harmonic oscillator coherent state in
an anharmonic potential. Several autd6re! have considered classical limits of coherent state
time evolution. In particular, Hageddthrigorously proved a result originally introduced by
Heller52 Heller calculated the time evolution of certain Gaussian wave packets semi-classically.
Hagedorn rigorously showed that the quantum evolution of these wave packets approaches the
classical solution asymptotically a—0. At this point, it is appropriate to mention that
Combescur® has extended Hagedorn’s results to the case of explicitly time dependent periodic
Hamiltonians where the classical equations of motion possess periodic orbits.

In Section IV, we have shown the connection between two types of classical limit which share
the common mathematical operation of lettifig-0. The classical limit for coherent states also
involves thenZ =J limit for energy eigenstates. In the harmonic oscillai@mnd perturbed anhar-
monic oscillatoy, the connection between the two limits implies that an increasing number of
eigenstates are included As-0 in order to produce a delta function distribution which is cen-
tered on the classical periodic orbit.
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APPENDIX A: CLASSICAL LIMIT OF RSPT

It has been shown that a classical limit of the quantum mechanical Rayleigh-d#cen
perturbation serieg¢see for example the review article of Hirschfeldatral*?) for the energy
eigenvalues can be taken to yield the classical canorigal action preservingperturbation
series. Turchettiwas the first to study the classical limit of the Rayleigh—Sdhrger perturba-
tion series for one dimensional anharmonic oscillators. For more on the results of this section see
the paper of McRae and Vrscagnd references therein.

Quantum mechanically, the eigenvalue problem to be solved is

[HO+\V] () =Endhn(X), (A1)
where the solutions of the unperturbed eigenvalue problem,
RO o) =ER 67 (), (A2)

are known. In the above equation$(®) denotes the unperturbed quantum Hamiltoniaris the
perturbation parameteY, is the perturbing potentiatp,(x),¢{?(x), E,, andE'? are the eigen-
functions and the energy eigenvalues of the perturbed and unperturbed systems, respectively.
Using Rayleigh—Schitinger perturbation theory, a perturbation series for the energy,

En(h)=20 ED (AN, (A3)
&

can be calculated.
In the corresponding classical situation, consider a Hamiltonian of the form

H(x,p)=HO(x,p) +\V(x), (A4)

where H©(x,p) is the Hamiltonian of the unperturbed classical systanis the perturbation
parameter, an/(x) is the perturbing potential. One can use Poineamn Zeipel perturbation
theory to find a perturbation expansion for the classical energy in terms of the action variable
J:

E(J)zEO ED ()N, (A5)
=

It is not immediately obvious which classical energy out of an infinite continuum of possible
energies is being calculated in the perturbation series of &%). It turns out to be the energy of
the periodic orbit in phase space that possesses the same hasahe unperturbed system. This
is due to the fact that classical canonical perturbation theory preserves the action.

The appropriate classical limit for Turchetti’s resultiis» 0, n— o, with nA=J. In this limit,
the quantum perturbation series 16 goes to the classical perturbation seriesHor

Graffi and Padl have rigorously proved the validity of the# classical limit for theN
dimensional harmonic oscillator with nonresonant frequencies and an entire holomorphic perturb-
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ing potential. Alverez, Graffi and Silverstoffehave shown that the Rayleigh—Sctirger per-
turbation series for the energy can be rearranged to give the classical series plus convergent
subseries that give corrections in powerdiothrough investigations of the quaffeand cubic®

one dimensional anharmonic oscillators. McRae and Vr&cagtroduced a method of calculating

the classical energy series of E@\5) analogous to the quantum Hellmann—Feynman method,
which is easier to calculate to large order than the Poireare Zeipel method. The classical

limit of perturbation series for radial hydrogenic problems was also investigated. Finally, it is
important to mention another method of classical perturbation theory, the Birkh@fistavsorf

normal form perturbation theory and its quantum analoju®

APPENDIX B: CLASSICAL LIMIT RESULTS FOR THE BD METHOD

This appendix contains several results which are useful for calculating classical limits of
expressions from the BD method. If we only keep terms to first ordar, itthe BD solutions are
made up of summations of the form

2n

|0;| exda+bir(n+c)] (B1)

e le?S
n=0

(wherea, b andc are constanjs for which a closed form can be found and the classical limit
taken. If higher order terms iR are retained, then the exponentials will contain terms of order
n? and higher and a closed form for the summations can no longer be found. In this case, the
results of this appendix are required in order to obtain the classical limit. In the litePature,
only first order perturbative solutions have been given so that the details of the complications
which occur for taking the classical limit of higher order terms have not been published before.
The following result may be proved by induction using properties of Stirling numbers of the
second kind which can be found in Abramowitz and Stégam p. 824,

*|a\2 . it |a|2n p
e nZO €x %(Enﬂ_EnJrk) n! n
‘ |29*1 - i it |a|2(n+pfl)
=e “ |20 Ly(pp nZO eX%%(En+j+pl_En+k+pl) nt ) (BZ)
forp=1,2,... ,Whereyf,m) are Stirling numbers of the second kind. Note that for the special case
of j=k we have
X 0 |a|2” p-1
e ™y ——nP=2> AP V|a2PD  for p=1. (B3)
n=o0 Nn! =
The following result was first proved by Bendft:
, © |a 2n © - J ©
L= lim e 1« exg X, A1 Y ank|=exg X ar|, (B4)
CLCS n=0 n! j=0 k=0 ' k=0 '

wherey andCLCSare defined in Eq(3.11). The above limit may be proved by expanding the
exponential in the left hand side of EB4) in a Taylor series, rearranging so that all of the
terms are collected together, and then using the result which follows to take the classical limit.
From Eg.(B3),
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Z al? k1 ) o
el S 1l S g, e, ©5)
n=0 M i=0
so that
o Lo Y, it k=],
64 .
lim e le>> —Aink=1 0, if j>k, (B6)
cles =0 o, if j<k.

As a particular case, consider the classical limit of

|a|2n

A (B7)

e it
S ex%(Enﬂ—EM)
n=0

Using the series expansion of E(.17) and Eqgs.(3.19—(3.22), for the quartic anharmonic
oscillator, we have

. _|M2 - it | |2n .
lim e”1“" >, exp - (Eqyj =~ Enyi) |~ =exilit(j— kW], (B8)
cLcs n=0 n:
where
3y 51 5?2 375 48
W= wy+ A—— N+ — A+0(\)
m?w}] 4 mtw] 4 mbwd
3A? 51 A* , 375 A® , ,
=wo+ - — — A3+ O(NY). (B9)
° 2mw,  16m2ed 32 mied

Note that in deriving Eq(B4) we expanded the exponential. This means that the resulting classical
limit is valid only for finite times.
Using similar techniques, it may be shown that

* 2n
im |af2e 12 1
cLcs n=o0 n!

® i ® i
[ex;{E 7>, ajn —ex;{z Ay bj,kn"“
j=0 k=0 j=0 k=0

=exp{ ]ZO a7 kzl (A k—1—Prk-1) 75, (B10)
whena;;=bj; for j=0, ... . Applying the above result to the situation which arises in the BD
calculations,

lim |a|2e [T, — Ty k] =exdlit(j — K Wit (j2— k2~ 32+ K?) 7, (B11)

CLCS
whenj—k=J—K, whereW is given in Eq.(B9) and

3A2N  5IATAZ  1128A8)\3

o=

= - + (B12)
dmo, 16mPe;  64miwg

The final result is
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* | g]2n > i o j
lim | a|%e1e*> ™ exg >, fil >, aynk|+exg X A1 byn
o n! =0 k=0 =0 k=0

CLCS

2 Yk[ — (A k-2 by k—2—2dy k—2)

o j
—ZGX[{E ﬁJE djknk
=0 K=o
=ex;{2 aj;y
=0
k-1
+§ Zl (ai,ilaki,ki1+bi,ilbki,ki1_2di,i1dki,ki1)]1 (B13)

K=

when aj;=b;;=d;; anda;; ;+b;; 1—2d;; 1=0. This enables us to calculate the classical
limit of terms such as théx|® term in Eq.(3.40:

. al?
||m |a|4€ | | [Tj,k—'_TJ,K_ZT],.]Z‘]
CLCS

o A2 [—ot? . 5 ) )
=eXF[|t(J—k)W][—[T(J—k) [(J+K)“+Q+K)*=2( 7+.7)°]

2 2

+;)—t[j3—k3+\]3—K3—2(j3—.%‘3)]+0()\3)} : (B14)
0

whenj—k=J-K= 7— 7% andj?—k?+J2—K2-2( 72— %% =0.
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