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Abstract. In this paper, we present a notion of total variation for
measure-valued images. Our motivation is Diffusion Spectrum Imaging
(DSI) in which the diffusion at each voxel is characterized by a probabil-
ity density function. We introduce a total variation denoising problem for
measure-valued images. In the one-dimensional case, this problem (which
involves the Monge-Kantorovich metric for measures) can be solved using
cumulative distribution functions. In higher dimensions, more computa-
tionally expensive methods must be employed.

1 Introduction

Over the last few decades, Diffusion Magnetic Resonance Imaging (dMRI) has
developed into an established tool of diagnostic medical imaging, which is nowa-
days used in a broad spectrum of clinical applications, including the diagnosis of
oncological and neurodegenerative disorders [6]. In application to brain imaging,
the advent of dMRI has made it possible to delineate the anatomical structure
of white matter, thereby opening the possibility of quantitative exploration of
in vivo connectivity of the brain by means of fibre tractography [1,3,7]. Natu-
rally, the reliability and diagnostic value of such analysis depends on the quality
of acquired diffusion data, which tend to be affected by various measurement
artifacts, including noise [12].
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In a previous paper [10], we showed that function-valued mappings (FVM)
provide a natural setting for a particular instance of dMRI known as high angular
resolution diffusion imaging (HARDI), which excels in delineation of the orien-
tational structure of crossing fibre bundles in the white matter of the brain. At
each position/pixel x ∈ R

3 and orientation s ∈ S
2 := {u ∈ R

3 | ‖u‖2 = 1},
HARDI provides a measurement which quantifies the apparent diffusivity of
water molecules along the direction defined by s. Therefore, a HARDI signal
u measured at position x, i.e., u(x), can be assumed to be a square-integrable
function supported over S

2. In other words, the HARDI signal is considered to
be an FVM, where u : R3 → L2(S2).

While useful for inferring the orientational characteristics of diffusion in vivo,
the applicability of HARDI to estimation of microstructural characteristics of
biological tissues remains limited. At the same time, much richer information
can be obtained using a different variation of dMRI, known as diffusion spec-
tral imaging (DSI) [15]. In fact, the latter allows estimation of the ensemble
averaged diffusion propagator (EADP) P (r)–a probability measure that quanti-
fies the likelihood of a water molecule to undergo displacement by r ∈ R

3 in a
given experimental time [13]. Moreover, considering the straightforward relation
between DSI data and EADP through Fourier transformation, it is reasonable
to assume that the datum of DSI measurements is equivalent to the datum of
the estimates of EADP, which will be referred below to as propagator signals.

One could, in principle, also consider a propagator signal as a function-valued
mapping. However, given the fact that the signal is, in fact, a probability den-
sity function, it may be beneficial to analyze and process it using mathemati-
cal methods that have been adopted for measures. In this paper, therefore, we
consider propagator signals as measure-valued mappings (MVM): At each posi-
tion/pixel/voxel x is associated a probability measure μx supported on R

3, to
be denoted as μ(x). Subsequently, to counteract the effect of both measurement
and estimation noises, we then propose a novel total variation (TV) denoising
method for MVMs. Of course, this requires a definition of total variation for
measure-valued mappings which, in itself, is a nontrivial mathematical problem.
Space limitations allow us only to outline our method below.

2 Measure-Valued Images

In what follows X = [0, 1]n, n = 1, 2, 3 will denote the “base space,” i.e., the
support of the images. Rg ⊂ R

m
+ , m = 1, 2, 3, will denote a compact set of values

that our image can assume at any x ∈ X B will denote the Borel σ algebra on Rg

and dx Lebesgue measure on X. Let M denote the set of all Borel probability
measures on Rg and dMK the Monge-Kantorovich metric (see [8]) on this set.
That is, for α, β ∈ M ,

dMK(α, β) = sup
φ∈Lip1(Rg)

∫
Rg

φ(t) d(α − β)(t), (1)
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where, as usual, Lip1(Rg) = {f : Rg → R : |f(x) − f(y)| ≤ ‖x − y‖}. We can
now define the following space of measure-valued images,

Y = {μ : X → M , μ is Lebesgue integrable}, (2)

with the following metric,

dY (μ, ν) =
∫

X

dMK(μ(x), ν(x))dx. (3)

Note that dY is well defined since μ and ν are Lebesgue-integrable functions,
dMK is continuous and X is compact, which implies that the function ξ(x) =
dMK(μ(x), ν(x)) is integrable on X. It can be shown that the space (Y, dY ) is
complete (see [9]).

3 Total Variation

In image analysis, the notion of total variation or total variation regularization
has applications in noise removal. The basic idea relies on the fact that signals
with spurious detail have high total variation or, more mathematically, the inte-
gral of the absolute gradient of the signal is high. It is well known that the
process of reducing the total variation of the signal removes unwanted detail
whilst preserving important details such as edges (see [14]). The total variation
(TV) of a differentiable greyscale image f : X ⊂ R

n → R is defined as follows

‖f‖TV =
∫

X

‖∇f(x)‖2 dx, (4)

that is the integral of the ‖·‖2 norm of the gradient. Other definitions of total vari-
ation are available in the literature–the reader is referred to [5] for an overview
of many of the most recent ones.

In this section we introduce a notion of total variation for measure-valued
images which, as usual, will involve derivatives. We define the total variation of
μ ∈ Y to be

‖μ‖TV =
∫

X

‖Dμ‖2 dx =
∫

X

(
n∑

i=1

|Diμ(x)|2
)1/2

dx . (5)

Here,

|Diμ(x)| := sup
φi∈Lip1(Rg)

lim sup
hi→0+

1
hi

∫
Rg

φi(t) d(μ(x + êihi) − μ(x)) , 1 ≤ i ≤ n,

are the analogues of the magnitudes of the directional derivative of μ at the point
x ∈ X in the directions of êi, the standard orthonormal basis vectors in R

n. The
TV norm in (5) may be used to define a total variation distance between μ and
ν in Y as ‖μ − ν‖TV . A few additional comments are in order.
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First, note that by taking the supremum over φi ∈ Lip1(Rg), we are using a
Monge-Kantorovich-type norm on measures (see [8]) to compute the magnitude
of the directional derivative. By taking the supremum over φi ∈ L∞(Rg), the
magnitude of the directional derivative is computed using the variation norm
on measures.

Next, let f : X → R be a differentiable function and μ(x) = δf(x). Then for
a direction d̂ ∈ R

n with ‖d̂‖ = 1 and any φ ∈ Lip1(Rg),

1
h

∫
Rg

φ(t) d(μ(x+ d̂h)−μ(x)) =
φ(f(x + d̂h)) − φ(f(x))

h
→ φ′(f(x)) ∇f(x) · d̂.

(6)
Taking the supremum over φ ∈ Lip1(Rg), we obtain |Dd̂μ(x)| = |∇f(x) · d̂| so
that

‖μ‖TV =
∫

X

(∑
i

|∇f(x) · êi|2
)1/2

dx =
∫

X

‖∇f(x)‖2 dx, (7)

which agrees with the classical definition of TV for functions in Eq. (4). Our
definition of total variation in (5) may therefore be viewed as a true extension
of the classical definition to measure-valued mappings.

Finally, if μ(x) has a density ρμ(x, ·) for each x ∈ X, then a standard calcu-
lation shows that Dêi

μ is a signed measure with density ∂ρµ

∂xi
. This is important

for models where one fits data with a parametric form of μ(x) for each x.

4 The Inverse Problem and Total Variation Minimization

The total variation denoising problem for measure-valued images can now be
formulated as follows: Given a noisy image μ̃ (the “observed data”) we seek a
solution to the following optimization problem,

min
μ∈Y

dY (μ̃, μ) + λ‖ν‖TV , (8)

where λ is a trade-off or regularization parameter.
We now show how to solve the optimization problem (8) practically in the

special case that the pixel space X = [0, 1] and the greyspace Rg = [0, 1]. (Admit-
tedly, this case is not very interesting from a practical perspective, but it does
provide insight into some of the mathematical aspects of this problem. A discus-
sion of the higher-dimensional situation Rg ⊆ R

n for n > 1 would be much more
complicated, requiring more space and details.) In this special case one can rely
on the following characterization of the Monge-Kantorovich distance in terms of
cumulative distribution functions. For more on the practical issue of computing
the Monge-Kantorovich distance, see [11].

Theorem 1 [2,4]. Let μ and ν two probability measures defined on R and
Fμ(x) = μ((−∞, x]) and Fν(x) = ν((−∞, x]) be the two corresponding cumula-
tive distribution functions. Then

dMK(μ, ν) = ‖Fν − Fμ‖1. (9)
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We now use this theorem to approximate the total variation integral ‖μ‖TV in
(5) as follows: For a small, fixed value of h ∈ R,

‖μ‖TV =
∫ 1

0

|Dμ(x)| dx ≈
∫ 1

0

‖Fμ(x+h) − Fμ(x)‖1
h

dx. (10)

The total variation minimization problem in (8) can now be reformulated as
follows,

min
μ∈Y

∫ 1

0

[
‖Fμ̃(x) − Fμ(x)‖1 +

λ

h
‖Fμ(x+h) − Fμ(x)‖1

]
dx. (11)

It is worth noticing that the space Y is convex. It is also straightforward to show
that the map T : μ ∈ Y → R+ (or T : F ∈ Y → R+), defined as

TF :=
∫ 1

0

∫
Rg

[
|F̃ (x, t) − F (x, t)| +

λ

h
|F (x + h, t) − F (x, t)|

]
dt dx, (12)

is convex. Equation (11) is therefore a convex minimization problem so that
classical algorithms from convex programming can used to determine an optimal
solution. Note also that if μ(x) has density ρμ(x, ·) for each x ∈ X, then from
Theorem 1 above,

‖μ‖TV =
∫ 1

0

∫
T∈Rg

∣∣∣∣∣
∫ T

−∞

∂ρμ

∂x
(z, t) dt

∣∣∣∣∣ dT dz. (13)

One way to solve Eq. (11) practically is to employ a finite subset of elements,
Fi ∈ Y , i = 1...n. We now solve the minimization problem in (11) over the
convex subset spanned by the Fi. Any function in this subset can be written as
a convex combination of the Fi, that is,

F (x, t) =
n∑

i=1

αiFi(x, t), (14)

where αi ∈ [0, 1],
∑n

i=1 αi = 1. The minimization problem in Eq. (11) can then
be approximated by

min

∫ 1

0

∫
Rg

(∣∣∣∣∣F̃ (x, t) −
n∑

i=1

αiFi(x, t)

∣∣∣∣∣+
λ

h

∣∣∣∣∣
n∑

i=1

αi(Fi(x + h, t) − Fi(x, t))

∣∣∣∣∣
)

dt dx.

(15)

An upper bound for the optimal value can be found by noticing that∣∣∣∣∣F̃ (x, t) −
n∑

i=1

αiFi(x, t)

∣∣∣∣∣ +
λ

h

∣∣∣∣∣
n∑

i=1

αi(Fi(x + h, t) − Fi(x, t))

∣∣∣∣∣

=

∣∣∣∣∣
n∑

i=1

αiF̃ (x, t) −
n∑

i=1

αiFi(x, t)

∣∣∣∣∣ +
λ

h

∣∣∣∣∣
n∑

i=1

αi(Fi(x + h, t) − Fi(x, t))

∣∣∣∣∣
≤

n∑
i=1

αi

(∣∣∣F̃ (x, t) − Fi(x, t)
∣∣∣ +

λ

h
|Fi(x + h, t) − Fi(x, t)|

)
(16)
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and then solving the linear programming model,

min
n∑

i=1

αi

∫ 1

0

∫
Rg

(∣∣∣F̃ (x, t) − Fi(x, t)
∣∣∣ +

λ

h
|Fi(x + h, t) − Fi(x, t)|

)
, (17)

subject to the constraint,

n∑
i=1

αi = 1, αi ∈ [0, 1]. (18)

A particularly simple choice has each Fi of the form

F (x, t) =

{
0 if t < ψ(x),
1 if t ≥ ψ(x),

for some function ψ : X → Rg (this corresponds to a point mass at ψ(x) for each
x). For instance, if {0 = t0 < t1 < · · · < tn = 1} is a partition of Rg, then ψi(x) =
ti allows an estimation of the empirical CDF for F̃ , though this approximation
will be constant in x. Polynomial ψ give non-constant (in x) approximations and
increasing the degree allows for arbitrarily close approximations.

The methods of this section can be generalized to higher dimensional X and
Rg, though dim(Rg) > 1 is more computationaly expensive. For direction fields in
2D, [4] provides an efficient computation of the Monge-Kantorovich distance on
the circle. Research is ongoing for efficient computational algorithms for S

2 and
R

3. Another alternative is to replace the Monge-Kantorovich metric on measures
with another metric.
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