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1 Introduction

In this paper we introduce a fractal-based method over (complex-valued) Fourier
transforms of functions with compact support X C ®. This method of “iterated
Fourier transform systems” (IFTS) has a natural mathematical connection with
the fractal-based method of “iterated function systems with greyscale maps”
(IFSM) in the spatial domain [6I7]. A major motivation for our formulation
is the problem of resolution enhancement of band-limited magnetic resonance
images. In an attempt to minimize sampling/transform artifacts, it is our desire
to work directly with the raw frequency data provided by an MR imager as
much as possible before “returning” to the spatial domain. In this paper, we
show that our fractal-based IFTS method can be tailored to perform frequency
extrapolation.

2 MRI and the Frequency Extrapolation Problem

Here, we briefly outline the problem of frequency extrapolation, with particu-
lar focus on an important source of such problems: magnetic resonance imaging
(MRI), where the raw data is a Fourier spectrum of the desired image. For
simplicity of notation and presentation, we consider only one-dimensional MRI
procedures in this paper. We shall assume that the object of concern is located
within an interval X = [—Zmaz, Tmaz] On the x-axis. It is the proton density
of the object, to be denoted as p(z) for x € X, to which the magnetic reso-
nance scanner responds. The (spatially) linearly varying magnetic field in the
magnetic resonance spectrometer produces a complex-valued signal s(k) of the
real-valued frequency parameter k. The relation between s(k) and the proton
density function p(z) may be expressed as follows [TOIT39]:

“+ o0
s(k) = / p(x)exp(—i2nkx)dx, ke R (1)
In other words, s(k) is related to p(z) via the Fourier transform [3].
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In practice, however, the true proton density, p(x), cannot be obtained, but
rather must be estimated. Since the object being imaged has a finite size, its
Fourier spectrum necessarily has infinite support. But the data can only be
collected over a finite interval: Without loss of generality, we shall assume that
the k-space data is acquired over an interval of finite size and centered over the
origin: k € K = [—kmaz, kmaz). Another consideration is that the k-space data
must also be sampled. Ultimately, post-processing and reconstruction can yield
only discrete approximations to p(z), with finite spatial resolution, Awx.

Increasing the spatial resolution in MRI has often been performed by opti-
mizing the capabilities of the imaging hardware. However, any improvement in
the resolving power of MRI would further increase the efficacy of this modality.

The following simple expression,

1
Az ok, (2)
naturally demonstrates the fundamental relationship between the spectral ex-
tent, 2knq, and the capacity of the image to represent features of the object
over different spatial scales. Enhancing the spatial resolution via any chosen post-
processing strategy involves the estimation of frequencies beyond the maximum
measured frequency, kpqz -

Early investigations on frequency domain extrapolation include the famous
work by Slepian and Pollack [I7] that employed prolate spheroidal wave func-
tions, and the well known Papoulis-Gerchberg algorithm [8JT6]. An enormous
amount of literature on frequency domain extrapolation followed, e.g., [I8IIT].
(In no way are our references intended to be complete.) Later, frequency extrap-
olation was considered in the field of MRI (for example, see [I2/T3/T5]).

3 Iterated Function Systems with Greyscale Maps (IFSM)

In this section we outline the basic ideas of a special class of iterated function
systems with greyscale maps (IFSM), a fractal-based method over functions. The
treatment is brief and quite specific to our applications — for more generality and
details, the reader is referred to [6l7].

In what follows, (X,d) denotes a compact metric base space, the spatial
support of our signal or image. Here, our primary applications will be one-
dimensional signals. Therefore, unless otherwise indicated, we shall let X =
[—1,1]. We also let B(X) denote a suitable Banach space of functions u : X — .
In applications, these functions will be bounded, in which case we may also wish
to specify their range Ry, i.e., v : X — Ry, where R, C R. (In the practical case
of image processing, for example, we may wish R, to be [0, 1].)

An N-map affine IFSM is defined by the following:

1. The spatial IFS component: w = {wy,--- ,wn}, a set of affine contrac-
tion maps wy : X — X having the form
wg(z) = spx +a, skl <1, k=1,2,--- N. (3)

We shall denote Xy, = wi(X) = {wi(z) | z € X}.
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2. The greyscale component: ® = {¢1,--- ,dn}, a set of associated affine
greyscale maps ¢y, : R; — R4 having the form
¢k(t):akt+ﬂk, k=1,2,---,N. (4)

Associated with the above N-map affine IFSM is the fractal transform oper-
ator T' : B(X) — B(X). Given a function v € B(X), its image v = T'u will be
defined as

A N N
(Tu)(z) =) fulz) = Y [anu(wy ' (2)) + Bi] Ix, (@) ()
k=1 k=1

Here I4(z) denotes the indicator or characteristic function of a set A C X:
Ia(z) = 1if 2 € A and I4(x) = 0 otherwise. Each fractal component f is
supported on the subset Xj.

Geometrically, the action of the fractal transform T may be viewed in terms
of its action on the graph of u which is supported on X. Each term u(w; ' (z))
represents a spatially-contracted copy of the graph of u which is supported on the
subset X, = wi(X). The greyscale map ¢; then distorts this copy in the greyscale
direction R, to produce the fractal component f;(z). The fractal transform T
then adds up these fractal components to produce (T'u)(z).

We now consider the £ function spaces, i.e., B(X) = LP(X), p = 1,2,---,

where
cP(X)z{u:XﬁR o= [ |u<m>|p]1/pdx < oo}.

Consider a fixed integer p > 1. Then for any u,v € B(X) [6],

N
I Tu=Tol, < Cpllu=vllp Cp=_lsul"/Planl. (6)

If C, < 1 then T is a contraction over the space £P(X). From Banach’s Fixed
Point Theorem, there exists a unique fixed point function u € £P(X) such that
u = Tu. Moreover, consider any “seed” function ug € L£P(X). If we construct
the sequence of functions u,, € LP(X) according to the iteration scheme

Un+1 :Tuna n:071a27"' ) (7)

then the sequence u,, converges to u, i.e., limy, oo || 4y, — @ ||p= 0.

From Eq. (@), the relation u = Tu implies that the fixed point # exhibits
self-similarity, i.e., it may be expressed as a sum of spatially-contracted and
greyscale-modified copies of itself.

3.1 Inverse Problem of Approximation Using Contraction Maps

One of the original motivations for studying fractal-based methods was fractal
image compression [A2/T4]. The underlying mathematical principle, which we
outline briefly, is that of approximation by fixed points of contractive mappings.
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Let (Y,d,) be a complete metric space and Con(Y') be a family of con-
traction mappings on Y. Given a “target” element y € Y, find a con-
traction mapping T with fixed point y such that ¢ approximates y as
closely as possible, i.e., the distance dy (y,y) is as small as possible.

Instead of storing the image y, one stores the parameters that define T. The
approximation § may then be generated by the iteration procedure in Eq. ().

Such inverse problems involving fractal transforms are generally intractable.
Most, if not all, fractal coding methods rely on the following result, a consequence
of Banach’s Fixed Point Theorem:

Let T:Y — Y bea contraction mapping with factor e € [0,1). Let
be the fixed point of T'. Then for all y € Y,

dy (y,9) < d (y, Ty). (8)

1-—
In the fractal coding literature, this result is known as the Collage Theorem [1].
Instead of searching for contraction maps T that minimize the approximation
error dy (y,y), one tries to minimize the so-called collage distance dy (y,Ty)
(while keeping a control on the contractivity factor ¢p). In other words, one
searches for maps T that send the target y as close as possible to itself. This
procedure is often called collage coding.

In applications, one normally fixes the affine contraction maps w; and deter-
mine the optimal greyscale maps ¢;. In principle, the minimization of the squared
L? collage distance is a quadratic programming problem in the greyscale param-
eters ai and (g, subject to constraints that guarantee contractivity of the fractal
transform 7'. For further discussion, readers may wish to consult [2I2/14].

4 From Fractal Transforms to IFTS

Our goal is now to formulate an IFS-type method over Fourier transforms. Given
a function u € B(X), consider its complex-valued Fourier transform U = Flu],
defined as follows,

U(w) = /OO e Wry(z) dr, weR. 9)

— 00

Note that we shall work with the angular frequency w = 27k for simplicity of
notation. Now suppose that v = Tu where 7' is the fractal transform in Eq. @).
Let the Fourier transform of v be denoted by

Flv] =V(w) = /OO ey (x) da. (10)

We now derive the relationship between the Fourier transforms U and V.
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First, substitute Eq. (@) into Eq. () to give

Zak/ e~y da:+2ﬁk/ eIy (x) de.  (11)

In the first set of integrals, we make the change of variable y = w;, ' (z), implying
that © = wy(y) = sky + ar and dx = si dy. These integrals then become

/ eiiwxu(’w;l(l')) dr — Sk/ e—iw(Skerak)u(y) dy

—o0 X

[’}
_ Ske—iak.u/ e—iskuyu(y) dy
—o0

= spe U (spw). (12)

(Recall that u vanishes outside the interval X.) In a similar way,

/ e Iy, () doe = ske_i”kw/ e ST T (2) da

= spe” Y Py (spw), (13)
where
Fx(w) = / e dg, (14)
X
Substitution of these two sets of results into Eq. ([l yields the final result
N . .
V(w) = (MU)(w) =) |apsee” " *“U(spw) + Brpspe “*Fx(spw)]. (15)
k=1

Eq. (I3) defines the action of the operator M that is induced by the fractal
transform T’ The relation v = Tu implies that V = MU, where U = F|u] and
V = Flv]. Technically, M is a mapping from the space of functions that are
Fourier transforms of functions in B(X) to itself — let us call this space BFT(X).
We shall refer to M as an IFTS operator, for iterated function systems on Fourier
transforms.

Let us compare the frequency-space result in Eq. ([5) with its spatial coun-
terpart in Eq. ([@). Here, V(w) is a sum of distorted, frequency-expanded copies
of U(w) along with various modified copies of sinc functions. Note that the value
of U(w) is determined by values of U at lower frequencies sgw. This will provide
the mechanism for frequency extrapolation.

Because of space limitations, we state some results without proofs.

1. The space BFT(X) is closed. Furthermore M maps BET(X) to itself.
2. Let U,V € BFT(X). Then using the £ norm (assuming that the integrals
exist), K K
| MU =MV |, < Cp|U=V |, (16)
where C), is given in Eq. (@). In other words, the IFSM operator T and the
IFTS operator M have the same Lipschitz constant.
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3. In the case that C, < 1, then both 7" and M are contractive over their
respective metric spaces. Their respective fixed points, 4 € B(X) and U €
BFT(X), will be related as U = Flu].

Examples

1. The following N = 2-map affine IFSM on X = [—1,1]:

1 1 1 1 1 1
wy(x) = 33—2, o1(t) = 2t+ wa(x) = 233—|—2, da(t) = 2t—|—2. (17)

2
Note that X; = wy(X) = [-1,0] and X3 = w2(X) = [0, 1]: The two sets are
nonoverlapping in the £2 sense, even though they “touch” at z = 0. The
fixed point for the associated IFSM operator T, cf. Eq. (@), is u(z) = 1 for

x € X. The fixed point for the corresponding IFTS operator M, cf . Eq. I3

is the real-valued function U(w) = lenw F(a).

2. A perturbation of the above system:

3 2 3 1 3 2 1 1
Here X1 = wi(X) = [—1,5] and Xy = wa(X) = [~2,1]: The two sets

overlap over the interval [— 2 The fixed points, @ and U for, respectively,

5° 5]
the IFSM operator T and the IFTS operator U are shown in Figure 1 below.
Note that the attractor @ possesses a self-similarity — the “piling up” of
function values over the overlap region is repeated over the entire interval
X under the action of the IFS maps w;. On the other hand, the Fourier
transform U is a mild perturbation of the transform of Example 1, most
notably in the non-zero imaginary part. The attractors were computed by
means of iteration of the operators, T and U in their respective spatial and
frequency domains.

5 Inverse Problem of IFTS and Frequency Extrapolation

We now have the ingredients to perform the following inverse problem of Fourier
transform approximation: Given a “target” Fourier transform U € BT (X), find
an IFTS operator M with fixed point U that approximates U to an acceptable
accuracy.

We adopt a collage coding strategy, cf. Eq. [ ), and look for an operator M
that minimizes the collage distance A = dFT(U,M U), where dpp denotes a
suitable metric on the space of functions BT (X).

5.1 Solving the IFTS Inverse Problem

Our procedure will mimic the usual procedure of IFSM fractal coding: We shall
fix N, the number of components in the IFTS operator M in Eq. (&), as well
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(a) IFSM fixed point @ (b) IFTS fixed point U

Fig. 1. Fixed point attractors (a) @ and (b) U (real and imaginary parts) for the
IFSM/IFTS of Example 2 in text

as the affine spatial contraction maps w; in Eq. @B, 1 < k < N. The optimal
values of the real greyscale coefficients «; and ; in Eq. ({@]) will then be given by
(a*,0%) = arg min dpr(U,M(s.a a0)U). (19)

€

(a,

Here, IT € R?N denotes a feasible parameter space that ensures contractivity of
the IFTS operator M.

As in traditional fractal image coding, it is convenient to use the £2 metric.
The squared £2 collage distance is

A%mm=uU—MUﬁ

/ |U(w Zskake ax@ 1] (spw)

— Zskﬁke_i”k“FX(skw)\Q dw. (20)
k=1

Note that A% may also be rewritten as a quadratic form,

A%(x) =|| U ||> +xT Ax + bx, (21)

where xT' = (ay,--- ,an, B, -+ ,06xn). Here, A may be expressed as a 2N x 2N
symmetric real matrix and b a real 2N-vector. The minimization of A% may now
be accomplished with quadratic programming algorithms, generally at a fraction
of the time required for gradient descent methods.

Of course, the minimization must be performed with constraints. The con-
tractivity constraint Cy < 1 from Eq. (@) is a very strict condition, having been
obtained by a simple application of the triangle inequality. From a knowledge
of the maps w; involved and the overlapping/nonoverlapping properties of the
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associated sets X;, one may be able impose more relaxed conditions. Additional
constraints may be imposed from the requirement that the associated spatial
fixed point function @(x) be nonnegative over X, e.g., ay, Bx > 0.

Another concern is to make the collage distance “suitably small.” Theoretically
—and we emphasize this word — the collage distance can be made arbitrarily small
by suitably increasing the refinement of the partition produced by the spatial
IFS maps over the interval X. (The “proof” is basically the same as presented
in [7].) A systematic and quite effective refinement is produced by using N-map
truncations wy of the infinite set w = {wy1, w2, way, - -+ , } of spatial IFS maps
on X = [—1,1] given by

1
(x+2j—1-2"), n=12---, 1<j<2" (22)

Wny = on

This system of maps produces a decomposition of X into dyadic subintervals.
The natural choices for N are 2, 244 = 6, 24+4+8 = 14, ..., 2+ - -42P = 2PT1 9,
p = 1,2,---, which produce complete dyadic refinements of [—1,1] down to
Az = 2-®=1 This system also permits “mixing” between overlapping intervals
of varying size. Such a strategy was adopted successfully in [5].

Example 3: We consider a complex-valued Fourier transform U (w), defined over
the interval £2 = [—100, 100], the real and imaginary components of which are
plotted in Figures 2(a) and 2(b), respectively (solid line plot). Its inverse Fourier
transform, the spatial function u(z), is plotted in Figure 3(a) (apart from ringing
artifacts outside the interval X = [—1,1] due to the finiteness of (2).

With U(w) as our target function, we applied £2 collage coding, using the
system of “dyadic” IFS maps given in Eq. (22)). For N = 2,6 and 14, the minimal
collage errors A obtained were 2.13, 1.70 and 1.08, respectively. The Harwell
HSL Archive FORTRAN subroutine VE17AD was used to solve the associated
quadratic programming problems. In all cases, the solution was provided in a

[
N

-50 0 50 100 -100 -50 0 50 100

100
(a) Re(U) and Re(D) (b) Im(U) and ITm(U)

Fig. 2. Target U(w) (solid plot) and fixed point approximation U(w) (dotted plot)
yielded by a 14-IFS map IFTS
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fraction of a second. (In contrast, gradient search methods required on the order
of an hour of computer time to solve the 14-map problem.) In Figures 2(a) and
2(b) we have plotted the real and imaginary components of the fixed point U(w)
of the 14-map IFTS. Note that the relatively well-behaved real part of the target
U(w) is very well approximated over the interval (2.

5.2 Frequency Extrapolation

In practical applications, e.g., magnetic resonance imaging, the target Fourier
transform U in our inverse problem formulation is known only over a finite inter-
val, say, 29 = [—wo,wp]. We shall denote this truncated, bandlimited transform
as Up. Our motivation to solve the inverse problem is to use Uy to estimate
higher frequency components of U, thereby achieving higher resolution in the
spatial domain.

The use of IFTS to perform frequency extrapolation is motivated by the action
of the TFTS operator M in Eq. (I3) and noted earlier: The value of V(w) =
(MU)(w) is determined by values of U at lower frequencies spw. Consider any
Uy with support £2p = [—wo,wp]. Now let Uy = MU,. It follows that the support
of Uy is the interval 2y = [—Awy, Awy], where A = [maxy, |s;|]~*. In general, the
support of U, = M"Uy is 2, = [—A"wy, A"w,]. In this way, lower frequency
information makes its way outward, implying frequency extrapolation.

Working with the truncated transform Uy, however, introduces an additional
approximation error into the collage coding procedure. The following result is a
straightforward consequence of the Collage Theorem and the triangle inequality:

Given a target transform U € BT (X) and an approximation Uy to U,
with dpr(U,Uy) = 6. Now suppose that we perform collage coding on
Uy, that is, we find an N-map affine IF'TS My with contraction factor
¢o € [0,1) such that dpr (U, MOUO) < ¢, where € > 0. Then

— 1
dFT(U, Uo) < €+ 0, (23)
1 — Cp

where Uj is the fixed point of Mj.

Of course, in the limit 6 — 0, we retrieve the Collage Theorem, cf. Eq. (§).

No matter how small we may force the collage error € by suitable refinement,
the error 6 > 0 serves as a barrier toward the approximation of our (unknown)
target U with the fixed point U, as will be seen below.

Example 3 revisited: Let us return to the target transform U(w) presented in
Figure 2, with support [—100,100]. When inverted, it yields the spatial profile
u(x) in Figure 3(a). Now suppose that we are given only one-half of this data, i.e.

Uo = Ul[=s50,50), With support 2y = [-50, 50]. Inversion of Uy yields the lower-
resolution profile ug(x) pictured in Figure 3(b). The £2 error of approximation
is 6 =|| uw — up ||2= 0.066. In this example, all spatial functions on [—1, 1] have

been normalized in the £2 norm.
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Fig. 3. (a): The target spatial function u(z) = F~*(U) corresponding to the Fourier
transform U plotted in Fig. 2. (b)-(e): Approximations yielded by the bandlimited data
Up and various frequency extrapolation methods applied to Up, as described in text.
£? approximation errors are also given. All functions have been normalized in £? on

X =[-1,1].
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Collage coding of Uy with a 14-map IFTS, using the w;; maps in Eq. (22),
produces a fixed point Up, the inversion of which is shown in Fig. 3(c). Even
though %y has much more spatial resolution, it is a poorer approximation to u
than wug, with an £2 error 6 = 0.100. One possible reason for this observation: It
is not guaranteed that the given low frequency component of U — namely, Uy —
is well approximated by Up. In order to bypass this problem — and in the spirit
of the Papoulis-Gerchberg algorithm for frequency extrapolation — we simply
replace the frequency components Up|g, with the original data Uy, i.e.,

U (w) = [1 = I, (W)]0o(w) + Up(w),  w e . (24)

Mathematically, Ué) ° is the projection of Uy onto the subspace Py of transforms
with frequency subspectrum Uy on (2.

Inversion of UL over [—100, 100] yields the spatial profile pictured in Fig. 3(d).
Visually, it appears to be a much better higher-resolution approximation to u
than #g. Quantitatively, its £2 error of § = 0.052 is also smaller. This £2 error
is also lower that that of ug, which achieves one of the main goals of this entire
exercise.

Another strategy is to consider the fact that collage coding minimizes the
distance between a target U and its image MU. For this reason, we also consider
the following construction,

UfP(w) = [1 Lo, ()[(MUp)(w) + Up(w). (25)

In other words, we collage code the original data Uy, construct the first iterate
Uy = MoUy and once again project onto the subspace Py. The resulting spa-
tial profile is shown in Fig. 3(e). It also provides a very good higher-resolution
approximation to the target spatial profile u(z), both numerically (£? approxi-
mation error is 6 = 0.056) as well as visually.

Our approach in quantifying the relative quality of our reconstructions ob-
tained using different techniques is consistent with what is commonly used in
the MRI literature. Measures of error based on the £2 metric, and “observer
measures” are both commonly used strategies to compare results obtained from
different post-processing algorithms (see, e.g., [I2/19]).

Finally, the above computations represent only a preliminary study of the
IFTS method and its possible application to frequency extrapolation. One may
also define more general operators that combine contractions along with projec-
tions. It is our intention to discuss these aspects elsewhere.
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