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a b s t r a c t

After recalling the notion of a complete metric space ðY ; dY Þ of measure-valued images
over a base (or pixel) space X, we define a complete metric space ðF ; dF Þ of Fourier
transforms of elements μAY . We also show that a fractal transform T : Y-Y induces a
mapping M on the space F . The action of M on an element UAF is to produce a linear
combination of frequency-expanded copies of M. Furthermore, if T is contractive in Y, then
M is contractive on F : as expected, the fixed point U of M is the Fourier transform of μAY .

& 2014 Elsevier B.V. All rights reserved.
1. Introduction

In [10], a complete metric space ðY ; dY Þ of measure-
valued images μ : ½0;1�n-MðRgÞ was constructed. Here,
MðRgÞ is the set of Borel probability measures supported
on the greyscale range Rg �R (or Rm). A primary motiva-
tion for this and other constructions (see, for example,
[20]) is that there are situations in image processing in
which it is useful to consider the greyscale value of an
image u at a point x as a random variable that can assume
a range of values Rg �R, as opposed to a single value (or
set of values, in the case of a vector-valued image, e.g., RGB
color image, hyperspectral satellite image of the earth).

A measure-valued representation of images may also
be useful in the analysis and implementation of various
nonlocal image processing schemes, where the greyscale
value of an image u(x) is modified according to a number
N40 of values of the image uðykÞ at points yk, 1rkrN,
that are not necessarily close to x. Before computing the
modified greyscale value vðxÞ ¼ TðuðxÞÞ, where T denotes
the operator associated with the nonlocal scheme, one
may wish to examine the measure μðxÞ that is constructed
by a convex combination of point mass measures situated
at the values ϕðuðykÞÞ, where ϕ : Rg-Rg is an operator
appropriate to the scheme. Such a construction represents
a kind of “preprocessing step” associated with the nonlocal
method.

Two such nonlocal schemes examined in [10] using
measure-valued representations were (i) nonlocal means den-
oising [4] and (ii) fractal image coding [2,5,17]. Both of these
methods may be viewed as special cases of a general model of
affine image self-similarity [1,3] in which subblocks of an
image are approximated by other subblocks of the image.

Measure-valued images provide a natural representa-
tion in high angular resolution diffusion imaging (HARDI)
[21]. Here, the greyscale range is Rg ¼S2, the unit sphere
in R3. At a given xAX �R3, uðx; θ;ϕÞ can represent
the probability of a water molecule at X diffusing in the
direction ðθ;ϕÞAS2. That being said, because of the
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regularity of these distributions, one can employ a
function-valued image mapping approach as well [20].

In [10], a fractal transform operator was also con-
structed over the space ðY ;dY Þ. For a μAY , the action of a
fractal transform T : Y-Y is to construct N spatially con-
tracted and range-modified copies of μ and recombine
them to produce a new element ν¼ TμAY . Under suitable
conditions T is contractive in ðY ; dY Þ, implying the exis-
tence of a fixed point measure-valued function μ ¼ Tμ (see
also [11–16] for more details on this approach).

The purpose of this paper is to show how Fourier trans-
forms of measure-valued image functions in the space ðY ; dY Þ
may be defined as complex-measure-valued (the measures
are over the greyscale range Rg) functions over the base
space X. We also show that a fractal transform operator T on
ðY ; dY Þ induces a mapping M on the space ðF ; dF Þ of Fourier
transforms on measure-valued image functions. In the case
that T is contractive on ðY ;dY Þ, it follows thatM is contractive
on ðF ; dF Þ. This sets up the possibility of solving inverse
problems in the space ðF ; dF Þ: given a Fourier transform
UðωÞ, find a contractive operator M with fixed point U ðωÞ
which approximates UðωÞ to a prescribed accuracy.

Finally, we mention some previous studies of relationships
between integral transforms and fractal transforms that are
relevant to this paper. Forte and Vrscay [6] showed that the
Fourier transforms of invariant measures of Iterated Function
Systems (IFSs) satisfy a self-similarity relation, in that they
may be expressed as a linear combination of frequency
expanded copies of themselves. In this paper, a similar kind
of self-similarity relation will be shown to exist for Fourier
transforms of measure-valued functions.

Giona and Patierno [8] examined some integral trans-
forms (Laplace, Fourier and mixed Stieltjes) of multifractal
measures of affine IFS and derived appropriate self-similarity
relations satisfied by the transforms. Forte et al. [7] studied
the general case of an integral transform, with kernel K, of a
fractally transformed function Tf, relating it to the integral
transform of f. A simplification results if K satisfies a general
functional equation. It is also possible that the kernel K itself
can satisfy an IFS-type equation.

More recently, Mayer and Vrscay [18,19] showed that a
fractal transform operator T on real-valued functions induces a
mapping M on the space of Fourier transforms of these
functions – a kind of “scalarized version” of the results
presented in this paper. Moreover, they showed that if T is
contractive, then M is contractive, setting up a method for
solving inverse problems in the Fourier domain for standard
image functions. The solution of such inverse problems is
relevant to magnetic resonance imaging where either (1)
image compression or (2) image superresolution may be
performed entirely in the frequency domain [18].

2. Measure-valued images and their Fourier transforms

In what follows, X ¼ ½0;1� will denote the “base” or “pixel
space,” i.e., the support of the images. (The extension to
X ¼ ½0;1�n is straightforward.) Let Rg �R denote a compact
“greyscale space” of values that can be assumed by an image
at any xAX and BðRgÞ the s-algebra of Borel subsets of Rg .
Furthermore, let MðRgÞ denote the set of all Borel probability
measures on Rg and dH the Monge–Kantorovich metric on
this set. It is well known that under the hypothesis of
compactness of Rg , the spaceMðRgÞ is compact and therefore
complete (see [9]). We define

Y ¼ fμ : X-MðRgÞ; μ is measurableg ð1Þ
and consider on this space the following metric:

dY ðμ; νÞ ¼
Z
X
dHðμðxÞ; νðxÞÞ dx: ð2Þ

Notice that the compactness of Rg implies that dH is bounded
and then dY is well defined. It is possible to prove that the
space ðY ;dY Þ is compact and, therefore, complete (see also
[10]). If we relax the compactness restriction on Rg and
consider the case Rg ¼R, then the space ðY ;dY Þ is no longer
compact but it can still be proved that it is complete if we
consider only those probability measures in MðRgÞ that
satisfy a finite first moment condition (see [9] for more details
on this).

The connection between this measure-valued formal-
ism and classical (image) functions is easily established as
follows. For a given image function u : X-Rg we can
always define the measure-valued image μðxÞ ¼ δuðxÞ for
all xAX, where δa denotes the point mass measure at
aARg .

We are now interested in defining the Fourier trans-
form of a measure-valued image. First of all, let fqig1i ¼ 0
denote a complete set of orthonormal basis functions over
the Hilbert space of square integrable functions L2ðXÞ. (This
could be a wavelet expansion.) For any measure-valued
function μ : X-MðRgÞ and any measurable A subset of Rg ,
define the real-valued function gAðxÞ ¼ μðxÞðAÞ. Since
0rgAðxÞr1; xAX and X is bounded, it follows that
gAAL2ðXÞ, implying that it admits an expansion of the form

gAðxÞ ¼ ∑
1

i ¼ 0
ciðAÞqiðxÞ ð3Þ

(in the L2 sense), where

ciðAÞ ¼ 〈gA; qi〉¼
Z
X
μðxÞðAÞqiðxÞdx; i¼ 0;1;2;…: ð4Þ

The Fourier coefficients ciðAÞ; i¼ 0;1;…, may be viewed as
(signed) measures on Rg . In the case that A¼Rg

ci ¼ ciðRgÞ ¼
Z
X
qiðxÞ dx; i¼ 0;1;2;…: ð5Þ

In this paper, we shall employ formulas that are
consistent with the following definition of the Fourier
transform UðωÞ for a function u : X-R:

UðωÞ ¼
Z
X
e� iωxuðxÞ dx; ωAR: ð6Þ

The associated inverse Fourier transform is given by

u xð Þ ¼ 1
2π

Z
R

eiωxU ωð Þ dω; xAX: ð7Þ

Other definitions of the Fourier transform, of course, may
be used. We define the Fourier transform of any measure-
valued function μðxÞ : X-MðRgÞ as follows. For any mea-
surable subset A�Rg , define

Uðω;AÞ ¼
Z
X
e� iωxμðxÞðAÞ dx
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¼
Z
X
cos ðωxÞμðxÞðAÞ dx� i

Z
X
sin ðωxÞμðxÞðAÞ dx ð8Þ

with ωAR. Notice that for any ωAR, Uðω; �Þ is a (complex)
vector-valued measure with total mass that is equal toR
Xe

� iωx dx. Furthermore, for any fixed Borel set AABðRgÞ,
the map Uð�;AÞ is a smooth function.

Examples.
1.
 Let X �R and Rg ¼ ½0;1�. For each xAX, let μðxÞ be
the uniform probability measure on Rg . Then for
any interval A¼ ½a; b�DRg , the Fourier transform
Uðω; ½a; b�Þ is easily computed

Uðω; ½a; b�Þ ¼
Z
X
e� iωxμðxÞð½a; b�Þ dx

¼ ðb�aÞ
Z
X
e� iωx dx: ð9Þ

In the special case that X ¼ ½�π; π�

U ω; a; b
� �� �¼ b�að Þ2 sin ðπωÞ

ω
¼ b�að Þ2π sinc πωð Þ;

ð10Þ
where

sinc xð Þ ¼
sin x
x

; xa0;

1; x¼ 0:

8<
: ð11Þ

The appearance of the sinc function arises from the
“boxcar” nature of the measure-valued function μðxÞ.
2.
 Let X ¼ ½0;1� and Rg ¼ ½0;1�. For each xAX ¼ ½0;1�,
define μðxÞ to be the uniform probability measure
on the interval ½0; x� so that μð½0; x�Þ ¼ 1. The regions
of support of μðxÞ for xA ½0;1� comprise the light-
grey triangular region shown in Fig. 1. (Note that
μð0Þ ¼ δð0Þ, the Dirac unit mass at t¼0.)
Now consider the interval A¼ ½a; b� �Rg , where
0oaobr1. With reference to Fig. 1, it follows that

μ xð Þ a;b
� �� �¼

0; 0oxoa;
x�a
x

; arxrbr1;

b�a
x

; boxr1:

8>>>><
>>>>:

ð12Þ

The Fourier transform Uðω; ½a; b�Þ may then be
computed as follows:

Uðω; ½a; b�Þ ¼ RXe� iωxμðxÞð½a; b�Þ dx

¼ R b
a e� iωx x�a

x

� �
dxþ R 1b e� iωx b�a

x

� 	
dx:

ð13Þ
3.
 Let X �R, Rg ¼R and define

p x; tð Þ ¼ 1
s
ffiffiffiffiffiffi
2π

p exp � ðt�uðxÞÞ2
2s2

 !
; ð14Þ

where s40 and u : X-Rg is a given function. Note
that the assumption that Rg be compact has been
relaxed in this example to include the case of a
normal distribution. As mentioned earlier, comple-
teness of the space ðY ; dY Þ is guaranteed if we
consider only those probability measures on R that
satisfy a finite first moment condition.
For any xAX

uðxÞ ¼
Z
R

tpðx; tÞ dt; ð15Þ

the expected value of the normal distribution over
Rg at x. Now define the measure-valued mapping
μðxÞ as follows: for each xAX and any measurable
subset A�Rg

μðxÞðAÞ ¼
Z
A
pðx; tÞ dt: ð16Þ

(In other words, pðx; �Þ is the density function
associated with μðxÞ.)
The Fourier transform Uðω;AÞ may be computed by
straightforward integration

Uðω;AÞ ¼ RXe� iωxμðxÞðAÞ dx
¼ RXe� iωx

R
Apðx; tÞ dt

� �
dx

¼ RAψðω; tÞ dt;
ð17Þ

where

ψðω; tÞ ¼
Z
X
e� iωxpðx; tÞ dx ð18Þ

and the reversal of the order of integration is
permitted by Fubini's theorem. Note that ψðω; tÞ
may be viewed in two ways:
� The Fourier transform of pðx; tÞ.
� The density function of the measure Uðω;AÞ.
We now compute the standard Fourier transform of
the (real-valued) function u(x) as follows:

FðωÞ ¼
Z
X
e� iωxuðxÞ dx

¼
Z
X
e� iωx

Z
R

tpðx; tÞ dt
� �

dx

¼
Z
R

t
Z
X
e� iωxpðx; tÞ dx

� �
dt ðFubiniÞ

¼
Z
R

tψðω; tÞ dt: ð19Þ

In other words, the Fourier transform FðωÞ of u(x) is
the t-expected value of ψðω; tÞ, the density function
associated with the measure-valued function μðxÞ.
Note: Of course, this result applies to any contin-
uous density function pðx; tÞ with t-expected value
u(x) at each xAX.
For the remainder of this paper, unless otherwise
indicated, we assume that the greyscale space Rg is a
compact subinterval of R.
2.1. Some notes regarding practical applications

The boundedness of the base space X implies that it is
sufficient to work with a countably infinite set of frequen-
cies. For example, in the case X ¼ ½�L; L�, the set of
frequencies, ωn ¼ nπ=L, nAZ, corresponds to the complete
and orthogonal set of functions funðxÞ ¼ eiωnxgnAZ on X.
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(These un(x) yield the classical Fourier series functions
cos ðωnxÞ and sin ðωnxÞ on X.) It is therefore sufficient in
practice to consider the subset of transform values Uðωn;AÞ
for any Borel set AABðRgÞ.

Furthermore, in digital signal and image processing
applications, both the base space X and greyscale range
Rg are discretized. The discreteness of X makes possible the
use of the standard discrete Fourier transform (DFT) along
the spatial direction.

In the following brief discussion, assume that X has
been discretized into N “pixels”, i.e., X ¼ f0;1;2;…;N�1g.
The discretization of the measure μðnÞ at nAX in the
greyscale direction may be accomplished in a straightfor-
ward manner by partitioning Rg into a union of L non-
overlapping subintervals Il �Rg , i.e., Rg ¼⋃L

l ¼ 1Il, with Il \
Im ¼; for lam. The vector measure νðnÞ ¼ ðν1ðnÞ;
ν2ðnÞ;…; νLðnÞÞ is then defined as

νlðnÞ ¼ μðnÞðIlÞ; 1r lrL: ð20Þ
The resulting “digitization,” νðnÞ, of the measure-valued
function μðxÞ may be viewed in two complementary ways:
1.
 As a vector-valued measure supported on the pixel
space X, i.e., νðnÞARL for nAX.
2.
 As a union of L real-valued “channels” supported on X,
i.e., νlðXÞ, 1r lrL, which correspond to the L partitions
Im of the greyscale range Rg .

We let U(k) denote the vector-valued DFT of the vector-
valued measure νðnÞ, where kAK ¼ f0;1;…N�1g, the “fre-
quency space.” For a given kAK , the components of
U(k) in greyscale space, corresponding to the L channels
described above, are given by

U k; lð Þ ¼ ∑
N ¼ 1

n ¼ 0
μ n; lð Þ exp � i2πkn

N

� 	
; 1r lrL: ð21Þ

The DFT U(k) may be viewed in two ways:
1.
 As a complex vector-valued measure defined over K: At
a fixed frequency kAK , Uðk; lÞACL.
2.
 As a union of L complex-valued DFTs supported over
frequency space K: For a fixed channel, lAf1;2;…; Lg,
Uðk; lÞAC for kAK . Each of the L DFTs, Uð�; lÞ, corre-
sponds to a channel in greyscale space.

2.2. A metric space of Fourier transforms of measure-valued
functions

We now let F denote the space of all complex-valued
functions U : R� BðRgÞ-C, Uðω;AÞ ¼ U1ðω;AÞþ iU2ðω;AÞ,
U1;U2AR, such that the following are true:
�
 For any fixed AABðRgÞ, Uð�;AÞ is a continuous function
on R.
�
 For any fixed ωAR, Uðω; �Þ is a complex vector-valued
measure with total mass Uðω;RÞ ¼ RXe� iωx dx¼ RX cos
ðωxÞ dx� i

R
X sin ðωxÞ dx.

The Monge–Kantorovich distance dH can be easily
extended to complex vector-valued measures in a quite
intuitive manner which we describe here very briefly. In
[9] it is shown that the Monge–Kantorovich distance can
be extended to vector-valued and set-valued generalized
measures having fixed total mass. Since the complex-
valued measure Uðω; �Þ is a particular case of a vector-
valued measure having fixed total mass, the definition of
Monge–Kantorovich distance can be easily introduced by
considering the real and the imaginary parts of U. If
U ¼U1þ iU2 and V ¼ V1þ iV2 are two elements of F , and
ωAR is fixed, then

dHðUðω; �Þ;Vðω; �ÞÞ≔maxfdHðU1ðω; �Þ;V1ðω; �ÞÞ;dðU2ðω; �Þ;V2ðω; �ÞÞg
ð22Þ

This is a particular case of the dH metric presented in [9]
for vector-valued measures. Using these results, we define
the following metric dF on F : given two elements U;VAF
dF ðU;VÞ ¼ sup

ωAR

dHðUðω; �Þ;Vðω; �ÞÞ: ð23Þ

Here we simply state that the right hand side is finite even
though the supremum is taken over an infinite set, i.e., R.
This follows from the compactness of Rg and the finite
mass of the measures over it which, in turn, implies the
boundedness of the distances dHðUðω; �Þ;Vðω; �ÞÞ. Standard
arguments can now be used to prove that the space ðF ; dF Þ
is complete.

In summary, the complete metric space ðF ; dF Þ contains
the Fourier transforms of all elements μAY . In fact, as
might be expected, we have the following result.

Theorem 1. Let F FT �F denote the set of Fourier transforms
of all elements μAY . The set F FT is closed.

Proof. Let fUng be a convergent sequence of Fourier trans-
forms of μn in the dF metric and U the limit of this
sequence. We need to prove that U is the Fourier transform
of a certain μAY . Under the hypothesis of compactness of
X and Rg , the space Y is compact. Therefore there exists a
subsequence of measure-valued mappings μnk

AY which
converges to a limit μAY . Let V be the Fourier transform of
μ. It is quite straightforward to show that

dF ðUnk ;VÞrdY ðμnk ; μÞ ð24Þ

which implies that the sequence fUnk g converges to V. This
implies that V¼U, which concludes the proof. □

3. Fractal transforms on ðY ; dY Þ and induced operators
on the Fourier transform space ðF ; dF Þ

The action of a generalized fractal transform T : Y-Y
on an element u of a complete metric space ðY ; dY Þ can be
summarized in the following steps [9]. It first produces a
set of N spatially contracted copies of u. It then modifies
the values of these copies by means of a suitable range-
mapping. Finally, it recombines these modified copies by
means of an appropriate operator to produce an element
v¼ TuAY . Under appropriate conditions, the fractal trans-
form T is a contraction in ðY ; dY Þ which, by Banach's Fixed
Point Theorem, implies the existence of a unique fixed
point u ¼ Tu.

A fractal transform operator on the space ðY ; dY Þ of
measure-valued functions was defined in [10]. (Note: In
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[10], this fractal transform was denoted as M. In this paper
it is denoted as T.) It represents a kind of blending of IFS-
based methods on measures (IFSP) and functions (IFSM)
(see [9] for more details). In what follows, we list the
ingredients for such a fractal transform over the base
space X ¼ ½0;1�. (Once again, the extension to ½0;1�n is
straightforward.)
1.
 A set of N one-to-one affine contraction maps
wi : X-X, wiðxÞ ¼ sixþai, with the condition that
⋃N

i ¼ 1wiðXÞ ¼ X.

2.
Fig. 1. Region of support of measures μðxÞ from Example 2.
A set of N greyscale maps ϕi : Rg-Rg , assumed to be
Lipschitz, i.e., for each i, there exists a αiZ0 such that

jϕiðt1Þ�ϕiðt2Þjrαijt1�t2j; 8t1; t2ARg : ð25Þ
3.
 For each xAX, a set of probabilities pi(x), i¼ 1;…;N,
with the following properties:
(a) pi(x) are measurable,
(b) piðxÞ ¼ 0 if x=2wiðXÞ,
(c) ∑N piðxÞ ¼ 1 for all xAX.
i ¼ 1
Fig. 2. Regions of support of the measure ν¼ Tμ of Example 4.
The action of the fractal transform operator T : Y-Y
defined by the above is as follows: For a μAY and any
subset A�Rg

νðxÞðAÞ ¼ ðTμðxÞÞðAÞ ¼ ∑
N

i ¼ 1
piðxÞμðw�1

i ðxÞÞðϕ�1
i ðAÞÞ: ð26Þ

Theorem 2 (La Torre et al. [10]). Let pi ¼ supxAXpiðxÞ. Then
for μ1; μ2AY

dY ðTμ1; Tμ2Þr ∑
N

i ¼ 1
cipiαi

 !
dY ðμ1; μ2Þ; ð27Þ

where ci ¼ jsij, 1r irN.

Corollary 1 (La Torre et al. [10]). Let pi ¼ supxAXpiðxÞ. Then
T is a contraction on ðY ;dY Þ if

CT ¼ ∑
N

i ¼ 1
cipiαio1: ð28Þ

In this case there exists a unique measure-valued mapping
μAY , such that μ ¼ Tμ.

Example 4. Let X ¼ ½0;1� and Rg ¼ ½0;1� and consider the
two-IFS-map fractal transform defined by the following set
of maps:

w1 xð Þ ¼ 1
2 x; ϕ1 tð Þ ¼ 1

2 t; ð29Þ

w2 xð Þ ¼ 1
2 xþ1

2 ; ϕ2 tð Þ ¼ 1
2 tþ1

2 : ð30Þ

The sets w1ðXÞ and w2ðXÞ overlap at the single point x¼ 1
2

so we let

p1 xð Þ ¼ 1; p2 xð Þ ¼ 0; xA 0; 12
� �

;

p1 xð Þ ¼ 0; p2 xð Þ ¼ 1; xA 1
2 ;1
� �

;

p1
1
2

� �¼ p2
1
2

� �¼ 1
2 ;

here c1 ¼ c2 ¼ 1
2 , α1 ¼ α2 ¼ 1

2 and p1 ¼ p2 ¼ 1 so that the
Lipschitz factor of T is
CT ¼ ∑
2

i ¼ 1
cipiαi ¼

1
4
þ 1

4
¼ 1

2
: ð31Þ

Therefore, T is contractive on ðY ; dY Þ.
Now consider the measure-valued function μðxÞ of

Example 2, the support of which is sketched in Fig. 1.
The action of the operator T on μ is to produce two
contracted and modified copies of it, one supported on
xA ½0;1=2� and the other supported on xA ½1=2;1�. The
support of the measure ν¼ Tμ is sketched in Fig. 2. The
measure-valued function νðxÞmay be expressed as follows:

ν xð Þ ¼
m½0;x�; 0rxo1=2;
m½x;1�; 1=2oxr1;
1
2m½0;x� þ1

2 δ1=2; x¼ 1=2;

8><
>: ð32Þ

here m½a;b� denotes uniform probability measure on ½a; b�,
i.e., m½a;b�ð½a; b�Þ ¼ 1, and δt denotes the Dirac unit mass
measure at tA ½0;1�.

Now let νn ¼ T○nμ for n¼ 1;2;…. The measures com-
prising νnðxÞ for xA ½0;1� are supported on 2n lower-right
triangles the hypotenuses of which lie on the line x¼t.
From the contractivity of T, it follows that in the limit
n-1, νn must approach (in dY metric) the unique fixed
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point μ of T which is given by

μðxÞ ¼ δx; xA ½0;1�: ð33Þ

In other words, μðxÞ consists of the set of unit Dirac masses
that lie on the line t¼x.

Now let T : Y-Y denote a (not necessarily contractive)
fractal transform operator with the ingredients listed
above. Consider μ; νAY such that ν¼ Tμ, as defined in
Eq. (26). We now show how the Fourier transforms of μ
and ν, to be denoted as UðωÞ and VðωÞ, respectively, are
related. For any subset A�Rg

Vðω;AÞ ¼
Z
X
e� iωxνxðAÞ dx

¼
Z
X
e� iωxðTμxÞðAÞ dx

¼
Z
X
e� iωx ∑

N

k ¼ 1
pkðxÞμw� 1

k
ðxÞðϕ�1

k ðAÞÞ dx

¼ ∑
N

k ¼ 1

Z
Xk

e� iωxpkðxÞμw� 1
k

ðxÞðϕ�1
k ðAÞÞ dx; ð34Þ

where Xk ¼wkðXÞ, 1rkrN. Now let y¼w�1
k ðxÞ so that

x¼wkðyÞ ¼ skyþak. Then

Vðω;AÞ ¼ ∑
N

k ¼ 1
ck

Z
X
e� iωðskyþakÞpkðskyþakÞμyðϕ�1

k ðAÞÞ dy

¼ ∑
N

k ¼ 1
cke

� iakω
Z
X
e� iskωypkðskyþakÞμyðϕ�1

k ðAÞÞ dy:

ð35Þ
3.1. The special case of constant probabilities

In the special case of constant probabilities, i.e.,
pkðxÞ ¼ pk, Eq. (35) may be written in the form

Vðω;AÞ ¼MUðω;AÞ; ð36Þ

where

MUðω;AÞ ¼ ∑
N

k ¼ 1
ckpke

� iakωUðskω;ϕ�1
k ðAÞÞ: ð37Þ

The operator M may be viewed as a fractal transform
operator on the metric space ðF ; dF Þ of Fourier transforms
introduced in the previous section. The action of M on a
Fourier transform Uðω;AÞ is to produce a set of modified
copies which are then multiplied by appropriate constants
and complex phases and then added together.

It is noteworthy to mention that the copies
Uðskω;ϕ�1

k ðAÞÞ represent expansions of Uðω;AÞ in the fre-
quency domain ωAR, a consequence of the contractions
produced by the affine IFS maps wkðxÞ ¼ skxþak in the
spatial domain xAX (Fourier scaling theorem). Further-
more, the multiplication by the phase factor e� iakω is a
consequence of the translations produced by the affine IFS
maps in X (Fourier shift theorem). These effects on Fourier
transforms also result when fractal transforms are applied
to functions [18,19].
In the special case, A¼Rg , Eq. (37) becomes

Vðω;RgÞ ¼ VðωÞ ¼ ∑
N

k ¼ 1
ckpke

� iakωUðskω;RgÞ: ð38Þ

Theorem 4. For the fractal transform operator M : F-F
defined in Eq. (37)

dF ðMU;MVÞr ∑
N

k ¼ 1
ckpkαk

 !
dF ðU;VÞ: ð39Þ

Proof. From Eq. (37), for each ωAR, we have that

dHðMUðωÞ;MVðωÞÞ

rdH ∑
N

k ¼ 1
ckpke

� iαkωUðskωÞ; ∑
N

k ¼ 1
ckpke

� iαkωVðskωÞ
 !

r ∑
N

k ¼ 1
ckpkαk

 !
dHðUðskωÞ;VðskωÞÞ: ð40Þ

By taking the sup over all ωAR we obtain the desired
result and the proof is complete. □

Now suppose that the N-map fractal transform T is
contractive on ðY ; dY Þ, cf. Eq. (28), implying the existence of
a unique fixed point measure-valued function μ ¼ Tμ. From
Eq. (39), the associated operator M is contractive on
ðF ;dF Þ. From Eqs. (37) and (38), the Fourier transform
U ðωÞ of μ satisfies the following relations:

U ðω;AÞ ¼ ∑
N

k ¼ 1
ckpke

� iakωU ðskω;ϕ�1
k ðAÞÞ ð41Þ

and

U ðω;RgÞ ¼U ðωÞ ¼ ∑
N

k ¼ 1
ckpke

� iakωU ðskωÞ: ð42Þ

In other words, U satisfies a self-similarity property: it
may be expressed as a linear combination of modified
copies of itself.

3.2. Constant probabilities, identity greyscale maps

We now consider the additional simplification in which
the greyscale maps of Eq. (25) are identity maps, i.e.,
ϕiðtÞ ¼ t, 1r irN. In this case, there is no “shuffling” of
measure in the greyscale direction Rg since A¼ ϕ�1

i ðAÞ for
all subsets AARg . Eq. (37) then becomes

MUðω;AÞ ¼ ∑
N

k ¼ 1
ckpke

� iakωUðskω;AÞ: ð43Þ

The Lipschitz factor of M is

K ¼ ∑
N

k ¼ 1
ckpk: ð44Þ

If M is contractive, i.e., Ko1, then from Eq. (41), the self-
similarity relation satisfied by its fixed point Fourier trans-
form U ðωÞ becomes

U ðω;AÞ ¼ ∑
N

k ¼ 1
ckpke

� iakωU ðskω;AÞ: ð45Þ
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3.3. More notes on practical applications

3.3.1. Discretized measures
In applications, i.e., digital images, the greyscale range is

partitioned by a set of L nonoverlapping subintervals Il �Rg ,
as discussed in Section 2.1. The measure μðxÞ and its
associated Fourier transform UðωÞ now become L-vectors, i.e.

μðxÞ ¼ ðμ1ðxÞ; μ2ðxÞ;…; μLðxÞÞ;
UðωÞ ¼ ðU1ðωÞ;U2ðωÞ;…;ULðωÞÞ; ð46Þ
and the action of the transform M is separated into channels,
i.e.

MUlðωÞ ¼ ∑
N

k ¼ 1
ckpke

� iakωUlðskωÞ; 1r lrL: ð47Þ

Moreover, the self-similarity relation in Eq. (45) now decom-
poses into relations involving the components of UðωÞ, i.e.

UlðωÞ ¼ ∑
N

k ¼ 1
ckpke

� iakωUlðskωÞ; 1r lrL: ð48Þ

Each component UkðωÞ may be expressed as a complex
linear combination of frequency-expanded copies of that
component. This decomposition simplifies the inverse pro-
blem to be discussed in the next section.

It is important to note, however, that a complete
separation of the L components/channels of the Fourier
transform UðωÞ is not accomplished since the channels
share a common set of fractal transform parameters ck, pk,
sk and ak, 1rkrN.

3.3.2. Discretized “base” or “pixel space” X
As discussed briefly in Section 2.1, digital images are

defined over a discretized base space, namely “pixel
space,” which leads to the use of the discrete Fourier
transform (DFT). The DFT, U(k), of the discrete measure-
valued mapping, μðnÞ, is defined in Eq. (21). This naturally
leads to the question whether a fractal transform T on the
measure-valued mapping μðnÞ in discrete space induces an
operator on the U(k) in analogy to the continuous case, i.e.,
the induced operator M in Eq. (37).

The answer to this question is “Yes,” but with a few
complications. In discrete pixel space, one normally
employs a special class of contraction mappings, namely
those which map an integer number n1 of pixels to a
smaller number n2on1 of pixels. (In one dimension,
typically n1 ¼ 2 and n2 ¼ 1, corresponding to ck ¼ 1

2 in
Eq. (37).) As is well known in image processing, such
mappings must be accompanied by appropriate “decima-
tion” operations which map the n1 greyscale values into n2
values. The fractal transform T then modifies these n2
greyscale values accordingly.

As a result, the expression for the discrete version of
the induced operation in Eq. (37) is rather complicated in
form and will not be discussed further in this paper.

3.4. Inverse problem for fractal transforms on ðF ;dF Þ

In this section, we outline a method of solving the
inverse problem for Fourier transforms in the practical case
of discretized measures, in which case the measure-valued
functions become simple vector-valued mappings on the
base space X.

The general problem of approximating elements of a
complete metric space ðZ; dZÞ by fixed points of contraction
maps over Z may be summarized as follows [6]. Let Con(Z)
be a set of contraction maps T : Z-Z. Given a target
element zAZ, we try to find a contractive map TAConðZÞ
such that its fixed point z approximates z to a desired
accuracy, i.e., dZ ðz; zÞ is sufficiently small.

In general, and particularly in the case of fractal trans-
forms, such inverse problems are very difficult. An enor-
mous simplification of the problem is possible from the
following simple consequence of Banach's Fixed Point
Theorem, known in the fractal coding literature as the
Collage Theorem [2].

Theorem 5. Let ðZ; dZÞ be a complete metric space and T :
Z-Z such that dZðTz1; Tz2ÞrCTdZðz1; z2Þ for all z1; z2AZ,
where CT A ½0;1Þ. Then

dZ z; zð Þr 1
1�CT

dZ z; Tzð Þ for all zAZ: ð49Þ

In such methods of collage coding [9], one looks for a
contraction TAConðZÞ that maps the target z as close as
possible to itself, i.e., makes the collage error dZðz; TzÞ as
small as possible, in an effort to make the approximation
error dZ ðz; zÞ small. Here, Con(Z) is chosen to be a family of
contractive transforms appropriate to the application.
Most, if not all, fractal coding methods are based on the
Collage Theorem.

In [10], the inverse problem for fractal transforms on
the space of measure-valued functions ðY ; dY Þ was
addressed. Here, we consider the inverse problem for
these functions, but in the Fourier domain, i.e., for the
contractive operators M over the Fourier transform space
ðF ; dF Þ: Given a target Fourier transform UAF , find an
N-map fractal transform operator M : F-F with fixed
point UAF that approximates U to an acceptable accuracy.
A first step in the simplification of this problem is to adopt
a collage coding strategy, i.e., to look for an operatorM that
minimizes the collage distance dF ðU;MUÞ.

A few additional simplifications will also be employed
in our solution of the inverse problem:
�
 Since we shall be working with discretized measures,
hence vectors, the Monge–Kantorovich distance
becomes a distance on CL. In practice, however, it is
much easier to work with the Euclidean distance. In
finite dimensions, of course, the MK and Euclidean
distances are equivalent. That being said, a derivation
of the relationship between Lipschitz factors (hence
contractivity) in the two metrics is left for a
future paper.
�
 We also assume that all component Fourier transforms
Uðω; lÞ, 1r lrL, are L2 functions of the frequency ω.
(This is not serious since the range of frequencies
employed in practice is always finite.)
�
 We assume that the operators M are associated with
constant probabilities and identity greyscale maps, as
defined in Eq. (43).
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�
 At each step, we work with a fixed number N of
contractive maps. Increasing N will provide better
approximations.
�
 For a given N, the affine maps wi are also fixed. This is
not a severe restriction since we can work with sets of
contraction maps on X which contain maps of various
degrees of refinement.

The inverse problem is then reduced to the determination
of optimal probabilities pn

i which are given by

pnT ¼ ðpn

1; p
n

2;…; pn

NÞT ¼ argmin
pARN

Δ2ðpÞ; ð50Þ

where Δ2ðpÞ denotes the following squared collage dis-
tance:

Δ2ðpÞ ¼ ‖U�MU‖2
L2ðRg Þ

¼
Z
Rg

‖UðωÞ� ∑
N

k ¼ 1
ckpke

� iαkωUðskωÞ‖2CL dω: ð51Þ

Δ2ðpÞ is a quadratic form in the probabilities pi, i.e.

Δ2ðpÞ ¼ ‖U‖2þpTApþbTp; ð52Þ
where A is a N � N symmetric real matrix and b a real N-
vector. The minimization of Δ2 may be accomplished with
quadratic programming algorithms.

The practical implementation of this formalism in a
discrete, i.e., digital, setting will be the subject of a
future paper.
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