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Abstract This paper introduces a hierarchical annealing algorithm which addresses
the very large computational costs associated with simulated annealing for the syn-
thesis of binary images. In real-world examples, the large configuration space of
such models has led to the disappointing performance of annealing approaches. Our
method essentially approaches different natural scales in the image separately and in
a hierarchical manner. We demonstrate orders-of-magnitude improvement compared
to existing results, and discuss the inherent computational difficulties encountered
with these types of approaches.

Keywords Stochastic reconstruction · Multiscale · Random field · Porous media
synthesis · Random sets

1 Introduction

We report on an algorithm with very practical implications for the sampling of binary
images on large grids, particularly on the construction of binary images on grids of
8192 × 8192 or larger, or equivalently sized 3D domains. The proposed algorithm
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Fig. 1 Examples of binary porous media images: sintered glass beads A, and B vuggy carbonate rock
(high resolution, 8192 × 8192 pixels)

may be broadly applicable in the geosciences, where it is of interest to simulate ran-
dom sets using a pixel-based approach. While we restrict demonstration of this al-
gorithm on random sets representing the microstructure of porous materials, we note
that such sets may represent hydrofacies in an aquifer, lithofacies in a reservoir, soil
types in a landscape, rock types or mineralization phases in an ore deposit, or other
systems of interest (Falivene et al. 2007). A great variety of porous media (Fig. 1)
and composites have a random heterogeneous microstructure. The generation of 3D
(or large 2D) replicas of such materials from limited (usually 2D) morphological in-
formation by stochastic methods is a problem of broad technological and scientific
significance (Sahimi 1993; Torquato 2001). The significance of this problem follows
from the fact that the macroscopic properties (mechanical, transport, capillary, and
electromagnetic) of such materials cannot be predicted from knowledge of the vol-
ume fractions of the constituent phases alone. Instead, the geometry and topology
of the convoluted 3D boundary surface separating the constituent phases must be
accounted for.

Stochastic reconstruction is a valuable tool, both theoretically and practically.
From a theoretical standpoint, it aids in uncovering the information content of dif-
ferent descriptors of the morphology of a microstructure. Such knowledge is es-
sential for appropriately selecting the morphological descriptors to be used as re-
construction constraints (i.e., the reconstruction model) for different classes of mi-
crostructures. From a practical standpoint, stochastic reconstruction from limited
morphological information can provide a domain on which to compute physical
processes using fundamental equations (e.g., Navier–Stokes, heat conduction, etc.)
requiring a detailed description of the geometry (solid and void phases). Much
progress has been made in this direction. For example, efficient methods are now
in place for computing elastic properties (Garboczi and Day 1995; Roberts and
Garboczi 2002), absolute permeability (Liang et al. 2000; Spanne et al. 1994;
Singh and Mohanty 2000) and formation resistivity factor (Roberts and Teubner
1995;
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Ioannidis et al. 1997; Adler et al. 1992) of fluid-saturated porous media, relative
permeability and electrical conductivity under two-phase flow conditions (Bekri
et al. 2003), capillary pressure–saturation relationships (Magnani et al. 2000), nu-
clear magnetic resonance properties (Olayinka and Ioannidis 2004) and adsorp-
tion/condensation characteristics (Kainourgiakis et al. 2003) of porous solids from
3D digital representations of the microstructure.

Recently, a few general approaches to pore-scale stochastic reconstruction have
been actively pursued. The first approach is based on the conditioning and trun-
cation of Gaussian Random Fields (Adler et al. 1990; Berk 1987; Levitz 1998;
Roberts and Knackstedt 1996). Though mathematically elegant and computationally
efficient, this method is also model-dependent because it cannot impose constraints
other than the volume fraction and the two-point correlation function. This is a serious
drawback, because first- (volume fraction) and second- (two-point correlation func-
tion) order statistics are, in general, insufficient for accurately reproducing the mor-
phology of a microstructure (Levitz 1998; Roberts 1997). Others have approached
the synthesis problem using object-based approaches (Clementsen et al. 1990;
Deutsch and Journel 1998; Gundeso and Egeland 1990; Jeulin 1997; Lehmann et
al. 2008; Stoyan et al. 1996) which are computationally intractable when several or-
ders of magnitude of length-scale are required. Finally, a general approach based on
simulated annealing (SA) has been applied to the synthesis of porous media (Roz-
man and Utz 2001; Talukdar et al. 2002; Yeong and Torquato 1998), and to other
applications in the geosciences (Deutsch and Cockerham 1994; Goovaerts 1996;
Sambridge and Mosegaard 2002). This approach is model-independent, since it can
impose on the reconstruction process any type and number of morphological con-
straints (e.g., chord-length distributions) in principle. In existing approaches, this
modeling advantage is rapidly offset by the method’s high demand for computational
resources. For this reason, the goal of the research in this paper is to develop an al-
ternative SA framework that preserves the modeling strengths of standard SA, but at
a greatly reduced computational cost. The key to efficiency is scale.

The presence of structure at multiple length scales is a well-established fact for
natural porous rocks (Radlinski et al. 2004) and the need to account for such struc-
tures in stochastic reconstructions is beginning to receive recognition (Moctezuma-
Berthier et al. 2002, 2004). For example, sandstones often contain significant amounts
of microporosity in addition to inter-granular porosity, whereas carbonate rocks of-
ten contain vugs and solution channels of sizes much greater than the sizes of inter-
particle pores. The presence of structure at multiple length scales creates unique chal-
lenges for the reconstruction process. To cope with images of rapidly increasing reso-
lution (Rozman and Utz 2001), the efficiency of stochastic reconstruction algorithms
must increase by orders of magnitude. In an important paper, Gidas introduces the
idea of renormalization to image-processing contexts, and addresses simulated an-
nealing for the restoration of images (Gidas 1989). Our current work is naturally re-
lated, but differs primarily in two important aspects. First, Gidas discusses estimation
such as the denoising of an image, in which one wishes to construct an energy sur-
face with the ideal (denoised) image as the global minimum. By comparison, we are
interested in exploring all minima of a complicated energy surface in pure synthesis.
Secondly, we are not only considering proper renormalizations of our configuration
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space, but also in the characteristics of a more general and hierarchical approach.
This paper develops a new stochastic reconstruction algorithm that can accommodate
and capitalize on the scale dependence of morphological descriptors.

In this paper, we propose a hierarchical simulated annealing (HSA) algorithm for
the reconstruction of random microstructures from limited morphological informa-
tion. The hierarchical scheme allows large computational gains—orders of magni-
tude, in cases—to be realized when applying this algorithm to models previously
described in the literature (Talukdar et al. 2002). Thus, the focus of this work is on
the computational benefits as applied to existing models. Although it is natural to ask
about the capabilities of HSA to proposing new models, such a question is the fo-
cus of ongoing research and lies beyond the scope of this paper. The HSA approach
has been successfully applied to the reconstruction (sampling) of vuggy carbonate
rock at very high resolution (8192 × 8192) in reasonable computation times (a few
minutes). This approach represents a significant and immediately practical improve-
ment in high resolution reconstruction technique. This paper will begin with a discus-
sion of random field models and simulated annealing (Sect. 2) to provide the needed
background. Following this, our hierarchical approach is detailed in Sect. 3. The ba-
sic algorithm having been described, Sect. 4 will discuss modeling by way of energy
functions. Finally, we present experimental results in Sect. 5 and some conclusions
in Sect. 6.

2 Random Fields, Simulated Annealing

We propose to model our porous media images as realizations of a Markov/Gibbs
random field X , defined on a lattice in the 2D or 3D space. In order to synthesize
images from this (prior) model, we wish to sample the following density

πβ(X ) = e−βE (X )

Zβ

. (1)

Here X denotes the current configuration (e.g., realization, in this case an image of
a binary porous medium), where β = 1/T is the inverse temperature parameter and
E (X ) is an energy function or Hamiltonian. Zβ is a normalization constant, known
as the partition function. We are interested in drawing samples from this density,
πβ . Due to the size of the configuration space, calculating Zβ directly is impracti-
cal. For this reason, a family of Markov Chain Monte Carlo (MCMC) algorithms
have been developed (Geman and Geman 1984; Metropolis et al. 1953), which allow
sampling from π without the knowledge or computation of Zβ . In what follows, we
will consider the Gibbs sampler (Geman and Geman 1984). However, our approach
generalizes to other sampling algorithms (Brémaud 1998; Geman and Geman 1984;
Metropolis et al. 1953). The Gibbs sampler updates a single state element (image
pixel) at a time, proposing a change in phase (0 to 1 or vice versa) that is accepted with
some probability based on the surrounding state elements within some local neigh-
borhood. In addition to an MCMC sampling algorithm, simulated annealing requires
a cooling schedule, {Tk}, a sequence of non-negative values for the temperature para-
meter. As the name suggests, this may be a strictly decreasing sequence, but it is not
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Algorithm 1 Simulated Annealing
k ⇐ 0
X ⇐ initial state
while E (X ) not converged do

β ⇐ 1/Tk

X ⇐ apply Gibbs sampler to X
k ⇐ k + 1

end while

necessary. While global convergence results for logarithmic cooling (Brémaud 1998;
Geman and Geman 1984) exist, in practice, the slowness of the logarithmic schedule
leads to other schedules being used, most commonly a geometric schedule

Tk+1 = αkT0, 0 < α < 1. (2)

With the energy function, sampling method and cooling schedule defined, the stan-
dard or ‘flat’ (as opposed to hierarchical) annealing algorithm is presented in Algo-
rithm 1.

The image synthesis algorithm uses simulated annealing to draw samples from low
energy states of the distribution. However, most energy functions primarily constrain
the values of proximal pixels, but many porous media exhibit structures and behavior
at large scales. Intuitively, the poor computational complexity of simulated anneal-
ing approaches stems from the difficulty of building large-scale structures by the
repeated, cumulative effects of local interactions. Even with relatively simple energy
functions, a simulated annealing approach may be (much) too expensive. Since the
computational difficulties stem from the poor fit between local interactions and large-
scale structures, clearly a multiscale approach is motivated, since at coarser scales
large structures become increasingly local, greatly reducing the number of iterations
of local interactions. The classic example of a rigorously studied, scale-dependent
binary random fields is the Ising model (Onsager 1944). However, the energy mod-
els typically encountered in porous media—much more complicated than the Ising
model—preclude a similar analysis of critical slowing down or phase transition. In-
stead, this paper examines scale-dependent methods of decreasing the computational
complexity of existing models in porous media. Figure 2 illustrates the way in which
adjacent-pixel statistics can be a strong function of scale, with the coarser scales
(C, F) typically less regular than the fine scales (A, D).

3 Hierarchical Annealing

We propose attacking the problem of slow convergence by using a hierarchy of scales.
The construction of this hierarchy comes from two key ideas. First, most porous
media contain structures at different scales, motivating a hierarchy. Second, there
is a relationship between temperature and structure size. Let us expand upon the
latter point. There is no absolute stability of structures during MCMC sampling;
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Fig. 2 Lightly fused glass spheres (top row) A–C, and D–F (bottom row). Berea sandstone both at full
resolution and two subsamplings

structures both large and small can be created and destroyed by the MCMC sam-
pling process. However, structures of particular scales are metastable for particular
temperature ranges such that, at certain temperatures, larger structures persist for a
greater number of sampling iterations. This empirical observation is nothing more
than the local nature of interactions. The construction or deconstruction of structures
on scales beyond those of the local neighborhood can require energetically unfavor-
able events, which occur only with a certain probability (e.g., transition probabilities
in the Markov chain). Note that, while such neighborhoods may be any clique on the
fully connected graph of lattice points, we have used simple neighborhoods consist-
ing of all points within a certain radius of the central site in practice. The larger the
extent of these structures, the more such events may be needed consecutively, lead-
ing to an ever decreasing product of probabilities, roughly speaking. Consequently,
large structures take a long time to build, though they may be easier to destroy—a
sufficiently high temperature will simply destroy all structure in the field. The cre-
ation of this structure is clearly affected by the cooling schedule chosen; analyzing
the effect of various cooling schedules has proven to be difficult (Brémaud 1998;
Geman and Geman 1984; Szu and Hartley 1987).

We now consider a hierarchical approach where we want to concentrate on the
synthesis of particular scales of structure at each level of the hierarchy. For an appro-
priate temperature range we expect the following properties relative to a particular
scale: that larger scales are cold, in which the structures are metastable and slowly
varying; the current scale is warm, in which the structures are variable and easily
changed; finer scales are hot, in which the structures at scales finer than the current
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Algorithm 2 Hierarchical Annealing
k ⇐ 0
X ⇐ initial state at coarse resolution
for scale s from coarsest to finest do

while E s(Xs) not converged do
β ⇐ 1/Tk,s

Xs ⇐ apply Gibbs sampler to Xs

k ⇐ k + 1
end while

Xs−1 ⇐ Ps−1(Xs) {project to next finer resolution}
end for

scale are not resolved, and are essentially a random (hot) froth. These ideas taken
together suggest a natural hierarchical approach. To take advantage of these observa-
tions, we construct a hierarchical approach that will concentrate, at each level of the
hierarchy, only on local structure, leaving the large structures (inherited from coarser
scales) intact, or mostly so, and leaving very fine details to be determined at finer
scales. Since the MCMC sampler now focuses on filling in only local detail and is re-
lieved of the burden of large-scale construction, the energy optimization at each scale
is practically attainable with local interactions, not requiring large numbers of ener-
getically unfavorable events. Algorithm 2 shows this process. In order to implement
it, we need to introduce a scale parameter s to the cooling schedule (2)

Tk+1,s = αk
s T0,s , 0 < αs < 1. (3)

At this point, we need to discuss the meaning of energy functions evaluated at dif-
ferent scales. Given an energy function E (X ) on the data at its natural (finest) scale,
what does it mean to evaluate the energy at coarser scales? Essentially, we have three
choices. We can always operate at the highest resolution with coarse versions of the
state being projected to the highest resolution where the energy is evaluated. We can
infer the equivalent energy function for the coarser space from the original energy
function and the method of coarsening/rescaling the space. A third alternative is to
parametrize and learn the energy model at each level. The first option is impracti-
cal for computational reasons on large data sets. Solving the hierarchical problem
entirely at the finest scale runs contrary to the whole motivation and spirit of the pro-
posed hierarchical approach. The second option is normally impractical, depending
on the method of projection from scale to scale, related to the idea of renormalization
(Gidas 1989). If the energy function is constructed in such a way that it naturally
scales with length (e.g., distribution of chord lengths) then a coarser version may
readily be constructed. However, this is quite difficult to do in general, even for sim-
ple models such as 2D Ising (Schonmann and Shlosman 1995). The third method is
practical since the purpose of intermediate scales is to produce the local structures
appearing at that scale, it is reasonable to learn an energy function based on the em-
pirical samples projected to that scale.

Although a proof of convergence is unavailable for such a complex process, par-
ticularly with the empirical scale-dependent energy functions for this problem do-
main, it should be kept in mind that essentially all practical annealing schedules in
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porous media applications involve relaxation rates which are taken far faster than
those for which analytic convergence properties are known. Nevertheless, our pro-
posed method converges extremely rapidly and reliably for a variety of test cases
in practice, illustrated later under experimental results. Until now, stochastic ap-
proaches like simulated annealing were understood to have real theoretical advan-
tages in the sampling of porous media—the elegant and flexible modeling of a vari-
ety of energy functions. However, they are too simple or too expensive for practical
use. Even allowing for the progress in computational hardware, simulated anneal-
ing methods are restricted to tiny grids, defeating the possibility of models capturing
significant detail across many length scales. Our algorithm allows very large sam-
ples to be drawn in practical computation times. The immediate results are quite
satisfying. But more importantly, this allows for ambitious modeling work in the
future and the possibility of sophisticated models sampled at high resolution, even
in 3D.

4 Models/Energy Functions

The purpose of this work is to describe the computational benefits made possible
by using a hierarchical approach to simulated annealing. As such, any discussion of
the relative merits of particular models is eschewed. Instead, we present results on
common models found in the appropriate literature with little comment on efficacy
or verification. In particular, there are several components of energy functions that
have been used (Talukdar et al. 2002; Torquato 2001) in related approaches. We will
demonstrate how the increased performance of the HSA approach improves results
with these models, relative to performance for flat annealing. It gives similar or better
results, with drastically reduced computational times.

In general, our energy/cost functions will be made of one or more components,
possibly mixtures of multiple models, so the general finest-scale formulation will be

E (X ) ≡ E 0(X ) =
∑

i

ci E 0
i (X ), ci > 0 ∀i, (4)

with the weighting coefficients ci specified as part of the model. In the hierarchical
case, energy functions E s will be defined for every scale s, induced from the standard,
finest-scale energy E 0

E s(X ) =
∑

i

ci E s
i (X ), ci > 0 ∀i. (5)

Particular energy components of interest would include (Talukdar et al. 2002;
Torquato 2001; Yeong and Torquato 1998): (1) the one-point correlation function,
(2) the two-point correlation function, (3) the chord-length distribution, (4) the dual
pore-solid chord-length distribution, (5) the lineal path distribution, (6) the “pore size
distribution”, and (7) the localized distribution (histogram). It is important to recog-
nize that all of these standard, common energy functions (none of them inherently
hierarchical) can readily be implemented in our hierarchical framework, as can any
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other approach that can be formulated this way. We will define the ones used to gen-
erate figures in this paper, for completeness and for readers unfamiliar with such
energy functions. Denote the lattice size of the image at a particular scale s as O(s).
We are considering binary solid/pore structures (Talukdar et al. 2002), so we denote
I s(x) the indicator function for our binary image at scale s, (0 for pore, 1 for solid).
Finally, let 〈·〉x∈X denote a spatial average (over the image).

A “One-point energy function” can be defined as

E s
1 =

O(s)∑

r=1

∥∥Ŝs(r) − Ss(r)
∥∥,

where Ss(r) = 〈I s(x + r)〉x∈X is the average density, or “one-point” correlation, and
Ŝs is the target correlation, deduced analytically or inferred empirically from other
data sets.

A “Two-point energy function” is defined as

E s
2 =

O(s)∑

r=1

∥∥Ŝs(0, r) − Ss(0, r)
∥∥ + ∥∥Ŝs(r,0) − Ss(r,0)

∥∥,

computed in terms of the two-point correlation Ss(r1, r2) = 〈I s(x + r1)I
s(x +

r2)〉x∈X .
The “Chord-Length energy function” may be approached in a similar manner.

If we restrict ourselves to the horizontal and vertical directions, this is essentially
the distribution of the contiguous “run length” of density pixels in these directions.
Denoting these probability mass functions (estimated from the data) as ph

C and pv
C

for the horizontal and vertical directions, respectively, we may construct an energy
function

E s
3 =

O(s)∑

r=1

∥∥p̂h
C(r) − ph

C(r)
∥∥ + ∥∥p̂v

C(r) − pv
C(r)

∥∥.

The chord-length and one- and two-point energies are used in several examples in
the following discussion. They may also form a component of a final energy function
tuned to a particular synthesis problem (Fig. 14).

The “Local Histogram energy function” model has proven to be quite useful in
practice. For a given discrete neighborhood structure, we can assign an (arbitrary) or-
dering on the neighborhood. Since the data is binary, we have in this way constructed
a natural identification with an integers binary expansion; the nth bit state is the state
in the nth neighborhood location. Figure 3 illustrates the spatial relationship for a 3rd
order neighborhood in 2D, forming a map onto 0 · · ·4095. This forms one compo-
nent of the energy function used to generate the large scale results (Fig. 14). Given
this mapping, a complete state of the neighborhood local to a site is expressed as an
integer in 0 · · ·2b − 1 = N , where b is the cardinality of the neighborhood set. The
distribution of localized neighborhoods (for a fixed neighborhood size) is then a dis-
tribution of integers. In training data, the site is either void or solid so we condition on
the state of the site itself, either the probability pb

H (n) of any particular configuration
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Fig. 3 Bit indices for a
3rd-order neighborhood
inducing a unique mapping onto
0 · · · (212 − 1)

n ∈ 0 · · ·N given the central site is black (void) or pw
H (n), and given the central pixel

is white (solid). We can now estimate the distribution of neighborhood configurations
in the current state from data. Like the chord-length case, an energy function can be
formed by summing over all the N possible configurations

E s
4 =

N∑

n=0

∥∥p̂b
H (n) − pb

H (n)
∥∥ + ∥∥p̂w

H (n) − pw
H (n)

∥∥.

This approach is discussed by Alexander et al. (2003). Note that the natural way to
compare target and current distributions (approximated here by histograms) will be a
Kullback–Leibler divergence. However, for practical optimization, an MSE approach
is efficient and works very well. Of course, there are many other possibilities, but
most of our experiments are based on combinations of these components. Note that, in
principle, a modeling approach may seek to address each scale in (5) separately. Thus,
our hierarchical approach admits energy functions that are not possible with a single
scale algorithm. Where results are given here with energies for both hierarchical and
flat annealing, all reported energies are defined on the finest scale and are directly
comparable.

5 Experiments

5.1 Synthetic Data

Physical porous media samples tend to have complicated morphologies, possibly
poorly modeled by simple energy functions. It can be difficult to evaluate the per-
formance of a sampling algorithm, but for recent approaches see Arns et al. (2004).
Therefore, it is informative to construct synthetic data that can be modeled exactly,
to emphasize the benefits of a hierarchical approach. Preliminary versions of some
of these experiments were discussed in conference talks (Alexander et al. 2004a,
2004b).

First, consider a set of 300 images generated by means of two Gaussian random
fields (GRFs) (for ease of sampling), and chosen to exhibit two characteristic length
scales. Figure 4 shows an example of this data set, which allows us to concentrate
on two characteristic length scales and on a morphology simpler than may be found
in some physical samples. Convergence is easy to see in the evaluation of the chord-
length distributions. At the highest resolution, there are small isolated chords on the
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Fig. 4 GRF data generated with two characteristic scales, as shown in A. A strong bias toward black
pixels in the shorter length scale GRF has the effect that after several rescalings, the coarse resolution
images such as B are much simpler

Fig. 5 Convergence of flat (red) and hierarchical (blue) annealing for GRF data set. The spikes in the
HSA profile are due to the repeated projection from one scale to the next

edges of large features and longer chords comprising large features. In the annealing
algorithm, moving between isolated small chords through isolated medium length
chords to eventually collate into larger structures is not energetically favorable. We
have slowing down as the structure begins to emerge, since these events are nec-
essary, but of low probability leading to a large number of proposed steps before
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Fig. 6 GRF training data. Each panel gives the final energy, E (X ), and approximate runtime (on a 3 Ghz
Pentium IV class machine). Shown are example training data A, best case sample from SA B (with very
slow geometric cooling), sample from HSA method C, and finally D, sample from SA with equivalent
computation to the hierarchical case. Model used was two-point probability and both white and black
phase chord-length distributions. Images are 512 × 512 pixels

improvement. In contrast, coarse levels of the hierarchical annealing do not have any
small isolated chords, so we may expect convergence to be quicker. Empirical re-
sults support this conjecture. Figure 5 compares flat and hierarchical sampling runs
on a plot of energy verses computations. The energy spikes in the hierarchical an-
nealing curve are due to projection from one scale to the next. Immediately after
projection, local configurations are at a high energy due to artifacts of the projec-
tion operation. Since these high energies are due to local errors or inconsistencies,
they are easily remedied and energy levels quickly drop as the sampling algorithm
progresses.

Figure 6 shows 512 × 512 images sampled from this model using three methods.
The first panel shows a Gaussian Markov Random Field (GMRF) sample, typical of
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Fig. 7 Zoom views of images shown in Fig. 6

the data set we have trained the model on. This is followed by the best flat SA result
allowing about 3 days computation, the best HSA result taking about 15 minutes, and
the best SA with a different cooling schedule taking the same number of computa-
tions as the HSA sample. As be seen here and in a zoom view (Fig. 7), the complex
morphology is not represented in the SA samples. The long-run result lacks medium-
size structures, and the fast SA sample is very poor. The HSA result, while clearly
less than perfect from a modeling point of view, shows both visually and by final
energy a far superior result over regular SA.

5.2 Computational Benefits

Separate from issues of convergence (analysis of which is difficult for non-
logarithmic cooling schedules, and more so where multiple scales are concerned),
there are clear sources of expected computational benefit from the HSA approach. At
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Fig. 8 Energy vs. Computation: Results for many parameterizations of the cooling schedule (hierarchical
annealing)

each level of the hierarchy, we are running a Gibbs-type sampler in a smaller con-
figuration space than at the following levels. In the cases described here, each level
in the hierarchy reduces the image size by a factor of four. In 3D, the gain is much
larger, of course, so we have a geometric reduction in the size of the configuration
space. Beyond this simple reduction, there are data-dependent benefits. Since large
scale structures are built by local interactions, the probability of constructing some-
thing when the intermediate steps are not energetically favorable is reduced as the
number of steps increases (i.e., the product of the probabilities of individual steps).
In a hierarchical approach, large structures are put together with fewer intermedi-
ate steps at a coarser resolution. As this is data dependent, it is difficult to quantify.
However, it will benefit more from a hierarchy when the intermediate steps are less
probable.

Evidence of both of these effects was already presented in Fig. 5 for our synthetic
data. Figure 8 shows the results of many hierarchical runs with a simple parame-
trization on the cooling schedule. In these images, the data set was Berea sandstone,
and the model was chord-length distributions in both phases. It is important to note
that the parametrization allowed for poor choices of the cooling schedule (that would
allow high enough temperatures to tear apart structure after projecting to a high reso-
lution), and these paths are especially evident at the top-right of the ensemble. Many
parameterizations allow for very good performance. Figure 9 compares multiple SA
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Fig. 9 Energy vs. Computation: Several hierarchical annealing runs (solid) compared to six flat annealing
runs (dashed), for a variety of cooling schedules. The flat annealing runs clearly show the trade off between
computational complexity and final energy. (Increasing α trades more computations for better final energy)

and HSA results, all based on geometric cooling schedules (2). Slowing the SA cool-
ing schedule improves the final energy, but at the cost of more computations. How-
ever, none of the SA runs are able to match HSA for both computational time and
final energy. Figure 9 is presented with log–log scales and demonstrates a computa-
tion verses energy gain of more than an order of magnitude.

As previously noted, an interesting demonstration of the slow convergence of
some models is an energy function made up of both positive (white) and negative
(black) chord-length distributions. The following discussion and figures are not pre-
sented as a viable model reconstructing porous media. Rather, it is a very simple
example that demonstrates the difficulties that may be encountered. When attempting
to build large scale structures, such as in our GRF data set, there is very little energy
difference made by any intermediate step. In some sense, the white and black chord
distributions are at odds and therefore very slow convergence results. While this is
definitely not a good model to capture the morphology in question, it is interesting
that even allowing many days, flat annealing will not converge at all usefully while
hierarchical-annealing generates large scale structure in a few minutes (Fig. 10). Fig-
ure 11 shows the same computational methods as Fig. 10, but with a data set of lightly
fused glass beads. Note the complete failure of convergence for the flat annealing
cases.
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Fig. 10 Similar to Fig. 6, these panels show results for the more difficult case where the energy function
is a mix of white and black phase chord-lengths

5.3 Physical Data

While empirical results on the synthetic data described in the previous section are
valuable, it is of interest to apply the approach to real data. It is worth re-iterating
that the purpose of this current work is not to address modeling issues in the prob-
lem domain. For this reason, validation of resultant images is difficult, at least in an
absolute sense. While subtle issues of validation are beyond the scope of this paper,
flat annealing improvements can be extremely clear (Figs. 10 and 11) in comparison.
In contrast, Fig. 12 shows similar samples, but for a more realistic model of both
chord-length distribution and two-point correlation. Although the prior model does
not capture all of the morphologies of the training set, it is very clear that HSA sam-
ples are being drawn from a class of images with chord-length distributions that are
strongly in agreement with the mean chord-length of the training set (Fig. 13). In
general, we see that the simulated process under the HSA algorithm is converging to
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Fig. 11 Sintered beads data set. Again, each panel gives the final energy, E (X ), and approximate runtime.
Shown are example training data A, sample from SA with very slow geometric cooling B, sample from
SA with equivalent computation to the hierarchical case but with enforced volume fraction (to the mean of
the training set) C, and finally D, sample from HSA method described herein. Model is (cf. Fig. 10) both
white and black phase chord-length distributions. Images are 256 × 256 pixels

far lower energies much more rapidly than under standard SA. Figure 14 compares
the training data (left) and HSA reconstruction (right) with the data shown at full res-
olution and with two sub-images (1024 × 1024, 128 × 128). The sub-image regions
indicated at the previous resolution. This reconstruction uses both chord-length and
a local neighborhood structure approach (see Sect. 4, Models/Energy Functions). In
this synthesis, energies at each scale were learned separately.

Visually, these figures demonstrate that the results look very good. Even better, the
autocorrelation was not used in the reconstructing energy function and can therefore
serve as a useful validation of the result. Figure 15 plots the observed autocorrelation
for the two images, showing excellent local (small lag) agreement and reasonable
agreement at large distances.
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Fig. 12 Sintered beads data set with a slightly more realistic energy function, the mixture of two-point
probability and chord-length distribution. In this case the images are 512 × 512

Fig. 13 Chord-Length
distributions for spheres data set
(shown in Fig. 12). The dashed
line is mean chord-length
distribution over training set,
and dotted lines give one
standard deviation. The solid
line is final distribution of an
HSA sample, while dot–dash
line shows a typical sample from
the training set
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Fig. 14 High-resolution image of vuggy carbonate rock (1.87 micron/pixel) showing structure at multiple
scales (left column) and HSA sample (right column). Energy function is based on local neighborhood
structure and chord-length distributions. The reconstruction took approximately 4 days, with a final energy
of E = 2.85e−4 (the original image has energy of 4.44e−6)
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Fig. 15 Plots of the
autocorrelation function S2(r)

for both training and
reconstructed images shown in
Fig. 14. Although
autocorrelation is not directly
part of the energy function used,
agreement is very good

6 Discussion and Conclusions

We have demonstrated the computational benefit of a hierarchical approach to sim-
ulated annealing in the computationally expensive approach of pure synthesis (e.g.,
sampling) from low temperature Gibbs distributions (1). This approach now allows
researchers to attempt more difficult synthesis problems on large images with multi-
ple natural length scales. Clearly, with such an approach, there is a modeling compo-
nent not addressed in the current work. While some comments relevant to modeling in
this hierarchy have been made, this aspect is the subject of another paper. Being able
to model reliably and process 64-million pixel random fields obviously raises a wide
variety of further questions and opens new opportunities in the synthesis of porous
media images. The most immediate extension of this work is to three-dimensional
data, where the large voxel count quickly leads to prohibitive computational com-
plexity with standard SA. Furthermore, in addition to expanding the list of standard
SA models implemented and tested in the HSA context, the HSA method allows for
new types of scale-dependent models that is the object of ongoing research.
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