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Abstract

We show that under certain hypotheses, an Iterated Function System
on Mappings (IFSM) is a contraction on the complete space of functions of
bounded variation (BV). It then possesses a unique attractor of bounded
variation. Some BV-based inverse problems based on the Collage Theorem
for contraction maps are considered.

1 Introduction

Tterated Function Systems on Mappings (IFSM) extend the classical notion of
Iterated Function Systems (IFS) to the case of space of functions® and can be
used to generate integrable “fractal” functions. The purpose of this short note
is to show that, under some hypotheses, an IFSM operator is a contraction with
respect to the usual norm introduced into the space of functions of bounded
variation.

Definition 1.1 The total variation of a function f : [a,b] — R is defined as

VI(f) = sup > 1 f (i) = flz)] (1.1)

PeP i
where the supremum is taken over the set of all partitions of [a, b],

P ={P ={xo,...,z,}|P is a partition of [a,b], o = a,z, = b} .
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If f: [a,b] — R is differentiable and its derivative is Riemann-integrable, its
total variation is given by

b
Vi(f) = / ()] dz. (1.2)

Definition 1.2 A real-valued function f : [a,b] — R is said to be of bounded
variation (or a “BV function”) on [a, b] if its total variation is finite, i.e. V.*(f) <
+00. Let us denote by BV ([a,b]) the space of functions of bounded variation
on [a, b].

Here are a few properties of BV functions:

o If f € BV([a,b]), then f is continuous at all z € [a,b] except at most on
a countable set.

o If f € BV([a,b]), then f'(z) exists at a.e. = € [a,b)].
e If f is differentiable and has bounded derivative on [a, b], then f € BV ([a, b]).

e A function with unbounded derivative could also be in BV ([a,b]): For
example f(x) =+/z € BV([0,1]) because it is monotone.

e More generally, a bounded function with finitely many maxima and min-
ima on [a, b] is in BV ([a, b]).
Theorem 1.3 7 The functional f — |f(a)| + V2f is a norm over BV ([a,b]).
We shall denote this norm as || f||gv. The normed space (BV ([a,b]), || f|sv) is
complete.

An N-map iterated function system (IFS), w = {w1, - ,wn}, is a finite col-
lection of contraction mappings w; : [a,b] — [a,b], i = 1,--- ,N. (See%16.)
Associated with an N-map IFS is the following set-valued mapping W on the
space H([a, b]) of nonempty compact subsets of [a, b]:

N
w(S) = Jwi(S), SeH(ab]). (1.3)
i=1
Theorem 1.4 ° For A, B € H([a,b]),

h(w(A),w(B)) < cH(A,B) where c= max ¢ < 1 (1.4)

and h denotes the Hausdorff metric on H([a, b]).

Corollary 1.5 There exists a unique set A € H([a, b)), the attractor of the IF'S
w, such that

N
A=w(A) = U w;(A). (1.5)

[\)



Moreover, for any B € H([a,b]), h(A,Ww"B) — 0 as n — 0.

An idterated function system with mappings (IFSM) is an N-map IFS w = {w; }
on [a, b] with an associated set of Lipschitz functions ® = {¢;}, where ¢; : R —
R with Lipschitz constant K; > 0, ¢« = 1,--- , N. In addition, the following
covering condition on the w; is assumed:

[a,b] = | Jw;([a,b]). (1.6)

-

Il
-

3

Associated with the IFSM (w, ®) is a so-called IFSM operator or fractal trans-
form on the space of L? integrable functions on [a, b] via the action

Tf(z) =3 _oi(f(w; (@), (17)

where the sum operates on all those terms for which w; '(x) is defined. (The
covering condition in (1.6) guarantees that for each = € [a,b], there exists at
least one term in the summation.)

Theorem 1.6 %% For p > 1 and u,v € LP|a,b),

N
1
|TU—TUp<[§:QmK4HU—Ub' (18)
=1

In the special case that the following open set condition is satisfied,
wi((a,b)) Nw;((a,0)) =0 if i#7j, (1.9)

the above estimate can be improved:

N 1/p
TuTmps[§jqKﬂ e — vl (1.10)
=1
Corollary 1.7 If
N
Cp=Yc"K; <1, (1.11)

i=1
then the IFSM operator T is contractive in LP[a,b] which, from Banach’s Fixed
Point Theorem?”, implies the existence of a unique u € LPla, b] such that T = 1.
If the open set condition in (1.9) is satisfied, then T is contractive in LP|a, b],

etc., if
N

> aKP<1. (1.12)

i=1



The above results can be extended to the case p = oo, i.e., for u,v € L*>([a, b)),

N
[Tu — Tv|o < [Zm] = v]|0o - (1.13)
i=1
If the open set condition in (1.9) is satisfied, then

1Ty — Tv||e < { max Ki] v — v]|oo - (1.14)
1<i<N

Note that the contractivity factors ¢; of the IFS maps do not appear in the
Lipschitz constants of the IFSM operator T in the case p = oco.

2 IFSM on BV ([a,b])

For the remainder of this paper, we assume that the IFS maps w; : [a,b] — [a, ]
and associated maps ¢; : R — R are affine, i.e.,

wi(x) = sz +a; and ¢;(t) =it +6; sothat K; = |oyl. (2.15)
Theorem 2.1 The operator T defined in Eq. (1.7) maps BV ([a, b]) into itself.

Proof. From the definition of | - || gy,

ITfllBv = ITf( )|+ V(T

+supz

PE'PJ 0

i=1 =1
<ZK'|f T ’+|ﬁl|+bup ZZMJ Y1) — if(w;t
=1 =0 =1
R P j=
S ~ f@)] + Kilf(@)| + 15
+ sup ZK Z | fw; (@j41)) — Flw;  (z)))]
ssz |+Z|@|+ZKV”
i=1 i=1

N
=Y 18I+ Ifllsv ZKz‘ :
=1 1=1

quz w; N (wj41)) = > ¢l f(w;!



Theorem 2.2 For f,g € BV ([a,b]),

N

ITf —Tgllsv < K|f—glsy where K=Y K;. (2.16)
i=1

Proof.
ITf—Tglpv = ITf( ) —Tg(a)| + V(T f —Tg)

a))) = ¢i(g(w; ' (a)))

+ supz

PGP] 0

< Zm [ Flwr (@) — 9wy (@)]

Zéf% w; (w41))) = Gilg(wi ™ (2541))) = 6i(f (wi* (25))) + dilg(wy  (27)))

=1

b 33 o ) — g ) — e )+ asgu )|

PEP i 20

N N
< ZKi f(a) = g(a)| + Y KV (f —9)

. i=1
= [ZIQ] If = gllsv .
i=1

Theorem 2.3 If K in Eq. (2.16) satisfies K < 1, then the IFSM operator T
possesses a unique fixed point f € BV ([a,b]). Moreover, for all fy € BV ([a,b]),
the sequence T™ fy converges to f whenn — +oo. Finally, the following estimate

holds N
ie1 15
£l < 2=t (217)

Proof. The first part of the theorem follows from the contractivity of T" over
the complete metric space BV ([a, b]) and Banach’s Fixed Point Theorem. The
estimate can be easily proved by replacing f with the fixed point f in the
inequality derived in the proof of Theorem 2.1,

N N
I fllBy < Z 18;| + ||f||BVZKi.
=1 i=1

A rearrangement yields the desired result. m

Note that, from Eq. (1.13), the condition K < 1 implies that f € L>([a, b]),
as expected.



Theorem 2.4 If (i) the maps w; are non-overlapping, i.e., the open set condi-
tion in (1.9) is satisfied, (i) K = YN | K; > 1, and (iii) >, ¢//PK; < 1, then

L i=1G
T possesses a unique fixed point f € LP[a,b]. If, in addition, f is not constant

then f ¢ BV ([a,b]).

Proof. The existence of a unique fixed point f of T in LP[a,b] follows from
Theorem 1.6. Then we have that

Vi) = V2T
su Y

D

PEP 2

= supi Z

PEP 21 PAw, ([a,b))

N

N
Y dilfwi (@) — Zcﬁi(f(w{l(afj)))‘

=1 i=1

N
Y Kif (w7 (@541))) - Kif(wil(xj))‘

i=1

N
—sup YK S Fw () - Flw M ay)]

PEP=1  Prwi([a.b)
N

bR
i=1

Thus either V’(f) =0 or V2(f) =cc. =

v

V()

Example 2.5 Consider the interval [a,b] = [0,1] and the IFSM operator Ty,
defined by

wi(e) = g, dil) =at -1,
wa(x) = %x—i—%, pa(t) =at+1. (2.18)

Note that the open set condition in (1.9) is satisfied. From Eqs. (1.12) and (1.14),
T, is contractive on LP[0,1], 1 < p < oo for all @ € (—1,1). From Theorem
2.3, however, T, is guaranteed to be contractive in BV[0,1] only if |a| < 1/2.
Because of the dyadic nature of the IFS maps, the IFS “address”! of a point
x € [0,1] (the attractor A of the IFS) coincides with its binary representation.
From this, and the action of T, through the w; and ¢; maps, the fixed point,
fa, of T, may be expressed in closed form as follows,

fla) = ()BT 43 (—1)h et (2.19)
i=2
where the d; comprise the binary representation of x € [0, 1], i.e.,

=Y d27". (2.20)
i=1



For 0 < a < 1/2, it can be shown that f is monotone on [0,1]. When o = 0,

folz) = —%X[O,m] (@) + %me (@), ze01], (2.21)
where Y s(z) denotes the characteristic function of a set S C [0,1]. A plot of f
for the case & = 1/3 is shown in Figure 1. In the particular case o« = 1/2, it can
be shown that f(z) = 4x — 2. For 1/2 < a < 1, f is no longer monotone. It is
this oscillation which results in f ¢ BV[0,1]. A plot of f for a = 3/4 is shown
in Figure 2.

Example 2.6 Once again, the interval [a,b] = [0, 1] and IFS maps, w; and wo,
as in Example 2.5, but now with the following associated mappings,
pr(t) = —t/2—1, ¢o(t) =t/2+1. (2.22)

In this case, the fixed point f ¢ BV[0,1]. A plot of f is shown in Figure 3.

Figure 1: Fixed point attractor function f € BV[0,1] for the IFSM operator T,
of Example 2.5 with e = 1/3.

Figure 2: Fixed point attractor function f ¢ BV[0,1] for the IFSM operator T,
of Example 2.5 with a = 3/4.

3 Inverse problems for IFSM on BV ([a,b])

We first outline the main ideas behind inverse problems using contraction map-
pings over a complete metric space. For more details, the reader is referred to®
and references within.

Let (X,d) be a complete metric space and Con(X) an appropriate set of
contraction maps T : X — X. Given a “target” element x € X, we look for a
contraction map 7' € Con(X) with fixed point Z € X that approximates z to
some desired accuracy, i.e.,

d(z,z) < e, (3.23)

for some ¢ > 0. (A discussion of whether such a fixed point T exists for any
€ > 0 is beyond the scope of this paper.)

Given the rather complicated nature of fractal transform operators, the prob-
lem of determining such operators to achieve the approximation in (3.23) is
untractable. An enormous simplification is achieved by using a rather trivial
consequence of Banach’s Fixed Point Theorem, known in fractal coding litera-
ture as the “Collage Theorem:”



Figure 3: Fixed point attractor function f ¢ BV[0,1] for the IFSM operator T,
of Example 2.6.

Theorem 3.1 (Collage Theorem?) Let (X, d) be a complete metric space and
T € Con(X) with contraction factor cp € [0,1) and fixed point & € X. Then
for any x € X,

r) <
(e, 7) < =

d(z,Tx). (3.24)

In an effort to produce small values of the approximation error d(z,Z) in
(3.23), one looks for contraction maps T' which minimize the collage distance
d(x,Tx). This is the essence of “collage based” methods to solve the inverse
problem: determining contractive operators T that map a target x as close as
possible to itself®.

A rather straightforward approach? to provide approximations of target
functions in LP[0,1] (in particular p = 1,2) by fixed points of contractive fractal
operators is to consider a prescribed set of of contractive IFS maps on [0, 1],
w = {wy,ws, -+ ,wn}, that satisfy the covering condition in Eq. (1.6). The
2N parameters «;, 3;, 1 < i < N, which define the ¢;(¢) maps associated with
the fixed w; maps are considered as unknowns to be optimized. These 2N
parameters define a fractal transform T («, 3).

Given a target function f € LP[0, 1], we then minimize the collage distance,

Apn(a,B) = |If = Tn(e, B) fllp (3.25)

considered as a function of the o; and (3;, subject to inequality constraints that
guarantee the contractivity of the Tn(«, 3) operator in LP[0,1]. By incorpo-
rating a sequence of IFS maps w; that provide increasing degrees of refinement



over the interval [0, 1], the collage error A, x can be made arbitrarily small for
N sufficiently large.

We now consider the special case p = 2 which is employed in most applica-
tions. In this case the squared collage distance,

Ajn(e,B) = |If = Tn(a, B3, (3.26)

is a quadratic form in the a; and (3; parameters. Minimization of the squared
collage distance is a quadratic programming problem of the form,

N
min A3 y(a,8) subject to 203/2|ai| < Cax < 1, (3.27)
i=1

where Chuax < 1 is chosen to keep the L? Lipschitz constant of Ty away from
1. In this way, Ty is guaranteed to be contractive in L? metric with fixed point
fn € L3([0,1]).

If we add the following constraint to the minimization problem in (3.27),

N
lofi =S el <A <1, (3.28)
k=1

then, from Eq. (2.3), the T operator is also contractive in BV ([0, 1]). This
implies that its fixed point fy € L2([0,1])N BV ([0,1]). In other words, the fixed
point approximation fy is an L? function with bounded variation. An estimate
of its total variation is given in Eq. (2.17), where K; = |ay|, 1 <i < N.

By decreasing the upper bound A — 07, the total variation of the fixed
point fy can be decreased, according to Eq. (2.17). In the limiting case, A = 0,
implying that o; = 0, 1 < i < N, the fixed point fy is a piecewise constant
function, i.e.,

N
Fn(@) =" BiXw.(o. (@), (3.29)
k=1

where xg(z) denotes the characteristic function of the set S C [0, 1].

Another way to control the BV of collage-based L? fixed point approxima-
tions to a target function w is to modify the optimization problem in (3.27) as
follows: For a A > 0,

N
min A%N(a,ﬁ) + M|l subject to ch/2|ai| < Cpax < 1. (3.30)
i=1

Here, the term Al|a||; is a regularization term, a kind of penalty function. L*
regularization is commonly employed in signal and image processing in order



to enforce sparsity of solution vectors (lower number of nonzero components) 2,
By increasing the value of A, the value of ||a||; assumed at the minimum can
be decreased. It is therefore possible that there exists a critical value A* > 0 so
that the fixed point fy(\) € L%([0,1]) corresponding to the solution of (3.30)
will behave as follows:

1. For A < X%, fx(A\) ¢ BV([0,1]),
2. For A > \*, fa(X\) € BV([0,1]).

Acknowledgments

This research was partially supported by Natural Sciences and Engineering Re-
search Council of Canada (NSERC) in the form of Discovery Grants (FM and
ERV).

References

[1] M.F. Barnsley, Fractals Everywhere, Academic Press, New York (1989).

[2] M. Elad, Sparse and Redundant Representations, From Theory to Appli-
cations in Signal and Image Processing, Springer, New York (2010).

[3] B. Forte and E.R. Vrscay, Theory of generalized fractal transforms, in
Fractal Image Coding and Analysis, Y. Fisher, Editor, NATO ASI Series
F, Volume 159, Springer-Verlag, Berlin (1998).

[4] B. Forte and E.R. Vrscay, Inverse problem methods for generalized fractal
transforms, in Fractal Image Coding and Analysis, Y. Fisher, Editor,
NATO ASI Series F, Volume 159, Springer-Verlag, Berlin (1998).

[5] J. Hutchinson, Fractals and self-similarity, Indiana Univ. J. Math., 30,
713-747 (1981).

[6] H. Kunze, D. La Torre, F. Mendivil and E.R. Vrscay, Fractal-based Meth-
ods in Analysis, Springer, New York (2012).

[7] W. Rudin, Real and complex analysis, McGraw Hill, New York (1974).

10



