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1. Introduction

Inverse problems in many different frameworks can be formulated as approximating a target element x by the fixed point
x of an operator T on a complete metric space (X, d). The inverse problem requires one to minimize the approximation error
d(x, x). It is typically the case that the choice of T is restricted to a particular family of maps T;, A € A, where A is a space
of parameters.

In fractal imaging, where the goal is to approximate a target image by the fixed point (image) of a contractive fractal
transform, the tools are Banach’s fixed point theorem and Barnsley’s collage theorem [1-4]. With (X, d) a complete metric
space, the conclusion of the collage theorem states that for any x € X

dx,x) < ; d(x, Tx), (1)
1—c

where T has contraction factor ¢ and fixed point x € X. With this inequality, we can shift the problem from minimizing
the true approximation error to minimizing instead the so-called collage distance d(x, Tx), subject to the constraint that c is
bounded away from 1. In the fractal imaging framework, one typically chooses the fractal transform to be a linear function
of its unknown parameters. When working with the .£? metric, the collage distance then becomes a quadratic function of
these parameters, which is readily minimized by solving the first derivative equations.

These ideas have been extended to inverse problems in ordinary differential equations [5,6]. In this setting, the
contractive Picard operator plays the role of T and the space X contains continuous and appropriately bounded functions
on a closed interval of observation. Given a target function, perhaps the interpolation of observational data points, the
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collage theorem can be applied to find the Picard operator within a prescribed class that minimizes the collage distance.
The machinery of this framework has also been applied to two-point boundary value problems [7,8], quasilinear partial
differential equations [9], and more.

We now turn to a fundamental class of inverse problems for boundary value problems. Our model problem, which arises
in steady-state heat or fluid flow, is

—V - (k®)Vuk)) =f(x), wherex € 2 C R", (2)

with appropriate boundary conditions. In the heat flow setting, the function « (x) is the diffusivity and f (x) is a source or sink
term. The inverse problem seeks to determine « (x) (or an approximation of it) from a set of observation values of u(x) [10,
11]. (Of course, we assume that conditions for existence and uniqueness of solutions to the forward problem are satisfied.)
For n > 1, most practical methods of solving this inverse problem begin with its weak or variational form, obtained by
integrating both sides with respect to elements of a suitable set of basis functions, for example, the finite element “hat”
functions. This integration process produces a linear system of equations in the coefficients A, of « with respect to this
basis. The solution of this system is typically replaced by a minimization problem involving an appropriate least squares
functional and, possibly, an additional penalty functions for the purpose of regularization. This procedure is described nicely
in the more recent monograph by Vogel [12].

Our goal is to formulate the inverse problem in a manner analogous to the collage theorem, replacing the minimization
of the true error by the minimization of something akin to the collage distance. In place of Banach’s fixed point theorem
for contraction maps on a complete metric space, we appeal to the Lax-Milgram representation theorem. Loosely, upon
multiplying both sides of (2) by an element v € H, where H is a suitable Hilbert space of functions, for example H(} (£2), we
integrate over £2 to obtain the equation

a(u,v) =¢), veEH, (3)

where ¢ (v) = f_va dx and a(u, v) is a bilinear form on H x H. The Lax-Milgram representation theorem states that under
certain conditions on @, (3) has a unique fixed point & € H such that (3) holds for all v € H. (While we should write
“solution” in place of “fixed point”, we choose the latter description to stay connected to the philosophy that motivates this
work.) With this result in mind, we can reformulate our inverse problem in terms of a fixed point equation: minimize the
distance between a target u (generated via observation) and the fixed point u by making the best choice of the parameters
which define k. Of course, our goal is to replace the minimization of the true approximation error by the minimization of
a functional with which we can work more easily. That is, we avoid solving the boundary value problem for u; and then
minimizing the true error d(u, u,) for the best A value.

In Section 2, we offer a recap of the the mathematics surrounding the Lax-Milgram representation theorem. Then, in a
new section, we formulate the framework for solving our inverse problem, as we have described briefly above. We will refer
to the main theorem as a generalized collage theorem, even though the trappings of the true collage theorem (contraction
maps, Banach’s theorem) are not at all involved. But the spirit and philosophy of the approach is rooted in similar thinking.
Finally, we develop some examples to demonstrate how the method can be used to solve boundary value inverse problems.

2. Background

We start by defining the notion of a bounded linear function on a Hilbert space H.

Definition 1. A linear functional on a real Hilbert space H is a linear map from H to R. A linear functional ¢ is bounded, or
continuous, if there exists a constant M such that
lpx)| < M|Ix]|
forallx € H.
Note that by the linearity of ¢ it is trivial to prove that we may choose

M = max X).
er,lle:lqb( )

We next state the Riesz representation theorem.

Theorem 2 (Riesz Representation). Let H be a Hilbert space and ¢ be a bounded linear functional; then there is a unique x € H
such that ¢(y) = (x,y) forally € H, where (-, -) denotes an inner product in H.

The Lax-Milgram representation theorem, the key result used in building the work in this paper, follows. This theorem is a
generalization of the Riesz representation theorem to more general quadratic forms.

Theorem 3 (Lax-Milgram Representation). Let H be a Hilbert space and ¢ be a bounded linear nonzero functional. Suppose that
a(u, v) is a bilinear form on H x H which satisfies: there exist constants

e M > Osuch that |a(u, v)| < M|ju||||v| forallu, v € H, and
e m > 0 such that |a(u, u)| > m|u||® forallu € H.

Then there exists a unique u € H such that ¢ (v) = a(u, v) forallv € H.
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Both the one- and two-dimensional steady-state diffusion equations can be cast into the framework of the Lax-Milgram
theorem. To help understand the examples that will follow later, we present these formulations in the following example.

Example 4. We start with the two-dimensional steady-state diffusion equation on the unit square. Let 2 = {0 < x,y < 1},
£2 represent its closure, and 042 its boundary. We consider the equation

=V (kX yVux,y) =fKxy), xy) € (4)
u,y) =0, (x,y) € 942,

where the diffusivity « (x, y) varies in both x and y. Multiply (4) by a test function v(x,y) € H& ([0, 17?), the Hilbert space
built with all L? functions that have a weak derivative in 2. Next, integrate over £2 to get, suppressing the dependence upon

xand y,
—// V.- (kVu)vdA
2

//fvdA
2
—// (VK-Vu)v,dA—// kvV2u, dA. (5)
2 2

Upon application of Green’s first identity, with i1 denoting the outward unit normal to 4£2, (5) becomes

//fvdA:// KVv~VudA—/ kv(Vu - n)ds, (6)
2 2 092

where the boundary integral vanishes because v € H(} ([0, 11%). Now, (6) can be written as a(u, v) = ¢(v), with

a(u, v) = // kVv - VudaA, (7)
2

$(v) = // fuda. (8)
2

The one-dimensional steady-state diffusion equation can be formulated similarly. For x € [0, 1], we consider

d du
i (K(X)a> =f(x), 0<x<1,
u(0) =0,
u(l) =0.

It is well known that on the Hilbert space H(} ([0, 1]) this problem can be reformulated in a variational form as

1 1
f k(U (X)v' (x)dx = / fx)v(x)dx, (9)
0 0

forallv e H(} ([0, 1]). In terms of the notation used above, this equation can be rewritten in the form

a(u, v) = ¢(v).

In either case, by the Lax—Milgram theorem, we have the well-known result that the two problems we have presented have
a unique solution in H; ([0, 1]1*) and H}[0, 1], respectively.

3. The generalized collage theorem

We formulate our inverse problem. For a given Hilbert space H, suppose that we have (i) a target element u € H, and (ii)
a family of bilinear functionals a, (u, v) : A x H x H +— R that satisfy the hypotheses of the Lax-Milgram theorem. Then,
by the theorem, for each A € A there exists a unique fixed point u;, such that ¢ (v) = a; (uy, v) forall v € H. We would like
to find the value of A such that ||u — 1, || is as small as possible; that is, we wish to find

min |Ju — u, ||
reA
As in our introductory discussion of inverse problems in other frameworks, minimizing this true approximation error is not

appealing. Motivated by the collage theorem, our goal is to produce an inequality that allows us to shift our attention to a
different minimization problem. We present the generalized collage theorem.

Theorem 5 (Generalized Collage Theorem). Suppose that
a,(u,v): AXHXH—R
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is a family of bilinear forms satisfying the hypotheses of the Lax-Milgram theorem for all .. € A, with positive constants M, and
my. Let ¢ : H — R be a given linear functional. Let u, denote the solution of the equation a, (u, v) = ¢(v) forallv € H, as
guaranteed by the Lax—Milgram theorem. Then for all u € H, we have

_ 1
lu—ull < —F(),
m;,

where

FM) = sup  |a,(u,v) — o). (10)
veH, lv=1

Proof. For each A we know, by the Lax-Milgram theorem, there exists a unique u; € H such that a; (v, u;) = ¢(v) for all
v € H. We then have
myllu— 7 <l =ty u— )
= |ay(u — Uy, u) — @, (u — Uy, Uy)]
= la(u — Uy, u) — pu — uy)|

so that
_ 1
lu—wll =\ — sup  |a,(u, v) — o ()|, (11)
m;. J veH, |v|=1
giving the result. O
Now, if
m = inf m, > 0, (12)
rEA

we can replace the minimization of the true error by the minimization of F()); namely, we then wish to find

minF()).
reA

That is, letting (e;) C H be a basis of the Hilbert space H, not necessarily orthogonal, we have that each element v € H can
be written as v = ), o;e;. Computing, we have for all v € H,

ay (U, Zdi&‘) - ¢ (Z Oli€i>
1 1 2
< (Zai|ax<u, e;) —¢(ei>|>

|:Z ai{| |:Z la (u, ;) — ¢(Q’)|{| .

2

|a,(u, v) — p(v)[?

IA

Then, inequality (11) gives

. . 1 2 2
i = 1 () (| ) [ w0 oo
1

— sup [Za?} inf [meu,eo—meoﬁ]

veH, |vll=1 | 5

A

IA

Finally, to produce a problem that we can actually solve in general, let V,, = (eq, e, ..., e,) be the finite-dimensional vector
space generated by e;, so that V,, C H. Given a target u € H, let [Ty, u be the projection of u on the space V;,. We approximate
our minimization problem for the true error by

min |[[Ty,u — u,||. (13)
u; €Vy

Note that u; in (13)is in general not the same as the u;, in the infinite-dimensional problem. But following the same analysis
that led to (11), we have

1
(Ty,u —u, |l < () sup  |ax(ITy,u, v) — ¢ (v)|

M)/ vevn, llvl=1
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max [ af] [Z la (u, ;) —¢>(€z‘)|2}
1 i

n
v=" ajejeVn, vl=1 Li=
i=1

R
<= [Z las (u, e;) — ¢(e,»)|2} ,

where R = maXyev,, jv)=1 2_i; @7 SO, we have

=

e

. R, < R .
inf [|Tyu —w || < — inf Y | (u, &) — p(e) > = — inf (F(1))°. (14)
reA m reA =1 m reA

Thus, our goal is to find
inf (F,(M))?. (15)
reA

It is worth mentioning that when using the Collage Theorem in (1), one minimizes the collage distance d(x, Tx), disregarding
the term involving c, even though the value of c depends upon T. Similarly, in arriving at the minimization problem in (15),
we bound the term involving m; in order to get a simpler objective function.

4. Applications
Although the one-dimensional steady-state diffusion equation in the earlier example is a simple second-order BVP, the

inverse problem which can be treated using other machinery [8], it is instructive to consider precisely this problem as a first
illustrative example. As such, we consider

_E (K(X)%> =fx), 0<x<l1, (16)
dx dx

u(0) =0, (17)

u(1) =0, (18)

where the diffusivity « (x) varies in x. The inverse problem of interest is: given u(x), possibly in the form of an interpolation of
data points, and f (x) on [0, 1], determine an approximation of « (x). Of course, one might suggest substituting u(x) and f (x)
into (16) to solve for « (x). But this suggestion ignores the approximative nature of the problem and offers little assistance
in more complicated settings. In [12], a regularized least squares minimization problem is used to solve this problem by
directly minimizing the distance between the given u(x) and the solutions to (16). The generalized collage method allows
us to perform a different minimization to solve the inverse problem. A natural goal is to recover « (x) from observations of
the response u(x) to a point source f (x) = §(x — x;), a Dirac delta function at x; € (0, 1).

For a fixed choice of n, partition [0, 1] at

i
n+1
with n interior points. Also define

V! ={v € C[0,1] : vislinearon [x_1,x], i=1,...,n+ 1and v(0) = v(1) = 0} .

A basis for V! is the hat functions

X = i=0,...,n+1,

mM+D&E—x_-1), X 1<XZX
EX)=1-M+1D&x—Xp1), X <X=<X4,i=1,...,n
0, otherwise.

Suppose that continuous « (x) > 0 for all x € [0, 1], so m in (12) can be chosen as minye(o, 17 & (X).
Returning to (9) and setting v(x) = &;(x) € H(} ([0, 1]), we obtain a(u, &) = ¢(&;) where

1
a(u,gi):/ k(XU (x)& (x)dx, and (19)
0

1
$(&) = / &) dx. (20)
0

Assume that we are given data points u; measured at various x-values having no relation to our partition points x;. Suppose
that we fit a polynomial target function u(x) to the data, and express the diffusivity as a polynomial

N
k() = 2. (21)
j=0
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Table 1

Collage coding results when f(x) = 5X, kme(X) = 14 cos(x), m data points, target degree P, n basis functions, degree of kqge = 3, and Gaussian noise
amplitude ¢.

m P n e A Ao A3
200 20 100 0 2.00000 0.00000 —0.50000
200 20 100 0.01 2.01370 —0.30198 —9.75647
200 20 100 0.05 1.98435 —1.75487 —30.72414
100 10 50 0 2.00000 0.00002 —0.50035
100 10 50 0.01 1.72368 2.38409 —12.90815
100 10 50 0.05 2.18033 —16.29861 550.77331
20 4 10 0 1.96180 0.59654 —2.48663
20 4 10 0.01 1.88142 1.64255 —4.97099
20 4 10 0.05 1.58852 5.51423 —13.63244

In essence, this introduces a regularization into our method of solving the inverse problem. Working on V!, we have

N Xit1
@ &) =Y MAj, withA; = f X' (X)E/ (x) dx. (22)
j=0 Xi—1
Letting
1 Xi1
b = f F (08 (x) dx = / " e dx, i=1.....n. (23)
0 Xi—1

we now minimize

n N 2
Fa)? =) [Z A — bi:| . (24)
i=1 [ j=0

Various minimization techniques can be used.

Example 6. We set f(x) = 5x and k¢ (X) = 1+ cos(x). We solve the resulting BVP numerically and sample the solution at
m data points. We add Gaussian noise of small amplitude ¢ to these values and then fit a polynomial ug: (X) of degree P to
the data. Then, given U (x) and f (x), we seek to recover « (x) in the polynomial form (21), with coefficients A;, so that the
steady-state diffusion equation admits u¢gree () as an approximate solution. Finally, we construct (F, (2))? and minimize
it with respect to the A;. Table 1 presents the results, with coefficients to 5 decimal places. In the top line of the table, the
coefficients of the minimal collage « agree to five decimal places with the corresponding terms of Taylor series of k..

Moving to two spatial dimensions, for N, and Ny, fixed natural numbers, define hy = N% and h, = Niy as well as the NxN,,
nodes inside [0, 1]%:
(i, yj) = (ihx, jhy), 0 <i<Ny, 0 <j<N,.

The corresponding finite element basis functions &;;(x, y) are pyramids with hexagonal bases, such that &;(x;, y;) = 1 and
&j(xk, y1) = 0fork #i,1 # j. Ifi or jis O, the basis function restricted to 2 is only a portion of such a pyramid.
Now, if we expand « (x, y) in this basis, writing

Nx Ny
K6y = hubux,y),
k=0 [=0
then
Nx Ny
aw, &) =33 ( J[ vy vuaa— [ sugvuin ds).
k=0 1=0 2 352
Defining

Apgij = / EuVEj - VudA — £u&j(Vu-f)ds and by = / f&jdA
2 2

a0
means that we must minimize

(Fnyy ()») ZX Zy |:ZX Zy Akt — buj| . (25)

i=0 j=0 0 =0
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Fig. 1. For Example 7, the graphs of our actual « (x, y) and the collage-coded approximations of k with Ny = N, = 3, 4, 5, 6, 7 (left to right, top to bottom).

Example 7. Set u(x,y) = x(1 —x)y(1 —x) € H(}([O, 11?), and pick x (x, y) = 1 4+ sin (%(x +y)). We use (4) to determine
f(x,y). Our inverse problem is: given f (x, y) and data values of u(x, y), approximate « (x, y). We determined the values of
A that minimize (25) by using Maple 11’s quadratic program solver. In Fig. 1, we present graphs of our actual « (x, y), as
well as the results obtained by minimizing (25) with Ny = N, = 3,4, 5,6, 7.
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