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Abstract

We study the properties of multifunction operators that are contractive in the Covitz—Nadler sense. In
this situation, such operators 7T possess fixed points satisfying the relation x € Tx. We introduce an iterative
method involving projections that guarantees convergence from any starting point xo € X to a pointx € X7,
the set of all fixed points of a multifunction operator 7. We also prove a continuity result for fixed point
sets X7 as well as a “generalized collage theorem” for contractive multifunctions. These results can then
be used to solve inverse problems involving contractive multifunctions. Two applications of contractive
multifunctions are introduced: (i) integral inclusions and (ii) iterated multifunction systems.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper we are concerned with multifunctions 7 : X =2 Y, i.e., set-valued mappings from
a space X to the power set 2Y . In particular, we consider multifunctions that satisfy the following
contractivity condition: There exists ¢ € [0, 1) such that d;,(Tx, Ty) < cd(x, y) forall x,y € X,
where d;, denotes the Hausdorff metric. From a fundamental theorem of Covitz and Nadler [5],
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if T is contractive in the above sense, then there exists a fixed point x € X such that x € T'x.
Note that x is not necessarily unique. The set of fixed points of T, to be denoted as X7, will play
an important role in this paper.

We first prove a corollary of the Covitz—Nadler theorem using projections onto sets. This
provides a method to construct solutions to the fixed point equation x € T x, essentially by means
of an iterative method that converges to a point x € X7. We then derive two results that can be
viewed as multifunction analogues of those that apply when T is a contractive point-to-point
mapping (in which case Banach’s fixed point theorem applies), namely: (i) a continuity property
of fixed point sets X7 and (ii) “collage theorems” for multifunctions.

These results are important in the inverse problem of approximation by fixed points of con-
tractive mappings [7,8], which we state for the case in which 7:X — X is a point-to-point
contraction mapping:

Given a “target” element y € X, we seek a contraction mapping 7 with fixed point x such that
d(y, x) is as small as possible.

In practical applications, however, it is difficult to construct solutions to this problem. Instead,
one relies on the following simple consequence of Banach’s fixed point theorem,

1
d(y, %) < 74, Ty), )

where c is the contractivity factor of T'. In the fractal imaging literature, this result is known as
the “collage theorem” [1,3]. Instead of trying to minimize the approximation error d(y, X), one
searches for a contraction mapping 7 that minimizes the collage error d(y, T'y). This has been
the basis of most, if not all, fractal image coding methods [6,12]. More recently, it has also been
employed in various inverse problems involving differential equations [11]. The results in this
paper provide the setup for solving inverse problems involving contractive multifunctions.

We then consider two areas to which the contractive multifunction theory summarized above
can be applied. The first is integral inclusions. We define a multifunction operator 7' analogous
to the Picard integral operator for first order systems of differential equations. Under appropriate
conditions this operator is contractive, guaranteeing the existence of a solution to the integral
inclusion.

Secondly, we introduce a method of iterated multifunction systems (IMS) over a metric space.
This is based on a generalization of a standard point-to-point contraction mapping to a set-valued
operator. Hutchinson [9] and Barnsley and Demko [2] showed how systems of contractive maps
with associated probabilities—called “iterated function systems” by the latter—acting in a par-
allel manner either deterministically or probabilistically, can be used to construct fractal sets and
measures. Here we define an IMS operator T by the parallel action of a set of contractive mul-
tifunctions 7;. Under suitable conditions, 7 is contractive in the sense defined earlier, implying
the existence of a fixed-point multifunction of x such that x € Tx.

2. Hausdorff distance: Properties and results

In the following we let d(x, y) denote the Euclidean distance. We shall also let H(X) denote
the space of all compact subsets of X and dj; (A, B) the Hausdorff distance between A and B,
that is

dy(A, B) =max{maxd/(x, B). maxd'(x, A)}, )
xX€eA xeB
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where d’(x, A) is the usual distance between the point x and the set A, i.e.,
d'(x, A) =mind(x, y). (3)
yeA

In the following we will denote by h(A, B) = maxyea d’(x, B). It is well known that the space
(H(X), dy) is a complete metric space if X is complete [9].

Lemma 1. Let (X, d) a metric space.

1. Forall x,y € X, C C X we have
d'(x,C) <d(x,y)+d'(y,0). “)

2. If AC B then h(C,A) > h(C,B) and h(A,C) < h(B,C) forall C C X.
3. Forallx,y € X and A, B C X we have

d'(x,A) <d(x,y)+d (v, B) + h(B, A). 5
4. Forallx € X and A, B C X we have
d'(x,A) <d'(x, B) + h(B, A). (6)

5. Suppose now that (X, || ||) be a real normed space and E C X be a convex subset of X. Let
A1,A2,B;,ByC Eand}; €[0,11and ) ; 1; = 1. Then

dp(AM A1+ A2A2, M By + A2 B2) < A1dp (A, By) + A2dp (A, Ba). @)
6. Let Aj, Bi CE and %; €[0,1] fori =1,2,...,N, > ; Aj = 1. Then

@(ZA,-A,-,A,-Bi) <D Aidn(Ai, By). ®)
i i

7. Let A, B,C C E, A1, A € [0, 1] such that Ay + Ay = 1. Suppose that A, B, C are compact
and A is convex. Then

dp(A, M B+ 2C) < Midp(A, B) 4+ Adp(A, C). 9

Proof. 1. Computing we have

d(x,c) <d(x,y)+d(y,c) (10)
and then taking the infimum with respect to ¢ € C we have
d(x,C)<d(x,y)+d'(y,C). (11)
2.If A C B then we have
d'(c, B)y>d'(c, A) (12)

and taking the supremum with respect to ¢ € C we have the thesis. In analogous way one can
prove the second inequality.
3.Forall x,y,u,z € X we have

d(x,u) <d(x,y)+d(y,z) +d(z,u). (13)
Taking the infimum with respect to u € A we have

d'(x,A) <d(x,y)+d(y,2) +d'(z, A) <d(x,y) +d(y,2) + h(B, A) (14)



162 H.E. Kunze et al. / J. Math. Anal. Appl. 330 (2007) 159-173

and then the infimum with respect to z € B we have the thesis.
4. From the previous point, choosing y € B we have

d'(x,A) <d'(x,y) + h(B, A) (15)

and then the thesis follows by taking the infimum with respectto y € B.
5. Computing, we see that

h(AM A1+ AAr, A By + Ay By) = max mln [[A1ar + Apax — A1by — Aaby||

ay,ap by,by
< max mm[)»l llay — bill + Azllaz — ball]
ay,az by,
= Ay maxmin ||a; — by|| + A maxmin ||ay — by ||
aj by a b
= A1h(A1, By) + A2h(Az, By).

Similarly we have that h(A1 By + A2B2, A1 A1 + A2A2) < Ah(By, A1) + Mh(Ba, Az). Since
h(A1, By) <dp(Ay, By) and h(By, A1) <dp(A1, By), we have the desired result.

6. It is easy to see that if A is convex and A; > 0 with ) ", A; = 1 then A = ), A; A. Using this
observation we easily get the following lemma. O

The following examples state how to calculate the Hausdorff distance when the sets are inter-
vals.

Example 1. Let A = [a1, a>] and B = [b1, by]. Then
dp(A, B) =max{|b) — ay|, |bs — az|}.
Example 2. This example shows that there are no possibilities to prove a result as Lemma 1 for
the Hausdorff distance. In fact, consider C =[—-3,0], A =[1,3] and B =[2, 5/2]. Then
dp(C, A) =max{l — (-3),3 -0} =
and
dp(C, B) =max{2 — (-3),5/2 -0} =5.
Soevenif B C A thend,(C, A) <d,(C, B).

3. Properties of contractive functions

For the benefit of the reader, we mention some important mathematical results which provide
the basis for IFS fractal transform methods and fractal-based approximation methods.

Theorem 1 (Banach). Let (X, d) be a complete metric space. Also let T : X — X be a contraction
mapping with contraction factor c € [0, 1), i.e, forall x,y € X, d(Tx,Ty) < cd(x,y). Then
there exists a unique X € X such that x = Tx. Moreover, for any x € X, d(T"x,x) — 0 as
n— oo.

A simple triangle inequality along with Banach’s theorem yields the following result.
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Theorem 2 (“Collage Theorem” [1,3]). Let (X, d) be a complete metric space and T : X — X
a contraction mapping with contraction factor c € [0, 1). Then for any x € X,

d(x, %) < %d(x,Tx), (16)
c

where X is the fixed point of T.

Another manipulation of the triangle inequality involving x, Tx and X yields the following
interesting result.

Theorem 3 (“Anti-collage theorem” [13]). Assume the conditions of the Collage Theorem above.
Then forany x € Y,

1
d(x,x) > ——d(x, Tx). 17
(x, x) e ( ) a7
Theorem 4 ( “Continuity of fixed points” [4]). Let (Y, dy) be a complete metric space and T, T»
be two contractive mappings with contraction factors c¢i and c; and fixed points yi and yj,
respectively. Then

1
dY ()’T, y;) < :dY,sup(Tl ’ TZ) (18)
where
dy sup(T1, T2) = sup d(Ti (x), Ta()) (19)
xeX

and ¢ = min{cy, ¢c»}.
4. Contractive multifunctions and fixed point inclusions

We now extend the previous results to the more general case where when set-valued functions
(multifunctions) are considered. We recall that a multifunction 7 : X == Y is a function from X
to the power set 2¥ . We recall that the graph of T is the following subset of X x Y:

graphT:{(x,y)eXxY: yeT(x)}. (20)

If T(x) is a closed, compact or convex we say that T is closed, compact or convex valued,
respectively. A multifunction T is said to be convex if

tITx)+ (1 =0T () CT(tx+ (1 —1)y) 2D

forall x, y € X and ¢ € [0, 1]. There are two ways to define the inverse image by a multifunction
T of a subset M:

() T ' M)={xeX: T(x)NM #@};
Q) TH' (M) ={xeX: T(x) C M}.

The subset T~ (M) is called the inverse image of M by T and T*! is called the core of M
by T. A function t: X — Y is a selection or selector of T if 1 (x) € T (x), Vx € X. A fixed point
of a multifunction 7 satisfies the relation

xeTx. (22)
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This relation is also known as a fixed point inclusion.
The following result gives a condition for the existence of a fixed point of a multifunction 7.

Theorem 5. (Covitz and Nadler [5,10]) Let (X, d) be a complete metric space and suppose that
T : X — H(X) be a set valued contraction mapping, i.e.,

dp(Tx, Ty) < cd(x,y) (23)

forallx,y € X and c € [0, 1). Then there exists x € X such that x € Tx.

Note that the fixed point X is not necessarily unique.

We now prove a corollary of this theorem which will also provide a method to construct
solutions of the fixed point equation (22). Our proof is based on the projection of a point onto
a set.

Given a point x € X and a compact set A C X we know that the function d(x, a) has at least
one minimum point @ when a € A. So we have

d(x,a) <d(x,a) (24)

for all a € A. We call a the projection of the point x on the set A and denote it as a = m A.
Obviously a is not unique but we choose one of the minima.
We now define the following projection function associated with a multifunction T':

P(x) =m,(Tx). (25)

Theorem 6. Let (X, d) be a complete metric space and T : X — H(X) a contraction multifunc-
tion such that dp (T (x), T (y)) < Kd(x,y) forall x,y € X with K € [0, 1). Then

(1) Forall xg € X there exists a point x € X such that x,+1 = P(x;) = X when n — +o0.
(2) x is a fixed point, that is, x € TX.

Proof. Starting from a point xo € X, take the projection P(xp) of the point on the set T xg.
Computing, we have d’(xg, Txo) = d(xo, P(xg)). Let x; = P(xo) and take the projection of x|
on the set 7x;; we have

d(xp,x1) =d(P(x1),x1) =d'(x1, Tx1) =d'(P(x0), Tx1)
< h(Txo, Tx1) < cd(xg, x1) = cd’ (xo, Txp)
and for each n € N we have
d(xp, Xpy1) = d'(xn, Txp) < ¢"d'(x0, Txo) = c"d(x0, x1). (26)

Then for all n,m € N, ng < n < m, we have

m—1 m—1
d (X, xm) < Y dxi, xip1) < Y " Hd(xo, x1)
i=n

i=n

m—1 . 1 —cm
=c"d(xo, x1) ZC’ =C”( - )d(XO,m)
i=0
g
< d(xp, x1).
1—c
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Therefore the sequence {x,} is Cauchy in X. Since X is complete there exists x € X such that
X, — X. Since
d'(x,Tx) <d(x,x,) +d (xn, Txp) + h(Txp, TX)
<d(X, x) + "d(x0, Txg) + cd(x,, X)
= (1 +o)d(x, x,) + " d(x0, Tx0),

it follows that x e Tx. O

Remark 1. Suppose that (X, d) is a compact metric space and 7 : X — H(X) a nonexpansive
multifunction such that d,(Tx, Ty) < d(x, y) for all x, y € X. In this case the previous result
can be extended taking into account only the sequence x,+1 = P(x,) for which d(x,+1, x,) =
d(P(xp), x,) converge to zero. Under this hypothesis and taking xo € X, it is easy to prove there
exists a subsequence ny such that x,, — x when k — 400 and x is a fixed point.

The following two results provide possible methods of finding solutions of the fixed point
inclusions when some hypotheses are added.

Corollary 1. Let (X, d) be a complete metric space and T : X — H(X) a contraction multifunc-
tion. Suppose that there exist two selectors t| and t» of T which are contractions with factors K1,
K> and fixed points x1, x3, respectively. If T is convex then x = tx1 + (1 — t)x3 is a fixed point
foreacht €[0,1].

Proof. Computing, we have
x=tx1+(1=0)x€tT(x1)+ (1 —1)T(x2)
CT(txi + (1 —)xz) =T (x). O
Corollary 2. Let X = [a, b] and d be the usual Euclidean distance. Suppose that T : X — H(X)

is a contraction multifunction and that T (x) is convex for each x € X. Thenmin T (x) (max T (x))
is a contraction on X.

Proof. From the hypotheses, T (x) is a subinterval of [a, b] and so
|min 7' (x) — min T (y)| < d (T (x), T (»))
< max{ |min T(x) —minT(y)
< Kd(x,y). O

max T (x) —max T (y) |}

9

Given a multifunction 7 : X = X let X7 = {x € X: x € Tx} be the set of all fixed points of 7.
The following results give some properties of the set X7.

Theorem 7. Let (X, d) be a complete metric space. Then X1 is complete.

Proof. Let x, € X7 be a Cauchy sequence of points of X7. Since x,, € X and X is complete
then there exists a point x € X such that d(x;, x) — 0. Now we have

d(%, TX) <d(X, xp) +d' (xn, Txn) + h(Txy, TX) < 2d (X, xp) 27

and the desired result follows. O
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Remark 2. Let (X, d) be a compact metric space. In this case it is easy to prove that X7 is
compact.

Theorem 8 (Generalized Collage Theorem). Let (X, d) be a complete metric space and T : X —
H(X) a contraction multifunction with contractivity factor c € [0, 1). Then for all x € X there
exists a fixed point x such that

dx, T
d(xo, 7)< T T0) 28)
1—c¢c
so that
dx, T
d'(x. X7) < M 29)
—C

Proof. For any x € X, let xo = x. From Theorem 6, there exists a point x € X7 such that the
projection scheme P (x,) — x. Then

n
d(x0, %) <) d(xi, xi—1) +d(xy, X)

i=1

=Y d(P(i—1).xi-1) +d(x,. %)
i=1
n—1

< Zcid(x]’x()) +d(xnv~i)
i=0
n—1

<Y d' (xo, Txo) +d(xn, )
i=0

1
g_
1—c¢

d' (xo. Txo) + d(xn, X).
In the limit » — o0, we have the desired result. O

Theorem 9 (Generalized Anti-Collage Theorem). Let (X,d) be a complete metric space and
T : X — H(X) a contraction multifunction with contractivity factor ¢ € [0, 1). Let X7 = {x € X:
x € Tx} be the set of all fixed points of T. Then

d'(x,Tx) < (1 +c)d (x, X7). (30)

Proof. From Lemma 1 we have that for all y € X7,
d'(x, Tx) <d(x,y) +d'(y, Tx) <d(x,y) + h(Ty, Tx) < (1 + o)d(x, y).

The desired result follows by taking the infimum. O

The following result establishes the continuity or stability of the fixed point set X7 of a con-
tractive multifunction.
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Theorem 10. Let (X, d) be a complete metric space and Ty, T>: X = X be two contractive
multifunctions on X. Suppose that X1, and X, are compact sets. Define the following distance

doo(Ty, Tr) = supdy (Tyx, Trx). (31)
xeX

Then

Xy, X < D (32)
Proof. From Lemma 1 we know that for all x € X and A, B C X we have

d'(x, A) <d'(x, B) + h(B, A). (33)
Let x € X7, and computing we have

d'(x, Tox) <d'(x, Tix) + h(Tix, Trx) < doo(Th, T2). (34)
Now using collage theorem we have

(I —c)d'(x, X1y) < d'(x, Tax) < doo(T1, T2) (35)
and taking the supremum with respect to x € X, we have

(I = e)h(X1y, X15) < doo(T1, T2). (36)
Upon interchanging X7, with X7, we have

dy(Xr,. Xp,) < T TD) 37)

1 —min{cy, c2}
Corollary 3. Let T, : X = H(X) be a sequence of contraction multifunctions with contractivity
constants such that sup, c, = S < 1. Suppose that T,, — T in the d, metric where T : X =
‘H(X) is a contraction multifunction with contractivity factor c. If X1, and Xt are compacts
then X7, — X in the Hausdorff metric.

5. Applications: Integral inclusions and iterated multifunction systems

We now apply the results of the previous sections to some examples concerning integral in-
clusions and iterated multifunction systems (IMS).

5.1. Integral inclusions
Consider now the space of all continuous functions C([a, b]) endowed by the classical d

metric. It is well known that (C ([a, b]), dx) is a complete metric space. Now consider for each
u € C([a, b)) the following operator

Tu) = Y07 [ gils.ue))ds+ Poi= Y Pigl + Py (38)
where

§,~“(X)=/¢i(s,u(S))ds, (39)
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Py is a compact set, ¢; : R x R — R are Lipschitz functions with constants K; > 0 and P; C R
are compact sets. Let X = C([a, b]). It is clear that T : X =% H(X) where the space H(X) is the
space of all compact subsets of X endowed by the metric

di(A, B) = max{max mindeo (@, b), max min deo (a, b)}. (40)
acA beB beB acA
The space (H(X), dj) is complete.
Theorem 11. 7 : (X, d) — (H(X), dy).
Proof. We only need to prove that Tu is a compact subset of X. To do this, take a sequence of

elements [, € Tu; then [, =), pi n& + po,, and then, eventually by extracting subsequences
and using the compactness of P; we have that p; , — p; € P;. Letl =), p;&/' + po. Then

deolln ) < sup Zmn pillg 0] < Zmn pil sup !s ()] =0

x€la,b

whenn — +o00. O

The following results shows that T'u is Lipschitz on C ([a, b]).
Theorem 12. d (Tu, Tv) < cdoo(u, v) for all u, v € X where c = (b —a) ) ; |pi|K;.
Proof. First of all we observe that

d(Tu, Tv) =dj, (Z Pigl + Py, Y PE + Po) <dy (Z Pigl, ZPiE,-”)-

Computing, we have
h (Z P/, Z Pl-éi”> = max g begigi%v doo(a, b)
- iy e (S0 i
Zpls (x) — Zp,s (x)
< max min sup

pi&l(x) = ) pi&(x)
mePipf‘esze[ab]Z l Z '
+ sup

: b]Zpls @) — Zp,s )

<%$DMAWWW

+ ) |pF| sup JE7 () — & ()]
i x€la,b]

= max mm sup
Pi€Pi pfeP; xela,b]

< max Ipil sup |&'(x) — &/ (x)]|.
\PieP,'Xl.: ' xe[a,b]| ' l |
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Now recalling that

€7 (x) — &' (0)| =

/db,-(s,v(s)) ds —/(bi (s,u(s)) ds

X

< K; /|v(s) - u(s)|ds

< Ki(x —a)doo (v, 1)

we have
h<§ PED :Pis,-”) <max Y |pil sup [E7(x) — & (x)]
; ; Di€P; ; x€la,b]

<Y Ipil sup Ki(x — a)doo(v, 1)
i

x€la,b]

S@-a)) IpilKids.w). O

Theorem 13. Suppose that c = (b —a) Y_; |pi|Ki < 1. Then the fixed point inclusion

ue) P&+ Py (41)
i

has at least a solution u € X. Furthermore, for all ug € C(la, b]) there exists a point u € X such
that up+1 = P(u,) — i when n — 400.

In Fig. 1, we illustrate some selections of the integral inclusion

t

x(t)e(Tx)(t)= /(Po + Pix(s) + szz(s)) ds,
0

X(t)o-

10

Fig. 1. Some selections of the integral inclusion x(¢) € (Tx)(t) = fol(Po + P1x(s) + szz(s)) ds, where each P; is the
interval [—1, 1].
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where each P; is the interval [—1, 1]. We select values a; € P; and plot the solution to the cor-
responding integral equation. We restrict ourselves to a; € {—1, — O, 5. 1} for each i, so that
there are a total of 125 selections plotted in Fig. 1.

5.2. Iterated function systems and iterated multifunction systems

First of all we introduce the idea of an iterated function system. Once again, (X, d) denotes
a complete metric space, typically [0, 1]". Let w = {w1, ..., wy} be a set of contraction maps
w; : X — X, to be referred to as an N-map IFS. Let ¢; € [0, 1) denote the contraction factors of
the w; and define ¢ = max;g;<n ¢; € [0, 1). As before, we let H(X) denote the set of nonempty
compact subsets of X and h the Hausdorff metric. Associated with the IFS maps w; is a set-
valued mapping w: H(X) — H(X) the action of which is defined to be

N
W) =Jwi(s), SeHX), (42)
i=1
where w; (S) := {w; (x), x € S} is the image of S under w;,i =1,2,..., N.Itis a standard result
that W is a contraction mapping on (H.(X), k) [9]:
(W(A) w(B)) ch(A,B), A,BeH(X). (43)

Consequently, there exists a unique set A € H(X), such that W(A) = A, the so-called attractor
of the IFS w. The equation A = w(A) obviously implies that A is self-tiling, i.e., A is union
of (distorted) copies of itself. Moreover, for any So € H(X), the sequence of sets S, € H(X)
defined by S,+1 = w(S,) converges in Hausdorff metric to A.

Example3. X =[0,1], N =2: w;(x) = %x, wy(x) = %x + % Then the attractor A is the ternary
Cantor set C on [0, 1].

As extension of IFS, consider a set of T; : X = X of multifunctions where i € 1,...,n and
Tix € H(X) for all i. We now construct the multifunction 7 : X = X where
Tx= U Tix. (44)

Suppose that the multifunctions 7; are contractions with contractivity factor ¢; € [0, 1), that is,
dp(Tix, Tiy) < cid(x, ). (45)
From the Covitz—Nadler theorem cited earlier, there exists a point x € Tx. Now given a compact

set A € 'H consider the image

T(A) =] TaeHX). (46)
acA
Since T : (X, d) — (H(X), dy) is a continuous function then 7 (A) is a compact subset of H(X).
So we can build a multifunction 7* : H(X) = H(X) defined by
T*(A) = T(A) 47)
and consider the Hausdorff distance on H(X), that is given two subset A, B C H(X) we can
calculate

din (A, B)—max{sup inf dj(x. ), sup inf dy(x. y)}. (48)

xeAYEB xeAY
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We have the following result.

Theorem 14. T*: H(X) = H(X) and
dhh(T (A), T* (B)) cdp(A, B). (49)

Proof.

dhh(T*(A),T*(B))zmax{ sup inf dp(x,y), sup  inf dh(x,y)}
xeT*(A) YET*(B) xeT*(B) YET*(A)

= max{sup inf dp(Ta, Th), sup inf d; (Th, Ta)]

acAbEB beBacA
< cmax[sup inf d(a, b), sup inf d(b,a) =cd,(A, B). O

acAbeB beBacA

We therefore have the following result.

Theorem 15. Let (X, d) be a complete metric space and T; : X — H(X) be a finite number of
contractions with contractivity factors c; € [0, 1). Let c = max; c¢;. Then

(1) For all compact A C X there exists a compact subset A C X such that A,41 = P(A,) — A
when n — +o0.

2) AcU; Ti(A).
5.3. Iterated multifunction systems on mappings

Consider now the set X of all functions on [0, 1] and the set E = B([0, 1]) built by taking all
the functions u : [0, 1] — [0, 1]. Obviously E is convex and we can consider on this space the
metric d, that is,

d(u,v) =deo(u,v) = sup |u(x) —v(x)|. (50)
x€[0,1]

It is well known that (X, d) is a complete metric space. Consider as usual in IFS theory a set of
mappings w; : [0, 1] — [0, 1] forall i =1...n and let ¢; : [0, 1] X [a, b] — [0, 1] be a family of
Lipschitz functions, that is,

|6i (v, ¥) — i <Kily —&| (51

for all v € [0, 1] and ¥, & € [a, b]. Consider now the multifunction ¢;‘ :B([0,1]) = B([0, 1])
defined by

¢ray=J ¢iw8. (52)

&€la,b]

It is trivial to prove that ¢i* : B([0, 1]) — H(B([0, 1])) is a contraction. Suppose that ¢* satisfies
di (o] (), 7 (V) < K[ 'doo (u, v) (53)

where K; * €10, 1). Consider the following function Thu,

Tou = Zp,qb, wi').ai), (54)
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whereae R", a=(ay,...,a,),0< p; < 1foralli, Y ; p; =1, and we suppose that we put zero

corresponding to a term in which w; ! (x) =0. Clearly Tou :[0, 1] — [0, 1] and we can build the
following IMS operator

= U u—Zm, ). la. b)). (55)

acla,b]"
Theorem 16. T'u is compact in (B([0, 1]), dxo).

Proof. To prove this, take a sequence of elements vy € Tu, then vy = Tp u but oy € [a, b]"
and so, eventually by extracting subsequences, we have oy — . We now prove that vy — Tyu.
Computing, we have

doo (vi, Tyu) = JSu |vk<x)—Tau(x)|

= sup |Taku(x) Tu(x)|

< s Z pildi (u(w; ' (), @) — i ((w;' (), (i) |
xe[
< ZPiKi‘ai — (ail- |

So T : B([0, 1]) = B([0, 1]) and Tu € H(B([O, 1])). We now prove that T is a contraction.

Theorem 17. The multifunction T : B([0, 1]) = B([0, 1]) satisfies
dp(Tu, Tv) < cdso(u, v), (56)
where c =3} _; piK}.

Proof. Computing we have

dy(Tu, Tv) = dh<2pl¢l 1), [a, b]), Zp,@ ), la, b]))
<2 pida () 121, ¢,(< ). la. b))
=Zpidh ¢7 (u(w)). ¢ (v(wi )
3 K. (o)
gzl:p,-K;"doo(u,u). O

By the previous results we have then proved the following theorem.

Theorem 18. Let w; :[0,1] — [0, 1] for all i = 1...n be a set of mappings on [0, 1] and let
¢i : [0, 1] x [a, b] — [0, 1] be a family of Lipschitz functions, that is,

|gi (&, @) — $i (€, B)| < Kilo — B (57)



H.E. Kunze et al. / J. Math. Anal. Appl. 330 (2007) 159-173 173

and
dp (] (), ¢ (v)) < K['doo (u, ) (58)
forallu,v € B([0, 1]), where K; > 0, Ki* e[0,1), a,B €la,b], &£ €[0,1] and
gray=J ¢itu,v). (59)
vela,b]
Let
Tau=Y_ pigi(u(w;"), ai) (60)
i
where 0 < p; < 1 foralli, ) ; pi =1, and
Tu= |J Tau. 61)
acla,b]*

Then

(1) For all functions ug € B([0, 1]) there exists a function u € B([0, 1]) such that u,1| =
P(u,) — u when n — +o0.
) ueT ).
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