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Abstract. We examine the use of individual components of the Struc-
tural Similarity image quality measure as criteria for best approximation
in terms of orthogonal expansions. We also introduce a family of higher
order SSIM-like rational functions.

1 Introduction

In this paper, we wish to examine further the idea of orthogonal expansions in
RY that are best approximations in terms of the Structural Similarity (SSIM)
image quality measure [6]. This study represents a kind of followup of the work
presented in an earlier ICTAR conference [3] in which the optimization was done
with respect to the SSIM function, S(x,y), a product of three terms, namely, (i)
luminance, (ii) constrast and (iii) structure. The luminance term, S;(x,y) is a
function only of the means of x and y and therefore cannot provide a nontrivial
approximation. Here we examine whether either of the contrast or structure
terms alone can be used as a criterion for best approximation determination and
find that the answer is negative. At least two of the three components, one of
which must be the luminance term, are necessary to provide a unique solution.

In the final section of this paper, we introduce a family of higher-order or
“generalized” SSIM functions, using a method that is analogous to the construc-
tion of the rational function S (x,y).

2 SSIM and SSIM-Based Approximations of
Signals/Images

In what follows, we let x,y € RY denote two N-dimensional signal /image blocks
or local patches, i.e., x = (1,22, - ,zn). The SSIM measure between x and y
was defined originally as follows [6,7],

S(x,y) = 51(x,y)52(x,y)S3(x,y)

_[ 2%y + €1 ][Qsty—i—EQ][sxy—i—eg] 1)
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where

N

N
1 1
X:N;mi’ Sxy:mZ({Ei—X)(yi—y), sxz\/g7 etc. . (2)

i=1

The small positive constants €, are added for numerical stability and can be
adjusted to accomodate the perception of the human visual system.

The functional form of the component S; in Eq. (1), which measures the
similarities of local patch luminances or brightness values, was originally chosen
in an effort to accomodate Weber’s law of perception [7]. The form of Sy, which
measures the similarities of local patch contrasts, follows the idea of divisive
normalization [5]. In the case that e3 = 0, the component S5, which measures
the similarities of local patch structures, is precisely the correlation C(x,y)
between x and y. We shall be taking a closer look at S, and S5 below.

Note that —1 < S(x,y) < 1, and S(x,y) = 1 if and only if x = y. The
component S;(x,y) measures the similarity between the means of x and y: If
X =y, then Si(x,y) = 1, its maximum possible value. We shall return to this
idea in a later Section.

It is common practice to set €3 = 2e3, in which case the product of Ss and
Ss in Eq. (1) collapses to a single term, namely,

28xy+€2
2 +52 46y
x y 2

SZ/ (X7 y) = (3)
It was indeed this form of the SSIM, i.e., S(x,y) = S1(x,y)S2 (x,y), that was

analysed in [3]. (In that paper, So was denoted as S5.) In this paper, we wish to
examine the roles of the individual terms S5 and S3, as opposed to their product.

In the discussion that follows, we consider x to be a given signal and y € A
to be an approximation to x where A is an M-dimensional subset of RV, with
M < N. Of course, we shall be concerned with best approximations to x, but
not in terms of SSIM, as was done in [3]. Instead, we shall be determining best
approximations with respect to each of the SSIM components S, and Ss.

As in [3], we work with a set of (complete) orthonormal basis functions RY,

to be denoted as {¢o, 1, -+ ,dn—1}. We assume that only the first element has
nonzero mean: ¢, = 0 for 1 < k < N — 1. We also assume that ¢g is “flat”,
i.e., constant: ¢g = N_1/2(1, 1,--+,1), which accomodates the discrete cosine

transform (DCT) as well as Haar multiresolution system on RY. (If ¢y were
not constant, then the definitions of the mean x in Eq. (2) can be modified
accordingly.) The L?-based expansion of x in this basis is

N-1

x= Y ardy, ap=(x,d), 0<k<N-1, (4)
k=0

from which it follows that
x = agN~1/2, (5)
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The expansions of the approximation y € A to x will be denoted as follows,

N—-1

y=y(©)= 3 cer. (6)

k=0

where the notation y(c) acknowledges the dependence of the approximation on
the coefficients c¢. It also follows that

y:CON_1/2. (7)
Note that at this point, we do not assume a relationship between ag and cg.

For simplicity of discussion, we consider the approximation spaces A to be

AM = Span{gbOa ¢17 e 7¢M—1} (8)

where 0 < M < N — 1. The discussion which follows can easily be adapted to
conform to the situation studied in [3] in which an arbitrary subset of distinct
functions {¢yx)}, 0 < k < M — 1 was chosen from the complete set of N
functions. As is well known, the best L?-based approximation of x in Ay is

M-1

Y2 =X = Y akdr,  ar = (X, k), (9)

k=0
a truncation of the exact expansion of x in Eq. (4). In terms of Eq. (6),
cgk=ay, 0<k<M-1 and ¢,=0, M<k<N-1. (10)
As is also well known,

= a. i — 11
YarLe = arg min [z — zfla, (11)
the unique element in A, that that lies closest to x € RV,

In [3], the best SSIM-based approximation yssrar € A to x, using the
SSIM function S(x,y) = S1(x,y)Se (x,y), was found to be

M—1
Ym,ssim = arg max S(x,z) = > ko, (12)
“EaAM k=0
where ¢y = ag and
ck=aay, 1<k<M-1. (13)

The scaling coefficient « is given by

o —62+\/ (N 1Zk 1 ak) (5,2(‘*‘62)' 10
N— 1Zk 1 ai
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In the special case e = 0,
N-1 Y2 rm-1 712
a= lz ai] lz ai] . (15)
k=1 k=1

When M < N, the scaling coefficient o > 1, which implies that the yas ssras is
a contrast enhanced version of ys r2.

3 Best S3/Correlation-Based Approximations

Here we consider the following problem: Given an x € RY, find, if possible, the
best S3-based approximation to x in Ay, i.e.,

YM,s; = arg max S3(x,z) . (16)
zEA M

As mentioned in Section 1, in the case e3 = 0, S3(x,y) = C(x,y), the correlation
between x and y. It is necessary to express the function S3(x,y) in terms of the
unknown coefficients ¢ of the expansion for y(c). The following results, which
are obtained after some simple algebra, are useful:

| Nl ] Mo | Mo
51:7]\[_12&%’ sxyziN_lzakck, 5?,:7]\[_126%. (17)
k=1 k=1 k=1
We then have that
1 M-1
N1 —1 QkCk + €3
S3(x,y(c)) = St (18)

) N1 211/ [eri1 o112
N1 | 2ok=1 0% k=1 Ck te3

Note that the right side is a function of the coefficients ¢y, ¢y, - cpr—1, but not
of ¢g. This is already an indication that the maximizer of S3 may not be unique.

We now look for stationary points that will be candidates for maximum
points of S3(x,y(c)). Imposition of the stationarity conditions 953/09¢, = 0 for
1 <p< M —1 leads to the following set of equations,

1 1 x
a, — =0, 1<p<M-—1. (19)
Sxy + €3 SxSy + €3 Sy

If ap =0 for any 1 < p < M — 1, then ¢, = 0. Otherwise, we may rewrite the
above relations as

@:M‘iﬁ” 1<p<M-1. (20)
ap Sxy + €3 Sz

The RHS of each equation is independent of p, implying that

cp=o0aa,, 1<p<M-1, (21)
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Such a proportionality between the ¢, and a, was also found in [3] for the case of
best SSIM-based approximations. We now attempt to determine « by rewriting
Eq. (20) and using Eq. (21) to obtain the relation

aSx(Sxy + €3) = Sy(SxSy + €3) . (22)

Substition of the expansions in (17) followed by simplification yields

N-1 M—l
el a; = a; . (23)
k=1 k=1

In the special case that M = N, Eq. (23) is an identity that is satisfied by any
a € R, independent of the value of e3. This is due to the following result, the
proof of which is very straightforward and therefore omitted.

Theorem 1: Let x € R and y = ax + b1, where a,b € R, a # 0 and 1 =
(1,1,---,1) € R. Then

_ Sxy _ 1, a>0,
Coxy) = 2 —sia) = {_p 420 (24)

When 2 < M < N, we must consider two cases in Eq. (23):

1. €5 = 0: Eq. (23) is satisfied for all @ € R. This is again a consequence of
Theorem 1 and can be confirmed by substituting Eq. (21) into Eq. (18).

2. €3 # 0: In order that Eq. (23) be satisfied for any sequence of Fourier coef-
ficients {ak};cvz_ll, it is necessary that a = 0, which implies that yy g, =
codo € A, i.e., the constant approximation, with ¢y as yet undetermined.

The conclusion is that Ss-based best approximation is possible only in the
case €3 = 0. But even in this case, the result is not unique since « is arbitrary
(but positive). What makes matters worse is that the leading coefficient ¢y of the
approximation y(c) also remains undetermined! It appears that two additional
conditions are required in order to obtain unique values of ¢y and a.

Egs. (5) and (7) imply that a unique value of ¢y can be obtained by imposing
a relation between the means X and y. It would seem natural to impose the
following “equal means” condition,

xX=Yy, (25)

which, as is well known, maximizes the component function S;(x,y) in Eq. (1).
In this case, ¢y = ag, as was found in [3].

Using this result, we must still determine a unique value of the proportionality
coefficient « in Eq. (21). If we impose a condition of “equal norms,” i.e.,

1x%[l2 = [lyar,s5]l2 (26)
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then squaring both sides and substituting the respective expansions along with
the property in Eq. (21) and the condition ¢y = ag yields

N-1 M—1 M—1
2 2 _ 2 2_ 2., 2 2
ag + E ay = ¢y + g cp=0ap+ E aj - (27)
k=1 k=1 k=1

This result leads to the (positive) value of a in Eq. (15).

Here it is important to mention that if the “equal means” condition of (25)
is replaced by another relationship between ¢y and ag, then the “equal norms”
condition of (26) yields a scaling coefficient « different from that in Eq. (15).

The results in this section lead to the following important conclusions:

1. Using only the component function Ss(x,y) is insufficient to determine a
best SSIM-based approximation yas,s, € Ay to x.

2. Using the components S;(x,y) and S3(x,y) is also insufficient to find a best
approximation. In the special case, e3 = 0, however, a unique solution may
be obtained by imposing two additional conditions, e.g., equality of means,
Eq. (25), and equality of norms, Eq. (26).

4 Best Sy/Contrast-Based Approximations

We now consider the following problem: Given an x € RY, find, if possible, the
best S5 -based approximation to x in Ay, i.e.,

YM,s, = arg max So(x,z), (28)
zEA N

where S3(x,y) is defined in Eq. (1). From the equations in (17) we may express
Sa(x,y) in terms of the expansion coefficients cx. It is not absolutely necessary to
present this expansion here, but only to note that, as in the case of the S3(x,y)
function examined in the previous section, Sa(x,y) is a function of the M — 1
coefficients c1, ¢y, -+ - cpr—1 and independent of the coefficient cg.

Imposition of the stationarity conditions 0S2/0cp, = 0, for 1 <p < M —1
leads to the following set of equations,

z—x(si—l—si—&—q)—(%xsy—i—eg) =0, 1<p<M-1. (29)
y
The most noteworthy feature of these equations is the absence of of a direct
relation between ¢, and a, as was seen in Eq. (19) for the S5 case. As such, the
existence of a proportionality result of the form in Eq. (21) cannot be proved.
Since all of the coefficients ¢, cannot, in general, be zero, it follows that the term
in the square brackets must vanish. We now examine two cases:

1. €2 = 0: The vanishing of the term in the square brackets of Eq. (29) reduces

to the result
N-1 M—1
si:si = Zai:Zci. (30)
k=1 k=1
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If we now assume a proportionality between the ¢, and a, as in Eq. (21),
we arrive at the result for « in Eq. (15). Note that we must still impose
the equal-means condition of Eq. (25) to obtain a unique approximation
YMm,s, € Apr in this case.

. € # 0: Assuming that sy, # 0, the vanishing of the term in square brackets

implies that

3

sy — sxsf, + €25x — €25y = 0. (31)

If we once again assume a proportionality between the ¢, and the a, as in
Eq. (21), a quadratic equation in « is obtained. It is convenient to rewrite it
as an equation in a scaled variable 3 as follows,

M-1 /2
«
532 +eaB—53 —€n5, =0, where f = ——— [Z ai] = Sx, . (32)
VN -1 |:—

The definition of sy,, follows from Egs. (9) and (17). The value of a which
results from the positive solution of this quadratic equation is

i + \/E% +4s2(s2 +€3) . (33)

28xSxy,

In the case €3 — 0, the result in Eq. (15) is obtained. For ez # 0, however, a
comparision between this equation and Eq. (14) shows that the results are
almost the same. They do differ, however, except in the case M = N. The
reason for this difference is the appearance of the term sy, in the numerator
of the SSIM function Su/(x,y), cf. Eq. (3), as opposed to sxsy in the SSIM
function Sa(x,y), cf. Eq. (1).

In summary, the Ss-based best approximation method of this section is pos-

sible with a scaling condition of the form Eq. (21). As with the Ss-based case,
however, the coefficient ¢( is undetermined. If the equal-means condition of Eq.
(25) is employed then we obtain, as before, ¢y = ao.

In this section, we have arrived at the following important conclusions:

1.

2.

5

Using only the component function S3(x,y) is insufficient to determine a
best SSIM-based approximation yas.s, € Ay to x.

Using components S(x,y) and S2(x,y) is sufficient to find a unique, best
SSIM-based approximation yjs g, for both zero and nonzero values of the
stability constant es. For all M < N, however, this approximation is different
from the best SSIM-based counterpart of Eq. (12), obtained by using the
entire SSIM function S(x,y) in Eq. (1).

A Family of Higher-Order Rational SSIM Functions

In this section, we show how a rationalization procedure that can be used to
construct the SSIM functions S1(x,y) in Eq. (1) and So (x,y) in Eq. (3) may be
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used to construct higher order SSIM-like rational functions. We then consider
the use of these functions for best SSIM-based approximations and present some
preliminary results. In the discussion that follows, as before, x,y € RV.

With reference to the function S (x,y), note that x = y implies X =y and
S1(x,y) = 1. But X = y also implies (X — )% = 0, so that

x? 4+ y? = 2%xy. (34)

Now add a “stability constant” €; > 0 to each side and divide to obtain

2)_(}_’ + €
Si(x,y) = Y g 35
l(X y) i2+y2+61 ( )
Now define
Xp =X — X1, Yo=Yy -—-Yl, (36)
where 1 = (1,1,---,1) € R¥. By construction, xg and yq have zero-mean.

Clearly, x = y implies that xg = yo which, in turn, implies that
[x0 —yolln =0, n=2,3,4,---. (37)

We consider only the case that n is even, so that Eq. (37) becomes

Z T —X)— (ys —3)]" =0, n=2,4,6,---. (38)
k=1

Now use the binomial theorem and then rearrange to produce the result,

;7 nlz (zp —X)" 'yr —y)' =0, where B, = (?) (39)

Dividing by N — 1, this relation becomes

Z(_l)anlsn—l,l =0, (40)

1=0
where we have defined
N

1 _ _
Sp,g = N_1 Z(ﬂfk -%)"(ye —¥)% p,g=0. (41)
k=1

Now rewrite Eq. (40) as follows,
Z Bnlsn—l,l - Z Bnlsn—l,l . (42)
I even 1 odd

Once again we add a “stability constant” €, > 0 to both sides and divide by the
left-hand term to obtain the result,

Y1 odd Brisn—i1 4+ €n

Yn(x,y) =
n(y) 21 even Brisn—11 + €n

=1. (43)
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The rational functions ¥, (x,y), n € {2,4,6,---} define a set of generalized
SSIM functions between vectors x and y. When n = 2, ¥5(x,y) = So (x,y), the
SSIM function of Eq. (3). For n = 4, we have the function

48xxxy T 48xyyy + €4

by = .
4(X7 y) Sxxxx T 63xxyy + Syyyy + €4

(44)

At this point it is helpful to recall that the construction of the function
Y, (x,y) is based on the L™ norm in Eq. (37). The closeness of ¥,,(x,y) to 1 is
related to the closeness of ||xo — yo|? to 0.

We now define the following family of associated distance functions,

Tn(an) =1~ Zn(xa Y)
_ > 1 even Brisn—10 = 2, odd Bnisn—1.1
21 even Brisn—11 + €,

(45)

From (37) and (40),

HXO - yOHZ
oY) = : 46
) >0 even Bnisn—i1 + €n (46)

If x =y, then T,,(x,y) = 0. The T},(x,y) functions are weighted L™ distances
— to the nth power — between xo and yo. The case n = 2 in Eq. (46) has been
examined in the past [3,4]:

_ 2 _ 2
lIx0 — yoll3 _ Ixo0 — yoll5 (47)

Th(x,y)=1—- Sy (x,y) = = .
2(x:¥) Y] = e 1 G Tl vol + O

It is an example of a normalized metric [1,2].

One may now wish to consider the problem of finding best approximations,
using these rational SSIM-like functions as the objective functions: Given an
x € RY, an M < N and and n > 1, find, if possible,

VM5, = arg max Yo, (x,z) = arg min T5,(X,z). (48)
zEA N zEAM
The case n = 1, which corresponds to the function Sv (x,y), along with the
equal-means condition coming from the function S;(x,y), was analyzed in [2].
The cases n > 2 present a major challenge, however, since we may no longer
exploit the orthogonality properties of the ¢, basis in the computation of the
functions s, , in Eq. (41). At this time, only a little progress has been made on
this problem. For example, in the case n = 2, the generalized SSIM function ¥4
is a complicated rational function of the unknown expansion coefficients cg:

400, Am0pCq + 407 CornCpCa| Prm
24((:) _ Z’nqm,p,q[ p-q P Q] Pq ’ (49)

Zn’mp}q[anamapaq + 607, CpCq + CnCmCpCql Prmpq
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where the summation limits are 1 < m,n < N —1land 1 <p,q <M —1 and

N
anpq = Z ¢71k¢mk¢pk¢qk . (50)
k=1
These coefficients are clearly basis-dependent. Moreover, Pumpq = Ppinmpq),

where P denotes any permutation. Numerical experiments indicate that many
of these coefficients are zero.

The stationarity conditions 034/dc, = 0,1 < p < M —1, yield an enormously
complicated set of coupled nonlinear equations in the c,. In the special case that
M = N, the solution of this system is ¢, = a,, as expected. When M < N, there
exist solutions of the form ¢, = wa,, as was found in in Eq. (21). The scaling
coefficient «, however, satisfies a cubic equation in 2. The coefficients of this
equation are complicated functions of the Fourier coefficients aj, and the P,y,pq.

The fact that solutions of the form ¢, = aa, exist is interesting. They will,
however, probably turn out to be of little use since they have the same basic
form as those obtained from the Sy and S3 SSIM functions (along with Sy),
which represents nothing more than another adjustment in the contrast.

In summary, we have introduced, and hopefully motivated, the idea of con-
structing higher-order rational SSIM-like functions. The method outlined above
is the most straightforward one. It may well be useful to consider other methods
which are based on higher-order statistics of images.
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