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Abstract. Super-resolution image processing algorithms are based on
the principle that repeated imaging together with information about the
acquisition process may be used to enhance spatial resolution. In the
usual implementation, a series of low-resolution images shifted by typi-
cally subpixel distances are acquired. The pixels of these low-resolution
images are then interleaved and modeled as a blurred image of higher
resolution and the same field-of-view. A high-resolution image is then
obtained using a standard deconvolution algorithm. Although this ap-
proach has been applied in magnetic resonance imaging (MRI), some
controversy has surfaced regarding the validity and circumstances un-
der which super-resolution may be applicable. We investigate the factors
that limit the applicability of super-resolution MRI.

1 Introduction

Increasing the spatial resolution in magnetic resonance imaging (MRI) has most
frequently been performed by optimizing the capabilities of the imaging hard-
ware. However, any improvement in the resolving power of MRI would further
increase the efficacy of this versatile modality. Recently, new approaches to reso-
lution enhancement, based on the methodologies of super-resolution (SR) imag-
ing, have been proposed and show promise in increasing the spatial resolution
of MRI [5,6,13,19,21].

Super-resolution (SR) image processing is concerned with the enhancement
of spatial resolution of images. For example, one may wish to use a number of
low resolution images (of various positions and possibly differing resolutions) to
produce a higher resolution image of an object. In the classic SR procedure,
multiple realizations are collected with a moving field of view (FOV). These
multiple images are then used as input to a post-processing reconstruction algo-
rithm that enhances the resolution of the image, overcoming limitations in the
system hardware. Readers are referred to the following standard references on
the subject [1,3,11,28]. This paper deals with the super-resolution problem in
MRI.
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One of the first SRMRI papers [22] that was published was received with contro-
versy. On a qualitative level, results in this article, by Yeshurun and Peled, showed
that spatial resolution could be enhanced by acquiring multiple MR images and
using a SR technique. However, in [27] it was stated that these results were not
reliable. For frequency and phase encoded data, which Yeshurun and Peled im-
plemented (we will describe these encoding methods briefly in the next section),
it was noted in [27] that there could be no new information present in each ad-
ditional image acquired beyond the first image. Therefore, there was no justifica-
tion for acquiring multiple data sets, and the results obtained in [22] could have
been reproduced with a standard interpolation scheme. In response, Yeshurun and
Peled agreed with this argument [23]. As a result all subsequent SRMRI papers
have avoided using frequency and phase encoded data [5,6,13,19,21]. The purpose
of this paper is to revisit the arguments made in [27] and [23] in order to provide
a more detailed and mathematical analysis of the basis for super-resolution algo-
rithms when applied to these two encoding schemes, often used in MRI.

There exists an enormous amount of research on resolution enhancement meth-
ods in MRI that employ information from only a single acquisition (reviewed ex-
tensively in [14,15]). However, we would expect (or hope) that by using more data
in an SR approach, more information could be incorporated to increase the im-
age resolution. If this were always true, then SRMRI could have a significant edge
over single acquisition techniques. Otherwise, as pointed out in [27], there would
be an insufficient justification for the increased scan time needed to acquire more
data. It is therefore of great importance to determine any conditions under which
additional data sets can yield more information. To the best of our knowledge,
this paper represents a first step in this direction. We attempt to analyze mathe-
matically the validity of using multiple acquisitions to enhance spatial resolution
in magnetic resonance imaging. In particular, we investigate the possible role of
frequency shifting, or “phase ramping,” in performing super-resolution MRI. We
shall, in fact, show that the amount of independent information that each data set
holds is related to the spatial shift applied to the original data.

2 Basic Procedures and Equations in MRI

Let us first briefly outline some typical procedures of acquiring a signal in mag-
netic resonance imaging. Firstly, MRI data is produced in the form of a contin-
uous analog signal in frequency space. The region of frequency space often takes
the form of a rectangular domain, typically centered at the origin and bounded by
lines parallel to the coordinate axes.

One of the most common acquisition strategies in MRI is the so-called 2D spin-
echo sequence. In this method, the two image directions in k-space are referred
to as the readout and phase encode directions. The MRI data is usually acquired
along a set of trajectories in the readout direction, while assuming a set of discrete
values in the phase encode direction. In the readout direction, the signal briefly
exists as a continuous entity before it is discretized and used to produce the final
image.
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The slice-encoding scheme is another commonly used technique to spatially en-
code the measured raw data. SRMRI research has been applied almost exclusively
in the slice encoding direction [5,6,13,19,21]. However, in this paper, we shall dis-
cuss super-resolution as applied to the method of frequency encoding.

For simplicity of notation and presentation, we consider only one-dimensional
MRI procedures in this paper. We shall assume that the object of concern is lo-
cated within the interval [−R,R] on the x-axis. It is the proton density of the ob-
ject, to be denoted as ρ(x) for x ∈ [−R,R], to which the magnetic resonance spec-
trometer responds. The fundamental basis of MRI is that different portions of the
object, for example, different organs or tissues, possess different proton densities.
Visual representations of these differing densities then account for the magnetic
resonance “images” of an object.

The (spatially) linearly varying magnetic field in the magnetic resonance spec-
trometer produces a complex-valued signal s(k) of the real-valued frequency pa-
rameter k. The relation between s(k) and the proton density function ρ(x) may
be expressed as follows [10,15,9]:

s(k) =
∫ +∞

−∞
ρ(x)exp(−2πikx)dx. (1)

In other words, s(k) is the Fourier transform of ρ(x). If life were ideal, then ρ(x)
could be reconstructed from s(k) by simple inverse Fourier transformation. How-
ever, there are a number of complications. For example, since the object being im-
aged has a finite size, its Fourier transform would have to have an infinite support.
In practice, however, the frequency response s(k) is obtained for only a finite range
of k values. In what follows, we shall assume that the domain over which the signal
is measured is a symmetric interval, i.e., k ∈ [−kmax, kmax]. Following a series of
standard post-processing steps to be discussed below, a variety of reconstruction
algorithms allow us to estimate ρ(x).

There is also the problem that any practical algorithm must work with discrete
data. As such, the analog signal s(k) must be converted into a discrete series. This
discretization is accomplished in several steps. Firstly, the signal s(k) must be con-
volved with an anti-aliasing filter ψ(k) to reduce any aliasing that may occur from
sampling. An analog-to-digital converter extracts values of the (frequency) sig-
nal at integer multiples of the sampling period, to be denoted as Δk. The entire
process may be modelled as follows:

L1(k) = III
( k

Δk

) ∫ kmax

−kmax

s(κ)ψ
( 1
K

(k − κ)
)
dκ, k ∈ [−kmax, kmax], (2)

where K represents the (frequency) width of the low-pass filter ψ and III(x) de-
notes the so-called Shah function, defined as [2]

III(x) =
∞∑

n=−∞
δ(x− n), (3)

where δ(x) denotes the standard Dirac delta function.
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The above integration is performed electronically in a continuous manner on
the analog signal. The discrete series L1(k) represents the filtered and sampled
signal that is used in the subsequent digital imaging process. A standard inverse
discrete Fourier transform is then applied to L1(k) to produce a discrete data set
l1(nΔx), which is the digital MRI “image” that provides a visual representation
of the the proton density function ρ(x) throughout the object.

Finally, we mention that in normal medical imaging applications, e.g., commer-
cial MRI machines, one does not have the luxury of being able to alter the sampling
size Δk and anti-aliasing filter ψ(k). This is the assumption that we make in the
discussion below.

3 Super-Resolution MRI in the Spatial Domain

Currently, the standard approach to performing super-resolution in MRI is to
“fuse” two or more sets of lower resolution spatial data, i.e. magnetic resonance
“images” of the proton density function ρ(x), to produce a higher resolution im-
age. In this section, we describe a simple and idealized method of spatial MRI
super-resolution.

We assume that two low-resolution, one-dimensional discrete data sets have
been acquired from the MRI. For simplicity, we assume that each of these two
signals, or “channels”, has a uniform sample spacing ofΔx and that the sampling
of one channel is performed at shifts of Δx from the other. We shall denote these
samples as

l1(nΔx) and l2(nΔx+Δx/2), nl = 0, 1, 2, · · · , Nl − 1. (4)

These two channels, which are vectors in RN1−1, represent spatially sampled data.
For simplicity, we may consider the discrete l1 series as a “reference” data set that
represents the object being imaged. The second set, l2, is then obtained by sam-
pling after the object has been shifted by Δx/2, or one-half the pixel size.

These low-resolution samples are then simply interleaved to produced a merged
data set of higher resolution. The discrete merged signal,m(nΔx/2) ∈ RNh , n =
0, 1, 2, · · · , Nh − 1, where Nh = 2Nl, is defined as follows:

m(nΔx/2) =
{
l1(nΔx/2) n even
l2(nΔx/2) n odd. (5)

A convolution is then used to model the relationship between m(nΔx) and the
desired high resolution data set, h(nΔx/2) ∈ RNh :

m(nΔx/2) =
Nh−1∑
n′=0

h(n′Δx/2)φ((n− n′)Δx/2), n = 0, 1, 2, · · · , Nh − 1. (6)

The vector φ(nΔx/2) is a point spread function that is estimated using informa-
tion about the acquisition sequence and/or the object being imaged. After
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φ(nΔx/2) has been estimated and m(nΔx) has been formed, h(nΔx) is found
using a chosen deconvolution algorithm.

This is the standard approach adopted for SRMRI [5,6,13,19,21]. However, the
“shifted” series l2 is rarely, if ever, obtained by physically shifting the object being
imaged. Normally, the shift is performed “electronically” using the Fourier shift
theorem, which will be discussed below.

Finally, the requirement that the two data sets l1 and l2 represent one-half pixel
shifts can be relaxed to fractional pixel shifts.

4 Super-Resolution MRI in the Frequency Domain

As stated earlier, in order to perform super-resolution, we need at least two data
sets that are shifted by fractional pixel lengths. In practice, however, it is difficult
to guarantee the accuracy of a spatial shift of the object being imaged (e.g., a
patient), especially at subpixel levels. Therefore most, if not all, SRMRI methods
simulate the spatial shift by means of the following standard Fourier shift theorem
[2]: If F (k) denotes the Fourier transform of a signal f(x), then

F [f(x−Δx)] = e−i2πkΔxF (k). (7)

The term e−i2πkΔx is known as a linear phase ramp – the linearity refers to the k
variable.

The main problem in magnetic resonance imaging is that one does not work
with the raw frequency signal s(k) but rather with a filtered and sampled version
of it, namely, the discrete series L1(k). It is necessary to compare the effects of (i)
phase ramping the filtered/sampled L1(k) series and (ii) phase ramping the raw
signal s(k) before filtering/sampling.

– Case I: Phase ramp applied after filtering/sampling of raw signal
s(k)
The process is illustrated schematically below.

Using Eq. (2), we have the following two series, defined for k ∈ [−kmax, kmax],

L1(k) = III
( k

Δk

)∫ kmax

−kmax

s(κ)ψ(k − κ)dκ, (8)
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L2(k) = e−i2πkΔxIII
( k

Δk

)∫ kmax

−kmax

s(κ)ψ(k − κ)dκ. (9)

Without loss of generality, we have usedK = 1. Clearly, one can obtain L2(k)
from L1(k) by multiplying L1(k) with another phase ramp after III

(
k

Δk

)
is

applied. Therefore, no new information is obtained by constructing L2(k).
This point has been recognized in the literature [23,27].

– Case II: Phase ramp applied before filtering/samping of raw signal
s(k)
The process is illustrated schematically below.

In this case, we have the following two series, defined for k ∈ [−kmax, kmax],

L1(k) = III
( k

Δk

) ∫ kmax

−kmax

s(κ)ψ(k − κ)dκ, (10)

L2(k) = III
( k

Δk

) ∫ kmax

−kmax

s(κ)e−i2πκΔxψ(k − κ)dκ (11)

Note that the L2(k) series corresponds to the sampled and filtered data that
would be obtained if the object being imaged were physically shifted byΔx/2
[17].
Unlike Case I, we cannot, in general, obtain L2(k) from L1(k) because of the
noninvertibility of the operations behind the processing of the signal s(k),
namely, convolution and sampling, as well as the “degradation” that is pro-
duced by the limited range of integration. These operations are unavoidable
in the acquisition process. It would then seem that at least some new infor-
mation is present in L2(k), which is contrary to what has been claimed in the
literature [27]. Unfortunately, it is not clear how much more information is
added by the second acquisition. This is an open question that we explore in
the next section.

Before ending this section, however, we briefly describe how super-resolution
MRI can be performed using the L1 and L2 series of Case II above. There are at
least two avenues:
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1. Performing super-resolution in the spatial domain: Using the discrete
inverse Fourier transform, one can first convert each of the L1 and L2 series to
the spatial series l1 and l2 introduced in Section 2. One then performs super-
resolution using the interleaving approach described in that section. In other
words, we are performing a standard SR technique to enhance the image
quality.

2. Performing super-resolution in the frequency domain: In the fre-
quency domain, super-resolution may be accomplished by frequency extrapo-
lation, i.e., using low frequency information to estimate high frequency behav-
iour. There are some standard methods to accomplish such extrapolation, e.g.,
the Papoulis-Gerchberg algorithm [4,12,20,24,25,26] and projection methods
[7,8,14,15,18,29]. We are currently investigating the application of these meth-
ods to multiple data sets in the frequency domain, a subject that is beyond the
scope of this paper.

4.1 Further Analysis of Case II: Phase Ramping Before
Filtering/Sampling

To pursue the question of how much new information about ρ(x) is present in the
second acquisition, L2(k) of Case II above, let us generalize our model of the raw
MRI data (Eqs. (10) and (11)). We shall consider the spatial shiftΔx as a variable
parameter which will be denoted as β. The shifted low-resolution signal L2 is now
a function of two variables, i.e.,

L2(k, β) = III
( k

Δk

)
I2(k, β), (12)

I2(k, β) =
∫ kmax

−kmax

s(κ)e−i2πκβψ(k − κ)dκ. (13)

Clearly, L2(k, 0) = L1(k). The β-dependence of L2 lies in the integral I2.
Assuming that the filter ψ(k) is continuous in k, the integral I2(k, β) is a con-

tinuous function of both k and β. However, due to the Shah sampling function,
L2(k, β) is nonzero for discrete values of k ∈ [−kmax, kmin], which we shall de-
note as kn = nΔk for appropriate integer values of n, say −N ≤ n ≤ N , where

N = int
[
kmax

Δk

]
. (14)

Note that the associated sample spacing in the (spatial) image domain is given by

Δx =
1

NΔk
. (15)

In what follows, we shall focus on the amplitudes I2(kn, β) of the delta func-
tion spikes produced by the Shah-function sampling. These amplitudes comprise
a 2N+1-dimensional vector that defines the filtered and sampled signal. For sim-
plicity of notation, we shall denote this vector as v(β), with components

vn(β) = I2(kn, β), n = −N,−N + 1, · · · , N − 1, N. (16)
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The fact that the sampled signal values vn(β) are continuous functions of the
spatial shift parameter β does not seem to have been mentioned in the literature.
In particular,

vn(β) → vn(0) = I1(kn) as β → 0, (17)

where

I1(k) =
∫ kmax

−kmax

s(κ)ψ(k − κ)dκ. (18)

In fact, it is rather straightforward to show that the function I2(k, β), hence each
component of the sampled signal, admits a Taylor series expansion in β which
can be generated by formal expansion of the exponential in Eq. (12) followed by
termwise integration. (The boundedness of the integration interval k ∈ [−kmax,
kmax] and the uniform convergence of the Taylor expansion of the exponential over
this interval guarantees the convergence of the Taylor expansion for I2(k, β).) The
resulting complex-valued series will be written as

I2(k, β) =
∞∑

m=0

cmβ
m , (19)

where

cm =
(−2iπ)m

m!

∫ kmax

−kmax

s(κ)(κ)mψ(k − κ)dκ, m = 0, 1, 2, · · · . (20)

This result would then imply that we could construct the phase ramped signal
vp(β) for nonzero values of β from the Taylor series to arbitrary accuracy. But
– and this is the important point – we would have to know the coefficients cm,
which means having access to the raw frequency signal s(k), which is not generally
possible. In fact, if we had access to s(k), we could compute L2(k, β) directly using
Eq.(12)!

We now return to the question of whether additional “information” is being
provided by phase ramping. The answer is in the affirmative: Some kind of ad-
ditional “information” is provided – at least for sufficiently small β values – be-
cause the signals v(β) and v(0) are generally linearly independent for β �= 0.
(We use the word “generally” because there are exceptional cases, e.g., s(k) =
0.) This follows from the definition of the integral I2(k, β) in Eq. (13). It is not
generally possible that for a β > 0, I2(k, β) = CI2(k, 0) for all values of k (or
even kn).

Unfortunately, at this time we have no method of characterizing this additional
“information” in terms of standard information theoretic concepts, e.g., entropy.
This implies, of course, that we have no way of quantifying it at present.

As β increases from zero to β = Δx/2, the spatial counterpart of the sampled
signal L2(k, β) is shifted from zero pixels to half a pixel. From a spatial resolution
viewpoint, with recourse to the equation for L2 in Case II, we expect that infor-
mation is added as β increases from zero. Indeed, we are led to conjecture, but
cannot prove at present, the following:
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Given the two discrete data sets v(0) and v(β) associated with, respec-
tively, signals L1(k) and L2(k, β) defined in Eqs. (10), the amount of in-
formation added by phase ramping is an increasing function of the shift β
over the interval β ∈ [0, Δx/2].

In an attempt to study this conjecture, we present a typical result from a se-
ries of numerical experiments over a range of β values. In particular, we consider
N = 50 and kmax = 1 so that the pixel width is given by Δx = 1/2. We have
chosen

s(k) = sinc2(10Δxk) = sinc2(5k), (21)

which is the Fourier transform of the triangular proton density function

ρ(x) =
{

x
5 , −5 ≤ x ≤ 0,

1 − x
5 , 0 ≤ x ≤ 5. (22)

The anti-aliasing filter ψ(k/K) is simply a Gaussian function with width K =
Δk = 2kmax/(2N + 1). In order to compare v(β) and v(0), we simply compare
the “angle” between the two complex-valued vectors using their complex-valued
scalar product,

C(β) = cos θ(β) =
v(β) · v(0)
|v(β)||v(0)| , (23)

which can be viewed as a kind of “cross correlation” function between the two
vectors. In the figure below, we plot numerical values of C(β) for β ∈ [0, 2]. In
all cases, the imaginary parts of C(β) are negligible (i.e., zero to at least eight
decimal places). At β = 0, C(0) = 1, as expected. As β increases, C(β) de-
creases toward zero, showing that the “angle” between them is increasing toward
π/2.

Fig. 1. Plot of angle cos θ(β), defined in Eq. (23), between vectors v(β) and v(0) for
phase ramping values 0 ≤ β ≤ 2.0
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5 Discussion and Future Work

In this paper, we have investigated the role of multiple data sets in enhancing the
spatial resolution of magnetic resonance imaging, i.e. super-resolution MRI. We
agree with the conclusions of [27] and [23] that frequency shifting/phase ramping
of postprocessed data does not provide any new information. On the other hand,
we have shown that phase ramping of the raw or unprocessed frequency signal
s(k) can yield new information, thereby making it possible to perform SRMRI. Of
course, it remains to see how much super-resolution can actually be accomplished
in the presence of machine noise and other degradation factors. This is the sub-
ject of our current work. As well, we are interested in quantifying the additional
information provided by phase shifting of the raw frequency signal, so that our
conjecture could be stated more rigorously.

Another question concerns the role of the anti-aliasing filter ψ. In the numerical
experiments performed to date, a sample of which was presented above, we have
used a simple Gaussian filter. It remains to investigate the effects of using other
filters as well as their sampling widths. For example, consider the limit in which
ψ is a Dirac delta function. Then from Eq. (13), ramping of the frequency signal
vn = s(kn) produces the signal vn = s(kn)e−2πiβkn and the cross correlation
between signals is given by

C(β) =

∑N
n=−N s(kn)2e−2πiβkn

∑N
n=−N s(kn)2

. (24)

We have observed that the values ofC(β) for this case differ from the experimental
results presented in the previous section. Clearly, further analysis is required if we
wish to understand and/or quantify the difference.
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