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Canonical perturbation expansions to large order from classical 
hypervirial and Hellmann-Feynman theorems 
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Department of Applied Mathematics, Faculty of Mathematics, University of Waterloo, Waterloo, 
Ontario N2L 3G1, Canada 

(Received 17 May 1991; accepted for publication 15 April 1992) 

The classical hypervirial and Hellmann-Feynman theorems are used to formulate a 
“perturbation theory without Fourier series” that can be used to generate canonical series 
expansions for the energies of perturbed periodic orbits for separable classical 
Hamiltonians. As in the case where these theorems are used to generate quantum mechanical 
Rayleigh-Schriidinger perturbation series, the method is very efficient and may be used 
to generate expansions to large order either numerically or in algebraic form. Here, the method 
is applied to one-dimensional anharmonic oscillators and radial Kepler problems. In all 
cases, the classical series for energies and expectation values are seen to correspond to the 
expansions associated with their quantum mechanical counterparts through an 
appropriate action preserving classical limit as discussed by Turchetti, Graffi, and Paul. This 
“action fixing” is inherent in the classical Hellmann-Feynman theorem applied to 
periodic orbits. 

I. INTRODUCTION 

In this paper we describe a method of generating per- 
turbation expansions for the energies of (multiply) peri- 
odic orbits of simple perturbed, separable, classical 
Hamiltonians. The expansions afforded by this method 
are precisely those given by traditional canonical pertur- 
bation theory, often referred to as the Poincarbvon 
Zeipel methodlm3 or the Birkhoff expansion.4 The method 
described here employs the classical versions of two well- 
known and useful quantum mechanical theorems, 
namely, the hypervirial (HV) 5 and Hellmann-Feynman 
( HF)6 theorems. The use of the quantum mechanical HV 
and HF theorems to provide perturbation expansions is 
well known.7p8 The classical versions of these theorems 
are also well known”” but have not, to our knowledge, 
been exploited in such a way. Our approach, which may 
be viewed as a classical analog of the quantum HVHF 
perturbation method, utilizes the recursion relations be- 
tween time averages and the energy of a classical periodic 
orbit, as provided by the classical HV theorem. Applica- 
ble only to separable problems, it provides a very efficient 
algorithm for the generation of classical perturbation ex- 
pansions to large order, replacing the formal manipula- 
tion of Fourier series expansions with recursion relations. 

The fact that the classical HVHF method yields the 
Birkhoff expansion for the energy is due to the connection 
between the classical Hellman-Feynman theorem and the 
principle of least action. As such, the expansions are con- 
sistent with the canonical perturbation series obtained 
from other methods, including Birkhoff-Gustavson nor- 
mal forms”*” and Lie theory.13 As well, they also corre- 
spond to the classical series obtained from traditional 

Rayleigh-SchrCdinger (RS) perturbation expansions 
(for nonresonant oscillators) when an appropriate clas- 
sical limit is taken while keeping the value of the classical 
action fixed.‘“” 

It is beyond the scope of this paper to discuss the 
many attempts to construct accurate semiclassical and 
quantum perturbation expansions for the more difficult 
case of nonintegrable Hamiltonian systems, e.g., the 
Henon-Heiles system. However, it would be helpful to 
mention some works, namely, (i) that of Swimm and 
Delos,18 who used the Birkhoff-Gustavson method of 
normal forms (BGNF) to perform semiclassical quanti- 
zation on a nonintegrable system, and (ii) further devel- 
opment by Reinhardt and co-workers.” Although these 
semiclassical calculations show good agreement with the 
“exact” quantum results, there is still no general method 
for obtaining the exact quantum series from the classical 
BGNF series for the nonintegrable case. Robnik” and 
Wood and Ali*’ made attempts in this direction. Ali 
and Eckhardt23 reformulated the BGNF in terms of Lie 
algebras to develop an analogous quantum perturbation 
theory, the quantum normal form (QNF). The QNF was 
shown to be equivalent to the usual Rayleigh- 
Schriidinger perturbation theory and that the BGNF can 
be obtained from QNF in a classical limit. These methods 
have been applied to several examples.24 

The layout of the paper is as follows. In Sec. II, the 
classical and quantum mechanical settings are outlined, 
along with their respective perturbation theories. In Sec. 
III we review the quantum mechanical HV and HF the- 
orems, as well as the associated “perturbation theory 
without wave functions.” Section IV is devoted to the 
classical HV and HF theorems and their proofs and de- 
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scribes the new perturbation procedure. The reader inter- 
ested in first seeing the method without the background 
should proceed directly to this section. Some illustrative 
examples are presented in Sec. V, including one- 
dimensional anharmonic oscillators and radial hydro- 
genie problems. In the appropriate “canonical” classical 
limit, the quantum mechanical series for the eigenvalues 
become the respective classical series. This classical limit 
is also observed for the perturbation expansions associ- 
ated with the expectation values, e.g., (xk). This feature 
may be viewed as a consequence of the classical limit of 
the Wigner function associated with the mechanical sys- 
tem. Our results show that the classical limit for RSPT/ 
expectation values also exists for perturbed hydrogenic 
problems: these classical series are relevant to the study of 
perturbed Kepler problems. 

Finally, we mention that the algebraic computations 
reported in this paper were performed using the symbolic 
computation language MAPLE.25 

II. THE CLASSICAL AND QUANTUM SETTINGS 

In this section we outline the classical and corre- 
sponding quantum mechanical systems to be studied, 
with a review of the relevant ideas behind classical dy- 
namics in phase space. In no way is the discussion in- 
tended to be complete: the material is covered extensively 
in standard books on mechanics1-3*26 and dynamical sys- 
tems theory.27*28 

A. The classical case 

In the framework of Hamiltonian mechanics, we con- 
sider the motion of a particle of mass m  in R’, D= 1,2,..., 
under the influence of a (smooth) scalar potential, 
V:RD+R, Ycc(S,), r>2, where SoCRD is open and 
bounded. Let q(t) =(ql ( t),...,qD( t)) denote the position 
of the mass at time t. The classical Hamiltonian for this 
system is given by 

Hhw) =$+ V(q) =& 
D 

,T p;+ V(q ,,..., qo), 
1-l 

(2.1) 

where the pi, i= 1,2,...,D, denote the canonical momenta 
conjugate to the coordinates qp If (p( 0) ,q( 0)) = ( po,qo), 
then a complete description of the motion is provided by 
the trajectory of (p( t),q( t)) in phase space R*O as defined 
by Hamilton’s equations, 

. aH . aH 
qi=api 9 Pi=-&, i=1,2 ,..., D, (2.2) 

with the above initial conditions. This set of 20 first- 
order differential equations defines a dynamical system*’ 
in R*O. The points (p,q) = (O,Q), where Cj is a critical 
point of V(q), are equilibrium points. By a theorem of 

r- 

FIG. 1. Typical plots of the one-dimensional potential energy function 
for the classical quartic anharmonic oscillator [M=4 in E& (2.12)], 
F’(x) =$rnop+~I.~~ and corresponding phase portraits below: (a) ,I 
> 0: all o_rbits are bounded and periodic; (b) ,I < 0: only orbits with 
energies E < -m*&4161 are bounded and periodic. 

Lagrange,27 if II is a local minimum of V, then (O,@ is 
Lyapunov stable. If Ij is a local maximum or saddle point, 
then (O,a) is unstable. 

Of principal concern are the bounded periodic orbits 
that correspond to oscillations about a local minimum q 
of the potential V(q). Sketches of typical situations for a 
one-dimensional potential are shown in Fig. 1. A variety 
of perturbation methods have been developed to study the 
behavior of such orbits under perturbations of the poten- 
tial. Our treatment is restricted to time-independent 
Hamiltonians of the form in (2.1) that are completely 
separable (hence integrable), i.e., reducible to a set of D 
one-dimensional problems, each of which is periodic. 
This may be expressed in terms of the Hamilton-Jacobi 
(HJ) equation associated with Eq. (2.1 ):lm3 

(2.3) 
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(Note: In this paper, classical energy functions will be 
“barred” in order to distinguish them from quantum me- 
chanical energies.) For separable Hamiltonians H, the 
characteristic function W may be written in the form 

D 

W(a,q) = C Wi(al,***taLhqi)9 
i=l 

(2.4) 

where the Qi are constants (generalized momenta), and 
W, depends only on the conjugate coordinate qk The HJ 
equation then assumes the form 

D 
H= 2 Hi (2.5) 

i=l 

which separates into the following one-dimensional prob- 
lems: 

Hi =Hi(pi,qi) =Eb i= l,...,D, (2.6) 

where the Ei are constants satisfying the restriction 

(2.7) 
i=l 

We consider motion that is periodic in each of the one- 
dimensional problems in (2.6), i.e., pi(t) and qi( t) are 
periodic functions of time with period Ti that trace out a 
closed orbit Ii in the pi Qi plane. The corresponding ac- 
tion variables will be defined as 

Pi &i * (2.8) 

In the case of one-space-dimensional periodic motion 
about a potential minimum, as depicted in Fig. 1, J is (up 
to a normalization by 27r) the area in the pq phase space 
enclosed by a periodic orbit I’. For the classical one- 
dimensional harmonic oscillator, 
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FIG. 2. Plot of potential energy function for the classical cubic anhar- 
monk oscillator [M=3 in Fq. (2.12)], Y(x)=fmo~+Ax3 and corre- 
sponding phase portraits below. 

where H”’ represents the “unperturbed” Hamiltonian, 
and W the perturbing potential. As usual, it is assumed 
that the dynamics associated with H”) is exactly solv- 
able, e.g., harmonic oscillator, Kepler problem. As an 
example, consider the general one-dimensional anhar- 
manic oscillator problems: 

H(p,x) =&+a m&x’+,@, M= 1,2 ,... . (2.12) 

The two sketches in Figs. 1 (a) and 1 (b) represent phase 
portraits for the perturbing potential W(x) =x4, for (i) 
,l> 0 and (ii) il < 0, respectively. The case W(x) =x3 is 
depicted in Fig. 2. 

(2.9) 

Canonical perturbation theory, often referred to as 
the Poincar&-von Zeipel method, is based on the action- 
angle formalism. For a detailed discussion, the reader is 
referred to Goldstein’ (which, in turn, is discussed in 
Refs. 2 and 3). The essence of the method is as follows. It 
is first assumed that the action-angle variables ( Jo,Oo) are 
known for the unperturbed problem, i.e., 

this leads to the well-known result 

E=wJ. (2.10) 

The perturbed problems and canonical perturbation 
theory 

H”‘(p,q) =K”‘(Jo), f%=w,t+&. (2.13) 

The perturbation problems to be studied will have the 
form 

(2.11) 

These variables constitute a valid set of canonical vari- 
ables for any one-dimensional Hamiltonian but will not 
serve as the action-angle variables for the perturbed prob- 
lem. Let the latter be denoted as (J,O) . The goal is to find 
the canonical transformation ( Jo,Oo) -+ (J,O), specifically 
its generator Y(J,O,). The perturbed problem is then 
written as 
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@ “)(P,4) +A W(q) = K”‘(Jo) +AK”‘(Jo,Bo) 

=@J,,l), (2.14) 

with transformation equations 

It is now assumed that the generator Y admits a power 
series expansion in ;1 as well as the energy E(J,n): 

~(J,~)=~“)(J)+,l~“(J)+~2~2)(J)+.... 
(2.16) 

The Hamilton-Jacobi equation for the perturbed system 
now becomes 

It is also important to note that the KC’), which are ,l 
dependent, are expanded in a Taylor series in Jo about the 
value Jo= J. 

The canonical perturbation method, although inge- 
nious, is very tedious, involving detailed manipulations 
and Fourier expansions. When applied to the cubic and 
quartic anharmonic oscillators given by M=3 and M=4, 
respectively, in Eq. (2.12)) the following expansions are 
obtained for the energy: 

Cubic AHO, M=3: 
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larities to occur when a periodic orbit of action J can no 
longer be supported by the potential. As an example, we 
consider the even-parity anharmonic oscillator Hamilto- 
nians, M=2P, P=2,3 ,..., in (2.12). As il is varied, the 
possible situations involving a periodic orbit with fixed 
action J> 0 are captured in Fig. 1. (i) A periodic orbit 
with action J> 0 can be supported for all ,$ >O [Fig. 
1 (a)]. (ii) For A < 0, as 1 ill increases, the heights of the 
potential barriers defining the classical potential well de- 
crease [Fig. l(b)]. (iii) There will be a critical value 
A,.(J) at which the area enclosed by the separatrices (het- 
eroclinic orbits) connecting the two barrier maxima (un- 
stable hyperbolic equilibria) will be equal to J. We expect 
R_(J) = II,(J) 1 to be the radius of convergence of the 
E( J,n> expansion. From the hature of the potentials con- 
sidered here, R(J) will be inversely proportional to J. 
The situation is slightly different for the case where M is 
odd: for il of either sign, there exists a potential maximum 
whose height and distance from the origin decrease as 
I il I increases. As a result, by increasing I ;1 I, a periodic 
orbit with action J will eventually be destroyed and re- 
placed by a separatrix/homoclinic orbit. The situation for 
M=3 is shown in Fig. 2. 

The radii of convergence corresponding to an action 
J are known in closed form for the cubic and quartic 
anharmonic oscillator potentials, as shown below. For the 
quartic case, M=4 in Eq. (2.12), the picture in Fig. 1 
holds, and the radius of convergence of the series in 
(2.18b) is 

- 15 J2 
E(J,L)=w,J-~--&~+***, (2.18a) 

This result agrees (after a resealing) with that of Tur- 
chetti.14 For the cubic case, M=3, we find 

Quartic AHO, M= 4: (2.20) 

2 3 
E(J,~)=od+f~~-~~~2+..‘. (2.18b) 

0 0 

These results will be useful for comparison with those of 
the simpler classical HVHF method discussed below. 

There are two important points concerning these ex- 
pansions, inherent in their derivation but not usually 
stressed in the literature. First, for a given Flue of the 
perturbation parameter /2, the energy series E(J,A) con- 
verges to the energy of a classical orbit of the perturbed 
Hamiltonian whose action is precisely J. In other words, 
as II is varied, the perturbation method tracks a single 
classical orbit IA with$xed classical action J. 

Finally, it is also interesting to consider the relationship 
between canonical perturbation theory and the variety of 
standard (noncanonical) perturbation methods for differ- 
ential equations. This aspect is rarely addressed in the 
literature. A connection between the canonical, 
Poincarbvon Zeipel method and the (Poincarb 
Linstedt) method of strained coordinates is shown by 
example in the Appendix A. 

B. The quantum case 

Second, this “action fix&g” plays a role in the radius 
of convergence R of the E(J,/Z) expansion. For a fixed 
action J, R will be determined by the singularity lying 
closest to /z = 0. Intuitively, one would expect such singu- 

Given a classical Hamiltonian in (2.1)) we now con- 
sider it%quantum mechanical counterpart, the linear op- 
erator H($,G) obtained from the following standard sub- 
stitutions: pi~~i= - i#i( 6’/aqi), Qi~ gi= qp The result is 
the linear operator 
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fici;,@  =& ,i $+ &;i) 
1-l 

(2.21) 

The Hamiltonian fi is assumed to be a self-adjoint linear 
operator on a Hilbert space X of functions, e.g., 
Y2( RD,dx). The inner product on &” $1 be denoted by 
(f&J’,-. Self-adjointn%s of H implies that 
(f ,Hd = W f ,&, Vf ,sa (HI k where 9 (HI denotes 
the domain of H [closure (9 (H))=SYl. A “complete” 
description of the quantum mechanical system is pro- 
vided by the wave function Y&Y whose time evolution is 
determined by the time-dependent Schrodinger equation 

(2.22) 

The Hamiltonians fi considered here are assumed not to 
depend explicitly on time. A separation of time and space 
variables may then be used to obtain the standard result 

Y(q,t)=$(q)e-iEr’*, (2.23) 

where q(q)& is a solution of the corresponding time- 
independent Schriidinger equation 

&j=E$. (2.24) 

It will be assumed that + is normalized, i.e., ($,$) = 1. 
As a recurring example, the quantum mechanical 

counterpart of the classical one-dimensional harmonic os- 
cillator in (2.9) is given by the Hamiltonian 

#d2 1 
G= -2m p-l-5 mo2x2, 

The perturbed problems 

In correspondence with the classical perturbation 
problems in (2.11), we consider perturbed time- 
independent Hamiltonians of the form 

&$O)+/& , (2.28) 

where 2’) and I? denote “unperturbed” and “perturba- 
tion” operators, respectively. (The extension to Hamilto- 
nians with higher powers of the coupling constant ,l is 
straightforward.) It k assumed that both operators are 
Hermitian and that D(O) possesses a complete set of or- 
thonormal eigenfunctions $p’ (N may be an integer or a 
vector of integers) with distinct eigenvalues Ego’, 

$0)&w =E’,o’&‘, (2.29) 

Standard Rayleigh-Schrodinger perturbation theory 
(RSPT) 29 assumes that the eigenvalues of the perturbed 
Schrodinger equation, 

%cv=&h 7 (2.30) 

admit series expansions of the form 

EN=EN(,I,)= i E$‘b”. (2.31) 
n=O 

(The associated expansions for the wave functions are not 
of interest here.) It is well known that the eigenvalue 
expansions (2.3 1) encountered in nonrelativistic quan- 
tum mechanics are typically divergent, yet asymptotic, to 
E(n) in some sector of the complex 1 plane. The large- 
order behavior of the RSPT coefficients E’“’ is generally 
given by30p31 

(2.25) 
EC”‘-( -l)“+‘AI’(Bn+C)D”[ l+o( l)], n-+ 00, 

(2.32) 
with eigenvalues 

EN= (N+f)ti, N=0,1,2 ,..., (2.26) 

and associated eigenfunctions 

where A,B,C,D are constants specific to the problem (and 
quantum state) studied. In many cases, E(A) is analytic 
in an appropriate sector of the plane which includes the 
positive A axis, and Bore1 or PadC summability of the 
RSPT series can be established.32 

l/4 

~N(X)=(~~N!)-“~ e-(“$/2HN(a1/2X), 
mw 

a=-, ?i (2.27) 

A special relationship exists between the quantum 
RSPT series for an eigenvalue E(il) and the canonical 
series for the energy E( J,n) of the corresponding classical 
problem. Turchetti14 first demonstrated this feature for 
the one-dimensional quartic anharmonic oscillator. The 
result was rigorously extended by Graffi and Paul,” as 
summarized below. 

where HN(x) denotes the Her-mite polynomial of degree 
N. 

Consider the D-dimensional unperturbed oscillator 
Hamiltonians having the form 
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(2.33) 

with nonresonant frequencies, i.e., there exists no nonzero 
vector of integers N= (N~,N~,..,,ND)&~ such that 

k;l NkWk=o- (2.34) 

The eigenvalues of 2” will be denoted as 

E’“‘OJ,fi) = p, (Nk+;)+h 9 (2.35) 

where the explicit dependence on fi and the quantum 
numbers N has been indicated. Let 

&W’+n@cq> (2.36) 

denote the perturbed Hamiltonian, wheF W is an entire 
function. The eigenvalues E( N,fi,A) of H are assumed to 
admit the following RS expansions: 

E(N,fi,A) = i E’“‘(N,fi)A”. (2.37) 
n=O 

Now consider the associated classical perturbed Hamil- 
tonian H(p,q), which admits the following canonical se- 
lit%: 

li;(J,,l)= i $in)(J)/2”, (2.38) 
n=O 

where J= (J I,...,JD). If the following classical limit is 
taken, Ni+ co, fi+0, such that Niti=Ji, i= 1,2 ,..., D, then 
the following relation exists between the quantum and 
classical series coefficients: 

iv;-+ 00 
1-O _ 

E’“‘( N,fi) -. E’“‘(J), n=O 12 , f ,*** * (2.39) 
LV,il= Ji 

This classical limit is trivially demonstrated for the 
unperturbed energies of separable harmonic oscillators. 
In the one-dimensional case, we may compare the classi- 
cal energies in (2.10) with the quantum eigenvalues in 
(2.26). (The correspondence of higher-order coefficients 
will be demonstrated in Sec. V. As well, this classical 
limit relation will also be shown for perturbed hydrogenic 
problems. ) 

A deeper connection between quantum and classical 
perturbation expansions was revealed by Alvarez, Graffi, 
and Silverstone16”7 in their detailed study of the 1-D 
quartic and cubic anharmonic oscillators. For the quartic 
case, each RS coefficient in (2.37) may be written in the 
form 

S. M. McRae and E. R. Vrscay: Canonical perturbation expansions 

E’“‘(N,fi) =P+’ ~~~a~‘(N+~)“. (2.40) 

(The general result for 1-D anharmonic oscillators will 
be derived in Sec. V A below.) Substitution into (2.37) 
and rearrangement leads to the result 

E(N,fi,A) =&J,/z) + i ti2”E2,(J,A). (2.41) 
n=l 

Thus, the RS series in (2.37) may be written as the sum 
of the classical series in (2.38) plus an infinite series of 
“quantum corrections” in powers of fi. Moreover, the 
perturbation expansion in il for each correction E,,(J,il) 
is convergent, with_radius of convergence equal to that of 
the classical series E( J,A). This is extremely interesting in 
light of the fact that the fully quantum series E(N,fi,A) 
has zero radius of convergence. 

III. THE QUANTUM MECHANICAL HV AND HF 
THEOREMSANDHVHFPERTURBATIONTHEORY 
A. QM hypervirial theorem 

Hirschfelde? introduced the classical hypervirial the- 
orem, a generalization of the well-known virial theorem. 
In this paper, he also derived the quantum mechanical 
hypervirial theorem from the Heisenberg equations of 
motion. The standard shorter proof, due originally to Ep- 
stein and Epstein,33 is sketched below. For a comprehen- 
sive discussion of the virial and hypervirial theorems and 
their applications in both classical and quantum mechan- 
ics, the reader is referred to the review article by Marc 
and McMillan,34 as well as the monograph by Fernandez 
and Castro.35 

Let fi be time independent and self-adjoint with 
eigenfunction $, as in Eq. (2.24). Then, for any time- 
independent linear operator 0 on the space .P, the fol- 
lowing expectation value vanishes: 

wdifil$>=O, (3.1) 

where [z,$] =A^B^--$2, provided that fiAis self-adjoint 
with respect to both the functions 1F, and O$. This result 
follows immediately from Eq. (2.24) and the self- 
adjointness of H. For Hamiltonians ox the form (2.21), 
where self-adjointness with respect to O$ is not assumed, 
the above expectation value becomes 

<$,$,fil$> =; j-j- M*V(& - &,V$*l *dS. 
s 

(3.2) 

The self-adjointness condition involves the vanishing of 
this surface integral which, in turn, depends upon the 
boundary conditions of the problem. This aspect is rarely 
stressed in the standard textbooks. Fernandez and Cas- 
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tro36 have taken this fact into account in the perturbation 
treatments of bounded quantum systems. 

We illustrate the usefulness of this theorem with the 
relatively simple class of one-dimensional Hamiltonians 

iii= -fBx+ V(x), &. (3.3) 

If we choose a=xksm k= 1,2,..., and evaluate the com- 
mutator in (3.1) explicitly, then a set of recursion rela- 
tions involving the expectation values 

(xm)~(~,xm~), m=0,1,2 ,... ((x0)=1), (3.4) 

are obtained. These relations are known as the hypervirial 
relations: in particular, the case k= 1 corresponds to the 
usual virid theorem. In order to evaluate the commuta- 
tors, the following relations are used: 

[6,,i3] =i+g , (3Sa) 

[Xk,fi] =f ( kxk-‘&+; k(k- l)~~-~ (3Sb) 

as well as the operator identity 

[x”&.$] =xk[&,G] + [Xk,ii.&. (3.k) 

The latter identity is used to reyrite the commutator in 
(3.1), while the appearances of D, and BX are eliminated 
with the use of (3.5b) and the time-independent Schro- 
dinger equation (2.24). Taking expectation values with 
respect to an eigenstate $ with energy E yields the general 
hypervirial relations 

2kE(xk-‘) =2k(xk-’ FQ+(xk6XV)-(+?/4m)k 

x(k-l)(k-2)(xk-3), kd. 
(3.6) 

In the case of solvable Hamiltonians, e.g., harmonic 
oscillator, (radial) hydrogenic atoms, these relations nec- 
essarily coincide with those obtained from a knowledge of 
the recursion relations between the orthogonal polynomi- 
als (Hermite, Laguerre, resp.) which comprise the eigen- 
functions. For the one-dimensional harmonic oscillator, 
cf. (2.25)-(2.27), Eq. (3.6) produces the following re- 
cursion relations: 

The first three nonzero expectation values (the odd pow- 
ers of x vanish) for the eigenstate $N are given by 

,,i,=(N+;)(&), 

(x4)= gN2+2~+t 
( I( 1 

2 

& , 

(x6) = (; N3+;N2+5N+; 
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(3.8) 

B. QM Hellmann-Feynman theorem 

In an interesting article about the origins of this the- 
orem, Musher3’ attributes its first derivation to Pauli. 
Helhnann6a and Feynman6b independently applied this 
theorem to the force concept in molecules by using the 
intemuclFr distance as a parameter. 

Let H be a time-independent, self-adjoint operator 
that depends explicitly on a scalar parameter /z (repre- 
senting, for example, mass, nuclear charge, or external 
magnetic field strength). Jn order to emphasize this de- 
pendence, we shall write HA. Now assume that for a non- 
trivial range of il values, there exist normalized eigen- 
functions of HA, i.e., 

&~=E(W, (+W> = 1. 

The HF theorem states that 

(3.9) 

(3.10) 

The proof of (3.10) follows from 2 straightforward com- 
putation: differentiate E(A) = (&HA+) with respect to /z 
to obtain 

If fiA is Hermitian with respect to 1c, and a$/a;l, then this 
equation becomes 

The term in square brackets vanishes since the norm of q 
is constant, giving the desired result. As in the hypervirial 
tkeorem, complications arise if the hermicity property of 
HA with respect to both + and &,UaA is not satisfied, due 
to the appearance of a surface integral.34 For Hamilto- 
nians of the form in Eq (2.21) this integral is given by 
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(dqg) - (&II,;) 
tiz w =- 
2m 

V(p) -$*V a;l *dS. i )I 
C. HVHF “perturbation theory without wave 
functions” 

As mentioned in the Introduction, the use of the 
quantum mechanical hypervirial and Hellmann- 
Feynman theorems to provide Rayleigh-Schriidinger per- 
turbation expansions is well known.“’ Our description of 
the HVHF perturbative method is brief and restricted to 
the one-dimensional case, where we need to consider only 
expectation values of the form (3.4). The first step in the 
treatment of perturbed Hamiltonians of the form (2.28) 
is to obtain the hypervirial relations (3.6) for (xk) and E 
for a particular perturbed eigenstate. Next, the following 
series expansions are assumed: 

E(A)= i E%z”, 
n=O 

(3.11a) 

(xk)(,z) = i C(k”k 
n=O 

(3.11b) 

The unperturbed energy EC’) is known. As well, the nor- 
malization condition (x0) = 1 is imposed, implying that 

@‘=s 0 On * (3.12) 

Substitution of these expansions into (3.6) and collecting 
like powers of A” yields a system of difference equations 
involving the c(,j) and the E(j). However, this system is 
not closed, since the relation between these two sets of 
coefficients has not yet been defined. The closure is pro- 
vided by the Hellmann-Feynman relation (3.10) which, 
in this case, becomes 
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Ecn+‘), in analogy with RSPT using wave functions. 
Examples will be given in Sec. V. 

IV. THE CLASSICAL HV AND HF THEOREMS AND 
HVHF PERTURBATION THEORY 

A. Classical hypervirial theorem 

We return to consider classical mechanical systems 
defined by the Hamiltonians in (2.1). Let F( p,q) denote 
an arbitrary function of the dynamical variables, with no 
explicit time dependence, evaluated on a solution trajec- 
tory. Differentiating F with respect to time gives 

dF 
-= 
dt 1 

D 

Cl 

ar; dH aFaH 
= 

j=l -apias,+asjapi 1 
= CF,fO, (4.1) 

where the braces denote the Poisson bracket. Now define 
the time average of a function G(p,q) along a solution 
curve of Hamilton’s equations as 

G= lim ‘, 
7-m s 

7 
G(p( t),q( t))dt (4.2) 

0 

for a nonperiodic orbit and 

s 

T 
G(p(tLq(t))dt 

0 

for a T-periodic orbit. Now consider the time average of 
G=dF/dt, assuming that the pi, Qi, as well as F(p,q), 
remain bounded for all values of time. Note that 

The series for E(A) is formally differentiated a,“d 
matched termwise in powers of ,l with the series for ( W). 
Subject to conditions of analyticity of E and (xk> in sec- 
tors of the complex A-plane, the differentiation and term- 
wise matching is rigorously justified in the context of 
asymptotic expansions.39 

(3.13) 5 J;Gdt=; j-i $dt=f [F(T)-F(O)]. (4.4) 

The time average (4.3) of dF/dt for periodic motion au- 
tomatically vanishes, since r= T and F( T) =F( 0). The 
time average (4.2) of dF/dt for nonperiodic motion van- 
ishes in the limit since the term in square brackets in 
(4.4) remains bounded, by hypothesis. Thus, from (4.1), 
we have the classical hypervirial theorem,5 

The c(ki) array is generally calculated columnwise, 
starting from the i=O (unperturbed) column, whose 
downward computation was already illustrated, cf. (3.7). 
Note that (3.1 lb) could be considered as a replacement 
of the usual expansion for $(A) in RSPT. A knowledge of 
the nth column in the 6:) array permits calculation of 

W&0=0, (4.5) 

which may be considered a classical analogue of the 
quantum HV relation in ( 3.1). 

For the Hamiltonians in (2.1>, the generator 
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D 

F(Pvq) “VP’ igl QPi 

gives 

(4.6) 

D D 

C Pjij=- C q.bj* (4.7) 
j=l j=l 

From Hamilton’s equations, (4.7) yields the classical vir- 
ial theorem 

2T=qvv, (4.8) 

where T denotes the kinetic energy, E= T+ V. 
Consider now the one-dimensional Hamiltonians of 

the form (2.1). Using the Enerators F(p,x) =xkp, keZ, 
and the fact that p2=2m (E- V), the hypervirial rela- 
tions in (4.5) become 

2kExk-’ =2k(xk-’ V) +xk$,V), k& (4.9) 

These relations may be compared to their quantum me- 
chanical counterparts in (3.6). For the one-dimensional 
harmonic oscillator, cf. (2.9), the recursion relations as- 
sociated with a periodic orbit with action J are (E= Jw) 

(P=l), (4.10) 

so that the first three nonzero expectation values are 

2=-f&, 

Ww%)= Jm Jm J’w(p,qM(p,q)dp dq. (4.13) 
--m --m 

In the classical limit, it has been shown4’ that the Wigner 
function becomes a delta-function distribution on the 
torus with action J, i.e., 

J’cLp,q) =WJ-Jbw) I. (4.14) 

For the 1-D problems discussed above, this torus coin- 
cides exactly with the classical periodic orbit of action J. 

B. Classical Hellmann-Feynman theorem 

The classical HF theorem for periodic orbits follows 
from two fundamental principles of classical mechan- 
ics:‘*2P26 (i) Hamilton’s principle and (ii) the principle of 
least action. We state the main features of each principle 
below, highlighting the assumptions made, and then pro- 
ceed to prove the classical HF theorem. 

First, recall the Lagrangian formulation for a classi- 
cal system with D generalized coordinates, qi, i= 1,2,...,D 
and their respective generalized velocities ~~~ i= 1,2,...,D. 
The Lagrangian L has the form 

L(q(t),il(t),t)=T(q(t),il(t),t)- V(s(t),il(f>,t), 
(4.15) 

(4.11) 

5 J3 p=- 
2mo’ ( 1 

The classical limit demonstrated by perturbation the- 
ory is also seen to apply to expectation values: Comparing 
(4.11) to (3.8), (x~~) --. X2k in the limit N- CO, fi+O, 
Nfi=J. This feature may be explained in terms of the 
classical limit of the associated Wigner distribution func- 
tion. For 1-D problems, the Wigner distribution Pw: 
R2-+R corresponding to an eigenstate tC, is given byM 

where T and V denote, respectively, the kinetic and po- 
tential energies of the system. The evolution of the me- 
chanical system is represented by a point q(t) moving in 
the N-dimensional configuration space. Let tl < t2, and 
consider the actual path taken by the system between 
these two times, which will be denoted as q*(t). Each of 
the principles mentioned above is based on the stationar- 
ity of its own integral with respect to a particular varia- 
tion of paths about q*(t) in configuration space: 

Hamilton’s principle: S-variation, where the varied 
paths start and end at the same time as q*(t), 
principle of least action: A-variation, where the tran- 
sit times are allowed to differ on the varied paths. 

In both cases, the variation about a path q(t) may be 
defined as 

qi(tP) =qi(t,O) +aqi(t), i= lA..,D, (4.16) 

where a is an infinitesimal parameter that goes to zero on 
the actual path. The 6 and A variations of a path are 
given by 

1 m 
MP94) =&g s 

11”(q+y)+(q-y)e2@‘y’fidy. (4.12) _ m 

By the Weyl correspondence, if A^(p^,,qh) is a quantum me- 
chanical operator corresponding to a classical function 
A(p,q), then 

&itt) =4i(f@) -4i(t90) =arlitt)7 (4.17) 

Aqi(t)=qi(t+At,a)-qi(t,O). (4.18) 

Using the parametrization of (4.16)) Eq. (4.18) becomes 

Aqi(t)=qi(t+At,O)+agi(t+At)-qi(t,O>. (4.19) 
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Now expand the first and second terms of the right side of 
(4.19) in a Taylor series and keep only terms of first 
order in the small quantities At and CY. Then the following 
relation exists between the two variations: 

&i(t) =Atii(t,O) +aqi(t) = Athi(t,O) +Sqi(t). (4.20) 

Hamilton’s principle states that out of all possible 
paths in configuration space that a point can travel be- 
tween times t, and tl, the actual path satisfies the station- 
arity condition 

s 

12 
s UdGl(t),Wt=O. (4.21) 

4 

The result is that q*(t) is a solution of the Euler- 
Lagrange equations: 

=o, i= 1,2 ,...) D. (4.22) 

The principle of least action states that the following 
stationarity condition must hold about q*(t): 

Mt,,t,) =A ii1 PAi dt=Oe (4.23) 

Here S(t,,t,) is (up to a 27r factor) the total classical 
action associated with the trajectory between the times tl 
and t2. Three restrictions must also be imposed: 

(i) L, hence H, does not depend explicitly upon time, 
so that H is conserved, 

(ii) the variation in (4.23) is such that H is con- 
served on the varied paths as well as on the actual path 
q*(t), 

(iii) the Aqi vanish at the endpoints. This condition 
will be satisfied for periodic orbits, since we may allow 
the transit time to vary so that H is kept constant along 
the trajectory. 

Following McKinley,” the proof of the classical HF 
theorem rests on the condition that the classical action 
associated with a periodic orbit is kept constant under 
infinitesimal A-variation. Let H be a time-independent 
Hamiltonian depending explicitly upon a parameter ;1. 
Assume a il value for which H(l) admits a family of 
periodic orbits. We consider one particular orbit r in this 
family that will correspond to the actual path q*(t) dis- 
cussed above. Let T be the period of I’. The total varia- 
tion of the classical action in (4.23) about I? will be split 
into two parts: 

(i) variation over nearby orbits, keeping the energy g 
and ,I fixed; 

(ii) parametric variation of il, where g=E(,I) is the 
energy of the orbit at the corresponding value of ;1. 
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The stationarity condition of the classical action 
takes the form 

A 
s6 

CPidqi=A 
i 

a 
+@% i f CPidqi 

=o. (4.24) 

By parametrizing each pi and qi as functions of t, the first 
term in (4.24) may be written as 

=o, (4.25) I=const 
where t2= cl + T. This is just a special case of the least 
action principle in (423). The first term in (4.24) will 
vanish provided that E is kept constant on r and on the 
varied paths and that Aqi vanish at the endpoints. From 
our earlier discussions, the latter condition implies that 
the varied paths must be periodic. 

The stationarity condition of the classical action now 
reduces to the following condition: 

(4.26) 

Because we are considering only separable Hamiltonian 
systems, cf. Eq. (2.5), with purely periodic components, 
cf. Eq. (2.8), it suffices to prove the HF theorem for 
one-dimensional problems. We generalize Killingbeck’s 
prooF for the quartic anharmonic oscillator to treat 
Hamiltonians of the form 

2 

HA=&+ vA(x> =&A). 

Recall that the classical action of a periodic orbit r C R2 
is equal to the area of its interior, i.e., 

pdx=2 JZL;;; (E(A) - VA(x))“2 dx, 

(4.28) 

where x,(n) and x2(n) are the classical turning points. 
Taking the partial derivatives of both sides of (4.28) and 
imposing (4.26) implies that 
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- ax2 - 
(E(A) - WX,))“~ -&E(A) - V~(xl)) l/2 ax, a;l 

1 .w) (aEia2-aaA/a;l) 
+i s dx=O. (4.29) 

XlW (E- VJ “2 

The first two terms vanish (classical turning point con- 
dition) so that (4.29) becomes 

$j cav,/aA (E-vL)-1/2 dx 
-= aA I;& VA)-“2 dx ’ 

(4.30) 

From Hamilton’s equations, x= (2 (E- v,)/m)“2 and 
Eq. (4.30) can be rewritten as 

aE i 
s 

T aVA 
-=- 
aA T 0 

ahdt=f$, (4.31) 

which is the desired result. 
We may now return to consider the multidimensional 

case, cf. Eqs. (2.5)-(2.7). Since the component one- 
dimensional problems are independent, the HF theorem 
implies that 

a 
z 

i= I,2 ,..., D. (4.32) 

Writing the individual one-dimensional problems in the 
same form as Eq. (4.27) (omitting the explicit reference 
to 21, 

2 

Hi=g+ Vi(qi)=Ei(A), i= 1,2 ,..., D, 

then it follows that 

Ei g -=- a~ a;l , i=1,2 ,..., D. (4.34) 

C. Classical HVHF “perturbation theory without 
Fourier series/differential equations” 

We now arrive at the reformulation of canonical per- 
turbation theory in terms of the classical HV and HF 
theorems. The classical HVHF perturbative method will 
be quite analogous to the quantum case in Sec. III C. 
Again, only the one-dimensional case need be discussed. 
Let lYo denote an “unperturbed” classical orbit with ac- 
tion J and energy 2’) (J). Assume that there exists a 
neighborhood N, of A = 0, such that for kN, there exists 
a classical orbit rA with fixed action J and energy E( J,A>, 
so that rA may be considered a perturbation of I?,,. Once 

the classical hypervirial relations for Hamiltonians of the 
form (2.11) are obtained, we assume the series expan- 
sions 

z(J,/z)= g % ‘(J)A’, (4.35a) 
n=O 

?( J,A> = i 8j”‘( JU”, 
n=O 

associated with the orbits, rA, along with the normaliza- 
tion condition 2 = 1, implying that zo” = So,. As in the 
quantum case, substitution of the above power series into 
the hypervirial relations, as 
Hellmann-Feynman condition 

aE - -= a;l wp 

well as the classical 

(4.36) 

provides a set of recursion relations which uniquely de- 
fines the 3;’ and the %j’ (J) . The construction of the C 
table will proceed in the same way as for the quantum 
case: downward and columnwise, beginning with the i=O 
(unperturbed) column. 

We finally emphasize: The constancy of the classical 
action J implied by the Hellmann-Feynman theorem ex- 
plains why the classical HVHF series coincides with the 
canonical perturbation series obtained by the Poincarkvon 
Zeipel method. 

V. APPLICATIONS 

In the examples below, for clarity of notation, quan- 
tum numbers and action variables will be represented by 
upper case indices, e.g., N,L ,..., in order that they may be 
distinguished from summation or order indices. 

A. One-dimensional anharmonic oscillators 

In this section we consider the eigenvalue expansions 
afforded by both classical and quantum HVHF methods 
as applied to the anharmonic oscillators. The quantum 
Hamiltonians considered are 

+? 
ii= -2m Sx+i mca2x2+h+, M= I,2 ,..., (5.1) 

whose eigenvalue expansions will be written in the fol- 
lowing form: 

E(n,fi,A.) = 2 E’“‘(N,WtZ”, N=0,1,2 ,..., (5.2a) 
n=O 

E(‘)(N,ti) = (N+f)ti. (5.2b) 

The expectation values associated with the corresponding 
eigenstate will also be expanded as 
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(xk> (N,fi,A) = nto c’,“’ W W . (5.3) 

The corresponding classical Hamiltonians are given by 

H(p,x) =&+k mw2x2+;1#, M= 1,2,3 ,..., (5.4) 

with associated energy expansions 

i?(J,A)= i ~‘(n)(JIAZn, J>O, (5.5a) 
n=O 

i?(‘)(J) =oJ, (5.5b) 

and expectation values (time averages over periodic or- 
bits) 

2(k+ l)F(Xk) =2(/~+2)(X~+~) +/3(M+2k+2) 

x (Xk+y -ik(k- 1) 

x (k+ 1) (Xk-2), kG. 

(5.12) 

From the Hellmann-Feynman theorem, aF/ap= (X”). 
The following recurrence relations are obtained for the 
series coefficients in (5.1 la) and (5.1 lb) (omitting ex- 
plicit reference to the quantum number N): 

k@‘=(k-1) i J’(j)@--f-1 
j=O 

2 W+2k--2) 

xD~$‘,+;(k-l)(k-2)(k-3)Dj$‘,, 
(5.13) 

z(J,A) = $ i$“(J)P. 
n=O 

Quantum HVHF 

For practical purposes of (especially symbolic) com- 
putation, it is convenient to work with the scaled oscilla- 
tor Hamiltonians 

&= -9~+x2+PxM, (5.7) 

with associated eigenvalue and expectation series 

F(N,P)= i F’“‘(NW, F”‘(N) =2N+ 1, (5.8) 
n=O 

(xk) (N,B) = 5 D~$(N)I~. (5.9) n=O 
This is accomplished with the (unitary) transformation 
x=oX, cr=(fi/(mw))1’2. As a result 

a=; (&) 

M/2 
A, F( N,fl) =; E( N,fi,A). 

(5.10) 

The coefficients of “scaled” and “unscaled” expansions 
are related as follows: 

@ “)(N,fi) = z (ti)‘-1($)M”2~(n)(~), (5.11a) 

@)(N,*i) = (&)“( &)(“‘+4/2~p)(~). (5.llb) 

Using the generator $=Xksx, the quantum hypervirial 
relations (3.6) for the scaled problem become 

1 
(5.6) 

F(“+l) =- D(n) 
n+l M’ 

(5.14) 
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The Dp’ array may be computed columnwise, start- 
ing with the first column, Di”, k=0,1,2,..., which corre- 
sponds to the unperturbed problem. A knowledge of the 
nth column determines F(“+‘). The absence of the con- 
stants 6, m, and w facilitates computation of the series 
coefficients EC”). It also provides a clear understanding of 
the nature of the RS coefficients, as shown below. 

Lemma: The scaled RS coefficients F’“)(N) in (5.8) 
behave as follows: 

(i) For both M and n odd, Fen) (N) =O. 
(ii) Otherwise, they are polynomials in N of degree 

i(M-2)n+ 1, i.e., 

(1/2)(M--2)n+l 

F’“‘(N)= c apINk. (5.15) 
k=O 

This Lemma may be proved by induction. From 
(5.1 la) it follows that in the canonical classical limit of 
Sec. II B [cf. Eq. (2.39)], the RS coefficients for E(N,/Z) 
become 

N-m 
fi-0 _ 

EC”) (N , ti) + E(“)(J) 
N&J 

=(t)“y-)““” 

X4:2)(M-2)n+ 1 
Jfl/2)uf-2)n+l (5.16) 

The RS expansions for the cases M=3, 4 and 6 are 
shown in Table I. In each case, the first few terms of the 
series for (x) and (x2) are also shown. (The cases M 
= I,2 represent test cases for which the eigenvalues, 
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TABLE I. RSPT series for quantum anharmonic oscillators with Hamiltonians of the form $= - (#/2m) d’/d?+ ( mw2/2) x?+,%x‘? 

M=3 

M=4 

490623 138195 
+t64 N+T A2+**. 

hence their series expansions, are known in closed form, 
since the Hamiltonians may be rewritten in solvable 
form.) 

A few remarks on the properties of the quantum RS 
series for E( /2) are in order here. For M  > 2, the series are 
known to be divergent. For M  even, i.e., M=2P, P 
=2,3,..., the large-order behavior of the series coefficients 
is given by the asymptotic relation in (2.32), where 
B= P- 1, and A, C and D are constants that depend on P 
and the quantum number iV of the eigenvalue.30 The en- 
ergy E(il) is analytic in the cut plane 1 arg(jl) / < v.~’ The 
series are Bore1 summable for all P>2,43 and Pad.5 sum- 
mable for P=2,3.32 Note also that in these cases, expec- 
tation values of odd powers of x vanish, (x2’+‘) =O, I 
=012 , , ,*-a * For M=2P+ 1, P= 1,2 ,..., the energy series 
coefficients do not alternate in sign and the series are not 
summable on the real A-line. However, the series are sum- 
mable on the imaginary il-line.44 (The potentials are un- 
stable for both ;1< 0 and /z > 0. If we let ~1 =iA, then the 
resulting series are summable for ,u > 0.) 

It is also interesting to consider the continued frac- 
tion (CF) representations of RS eigenvalue expansions 
which have the form 

E(A) =E(“‘+K(A) , (5.17) 

where 

ccn,=3-2-g . ..* (5.18) 

(For comprehensive treatments of the analytic theory of 
CFs, the reader is referred to Refs. 45 and 46. The prop- 
erties of CFs most relevant to RSPT are discussed in Ref. 
47.) The RS expansions for many standard perturbation 
problems, e.g., anharmonic oscillators, radially perturbed 
hydrogenic atoms, are negative Stieltjes for n) 1. This 
implies that C(L) is an S-fraction, i.e., all coefficients c, 
are positive. Moreover, when the Stieltjes RS coefficients 
behave asymptotically as in Eq. (2.32), with B= 1 2 3 , , ,***, 
then 

Cn=O(nB), as nho3. (5.19) 

In particular, when B= 1, then 

c,=iDn+o( l), as ~-CO. (5.20) 

For O<B<2, Carleman’s condition45946 is satisfied, which 
is sufficient to guarantee convergence of C(L), hence 
Pad& summability of the RS series. The CF representa- 
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tions of anharmonic oscillators and radially perturbed 
hydrogenic atoms have been explored in Refs. 47 and 48. 

Classical HVHF 

As for the quantum case, we consider the scaled clas- 
sical Hamiltonians 

H,=P+x*+&Y”, 

with associated expansions 

(5.21) 

F(J,P) = : F’(J)p”, FyJ)=W, (5.22) 
n=O 

Xk(J,D) = ngo ip(J>p”* (5.23) 

[Note that the scaling used here, x = X/G, p 
= fiP, represents a canonical transformation with 
generator F2 = &&xP in Eq. (9)-( 17) in Ref. 1.1 The 
result is 

M/2 
A, (5.24) 

The relations between coefficients corresponding to un- 
scaled and scaled problems are thus given by 

(5.25a) 

Using the hypervirial generator XkP in Eq. (4.5), the 
classical hypervirial relations (4.9) become [as expected 
from the corresponding quantum case, Eq. (5.12)] 

-- 
2(/k+ l)FXk=2(k+2)Xk+2+P(M+2k+2)Xk+M. 

(5.26) 

The HF theorem gives aF/L)j? = x”. The recursion re- 
lation for the series coefficients in (5.22) and (5.23) are 

k@‘= (k- 1) 2 $)$-;L; (M+2/&2)@$*, 
j=O 

(5.27) 

TABLE II. Canonical perturbation series for classical anharmonic os- 
cillators yjth Hamiltonians of the form H= (1/2m) p2+ ( mw2/2) 2 
+A.x+=E. 
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M=3 
15 J2 705 3 

E=Jo-~~A~-~~~~-... 

2 19035 J3 
‘=-g”-~~3-rs;;;s;rr~5-... 

M=4 
2 172 

E’Jco+&~-~~~+‘** 

2 3 1125P 
s&&J& A+m AZ-. . . 

M=6 
3 393 3 

~=Jo+;--&-~--&~+... 

pared to Eq. (2.18), the results of canonical perturbation 
theory.] A comparison with the quantum results in Table 
I shows that in the classical limit, 

E’“‘(N,ti) --3”“‘(J) f 

cp(N,fi)+~~)(J), n=0,1,2 ,..., 

as N+ CO, fi+O, Nfi=J. 

(5.29a) 

(5.29b) 

The radii of convergence R of the expansions for 
F(J,A) in the cases M=3 and M=4 are given by Eqs. 
(2.19) and (2.20), respectively. For several values of J, a 
“numerical ratio test” was performed, where the limits of 
the sequences {%)(J)/$+‘)(J)} were estimated using 
the Thiele-PadC method of extrapolation.49 In all cases, 
the limit estimates agreed well with the theoretical values. 
As well, the same radii of convergence R(J) were also 
calculated for the series expansions of the time averages 
2. 

(5.28) Regarding the CF representations of the classical en- 
ergy series, 

These relations may be compared with their quantum 
counterparts in Eqs. (5.13) and (5.14). Energy and ex- 
pectation value expansions for the cases M=3, 4, and 6 
are presented in Table II. [The energy series may be com- 

i?(J,A) =3”(J) +AC(A) , (5.30) 

it is significant to note that in all cases C(A) is an S- 
fraction. Numerical ratio tests performed on the CF co- 
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efficients c, show that they tend to a limit as n -+ 03, which 
is a consequence of the fact that the energy series have 
nonzero radii of convergence. In fact, we find that 

c,-(4R(J))-‘, as n-+ CO. 

From Van Vleck’s theorem,45 this suggests that E( J,;1) is 
at least meromorphic on the complex A-plane with 
branch cut on (- 00, -R (J)). Then C(n) converges uni- 
formly on compact subsets of this cut plane. 

6. Double perturbation theory for one-dimensional 
anharmonic oscillators 

Here we wish to show that the quantum and classical 
HVHF perturbative methods can be easily applied to 
treat problems with more than one coupling constant. 
For example, consider the quantum Hamiltonians of the 
form 

fi= -fSx+k mu2x2+;1XM~+p#2, (5.31) 

where k and p may be considered as independent pertur- 
bation parameters. The quantum HV relations (3.6) be- 
come 

2kE(il)(xk-‘)=mo2(k+l)(xk+‘) 

+A(2k+M1)(Xk+MI-1) 

+p(2k+M*) (Xk++‘) 

-&k-*)(k-2)(xk-3), (5.32) 

and two HF relations now appear: 

(5.33) 

It is now necessary to expand E and (xk) in terms of 
double perturbation series: 

E(N,fi,il,p) = 2 2 E(m~“)(N,fi)Amp”, (5.34a) 
m=O n=O 

(xk) (N,fi,A.,p) = 2 f dkm7n)(N,ii)/2m/i”. 
m=O n=O 

(5.34b) 

Once again, it is convenient to work with a scaled Hamil- 
tonian, but the details will be omitted here. For the spe- 
cial case M, = 3, M2 =4, we obtain the following series for 
the energy eigenvalues: 
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(5.35) 

The classical HVHF perturbative method proceeds in a 
completely analogous fashion (details omitted here). As 
expected, the canonical series for the classical energy is 
found to be the appropriate limit of the series in (5.35), 
i.e., 

3J2 15J* 3 - 
E(J,l,p)=wJ+~~-~6*-~~*+.... 

(5.36) 

These expansions agree with those obtained by Ali and 
Wood.24(b)924(c) The reader will also note the agreement 
of this series to lowest terms with the expansions in Eq. 
(2.18). 

C. Central forces 

1. The quantum case-radially perturbed 
hydrogenic atoms 

We now consider eigenvalue/expectation value ex- 
pansions of radially perturbed hydrogenic atoms. In D- 
dimensional space, a separation of variables r/(r) 
=R (r) Y(R) is performed to factor out the angular a- 
dependence in terms of D-dimensional spherical 
harmonics. The resulting radial eigenvalue equations will 
have the form 

d* D-1 d 1 
;7;z+ --- r dr ;2 L(L+D-2) 

b 
--;+Ar’ &L(r) 1 

=E(N,L,fi,~.)RNL(r), W. (5.37) 

Here b = Ze2, where Z represents the atomic number and 
e is the electronic charge. The indices N and L will rep- 
resent the principal and angular quantum numbers, re- 
spectively. (The magnetic quantum number M plays no 
role here. Also, the L degeneracy of the unperturbed 
states is broken by the perturbation. ) The scalar L (L + D 
-2) denotes the eigenvalue of the square of the D- 
dimensional angular momentum operator. 5o 
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The hypervirial relations for the three-dimensional 
hydrogen atom were first studied by Killingbeck, who 
formulated the HVHF perturbation method for this prob- 
lem. It was subsequently employed by a number of work- 
ers to study various perturbations of the hydrogen atom, 
including screened Coulomb potentials5’ and the Stark 
effect.52 The HV relations for D-dimensional atoms with 
arbitrary radial potentials V(r) were derived in Ref. 48. 
Here, we shall apply the HVHF perturbation method to 
the standard case D= 3. The eigenvalue expansion will be 
written as 

E(N,L,ii,A) = i E’“‘(N,L,+iW, 
n=O 

(538a) 

E”‘( N L , , fi) = - (5.38b) 

The expectation value expansions will be denoted as 

k%N,L,fi,~)= I m R&:,(WNLW dr 
0 

= i C$“)( N,L,fi)An. (5.39) 
n=O 

For practical purposes it is again convenient to work 
with the following scaled Hamiltonian, in which no phys- 
ical constants appear: 

h k? 2, L(L+l) 1 
H,,= -DR-R DR+ R2 -+IRQ. (5.40) 

The associated expansions are 

F(N,L,P) = i F’“)(N,L)p”, 
n=O 

(5.41) 

F”‘(N,L) = -&, N= 1,2,..., 

(Rk)(N,L,P) = nzo DI:‘(N,L)p”. (5.42) 

The Hamiltonians in (5.37) and (5.40) are related by the 
scaling transformation r=fi2R/(2mb), which implies 
that 

A ti2 Q+’ i 1 2mb2 
8=g 2mb f E(N,L,U 1 =F F( N,L,P), 

(5.43) 

so that 
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E’“‘(NL A)=& 9 , 6” 
F’“‘(NL) 9 , 

Dp’(N L) (5.45) , * 

Using the generator o^= RkfiR, the quantum HV relations 
for the scaled problem become 

x (Rk+Q) +2k[L(L+ 1) -+(k+ 1) 

x (k- 1)](Rk-2), /kZ. (5.46) 

From the Hellmann-Feynman theorem, @‘/afl= ( RQ). 
The HVHF recurrence relations become (the quantum 
indices K,L will be supressed) 

-$k+l)(k-l)]D’O) k 2, (5.47) 

for the zeroth order, and 

2(k+ l)P’“‘D~‘= -2(k+ 1) i F’j’Df-j’ 
j=l 

WC-l)]Df!!,“_‘,, n>O. 

From the Hellmann-Feynman theorem, 

(5.48) 

~(“+lf- 1 
--D;’ 

n+l * (5.49) 

The computation of the Dp’ array proceeds colum- 
nwise, as before, with the exception that the k= - 1 row 
must be calculated separately and included. At the begin- 
ning of each perturbation order n, we let k=O in (5.47) 
and (5.48) to obtain, respectively, 

D’_0;=-22F”‘, D’“j=(Q+2-2/n)D$+‘), n>O. 
(5.50) 

The expansion coefficients for (re2) cannot be obtained 
from (5.47) and (5.48). They can, however, be obtained 
from an application of the HF theorem, when the angular 
quantum number L is treated as the parameter in (5.40): 
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TABLE III. (#) for the unperturbed hydrogen problem 2 
=-(#/2m) d*/d~+L(L+l)~/2m?-b/r. 

ergy, (r) and (r-l) for both problems are presented in 
closed form in Table IV. 

k V) 

ti 
3 8msb3 (35N6--3ON’L*-30N4L+25N4+3N2L” 

+ 6N*L’ - 3N2L2 - 6N*L) 

&-J (SN+--3N2L2-3N2L+N2) 

The case Q= -3 corresponds to the spin-orbit cou- 
pling term of the fine structure Hamiltonian. Expan- 
sions associated with this problem are also presented in 
Table IV. 

2. Classical perturbed Kepler problems 

-2 

-3 

dF 
z=(2L+l)(R-2). 

From the series expansions in (5.41) and (5.42), 

(5.52) 

where N has been considered as a function of L. From the 
unperturbed problem, N= L + NR + 1, where N, L, and 
NR denote the principal, angular, and radial quantum 
numbers, respectively. [The term aN/aL= 1 has been 
omitted from (5.52) .] 

The recursion relations are again easily programmed. 
[The partial derivatives in (5.52) may be determined by 
symbolic computation.] There is a major difference, how- 
ever, between the cases Q > 0 and Q < 0. For Q> 0, the 
Dp’ are calculated columnwise first for k= 1,2,3,..., and 
then for k=-1,-2,-3,... . For Q<O, the order is re- 
versed. 

For purposes of comparison with the classical prob- 
lem, the expectation values for several powers of r for the 
unperturbed hydrogen problem in (5.37) are given in 
Table III. These are simply the coefficients a” which are 
obtained from the Die) by scaling, cf. (5.45). (A signifi- 
cant collection of these values is given in Ref. 53.) 

The cases Q= - 1 and Q= -2 in (5.40) represent 
test cases for which the exact eigenvalue and expectation 
value expansions can be derived. We omit a discussion of 
these cases here. 

The cases Q= 1 and Q=2, which have been referred 
to as the Charmonium and Harmonium problems, re- 
spectively, have received attention in the context of quark 
confinement.‘4 Expansions to second order for the en- 
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The Hamiltonian defining the classical Kepler prob- 
lem has a form similar to the classical hydrogen atom. 
We wish to consider radial perturbations of the Kepler 
problem and show that the series expansions may be con- 
sidered as appropriate classical limits of quantum me- 
chanical series for perturbed hydrogenic atoms. 

The problem of two bodies moving under the influ- 
ence of a potential energy function V(q) which depends 
only upon their separation can be reduced to a one-body 
problem in center-of-mass coordinates. The resulting 
Hamiltonian is given by 

H=& p;+$+& + V(r) =$‘), (5.53) 

where the momenta are defined in terms of their conju- 
gate coordinates as follows: 

pr= mi, 

pe= mr%, 

pg = ml’ sin2 0$. 

(5.54) 

For the Kepler problem, the potential is given by 

V(r) = -b/r, (5.55) 

where b>O is a constant. The action variables for this 
case are computed to be 

J+ =pb = constant, 

(5.56) 

J=-(J~+J~)+b(-mm/2~“))1’2. r 

The constants (pi+ppsin’ 13) 1’2 and p4 are, respectively, 
the magnitude of the total angular momentum L=rxp 
and its component along the polar axis 6=0. From 
(5.56), the energy is given by 

(5.57) 

It is convenient to use a canonical transformation to ob- 
tain a new set of action variables: 

J. Math. Phys., Vol. 33, No. 9, September 1992 



S. M. McRae and E. R. Vrscay: Canonical perturbation expansions 3021 

TABLE IV. RSPT series for quantum radially perturbed hydrogen problem with Hamiltonians of the form >i= - (#/2m) d*/&+ L(L+ 1)#/2m? 
- b/r+ ArQ. 

Q=l 

E=-$$+$ (3N*-L*-L)A+ 
d 

8m’b4 (-7N6+3N2L4+6N2L3+3N2L2-51\14)~*+~~~ 

f? ti6 
(r)=Fb (3N2-L2-L)+m (-7N6+3N2L4+6N2L3+3N2L2-5~)l+16~b J7 (99N’“-21N6L4-30N4L6-42N6L3-90N-+L’+225N8 

+$* (3N*-L’-L)I+& (-7N6+3N2L4+6N2L3+3N2L2-5ti)A2+... 2 b 

Q=2 
2 a 

ii-= -&+mf (SN’-3N2L2-3N2L+N2)A++.. 

Ir? ti* 
(r)=m (3N2-L2-L)~-~(-45N%+14N6L2+14N6L+15~L4+30~L3+25~L2-63N6+IO~L)A+~~~ 

(r-l)= mb 
f? 

Fw+Lm 
5N6-3N’L;-3flL+r 

2 

Q= -3 
mb2 2m’b3 

‘= -?$$+fi6(2L+1)N3L(L+1) ‘+.‘. 
li’ 6mN 

W=m (3N2-L2-L)+ti2~2L+1)L(L+1) A+-.. 

mb 6m3b2 
(‘-I)=$??-@‘(2L+l)N’L(L+l) ‘+“* 

JI =J&, 

Jz=J4+Jo, (5.58) 

Js=J4tJe+J,, 

so that J2 is the magnitude of the total angular momen- 
tum and J1 is its component along the polar axis. Then 

mb2 
3”(J) = -=. (5.59) 

This result is seen to represent the classical limit of the 
quantum term in Eq. (5.38b), where N- OC), +i+O, Nfi 
=J3. 

The classical HVHF method will now be used to treat 
the Kepler problem with a radial perturbation, i.e., 

V(r) = -b/r+/2rQ, @Z. (5.60) 

The Hamiltonian in (5.53) becomes 

(5.61) 

The canonical transformation PR =p/( 2mb), R = 2mbr 
yields the scaled Hamiltonian 

Hsc=~~+$-;+flRQ=F(J,p), 

where 

(5.62) 

- - a 
E(J,a) =2mb2F(J,P), P=b(2mb)Q+f. (5.63) 

The classical hypervirial relations for the Hamil- 
tonian in (5.61) take the form 

2(k+ l)Fi?=2J;kii=- (2k+ l)Rk-’ 

(5.64) 

which may be compared to their quantum mechanical 
counterparts in (5.46). 

The expectation values for several powers of r for the 
unperturbed Kepler problem, A =0 in Eq. (5.61), are 
given in Table V. A comparison with the corresponding 
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TABLE V. ;” for the Kepler hydrogen problem H= ( 1/2m) pf+J:/ 
2m?-b/r. 

k 

3 

2 

1 

0 

-1 

-2 

-3 

7 

& (35J$--qJ;+3J# 

& (5&3J:J:) 

3J:--J: 
2mb 

1 
mb 

3 

gg 

m’b’ 

ZT 

quantum values in Table III shows that the classical val- 
ues are obtained in the limit 

N -or), L-CO, +i+O, such that Nfi=J3, L?i=J,. 
(5.65) 

Expansions for the cases Q= 1, 2 and -3 are shown in 
Table VI. These series may be compared to the quantum 
series in Table IV. The classical limit in (5.65) is seen to 
hold. 

The Q= -3 perturbation in (5.61) is of interest be- 
cause it represents a relativistic correction to the Kepler 
problem (Ref. 1, p. 5 11). In addition, it represents the 
first correction in the problem of an orbit of a satellite 
about an oblate planet without air drag.56 Brouwer” used 
the Poincar&-von Zeipel method to obtain the energy se- 
ries to second order; Koza?* extended this series to third 
order. The classical HVHF method may be easily used to 
generate the series to higher order, either algebraically or 
numerically. 

VI. CONCLUDING REMARKS 

The classical hypervirial and Hellmann-Feynman 
theorems have been shown to provide a powerful method 
of generating canonical perturbation expansions for sep- 
arable Hamiltonians. As in the quantum mechanical ver- 
sion, where there is no need to calculate wave functions, 
the classical method bypasses the tedious requirement to 
calculate the Fourier series expansions for the generating 
functions. There are some other interesting systems 
which could be explored with this method, e.g., the Stark 
effect in hydrogen (the quantum mechanical HVHF ver- 
sion was studied by Austin”). Apart from these purely 
computational aspects, however, is the correspondence 

TABLE VI. Canonical perturbation series for classical radially perturbed 
Kepler Eoblem with Hamiltonians of the form H=p:/2m + J:/? - b/r 
+-@=E. 

- mb2 3J:-J: 
== -21++2mbh- 

-74+3J;J: 
8m3b4 

A*+... 
3 

Q=l 

Q=2 

3J;-J; 
jL-+ 

-7&33;4 
4m3b4 Ii- 

99J;“-21J$$-30.@ 
2mb 16m’b’ 

AZ+... 

-74+3J;J: 
2b’m’ 

,p+... 

jg- 
mb2 
g+& (54-3J%‘&I 

3 

+& (-1435’3°+ti3J;+21J$/‘$2+... 

h& (3J:-J;)+ 
-454+ l@J;+ 1544 

8m4b5 
A+... 
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F- mb 54---34Jz 
----r+ m2b’~2 A-!--” J3 3 

Q=-3 
- mb2 m’b’ 
E= -~rl+~ A+ 

m5b4(-6J3J2-15J:+3Jz) 

484 
L2+... 

3J:-Ji 3mJ, 
;c- 

3m’b(154-2J24--4) 
2mb +Tp- 453 7 AZ+... 

y=i- mb 3m3b2 
-7gp 

m5b3(6Jd3+ 15J:---35:) 
J’ 24 

A*+... 

between quantum and classical HV and HF theorems 
which describe eigenstates and periodic orbits, respec- 
tively. This correspondence is provided by the action- 
preserving classical limit discussed by Turchetti,14 Graffi 
and Paul,” and others. 

For the more general nonseparable problems, how- 
ever, the most effective route to generate classical expan- 
sions may still be to take the classical limit of quantum 
Rayleigh-Schriidinger perturbation expansions. 
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APPENDIX: RELATION BETWEEN CANONICAL AND 
NONCANONICAL PERTURBATION METHODS 

A variety of perturbation methods for differential 
equations (nonlinear oscillations) may also be used to 
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study the classical problems mentioned in Sec. II A. 
However, in contrast to the perturbation theory outlined 
in that section, these methods are generally not canonical: 
the transformations associated with these methods (i.e., 
change of variables, scaling of coordinates) are not nec- 
essarily subject to the strict rules of canonical transfor- 
mations. Since this aspect of perturbation theory is rarely 
addressed in the literature, it is worthwhile to consider an 
illustrative example and to show how the canonical and 
noncanonical methods can be related. 

Our example will be the quartic anharmonic oscilla- 
tor Hamiltonian, M=4 in (2.12). In this case, Hamil- 
ton’s equations lead to the Duffing equation: 

x+6&+Ex3=0, (Al) 

where E=4A/m. In (one version of) the Poincare- 
Linstedt method of strained parameters,” a series solu- 
tion of the form 

x(t)=xo(t)+EXl(t)+EZXZ(f)+... (A21 

is assumed along with a scaling of the time variable (in 
order to remove secular terms), 

s=wt=(WO+E01+402+“‘)t. (A3) 

Substitution of Eqs. (A2) and (A3) into Eq. (Al) and 
collection of terms in E, n=0,1,2,... leads to a hierarchy 
of second-linear differential equations, beginning with the 
unperturbed problem, 

x”~(s) +x&s) =O, xc(O) =cl, ~“~(0) =c2, (A4) 

where the primes indicate differentiation with respect to s, 
followed by the general nth order problem, 

x”,(s) +Q> =./-n(s), (A5) 

where the inhomogeneous term fn(s) is determined by 
x&L, x,- t (s) and their derivatives. A knowledge of 
solutions x0 * * ‘x,, permits the calculation of x,+ ,, At each 
order n, the removal of secular terms leads to the deter- 
mination of the coefficient w, in Eq. (A3). The net result 
is 

3 E2a5 
x(t) =a cos(ot+#) +$ cos 3(wt++) + lo24o4 

0 0 

x [ -21 cos 3(wt+4)+cos 5(wr+4)] +“‘, 
(A61 

where a and 4 are determined by the initial conditions 
and the frequency W=O(E) is given by the series expan- 
sion 

(A7) 

Note that the solution x(t) is periodic with period T 
=2?r/w. As well, its amplitude may be written explicitly 
as a function A(a,e), where A(a,O) =a. 

The action associated with the periodic solution x(t) 
in Eq. (A6) may be computed by the relation 

1 
J=% p dx=; X2 dt. (A81 

After some algebra, we find 

6 
J~a,l)=~+~~-~2~~~~~2+.... (A91 

0 

It is seen that the perturbation method produces solutions 
whose classical actions do not remain unchanged with il. 
The energy associated with the periodic solution x(t) 
may be found by substitution into the Hamiltonian in 
(2.12). To second order in ,% 

m&z2 9a4 
E(a,;l) =- 

25a6 
2 +~~+128m02~2+-*. (A101 

0 

As it stands, this “noncanonical” series bears no obvious 
resemblance to the canonical series in Eq. (2.18b), which 
corresponds to fixed action J. However, it can be recov- 
ered from the canonical series by allowing J to vary with 
il as given in Eq. (A9): substituting the series in Eq. 
(A9) into the canonical series Eq. (2.18b) does, in fact, 
yield Eq. (AlO). 

It has also been shown60’61 that the first-order contri- 
butions to these noncanonical perturbation expansions 
can be obtained by a classical limit of the quantum me- 
chanical perturbation series associated with perturbed co- 
herent states. The classical limit, although involving 
fi-0, is noncanonical, since it does not preserve the ac- 
tion. Some further studies in this direction have been 
made:62 second-order contributions to the frequency ex- 
pansions may be retrieved but the method breaks down 
beyond this correction. 
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