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Abstract

The evolution of probability distributions for quantum systems defined by the de Broglie—Bohm causal interpretation of
guantum mechanics is examined in the context of whether, in general, |a/m%distribution will evolve to approximate |aif|2
distribution, as has been suggested by Bohm and others. This study focusses on hydrogen eigenstates and two-state hydroge
transitions stimulated by semi-classical radiation. It is shown that this process of ‘relaxation’ will not in general occur in such
hydrogen systems, and thus that the de Broglie—Bohm theory must retaizmﬂwpostulate if it is to be consistent with the
standard quantum theory of individual systems.
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1. Introduction v = RS/

p = |¥|? is the magnitude squared of the wavefunc-
tion andsis the spin vectot.

It is now well known that the causal theory is
consistent with standard quantum mechanics in the
sense that if the initial distribution of positions is given
by P = |2 = R?, then the continuity equation

In the Schrédinger picture, the de Broglie—Bohm
causal interpretation of gn&um mechanics ascribes
trajectories to quantum particles with spin according
to the equation,10]

p=VS+V(ogp) xs. )

dR? ,VS
In this expression, the functiofiis proportionaltothe ~ ——~+ V- (R ?) =0 )
phase of the wave function

- 1 The original theory as stated by Bohm8] did not include the
* Corresponding author. Vlogp x sterm; this turns oufl0] to be necessary for consistency
E-mail address: ervrscay@uwaterloo.ca (E.R. Vrscay). with a relativistic formulation.
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guarantees that the position distribution will remain
consistent withy/|2. Furthermore, the local values of
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context of quantum statistical mechanics, quantum re-
laxation would ensure that the causal theory’s pos-

other observables have been defined as functions oftulate that the disibution of initial conditions is al-

position in such as way as to yield consistency with

ways P = p = |¢|2 would not be needef#]. This

standard quantum mechanics in the case that the posi+teduction in the number of fundamental assumptions

tions are in agreement with the/|? distribution[9].
Bohm and Hiley[4], as well as some othe[§5,16],

of the theory would be possible because even if the
system started out in some arbitrary ‘non-quantum’ or

have posed the question of what happens to a quanturmnon-v |2 distribution, the system’s own time evolution
system whose trajectories are defined according to thewould carry it to a distribution which would approxi-

causal theory, when it doest start out in the standard
|| distribution.

Bohm and Hiley argued if] that if the wave func-
tion is sufficiently complicated, the non-standard dis-
tribution will eventually approximate thiy |2 distri-
bution due to the spreading out of the trajectories.

mate|y|2. Thereafter, the standard quantum mechan-
ical predictions would be recovered.

Valentini has shown that if there were quantum sys-
tems with a non-standard (i.e., ngy42) distribution,
then they would behave very strangely. For example,
they would violate the no-signalling ruf@5-17] as

This has also been argued by Valentini, who used an well as other rules of quantum mechanics such as the

analogue of the classical coarse-graingéetheorem
[15,16] Potel et al. have furthermore shown that
when a quantum system is subject to noise in the
de Broglie—Bohm theory, it will approach ti |2 dis-
tribution [12].

The |y|? distribution is a ‘stable’ one, in the sense
that a distribution that is close toy|? (in some
appropriate metric) will continue to be close [t|?
due to the continuity equatiofi5,16] As such, the
approach tgy |2 can be seen as a form of ‘relaxation’
to a quantum equilibrium. The ‘equilibrium’ state is
defined as the situation where the spatial distribution is
|v|2; for this reason ‘equilibrium’ in this context does
not imply that the distribution is constant in time, only
that it is always (approximately)y|2, which itself is
time-dependent in general.

Bohm and Hiley assume if#] that the system is

uncertainty principle. Thefore, if there were systems
which, for some reason, were unlikely to relax to quan-
tum equilibrium, then the presence of the|? postu-

late in the causal theory would be necessary in order
for the theory to make predictions consistent with stan-
dard quantum mechanics, and hence with experimen-
tal observation.

The question of relaxation in the deterministic
de Broglie—-Bohm theory is thus an important one.
In this Letter we argue that there are physically
meaningful systems for which quantum relaxation will
not occur, and that if the causal theory is to describe
individual systems (something which is considered
one of its advantagd§]), then the /|2 postulate must
be retained.

chaotic, and that each trajectory approaches each point2. Relaxation in hydrogen eigenstates

in phase space arbitrarily closely at some time. Their
relaxation argument makes use of this property. Valen-
tini's ‘subquantumH theorem’[15,16] admits the
possibility that the coarse-grainéfldoes not change,
and thus that the distribution does not approptlt;

like the classical coarse-grainéfl theorem (see, for
example[14]), the approach to quantum equilibrium

We first argue that quantum relaxation will not
occur in any of the standard hydrogen eigenstates
under the Schrédinger, Pauli or Dirac equations.

Trajectories for hydrogen eigenstates were found
in [5] and[7]. In [5] the eigenstates considered were
the standard Schrodinger energy-angular momentum

relies on both the coarse-graining and on the statistical eigenstates, which are eigenstates of the energy, the

nature of the system.

However, it is unclear exactly how complex the
wave function needs to be in order to ensure that re-
laxation to quantum equilibrium will occur. It is also
unclear on what time scale relaxation occurs, when
it does. Bohm and Hiley were convinced that in the

orbital angular momenturh and thez-component of
the orbital angular momentum,. They are given by

2r\! 2
Ynim = nlmer/na<—r) L (_}’)
na

2i+1
na n—[-1

x Y"(6, ), 3
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Table 1
Angular rates of revolution for hydrogen eigenstates
Schrédinger trajectories Pauli/Dirac trajectories
n, L, m d¢/dt n, L, j,m de/dt
h 1.1 i
10,0 imgar 10, 2’ i? imgar
hi 1 1.1 hi 1
2,0,0 Emear (= +1) 2.0.5.%3 *mear (= +1)
h 3.3
2,1,0 i2mgar 2,1, 2’ i? 2mear
h 1.1 h
2,1,+1 +omear 2,1,5.%5 +0503-%)
341 h__8cogh—sin’o
2L3.#%3 2mera 4o 0+sin? 0

where a is the Bohr radius, theL?"!, are the  the Hamiltonian. Thus, we are free to choose eigen-
associated Laguerre polynomials, and %jé(0, ¢) states which are eigenstates bf with eigenvalue

are the spherical harmoni@sWe use a spherical  72¢(¢ + 1), as well asM?. Because the Dirac eigen-
coordinate system in which is the angle measured states are constructed from the Pauli eigenstates (see
down from the positivez axis, and¢ is measured [2] for a complete discussion of this matter), they
counter-clockwise from the positive axis. For the  are characterized by the quantum numbehough
moment, the form of the Laguerre polynomials is not it is not strictly a good quantum number under the
relevant. For the Schrodinger equation it was assumedDirac equation. The eigenstates for both the Pauli and
that the spin was constant and in either the positive or Dirac wave functions are thus characterized by quan-

negativez direction. tum numbers:, ¢, j, andm, corresponding to the op-
The resulting trajectories for these eigenstates are eratorsH, L2, M2 and M., with corresponding eigen-

all of the same form: circular motion about thexis. valuesE, h2¢(¢+1), i? (j +3) andim, respectively.

The rates of revolution of the electron about thaxis Note also that the Pauli eigenstates are two-component

depend on the eigenstate, i.e., on the quantum numbersspinors, and the Dirac eigenstates are four-component
n, £, andm, and on the radiusand in some cases also vector wave functions. Details of the computation of
the angley; these last are given by the initial condition.  the causal trajectories resulting from these wavefunc-

Trajectories have also been determifigdfor hy- tions are given irf7]. In these cases no assumption re-
drogen eigenstates resulting from the Pauli and Dirac garding the electron’s spin needs to be made, as the
equations. Here, the wavefunctions are eigenfunctionsspin is now coupled to the orbital angular momen-
of the HamiltonianH, the total angular momentum  tum.

M? and thez component of the total angular momen- For all of the Pauli and Dirac eigenstates, the
tum, M., with eigenvaluest,, 7% (j + %) andam, trajectories are qualitatively the same as they are under
respectively. the Schrédinger equation: they are circles about the

In the Pauli case, it also happens that the or- z axis, with rates of revolution that depend orand
bital angular momentum operatdé? commutes with 0, but not¢. These rates of revolution are given in
Table 1

Consider the ground state hydrogen wave function;

We use the following convention for the spherical harmonics: in the Schrédinger, Pauli and Dirac contexts, the

Yo (0, ¢) = \/%Pgm(cos&)eim“’, electron trajectory is given by

2+1(¢-m)! 1 2m/2
Pen ) = | == e gt ="  _ _h_

dt mear
dl+m 2 ¢
XW(X -1, m=>=0, ) ) )

dx wherem, is the mass of the electron amdis again

Py _p(x) = (=" Py (x), m<O. 4)

the Bohr radius. Under the Schrédinger equation, the
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ground state wave function
1

wa

is symmetric ind and¢ and has an exponential decay
in r, so that if a system had the initial distribution
P = |¥|?, the radial distribution would show an
exponential decay. Note that there is a small, but non-
zero, probability of finding the particle very far from
the nucleus of the atom.

Under the circular trajectory, the radiuss a con-
stant of motion. Thus, if the initial distribution does
not have an exponential decay in the radial distrib-
ution, then under time evolution, it cannot ever ap-

—r/a

Y100= e

3

proach or even approximate an exponential decay; the

radial distribution must remain constant. Therefore,
there can be no full relaxation. The system will never
approximate théy |2 distribution.

As an example, consider the initial distribution

0, r<a,
P=1C, a<r<2a, (5)
0, 2a<r,

where the constant is chosen such that the distrib-
ution is normalized. In this case, all trajectories will
remain in the regiom < r < 2a. The probability of
finding the particle, aény later time, in the other re-
gions is identically zero, and thus the distribution will
never evolve so as to approximaig|. In a similar
way, 6 is a constant of motion, and if all trajectories
were initially in some finite range af values, or in-
deed were distributed in any way not consistent with
thed symmetry in|y/|2, then at any later time this in-
consistency would remain and full relaxation would
not occur.

Note that there might be some partial relaxation,
for example, in the variablg. Consider an initial
distribution in which all the points have 9 ¢ (0) <
/2, with a variety of radii. The different rate%% =
# will resultin a ‘spreading’ inp, and eventually, it
is quite conceivable that thi distribution will appear
symmetric, as it is in dy|? distribution. However,
for the circular trajectory of the ground state, this
limited process of relaxation will not result in the
system approximating &y|? distribution overall; if
the system does not start with a flat distributiorgin
and an exponentially decig distribution inr, it will
never attain these even approximately.
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This argument applies to all of the circular hy-
drogen eigenstate trajectories givenTable 1 Be-
cause this includes the eigenstate trajectories from the
Schrddinger equation as well as from the Pauli and
Dirac equations, it is in some sense a very general re-
sult. Its implications are of some interest; clearly not
all quantum systems will relax to the |2 equilibrium,
even in an approximate sense. The question of how
much more complexity is needed in order to guarantee
relaxation is still open. To examine whether the postu-
late that the initial distribution is alwayjs/|2 may be
relinquished, and if so under what conditions, we ex-
amine the question of relaxation in some other simple
systems.

3. Transitionsin hydrogen

Though relaxation does not occur in hydrogen
eigenstates, it is possible that introducing more com-
plexity will allow relaxation to occur. The next most
complex situation would be to consider linear com-
binations of two eigenstates; we do this in this sec-
tion, considering eigenstates of the Schrédinger equa-
tion under Hamiltonians containg perturbation terms
that model semi-classical radiation.

3.1. The 1s—2pg transition

In [6], the trajectories for a transition between
the Schrodinger sland Zpg eigenstates were found,
using a perturbing Hamiltonian that contained:-a
polarized oscillating electric field representing semi-
classical radiation, and assuming a constant spin in the
z direction. The wave function

W (t) :Ca(t)wlooefiEll/h +Cb(l‘)1ﬂ210€7iE2l/h (6)

is a linear combination of two eigenstate wave func-
tions; the functionsc,(r) and c¢,(r) are complex-
valued functions of time. With this wave function, the
trajectories are much more complex than in any of the
eigenstate cases.

However, it was found that there is still a constant
of motion. Trajectories lie on hyperboloids of revolu-
tion defined by rotating curves given by

2 2+¢&
= > =—>1
Asing —1 &osinbp

§
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about thez axis. Hereg is the dimensionless variable
r/a and A is the relevant constant of motion deter-
mined by the initial conditions. Each trajectory is con-
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that determine the causal trajectories; the presence of
invariant sets can be investigated without specifying
the field strength or perturbing frequency, and without

strained to lie on some hyperbola characterized by the finding the fully time-dependent trajectories.

numberA. Within the hyperbolae of revolution the tra-
jectories are quite complicated.
The existence of the invariant sets provides an

It is well known [8,13] that there are selection
rules governing which of the relevant matrix elements
are non-zero, and thus which transitions are allowed.

answer to the question of whether a system undergoingThe only non-zero matrix elements involve pairs of

the 1s—2po transition can relax to &y |2 distribution.
Suppose that the initial distribution places all the
trajectories in a ‘rotated band’ between two of the
hyperbolae, for example, in the range: A < b. This
would be analogousto a step function distribution. The

wave functions such that the change in the quantum
numberm is either 0 or 1, and the change h

is 1, i.e., Am = 0,41 and A¢ = +1. There is no
constraint on the change i though the frequency
of the incoming radiation will affect which transitions

entire rotated band is preserved as the system evolvesare stimulated. We will, in this analysis, assume

in time. With reference td3), note that bothy100
and 210 have an exponential decay inwhich will
dominate the radial dependence for sufficiently large
values ofr. Clearly, the preservation @l arbitrary
rotated hyperbolic bands of the forim< A < b will

not be consistent with g |2 distribution. Indeed, one
does not need to choose a ‘step’ distribution in order
to demonstrate this; any distribution without the same
overallr dependence d¢ |2 will do.

Therefore, in the case of the42pg transition, the
presence of a non-trivial invariant set prevents full
relaxation. A nonky|2 distribution will never relax to
a |y|2 distribution precisely bcause the trajectories
cannot leave the invariant hyperbolae.

3.2. Other transitionsin hydrogen

In this section, we show that the same kinds of
invariant sets exist in other transitions in hydrogen. We
consider radiation other thanpolarized radiation; if
the perturbing Hamiltoniaoan have light polarized in
any directiorr, then more transitions are ‘allowed’.

In this context, a transition between two states
|[v,) and |yp) is ‘allowed’ if the matrix element
(Ya|H'|Yp) is non-zero, whered’ is the perturbing
Hamiltonian. For semi-classical radiation, the perturb-
ing HamiltonianH'’ takes the form

H' = —er -E,coqwt), @)

wheree is the electric charge an, coqwr) is the
oscillating electric field. We must therefore consider
matrix elements of the formy, |z|v¥s), (VY |x|¥p) and
(Valy|¥p). In this analysis it will be sufficient for

that only two-state transitions will occur, so that the
wave function is always a linear combination of two
eigenstate wavefunctions.

The task is now to compute the causal trajectories
to a sufficient degree of detail to show that the allowed
transitions give rise to the kind of invariant sets that
occur in the 1—2pg transition. Once this has been
done, the relaxation argument 8ection 3.1can be
applied to show that in general, full relaxation will not
occur inany of these hydrogen transition problems. If
were are no such invariant sets, then it is possible that
full relaxation to quantum equilibrium might occur.

To find the structure of the trajectories, we shall
examine the structure of the teris andV logp x s,
which compose the total momentum ($29. In order
to do this, note that

VS = f Im{(Vy)y*}
R ’
2
Vi = Re{ (Vy)y*l, 8
090 = e{ (V)] (8)

so that in order to examine the structure of the result-
ing differential equations for the particle’s momentum,
we must examine gV )y *} and Ré(Vy)y*}. We
shall be seeking a similarity in form among the6
and¢ component equations.

We write the wave function as:

Y =cq(OVq + cp()Pp, (9)

where ¥, and v, are Schrodinger eigenstate wave
functions andc,(r) and ¢,(r) are unspecified time-
dependent coefficients which include tle!£x!/
oscillations. This expresses our restriction to two-state

our purposes to examine the structure of the equationstransitions.
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With reference to(3), we write the Schrddinger
eigenfunctions as

Unim = Rue (r) Py (COS9)e™? (10)

where the normalization constant (which is not crit-
ical here) is included in the radial functioR,,(r).
The important feature of these wave functions in
this context is that theikp dependence is so sim-
ple. It will be necessary to examine them = 0
and Am =1 transitions separately, as the relevant

terms have somewhat different structures in the two Im

cases.

3.2.1. Transitionsinwhich Am =0

From (10), it is clear that if m = O in both
wave functions, then there is np dependence in
the total wave functior{9). Thus, in this case, both
Im{(Vy)y¥*} and R¢(Vy)y*} have nogp compo-
nent. With reference t(8), this implies that transitions
in whichm = 0 in bothv, andv;, have the property
that theV S term contributes only to the andé mo-
mentum. Thev logp x sterm is perpendicular to both
p ands, and therefore is in the direction only. It is
thus responsible only for th2 momentum.

Furthermore, ifm # 0 but Am = 0, then the¢
componentofVy)y* is simplyimyy* /r sind. This
has no real part, so there is still rfp component
of Vlogp, and the imaginary part gy y™* /r sing.
Thus theVsS term now contrlbutes’s"l—% to the ¢
component of the momentum. Becatsdg p has no
¢ component, it is again the case thalogp x shas
only a ¢ component and does not contribute to either
ther or & momentum.

We must therefore examine th@ndd components
of VS. Our goal is to show that they have sufficiently
similar form that we can obtain from the momentum
equation(1) a differential equation in- andé only,
whose solutions give an invariant set like that of the
1s—2po transition.

The radial part of Vi) * is given by

0V, a
R G 2 [CUR )

Expanding gives

v . 2%
va = |cql

2 wb 0V

1/’1, + cach—— o vy

1/faJrIbI

v

+c c;,—l//a (11)
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The first two terms o{11) have no imaginary parts
and so do not contribute t&S. In the last two terms
of (11), note that?«y+ and %2 y* are real, because
the only |mag|nary parts of the wavefunctions (see
(10)) arise in thez"*? term and here, we have assumed
that Am = 0 so that these terms always cancel.

The only imaginary terms thus come fromc;
andc}c, which are complex conjugates of each other.
Therefore,

ad AV, ad
(20} il (s 2545). 2

The above expression is a function of time {tgv}},
times a function of- and6 only.
By a similar argument we find that

{21

= Tmfeuci (v — g )
a0
This is a product of the same function of time as that
which appears in(12), and a different function of
andé only. In summary, the momentum terms for the
Am = 0 transitions from th&/ S contribution are:

(13)

h Yq Y,
pr= e Im{cacb}(a—rlp - _bw )

Al a 0
pe:w*w;lm{cﬂ b}( v wb 1//b‘/fa) (14)

The ¢ component comes from thélogp x stermin
addition to the contribution frorwv S, and is given by

Y

AGE
vy r 00

FYR4

o L] .
+ Re{ a—rlp }sm@) + Sind (15)

This yields the system of differential equations:

Py = *}cos@

d h a1 Va Y

? gl (i~ 224:)
d  n 1 dYa _%

O s it - ).
dp  h 1

dr meyr*y rsing
1oy

Re; ——y*

X( {rae‘[’

+ Re{%w*} sing +m).

r

} cosd

(16)



C. Colijn, E.R. Vrscay / Physics Letters A 327 (2004) 113122 119

where we have used the relatiafts/dr = (1/m.r) pg Such solutions define the required invariant sets—
andde/dt = (1/mer Sinf) py. the invariant sets will be surfaces generated by rotating
Now, the first two differential equations are of very the r—6 curves generated by solvind &) about the
similar form. Indeed, we can write z axis. This rotation is due to th¢ component of
Wa s BWp % the momentum. The—f curves can be explicitly
dr _20r Yo — % Va (17) computed in, for instance, the-z plane; the surfaces
do %ﬁ - % * formed by rotating the resulting curves about#taxis

are invariant two-dimensional surfaces on which the
trajectories must remain.
Thus, the same kind of structure as was seen in the

from the first two equations. With reference (tt0),
this can be written

dr . P,P, %Rb _ ’{%Ra 1_s—2po transition happens in_aI_I of th&em = 0 transi-
70 r RoRy\ 4P p _dPp |’ (18) tions. The integration gfL8) will involve a constant of

¢ g "b~ dapta integration which will be a constant of motion, deter-
wherea andb refer to the quantum numbers f; mined by the initial position. The distribution of this

and v, respectivelyEq. (18)represents the desired constant of motion is thus determined by the distrib-
r—0 curves and is valid when the denominator is non- ution of initial positions, and there is an implication
zero. It will have a solution in some interval when the for the question of relaxation: if the initial distribution
function on the right-hand side is continuous and when does not distribute the constant of motion in a way that

its partial derivative with respect tois continuous. is consistent with they|? distribution, then full re-
The denominator of18) vanishes when laxation to the|y|2 distribution cannot occur even in
a coarse-grained sense, because trajectories can never
Yy — — ¢ =0. leave the invariant surfaces.
a0 a0
From(10), it can be seen that this is equivalent to 3.2.2 Transitionsinwhich Am = 1
d P, (cos0) We now examine th& S andV logp x sterms for
Ra(r) Ry (r)— -—— Py(CO) transitions in whichAm = 1. We shall again show that
d Py(cos0) the r and 6 differential equations are of sufficiently
- Ra(r)Rb(r)TPa(COSG) =0. similar form as to have the same dependence on both

time and¢, so that their ratio definegr/d6 as a
function of » and 6. To do this, we will have to
dP,(cosd) dP,(cosh) examine ther and & components of botivS and
P, - P, Vlogp x s.

Beginning as usual with the component ofV S,
we have the same expression as before, (4., But
now, while the first two components are again real and
P,(COS9) = K Py (COSH). (19) .thus FiO not contribute t& S (which involves only the

imaginary part of Vi)y*), the second two terms are

This will only be the case ifP, = P,, or in other  more complicated thabefore because thé”¢ terms
words, if the two states in the transition are in fact no longer cancel.

the same statel, = v¥,. In this case, the system is in We now have fron{11)
one of the eigenstates already considereSigntion 2
Note that the termR, R, is not identically zero; it Im{%w*}
vanishes at most at isolated points. or

The entire denominator can, therefore, only vanish
at isolated points, and not on an interval. These points = lm{caCZ
correspond to asymptotes of thed curves resulting
from integration of(18), and do not change the fact and the only non-real term in the wave functions
that(18) has solutions for almost all initial conditions.  results from the) dependence. Assuming without loss

This in turn reduces to

which implies, upon integration and exponentiation,
that

A2
ar

d
vircatul @)
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of generality thain1 = mo + 1, we have
0V, dR,

or dr
v de
_-(ﬂ —

which allows(21) to be written
oy
I _r *

dR, dRp
T )
X (Im{cacb} Cosp + Re{cacb } Sinqb). (22)
It is again the case that the first term is a functiom of

ando only. The second term is a function of time and
¢. To simplify the notation, let

H(¢,1) =Im{cqcj} cosp + Re{c )} sing
so that(22) becomes

CI dR, _dR,
m{ww } (d " RaPan)
x H(¢p, 1). (23)

It is necessary to see if a similar structure occurs in
the & component ofVS, and also in the components
of Vlogp x s.

The 6 component ofvS can be found in a similar
manner as ther component. Applying the same
approach gives

i

vy, =

—2 R, P, Ppe”'?, (21)

m{law . (1dP op,_ 1d PbPRR>
P }_ r do b e b
x H(@.1). (24)

This has the same time agddependence as the radial
component in(23), and again the other factor is only a
function ofr and6. Thus, ther andé components of
VS are given by

h a
W"“{a—r‘” }
h PP (dR
Ty ar
1oy }

1/fT1/f { v
h  R,Rp (dPa

R de
X H(p,t).

(VS), =

dRyp
dr

)H(dht),

r.)

(VS8 =

dPpPy,
do

(25)
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Ther andd components oVS have sufficiently
similar structure as to definér/d6 as a function of
r and 6 only, which is ultimately what we require.
However, unlike in theAm = 0 transitions, the term
Vlogp x s now does not necessarily only havepa
component. In fact, it now has all three components,
so ther andd components found i(25) contain only
part of the totalk and® momentum.

In the Am = 0 transitions, recall tha¥V logp x s
had only ap component because tigecomponent of
Vlogp was zero. This was because theomponent
of (Vy)y¥* had no real parts, and because we are
assuming that the spin vector is in thkedirection
so that the spin is given by= coss#é — sin6#. For
simplicity of notation, let

A=Vlogp;
the desired cross product can be written
6 P
Viogp xs==| Ag Ay Ay (26)
cos¥ 0 —sind

Thus, to find the- andd components oV logp x s
it is necessary only to findy, which, from(8), can
be done by finding theé component of REV )y *}.
This is given by

1 9y
e{rsme aqsw }

Re{ (imicaVa +imacp¥p)

- 7 sing .y . a
x (Cawa +wab)}
S
+ chepmavi v ). (27)

Because we assumed thai = m» + 1, this can be
simplified using the fact that

Va¥i = Ry Rp Py Ppe™®,

Vb = RyRy Py Pre™'?, (28)

and the above becomes
1 9
e y —
rsing d¢
R,Ry P, Py
r siné

x (Re{cacy} sing + Im{cqc} } cosp).

(29)
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The term we are seeking,, is therefore given by

2 (_ RaRbPan)
vy

rsing
x (Re{cacy} sing + Im{cqcj } cosp)
2 R, Ry P, P
S ( ab’a b)H(¢,t).
v r sing
Note that this is the same time amrgd dependence
H (¢, ) that occurs in the andd terms ofV S.

Ther andé components oV logp x s are hence
given by

Ag=

(30)

(Vlogp x 9), = —Agpse

=—%I/j—wRaRbPanH<¢,r> (31)
and
(Vlogp x 8)g=—Ags:
=—}C0t9LR RyP,PyH (), 1)
, W*W al\p g I'p s L)
(32)

Now we can find the- andé components of the total
momentum usingl), (25) and the above:

pr=(VS),+(Vlogp x9),

B (dR dRy RaRb>
—P, P —R, —
1// v d r
x H(p,1),
po = (VS)y + (Vlogp x 9)g
h RyRp (dP, dPp
= — —P, — P,P,coto
/AU do do
x H(p,1). (33)

This corresponds to the system of differential
equations

dr h dR, dRyp RaRp
- = P, Py R —R, —
dt  mey*yr dr r
X H(p,1),
ao h R.R
At~ morZyry 4t
dP, dPy
X P,— —P, — P,P,cotb
de de

x H(p, 1), (34)

where it should be understood that we have left¢he
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the question of whether theand6 components have
sufficiently similar structure to give rise to invariant
sets of the kind seen previously.

Indeed, the above result shows that they do have
sufficient structure. Dividing the two equations(84)
gives

(dRaR _ deR _ RaRb)

dr_
de

P, P,
R.Ry (dPaP _deP

(35)

— P,Pycotd)

This is a separable equation whose solutieg)
contain a constant of integration determined by the
initial condition. It will have solutions when the
denominator is non-zero. As in the case(b8), this
condition is satisfied by almost all points in the space,
for the equation

dP, dPy

70 %Pa — P, P, cotd

can be integrated and exponentiated, yielding the
condition

P, .
— = Asind.
Py

When this relation holds on an interval, rather than at
specific points, it holds identically fo# € [0, ]. In
this caseg itself is the constant of motion we seek. If

do

dt

on the trajectories, then the motion is constrained
to cone-shaped surfaces. In general, tl®) curves
given by(35) are rotated about theaxis asp changes

in a manner determined by tlgedifferential equation
(which we have not written explicitly). The resulting
surfaces are invariant.

Both (18) and(35) give rise to non-trivial invariant
sets characterized by constants of motion that are
determined by initial conditions. Thus, in both cases,
if the relevant constants are not initially distributed in
a manner consistent with the|? distribution, then at
later times the overall distribution will not necessarily
approachy |2, for the reasons given in the last section.

(36)

4. Conclusions

We have considered eigenstates of hydrogen under

differential equation out because it is not relevant to the Schrédinger, Pauli and Dirac equations, as well
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as two-state transitions stimulated by semi-classical tion of the photons as quanta, etc. It is by no means
radiation. In our transition problems, the transition guaranteed, however, that these systems would not
occurs between two Schrodinger eigenstates and thehave constants of motion analogous to the ones found
spin is assumed to be constant and in the positive here. It remains the case that for the range of physi-

z direction. In all of these situations, if the initial
distribution is such that the constant of motion is not
distributed as it would be in &/|2 distribution, then

cal systems considered here, which are typically used
as descriptions of hydrogeigenstates and transitions
in standard texts on quantum mechanics (see, for ex-

because the trajectories are constrained to remain onample[8,11,13), quantum relaxation cannot be relied

invariant surfaces, the distribution will not evolve so
as to approximate gy |2 distribution.

Thus, the process of quantum relaxation posited
by Valentini in [15,16] and by Bohm and Hiley
in [4] does not occur in these systems; no matter
how long they are left to pursue their natural time
evolution, a noniy/|? distribution of positions will
not evolve to approximate &y |2 distribution. This
does not contradict the subquantuih theorem of
Valentini, becase that theorem simply guarantees
that the derivative of the coarse-grain&dfunction,
dH /dt, satisfies
dH
dt
where H decreases to zero as the distribution ap-
proachegy |2. In the systems considered in this Let-
ter, H could be constant, or could decrease but not ap-
proach a limit of zero. This would be consistent with
the H theorem, but the system would not necessar-
ily approach the|y|2 distribution. Furthermore, the
systems considered here, while physically meaning-
ful, are not chaotic or ergodic and an argument such as
Bohm and Hiley’s would not apply. In the absence of
invariant sets and constants of motion, quantum relax-
ation would likely occur; however, Bohm and Hiley’s

X Y

upon to produce &/ |2 distribution of positions.

This is in some sense a powerful conclusion, for it
addresses the question of whether the injtigf dis-
tribution is a necessary postulate of the de Broglie—
Bohm theory. These results indicate thatsita nec-
essary postulate, for there are physically meaningful
situations in which an arbitrary initial distribution will
not ‘naturally’ evolve in time to approximate |a|2
distribution as has been claimed.
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