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Abstract

The evolution of probability distributions for quantum systems defined by the de Broglie–Bohm causal interpreta
quantum mechanics is examined in the context of whether, in general, a non-|ψ |2 distribution will evolve to approximate a|ψ |2
distribution, as has been suggested by Bohm and others. This study focusses on hydrogen eigenstates and two-sta
transitions stimulated by semi-classical radiation. It is shown that this process of ‘relaxation’ will not in general occur
hydrogen systems, and thus that the de Broglie–Bohm theory must retain the|ψ |2 postulate if it is to be consistent with th
standard quantum theory of individual systems.
 2004 Elsevier B.V. All rights reserved.
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1. Introduction

In the Schrödinger picture, the de Broglie–Boh
causal interpretation of quantum mechanics ascribe
trajectories to quantum particles with spin accord
to the equation[4,10]

(1)p = ∇S + ∇(logρ) × s.

In this expression, the functionS is proportional to the
phase of the wave function

* Corresponding author.
E-mail address: ervrscay@uwaterloo.ca (E.R. Vrscay).
0375-9601/$ – see front matter 2004 Elsevier B.V. All rights reserved
doi:10.1016/j.physleta.2004.05.020
ψ = ReiS/h̄,

ρ = |ψ|2 is the magnitude squared of the wavefun
tion ands is the spin vector.1

It is now well known that the causal theory
consistent with standard quantum mechanics in
sense that if the initial distribution of positions is giv
by P = |ψ|2 = R2, then the continuity equation

(2)
∂R2

∂t
+ ∇ ·

(
R2∇S

m

)
= 0

1 The original theory as stated by Bohm in[3] did not include the
∇ logρ × s term; this turns out[10] to be necessary for consisten
with a relativistic formulation.
.
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guarantees that the position distribution will rema
consistent with|ψ|2. Furthermore, the local values
other observables have been defined as function
position in such as way as to yield consistency w
standard quantum mechanics in the case that the
tions are in agreement with the|ψ|2 distribution[9].
Bohm and Hiley[4], as well as some others[15,16],
have posed the question of what happens to a quan
system whose trajectories are defined according to
causal theory, when it doesnot start out in the standar
|ψ|2 distribution.

Bohm and Hiley argued in[4] that if the wave func-
tion is sufficiently complicated, the non-standard d
tribution will eventually approximate the|ψ|2 distri-
bution due to the spreading out of the trajectori
This has also been argued by Valentini, who used
analogue of the classical coarse-grainedH -theorem
[15,16]. Potel et al. have furthermore shown th
when a quantum system is subject to noise in
de Broglie–Bohm theory, it will approach the|ψ|2 dis-
tribution [12].

The |ψ|2 distribution is a ‘stable’ one, in the sen
that a distribution that is close to|ψ|2 (in some
appropriate metric) will continue to be close to|ψ|2
due to the continuity equation[15,16]. As such, the
approach to|ψ|2 can be seen as a form of ‘relaxatio
to a quantum equilibrium. The ‘equilibrium’ state
defined as the situation where the spatial distributio
|ψ|2; for this reason ‘equilibrium’ in this context doe
not imply that the distribution is constant in time, on
that it is always (approximately)|ψ|2, which itself is
time-dependent in general.

Bohm and Hiley assume in[4] that the system is
chaotic, and that each trajectory approaches each
in phase space arbitrarily closely at some time. Th
relaxation argument makes use of this property. Va
tini’s ‘subquantumH theorem’ [15,16] admits the
possibility that the coarse-grainedH does not change
and thus that the distribution does not approach|ψ|2;
like the classical coarse-grainedH theorem (see, fo
example,[14]), the approach to quantum equilibriu
relies on both the coarse-graining and on the statis
nature of the system.

However, it is unclear exactly how complex th
wave function needs to be in order to ensure that
laxation to quantum equilibrium will occur. It is als
unclear on what time scale relaxation occurs, wh
it does. Bohm and Hiley were convinced that in t
-

t

context of quantum statistical mechanics, quantum
laxation would ensure that the causal theory’s p
tulate that the distribution of initial conditions is al-
ways P = ρ = |ψ|2 would not be needed[4]. This
reduction in the number of fundamental assumpti
of the theory would be possible because even if
system started out in some arbitrary ‘non-quantum
non-|ψ|2 distribution, the system’s own time evolutio
would carry it to a distribution which would approx
mate|ψ|2. Thereafter, the standard quantum mech
ical predictions would be recovered.

Valentini has shown that if there were quantum s
tems with a non-standard (i.e., non-|ψ|2) distribution,
then they would behave very strangely. For exam
they would violate the no-signalling rule[15–17] as
well as other rules of quantum mechanics such as
uncertainty principle. Therefore, if there were system
which, for some reason, were unlikely to relax to qu
tum equilibrium, then the presence of the|ψ|2 postu-
late in the causal theory would be necessary in o
for the theory to make predictions consistent with st
dard quantum mechanics, and hence with experim
tal observation.

The question of relaxation in the determinis
de Broglie–Bohm theory is thus an important o
In this Letter we argue that there are physica
meaningful systems for which quantum relaxation w
not occur, and that if the causal theory is to desc
individual systems (something which is conside
one of its advantages[1]), then the|ψ|2 postulate mus
be retained.

2. Relaxation in hydrogen eigenstates

We first argue that quantum relaxation will n
occur in any of the standard hydrogen eigensta
under the Schrödinger, Pauli or Dirac equations.

Trajectories for hydrogen eigenstates were fou
in [5] and[7]. In [5] the eigenstates considered we
the standard Schrödinger energy-angular momen
eigenstates, which are eigenstates of the energy
orbital angular momentumL and thez-component of
the orbital angular momentum,Lz. They are given by

ψnlm = Nnlme−r/na

(
2r

na

)l

L2l+1
n−l−1

(
2r

na

)
(3)× Ym

l (θ,φ),
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Table 1
Angular rates of revolution for hydrogen eigenstates

Schrödinger trajectories Pauli/Dirac trajectories

n, �, m dφ/dt n, �, j , m dφ/dt

1, 0, 0 ± h̄
mear 1,0, 1

2 ,± 1
2 ± h̄

mear

2, 0, 0 ± h̄
2mear

( 1
1− r

2a

+ 1
)

2,0, 1
2 ,± 1

2 ± h̄
2mear

( 1
1− r

2a

+ 1
)

2, 1, 0 ± h̄
2mear

2,1, 3
2 ,± 3

2 ± h̄
2mear

2, 1,±1 ± h̄
2mear

2,1, 1
2 ,± 1

2 ± h̄

mer2

(
3− r

2a

)
2,1, 3

2 ,± 1
2 ± h̄

2mera
8cos2 θ−sin2 θ

4cos2 θ+sin2 θ
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where a is the Bohr radius, theL2l+1
n−l−1 are the

associated Laguerre polynomials, and theYm
l (θ,φ)

are the spherical harmonics.2 We use a spherica
coordinate system in whichθ is the angle measure
down from the positivez axis, andφ is measured
counter-clockwise from the positivex axis. For the
moment, the form of the Laguerre polynomials is n
relevant. For the Schrödinger equation it was assu
that the spin was constant and in either the positiv
negativez direction.

The resulting trajectories for these eigenstates
all of the same form: circular motion about thez axis.
The rates of revolution of the electron about thez axis
depend on the eigenstate, i.e., on the quantum num
n, �, andm, and on the radiusr and in some cases als
the angleθ ; these last are given by the initial conditio

Trajectories have also been determined[7] for hy-
drogen eigenstates resulting from the Pauli and D
equations. Here, the wavefunctions are eigenfunct
of the HamiltonianH , the total angular momentum
M2 and thez component of the total angular mome
tum, Mz, with eigenvaluesEn, h̄2j (j + 1

2) and h̄m,
respectively.

In the Pauli case, it also happens that the
bital angular momentum operatorL2 commutes with

2 We use the following convention for the spherical harmonic

Y�m(θ,φ) = 1√
2π

P�m(cosθ)eimφ ,

P�m(x) =
√

2� + 1

2

(� − m)!
(� + m)!

1

2��! (1− x2)m/2

× d�+m

dx(�+m)
(x2 − 1)�, m � 0,

(4)P�,−m(x) = (−1)mP�m(x), m < 0.
s

the Hamiltonian. Thus, we are free to choose eig
states which are eigenstates ofL2 with eigenvalue
h̄2�(� + 1), as well asM2. Because the Dirac eigen
states are constructed from the Pauli eigenstates
[2] for a complete discussion of this matter), th
are characterized by the quantum number� though
it is not strictly a good quantum number under t
Dirac equation. The eigenstates for both the Pauli
Dirac wave functions are thus characterized by qu
tum numbersn, �, j , andm, corresponding to the op
eratorsH , L2, M2 andMz, with corresponding eigen
valuesE, h̄2�(�+1), h̄2j (j + 1

2) andh̄m, respectively.
Note also that the Pauli eigenstates are two-compo
spinors, and the Dirac eigenstates are four-compo
vector wave functions. Details of the computation
the causal trajectories resulting from these wavefu
tions are given in[7]. In these cases no assumption
garding the electron’s spin needs to be made, as
spin is now coupled to the orbital angular mome
tum.

For all of the Pauli and Dirac eigenstates, t
trajectories are qualitatively the same as they are u
the Schrödinger equation: they are circles about
z axis, with rates of revolution that depend onr and
θ , but not φ. These rates of revolution are given
Table 1.

Consider the ground state hydrogen wave funct
in the Schrödinger, Pauli and Dirac contexts,
electron trajectory is given by

dφ

dt
= h̄

mear
,

whereme is the mass of the electron anda is again
the Bohr radius. Under the Schrödinger equation,
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ground state wave function

ψ100= 1√
πa3

e−r/a

is symmetric inθ andφ and has an exponential dec
in r, so that if a system had the initial distributio
P = |ψ|2, the radial distribution would show a
exponential decay. Note that there is a small, but n
zero, probability of finding the particle very far from
the nucleus of the atom.

Under the circular trajectory, the radiusr is a con-
stant of motion. Thus, if the initial distribution doe
not have an exponential decay in the radial dist
ution, then under time evolution, it cannot ever a
proach or even approximate an exponential decay
radial distribution must remain constant. Therefo
there can be no full relaxation. The system will ne
approximate the|ψ|2 distribution.

As an example, consider the initial distribution

(5)P =
{0, r < a,

C, a < r < 2a,

0, 2a < r,

where the constantC is chosen such that the distri
ution is normalized. In this case, all trajectories w
remain in the regiona < r < 2a. The probability of
finding the particle, atany later time, in the other re
gions is identically zero, and thus the distribution w
never evolve so as to approximate|ψ|2. In a similar
way, θ is a constant of motion, and if all trajectori
were initially in some finite range ofθ values, or in-
deed were distributed in any way not consistent w
theθ symmetry in|ψ|2, then at any later time this in
consistency would remain and full relaxation wou
not occur.

Note that there might be some partial relaxati
for example, in the variableφ. Consider an initial
distribution in which all the points have 0< φ(0) <

π/2, with a variety of radii. The different ratesdφ
dt

=
h̄

mear
will result in a ‘spreading’ inφ, and eventually, it

is quite conceivable that theφ distribution will appear
symmetric, as it is in a|ψ|2 distribution. However,
for the circular trajectory of the ground state, th
limited process of relaxation will not result in th
system approximating a|ψ|2 distribution overall; if
the system does not start with a flat distribution inθ

and an exponentially decaying distribution inr, it will
never attain these even approximately.
This argument applies to all of the circular h
drogen eigenstate trajectories given inTable 1. Be-
cause this includes the eigenstate trajectories from
Schrödinger equation as well as from the Pauli a
Dirac equations, it is in some sense a very genera
sult. Its implications are of some interest; clearly n
all quantum systems will relax to the|ψ|2 equilibrium,
even in an approximate sense. The question of
much more complexity is needed in order to guaran
relaxation is still open. To examine whether the pos
late that the initial distribution is always|ψ|2 may be
relinquished, and if so under what conditions, we
amine the question of relaxation in some other sim
systems.

3. Transitions in hydrogen

Though relaxation does not occur in hydrog
eigenstates, it is possible that introducing more co
plexity will allow relaxation to occur. The next mo
complex situation would be to consider linear co
binations of two eigenstates; we do this in this s
tion, considering eigenstates of the Schrödinger eq
tion under Hamiltonians containing perturbation term
that model semi-classical radiation.

3.1. The 1s–2p0 transition

In [6], the trajectories for a transition betwe
the Schrödinger 1s and 2p0 eigenstates were foun
using a perturbing Hamiltonian that contained az-
polarized oscillating electric field representing sem
classical radiation, and assuming a constant spin in
z direction. The wave function

(6)ψ(t) = ca(t)ψ100e
−iE1t/h̄ + cb(t)ψ210e

−iE2t/h̄

is a linear combination of two eigenstate wave fu
tions; the functionsca(t) and cb(t) are complex-
valued functions of time. With this wave function, th
trajectories are much more complex than in any of
eigenstate cases.

However, it was found that there is still a consta
of motion. Trajectories lie on hyperboloids of revol
tion defined by rotating curves given by

ξ = 2

Asinθ − 1
, A = 2+ ξ0

ξ0 sinθ0
> 1
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about thez axis. Here,ξ is the dimensionless variab
r/a and A is the relevant constant of motion dete
mined by the initial conditions. Each trajectory is co
strained to lie on some hyperbola characterized by
numberA. Within the hyperbolae of revolution the tra
jectories are quite complicated.

The existence of the invariant sets provides
answer to the question of whether a system underg
the 1s–2p0 transition can relax to a|ψ|2 distribution.
Suppose that the initial distribution places all t
trajectories in a ‘rotated band’ between two of t
hyperbolae, for example, in the rangea < A < b. This
would be analogous to a step function distribution. T
entire rotated band is preserved as the system evo
in time. With reference to(3), note that bothψ100
andψ210 have an exponential decay inr which will
dominate the radial dependence for sufficiently la
values ofr. Clearly, the preservation ofall arbitrary
rotated hyperbolic bands of the forma < A < b will
not be consistent with a|ψ|2 distribution. Indeed, one
does not need to choose a ‘step’ distribution in or
to demonstrate this; any distribution without the sa
overallr dependence as|ψ|2 will do.

Therefore, in the case of the 1s–2p0 transition, the
presence of a non-trivial invariant set prevents
relaxation. A non-|ψ|2 distribution will never relax to
a |ψ|2 distribution precisely because the trajectorie
cannot leave the invariant hyperbolae.

3.2. Other transitions in hydrogen

In this section, we show that the same kinds
invariant sets exist in other transitions in hydrogen.
consider radiation other thanz-polarized radiation; if
the perturbing Hamiltoniancan have light polarized in
any directionr, then more transitions are ‘allowed’.

In this context, a transition between two sta
|ψa〉 and |ψb〉 is ‘allowed’ if the matrix elemen
〈ψa |H ′|ψb〉 is non-zero, whereH ′ is the perturbing
Hamiltonian. For semi-classical radiation, the pertu
ing HamiltonianH ′ takes the form

(7)H ′ = −er · Eo cos(ωt),

wheree is the electric charge andEo cos(ωt) is the
oscillating electric field. We must therefore consid
matrix elements of the form〈ψa |z|ψb〉, 〈ψa |x|ψb〉 and
〈ψa |y|ψb〉. In this analysis it will be sufficient fo
our purposes to examine the structure of the equat
that determine the causal trajectories; the presenc
invariant sets can be investigated without specify
the field strength or perturbing frequency, and with
finding the fully time-dependent trajectories.

It is well known [8,13] that there are selectio
rules governing which of the relevant matrix eleme
are non-zero, and thus which transitions are allow
The only non-zero matrix elements involve pairs
wave functions such that the change in the quan
number m is either 0 or 1, and the change in�
is 1, i.e., 
m = 0,±1 and 
� = ±1. There is no
constraint on the change inn, though the frequenc
of the incoming radiation will affect which transition
are stimulated. We will, in this analysis, assum
that only two-state transitions will occur, so that t
wave function is always a linear combination of tw
eigenstate wavefunctions.

The task is now to compute the causal trajecto
to a sufficient degree of detail to show that the allow
transitions give rise to the kind of invariant sets th
occur in the 1s–2p0 transition. Once this has bee
done, the relaxation argument ofSection 3.1can be
applied to show that in general, full relaxation will n
occur inany of these hydrogen transition problems.
were are no such invariant sets, then it is possible
full relaxation to quantum equilibrium might occur.

To find the structure of the trajectories, we sh
examine the structure of the terms∇S and∇ logρ × s,
which compose the total momentum (see(1)). In order
to do this, note that

∇S = h̄

ψ∗ψ
Im

{
(∇ψ)ψ∗},

(8)∇ logρ = 2

ψ∗ψ
Re

{
(∇ψ)ψ∗},

so that in order to examine the structure of the res
ing differential equations for the particle’s momentu
we must examine Im{(∇ψ)ψ∗} and Re{(∇ψ)ψ∗}. We
shall be seeking a similarity in form among ther, θ

andφ component equations.
We write the wave function as:

(9)ψ = ca(t)ψa + cb(t)ψb,

where ψa and ψb are Schrödinger eigenstate wa
functions andca(t) and cb(t) are unspecified time
dependent coefficients which include thee−iEk t/h̄

oscillations. This expresses our restriction to two-s
transitions.
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With reference to(3), we write the Schrödinge
eigenfunctions as

(10)ψn�m = Rn�(r)P�m(cosθ)eimφ,

where the normalization constant (which is not c
ical here) is included in the radial functionRn�(r).
The important feature of these wave functions
this context is that theirφ dependence is so sim
ple. It will be necessary to examine the
m = 0
and 
m = 1 transitions separately, as the relev
terms have somewhat different structures in the
cases.

3.2.1. Transitions in which 
m = 0
From (10), it is clear that if m = 0 in both

wave functions, then there is noφ dependence in
the total wave function(9). Thus, in this case, bot
Im{(∇ψ)ψ∗} and Re{(∇ψ)ψ∗} have noφ compo-
nent. With reference to(8), this implies that transition
in which m = 0 in bothψa andψb have the property
that the∇S term contributes only to ther andθ mo-
mentum. The∇ logρ × s term is perpendicular to bot
ρ ands, and therefore is in theφ direction only. It is
thus responsible only for theφ momentum.

Furthermore, ifm �= 0 but 
m = 0, then theφ

component of(∇ψ)ψ∗ is simplyimψψ∗/r sinθ . This
has no real part, so there is still noφ component
of ∇ logρ, and the imaginary part ismψψ∗/r sinθ .
Thus the∇S term now contributes mh̄

r sinθ
to the φ

component of the momentum. Because∇ logρ has no
φ component, it is again the case that∇ logρ × s has
only a φ component and does not contribute to eit
ther or θ momentum.

We must therefore examine ther andθ components
of ∇S. Our goal is to show that they have sufficien
similar form that we can obtain from the momentu
equation(1) a differential equation inr and θ only,
whose solutions give an invariant set like that of
1s–2p0 transition.

The radial part of(∇ψ)ψ∗ is given by

∂ψ

∂r
ψ∗ =

(
ca

∂ψa

∂r
+ cb

∂ψb

∂r

)(
c∗
aψ

∗
a + c∗

bψ
∗
b

)
.

Expanding gives

∂ψ

∂r
ψ∗ = |ca|2∂ψa

∂r
ψ∗

a + |cb|2∂ψb

∂r
ψ∗

b + cac
∗
b

∂ψa

∂r
ψ∗

b

(11)+ c∗
acb

∂ψb
ψ∗

a .

∂r
The first two terms of(11) have no imaginary part
and so do not contribute to∇S. In the last two terms
of (11), note that∂ψa

∂r
ψ∗

b and ∂ψb

∂r
ψ∗

a are real, becaus
the only imaginary parts of the wavefunctions (s
(10)) arise in theeimφ term and here, we have assum
that
m = 0 so that these terms always cancel.

The only imaginary terms thus come fromcac
∗
b

andc∗
acb which are complex conjugates of each oth

Therefore,

(12)Im

{
∂ψ

∂r
ψ∗

}
= Im

{
cac

∗
b

}(∂ψa

∂r
ψ∗

b − ∂ψb

∂r
ψ∗

a

)
.

The above expression is a function of time, Im{cac
∗
b},

times a function ofr andθ only.
By a similar argument we find that

Im

{
1

r

∂ψ

∂θ
ψ∗

}

(13)= 1

r
Im

{
cac

∗
b

}(∂ψa

∂θ
ψ∗

b − ∂ψb

∂θ
ψ∗

a

)
.

This is a product of the same function of time as t
which appears in(12), and a different function ofr
andθ only. In summary, the momentum terms for t

m = 0 transitions from the∇S contribution are:

pr = h̄

ψ∗ψ
Im

{
cac

∗
b

}(∂ψa

∂r
ψ∗

b − ∂ψb

∂r
ψ∗

a

)
,

(14)pθ = h̄

ψ∗ψ
1

r
Im

{
cac

∗
b

}(∂ψa

∂θ
ψ∗

b − ∂ψb

∂θ
ψ∗

a

)
.

Theφ component comes from the∇ logρ × s term in
addition to the contribution from∇S, and is given by

pφ = h̄

ψ∗ψ

(
Re

{
1

r

∂ψ

∂θ
ψ∗

}
cosθ

(15)+ Re

{
∂ψ

∂r
ψ∗

}
sinθ

)
+ mh̄

r sinθ
.

This yields the system of differential equations:

dr

dt
= h̄

meψ∗ψ
Im

{
cac

∗
b

}(∂ψa

∂r
ψ∗

b − ∂ψb

∂r
ψ∗

a

)
,

dθ

dt
= h̄

meψ∗ψ
1

r2 Im
{
cac

∗
b

}(∂ψa

∂θ
ψ∗

b − ∂ψb

∂θ
ψ∗

a

)
,

(16)

dφ

dt
= h̄

meψ∗ψ
1

r sinθ

×
(

Re

{
1

r

∂ψ

∂θ
ψ∗

}
cosθ

+ Re

{
∂ψ

∂r
ψ∗

}
sinθ + m

)
.
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where we have used the relationsdθ/dt = (1/mer)pθ

anddφ/dt = (1/mer sinθ)pφ .
Now, the first two differential equations are of ve

similar form. Indeed, we can write

(17)
dr

dθ
= r2

∂ψa

∂r
ψ∗

b − ∂ψb

∂r
ψ∗

a

∂ψa

∂θ
ψ∗

b − ∂ψb

∂θ
ψ∗

a

from the first two equations. With reference to(10),
this can be written

(18)
dr

dθ
= r2 PaPb

RaRb

(
dRa

dr
Rb − dRb

dr
Ra

dPa

dθ
Pb − dPb

ddθ
Pa

)
,

wherea and b refer to the quantum numbers ofψa

and ψb, respectively.Eq. (18)represents the desire
r–θ curves and is valid when the denominator is n
zero. It will have a solution in some interval when t
function on the right-hand side is continuous and wh
its partial derivative with respect tor is continuous.

The denominator of(18)vanishes when

∂ψa

∂θ
ψ∗

b − ∂ψb

∂θ
ψ∗

a = 0.

From(10), it can be seen that this is equivalent to

Ra(r)Rb(r)
dPa(cosθ)

dθ
Pb(cosθ)

− Ra(r)Rb(r)
dPb(cosθ)

dθ
Pa(cosθ) = 0.

This in turn reduces to

dPa(cosθ)

Pa
= dPb(cosθ)

Pb

which implies, upon integration and exponentiatio
that

(19)Pa(cosθ) = KPb(cosθ).

This will only be the case ifPa = Pb, or in other
words, if the two states in the transition are in fa
the same state:ψa = ψb . In this case, the system is
one of the eigenstates already considered inSection 2.
Note that the termRaRb is not identically zero; it
vanishes at most at isolated points.

The entire denominator can, therefore, only van
at isolated points, and not on an interval. These po
correspond to asymptotes of ther–θ curves resulting
from integration of(18), and do not change the fa
that(18)has solutions for almost all initial condition
Such solutions define the required invariant set
the invariant sets will be surfaces generated by rota
the r–θ curves generated by solving (18) about the
z axis. This rotation is due to theφ component of
the momentum. Ther–θ curves can be explicitly
computed in, for instance, thex–z plane; the surface
formed by rotating the resulting curves about thez axis
are invariant two-dimensional surfaces on which
trajectories must remain.

Thus, the same kind of structure as was seen in
1s–2p0 transition happens in all of the
m = 0 transi-
tions. The integration of(18)will involve a constant of
integration which will be a constant of motion, dete
mined by the initial position. The distribution of th
constant of motion is thus determined by the distr
ution of initial positions, and there is an implicatio
for the question of relaxation: if the initial distributio
does not distribute the constant of motion in a way t
is consistent with the|ψ|2 distribution, then full re-
laxation to the|ψ|2 distribution cannot occur even i
a coarse-grained sense, because trajectories can
leave the invariant surfaces.

3.2.2. Transitions in which 
m = 1
We now examine the∇S and∇ logρ × s terms for

transitions in which
m = 1. We shall again show tha
the r and θ differential equations are of sufficient
similar form as to have the same dependence on
time andφ, so that their ratio definesdr/dθ as a
function of r and θ . To do this, we will have to
examine ther and θ components of both∇S and
∇ logρ × s.

Beginning as usual with ther component of∇S,
we have the same expression as before, i.e.,(11). But
now, while the first two components are again real a
thus do not contribute to∇S (which involves only the
imaginary part of(∇ψ)ψ∗), the second two terms ar
more complicated thanbefore because theeimφ terms
no longer cancel.

We now have from(11)

Im

{
∂ψ

∂r
ψ∗

}

(20)= Im

{
cac

∗
b

∂ψa

∂r
ψ∗

b + c∗
acb

∂ψb

∂r
ψ∗

a

}
,

and the only non-real term in the wave functio
results from theφ dependence. Assuming without lo
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of generality thatm1 = m2 + 1, we have

∂ψa

∂r
ψ∗

b = dRa

dr
RbPaPbe

iφ,

(21)
∂ψb

∂r
ψ∗

a = dRb

dr
RaPaPbe

−iφ,

which allows(21) to be written

Im

{
∂ψ

∂r
ψ∗

}

=
(

dRa

dr
RbPaPb − dRb

dr
RaPaPb

)
(22)× (

Im
{
cac

∗
b

}
cosφ + Re

{
cac

∗
b

}
sinφ

)
.

It is again the case that the first term is a function or

andθ only. The second term is a function of time a
φ. To simplify the notation, let

H(φ, t) = Im
{
cac

∗
b

}
cosφ + Re

{
cac

∗
b

}
sinφ

so that(22)becomes

Im

{
∂ψ

∂r
ψ∗

}
=

(
dRa

dr
RbPaPb − dRb

dr
RaPaPb

)
(23)× H(φ, t).

It is necessary to see if a similar structure occurs
the θ component of∇S, and also in the componen
of ∇ logρ × s.

The θ component of∇S can be found in a simila
manner as ther component. Applying the sam
approach gives

Im

{
1

r

∂ψ

∂θ
ψ∗

}
=

(
1

r

dPa

dθ
PbRaRb − 1

r

dPb

dθ
PaRaRb

)
(24)× H(φ, t).

This has the same time andφ dependence as the rad
component in(23), and again the other factor is only
function ofr andθ . Thus, ther andθ components o
∇S are given by

(∇S)r = h̄

ψ†ψ
Im

{
∂ψ

∂r
ψ∗

}

= h̄

ψ†ψ
PaPb

(
dRa

dr
Rb − dRb

dr
Ra

)
H(φ, t),

(∇S)θ = h̄

ψ†ψ
Im

{
1

r

∂ψ

∂θ
ψ∗

}

= h̄

ψ†ψ

RaRb

r

(
dPa

dθ
Pb − dPb

dθ
Pa

)
(25)× H(φ, t).
The r and θ components of∇S have sufficiently
similar structure as to definedr/dθ as a function of
r and θ only, which is ultimately what we require
However, unlike in the
m = 0 transitions, the term
∇ logρ × s now does not necessarily only have aφ

component. In fact, it now has all three compone
so ther andθ components found in(25)contain only
part of the totalr andθ momentum.

In the 
m = 0 transitions, recall that∇ logρ × s
had only aφ component because theφ component of
∇ logρ was zero. This was because theφ component
of (∇ψ)ψ∗ had no real parts, and because we
assuming that the spin vector is in thek̂ direction
so that the spin is given bys = cosθ θ̂ − sinθ r̂ . For
simplicity of notation, let

A ≡ ∇ logρ;
the desired cross product can be written

(26)∇ logρ × s = h̄

2

∣∣∣∣∣
θ̂ φ̂ r̂

Aθ Aφ Ar

cosθ 0 −sinθ

∣∣∣∣∣ .
Thus, to find ther andθ components of∇ logρ × s
it is necessary only to findAφ , which, from(8), can
be done by finding theφ component of Re{(∇ψ)ψ∗}.
This is given by

Re

{
1

r sinθ

∂ψ

∂φ
ψ∗

}

= 1

r sinθ
Re

{
(im1caψa + im2cbψb)

× (
c∗
aψ

∗
a + c∗

bψ
∗
b

)}

(27)

= − 1

r sinθ
Im

{
cac

∗
bm1ψaψ

∗
b

+ c∗
acbm2ψ

∗
a ψb

}
.

Because we assumed thatm1 = m2 + 1, this can be
simplified using the fact that

ψaψ
∗
b = RaRbPaPbe

iφ,

(28)ψbψ
∗
a = RaRbPaPbe

−iφ,

and the above becomes

Re

{
1

r sinθ

∂ψ

∂φ
ψ∗

}

= −RaRbPaPb

r sinθ

(29)× (
Re

{
cac

∗
b

}
sinφ + Im

{
cac

∗
b

}
cosφ

)
.
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The term we are seeking,Aφ , is therefore given by

Aφ = 2

ψ∗ψ

(
−RaRbPaPb

r sinθ

)
× (

Re
{
cac

∗
b

}
sinφ + Im

{
cac

∗
b

}
cosφ

)
(30)= − 2

ψ∗ψ

(
RaRbPaPb

r sinθ

)
H(φ, t).

Note that this is the same time andφ dependence
H(φ, t) that occurs in ther andθ terms of∇S.

The r andθ components of∇ logρ × s are hence
given by

(∇ logρ × s)r = −Aφsθ

(31)= −1

r

h̄

ψ∗ψ
RaRbPaPbH(φ, t)

and

(∇ logρ × s)θ=−Aφsr

(32)

=−1

r
cotθ

h̄

ψ∗ψ
RaRbPaPbH(φ, t).

Now we can find ther andθ components of the tota
momentum using(1), (25)and the above:

pr = (∇S)r + (∇ logρ × s)r

= h̄

ψ∗ψ
PaPb

(
dRa

dr
Rb − dRb

dr
Ra − RaRb

r

)
× H(φ, t),

pθ = (∇S)θ + (∇ logρ × s)θ

= h̄

ψ∗ψ
RaRb

r

(
dPa

dθ
Pb − dPb

dθ
Pa − PaPb cotθ

)
(33)× H(φ, t).

This corresponds to the system of different
equations

dr

dt
= h̄

meψ∗ψ
PaPb

(
dRa

dr
Rb − dRb

dr
Ra − RaRb

r

)
× H(φ, t),

dθ

dt
= h̄

mer2ψ∗ψ
RaRb

×
(

dPa

dθ
Pb − dPb

dθ
Pa − PaPb cotθ

)
(34)× H(φ, t),

where it should be understood that we have left thφ

differential equation out because it is not relevan
the question of whether ther andθ components hav
sufficiently similar structure to give rise to invaria
sets of the kind seen previously.

Indeed, the above result shows that they do h
sufficient structure. Dividing the two equations of(34)
gives

(35)
dr

dθ
= r2 PaPb

RaRb

(dRa

dr
Rb − dRb

dr
Ra − RaRb

r
)

( dPa

dθ
Pb − dPb

dθ
Pa − PaPb cotθ)

.

This is a separable equation whose solutionsr(θ)

contain a constant of integration determined by
initial condition. It will have solutions when th
denominator is non-zero. As in the case of(18), this
condition is satisfied by almost all points in the spa
for the equation

dPa

dθ
Pb − dPb

dθ
Pa − PaPb cotθ

can be integrated and exponentiated, yielding
condition

(36)
Pa

Pb

= Asinθ.

When this relation holds on an interval, rather than
specific points, it holds identically forθ ∈ [0,π]. In
this case,θ itself is the constant of motion we seek.

dθ

dt
= 0

on the trajectories, then the motion is constrain
to cone-shaped surfaces. In general, ther(θ) curves
given by(35)are rotated about thez axis asφ changes
in a manner determined by theφ differential equation
(which we have not written explicitly). The resultin
surfaces are invariant.

Both (18)and(35)give rise to non-trivial invarian
sets characterized by constants of motion that
determined by initial conditions. Thus, in both cas
if the relevant constants are not initially distributed
a manner consistent with the|ψ|2 distribution, then at
later times the overall distribution will not necessar
approach|ψ|2, for the reasons given in the last sectio

4. Conclusions

We have considered eigenstates of hydrogen u
the Schrödinger, Pauli and Dirac equations, as w
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as two-state transitions stimulated by semi-class
radiation. In our transition problems, the transiti
occurs between two Schrödinger eigenstates and
spin is assumed to be constant and in the pos
z direction. In all of these situations, if the initia
distribution is such that the constant of motion is n
distributed as it would be in a|ψ|2 distribution, then
because the trajectories are constrained to remai
invariant surfaces, the distribution will not evolve
as to approximate a|ψ|2 distribution.

Thus, the process of quantum relaxation pos
by Valentini in [15,16] and by Bohm and Hiley
in [4] does not occur in these systems; no ma
how long they are left to pursue their natural tim
evolution, a non-|ψ|2 distribution of positions will
not evolve to approximate a|ψ|2 distribution. This
does not contradict the subquantumH theorem of
Valentini, because that theorem simply guarante
that the derivative of the coarse-grainedH function,
dH/dt , satisfies

dH

dt
� 0,

where H decreases to zero as the distribution
proaches|ψ|2. In the systems considered in this Le
ter,H could be constant, or could decrease but not
proach a limit of zero. This would be consistent w
the H theorem, but the system would not necess
ily approach the|ψ|2 distribution. Furthermore, th
systems considered here, while physically mean
ful, are not chaotic or ergodic and an argument suc
Bohm and Hiley’s would not apply. In the absence
invariant sets and constants of motion, quantum re
ation would likely occur; however, Bohm and Hiley
argument does not prove this, as they assume erg
dynamics and discuss only a particle in a box[4].

One could argue that eigenstates, as well as
transitions that we have described, represent v
simple systems. Our transition problem assumes
the spin is constant, which is an approximation. T
Schrödinger equation is non-relativistic, and furth
more, the semi-classical representation of radiatio
an approximation of a more complicated interaction
that would involve the magnetic field, a full descri
tion of the photons as quanta, etc. It is by no me
guaranteed, however, that these systems would
have constants of motion analogous to the ones fo
here. It remains the case that for the range of ph
cal systems considered here, which are typically u
as descriptions of hydrogen eigenstates and transition
in standard texts on quantum mechanics (see, for
ample,[8,11,13]), quantum relaxation cannot be reli
upon to produce a|ψ|2 distribution of positions.

This is in some sense a powerful conclusion, fo
addresses the question of whether the initial|ψ|2 dis-
tribution is a necessary postulate of the de Brog
Bohm theory. These results indicate that itis a nec-
essary postulate, for there are physically meanin
situations in which an arbitrary initial distribution wi
not ‘naturally’ evolve in time to approximate a|ψ|2
distribution as has been claimed.
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