C&O 330 - SOLUTIONS #2

PROFESSOR D.M,JACKSON

This assignment is about partitions. The questions are taken from the Exercises
of Section 2.4 (page 38) of the Course Notes.

A (15 points) Question 2.
Solution: Let P be the set of all partitions, let A (7) be the number of
1sin m, let p (7) be the number of distinct parts in 7 € P and let w (7) = n
where m = n. Let A(z,u) = [(P,w® )], (z,u) = 3, 150 an px"u* and
let B(z,u) = [(P,w®p)],(x,u) = Y, >0 bnrz"u". Note that clearly
A, B € C[u][[z]]. Then the total number of 1s in the set of all partitions
of n is

2 n 0A
Cn = kz_okamk =[x ]Lu%

and the sum of the number of distinct parts in the set of all partitions of n
is

0B

ou’

where L, f (z,u) is defined to be f (z,1) for f € Clu][[z]]. Then

Cn = dp forallnzO@Lu%:Lua—B
ou ou
0, to establish the result, we demonstrate that the right hand side of the
bi-implicant holds.

A universal decomposition for P is

Q: P~ Xi>1 {Z}*

dy =Y kbpy = [a"] L,
k=0

Clearly, 2 is additively w ® A-preserving, so
A= H [({i}) ,w @ A (z,u),
i>1

by the Product Lemma. But

(i) wer], = Y[ wen], = 2@

j=0 j=0
1+ur+uz?+--- if i=1,
- 1+zi 2%+ if §#1,

— lflum if Z:L
Lo if i#£1,
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SO
1 1
Azl—u:cgl—xi'
Then
0A T 1
Lu%_l—xil;[ll—xi'
Similarly,
B=1][{}"),weu], (2 u)
i>1
where
[({z}) W®:u} wa ZJ u
72>0
_ P2y Lt =)
= 1+u(w + "+ )— T ,
SO
142t (u—1)
B HW.
i>1
Then

log(B) =Y (1+a'(u—-1))=> (1-z'),

i>1 i>1

and, differentiating partially with respect to u, we have

1 0B
L“E%_inljtxl ERPIEEE
Thus
0B T 1 T 1 0A
L, = L,— = -:Lu_7
0 1—=x 1—xi1;[21—xZ ou

and the result follows.

(15 points) Question 3.

Solution: The following proof is quite formal and it expresses precisely
how the weight preservation is achieved. You now have the mathematical
ideas to establish this clearly. Several decompositions are used that you
have seen in the lectures. The same notation is used.

Let A be the set of all partitions in which no part appears exactly once.
For m € A and 7 - n, let w () = n. By restricting the universal decompo-
sition for the set of all partitions,

Ao xis1 ({i} = {i})
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is an additively w-preserving decomposition of A. Then, by the Product
Lemma,

I 23
[(Aw)], (x) = H(l_lxi_xi>znll—7;zniix”

i>1 i>1 i>1

61

11—z
- H (1 — x2) (1 — x37)

i>1
B 1— g0
- +t (1 — 26 (1 — 26i=2) (1 — 26i—4) . (1 — 261) (1 — 26¢-3)
- 11 1
B et (1 — 26i=2) (1 — 26i—4) (1 — 26¢) (1 — 261-3)
1

Il
.

(1 — 267H4) (1 — 26i12) (1 — 6i16) (1 — 26i+3)
@), (@) 5

where B is the set of all partitions with no parts congruent to 1 or 5 mod
6.

~
v
=}

I
=

(15 points) Question 6.

Solution: Let D be the set of all partitions with distinct parts. Then
each Fy, for m € D, has a maximal right angled isosceles triangle in the top
left corner of Fj. Let k£ be the length of the two equal sides, and denote
this triangle by 7. Then, on deletion of T}, a diagram remains that, when
justified to the left, is a Ferrers diagram of a partition « with at most &
parts. Then

Q: Do | J{Th} x My: Fr > (T, Fa) -
E>0

Let w(w) = n, where 7 F n, and 0 (7) be the number of parts of 7. Let o
denote the zero weight function. Then

(w®0)(m)

for all w € D, so
wR0=(w®)® (wro))N.

If follows that © is an additively w ® 6-preserving decomposition of D (the
equality establishes w® 0-preservation, and the @ indicates that this is done
additively). But

R Xi>1 {E,i}
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SO

(D,w0)], (z,u) =]] (xw@)ue(a) + xw(ime(i)) = (1 +2").
i>1 i>1

Similarly,

({Th},w ®0)], (z,u) = uPaFFE+D/2,

Also My, < Ly < x;>1 {i}" is additively w ® o-preserving so

—.

@
I
s

[(Mkvw@o)]o (CL‘,U) = [({i}*vw@)o)]o(*x?u)

0 ()

|
VE”

i=1 \j>0
k k
y 1
= I I E 290 | = I I -,
| ; L1
=1 \j>0 =1

Combining this expressions, we have, by the Sum and Product Lemmas,

H(1+xiu) = [(D,w®0), (z,u)

i>1

= ) [{Th} x M, (w®0) @ (w®0))],

k>0

= 1+ Z [({T} 0 ®0)], [(Mg,w®0)],
k>1
uk gk (E+1)/2

= 1+ — T o
i1 1Lim (1 —27)

completing the proof.

D (15 points) Question 8.

Solution: We consider first the right hand side of the result to be proved.
It looks as if this involves the generating series for a maximal square of size
k, a partition into at most k parts, and a partition with largest part at
most k. We therefore surmise that this counts the set P of all partitions 7
with respect to the sum w (7) of the parts of 7, the number v (7) of parts
of 7, and the size A (7) of the largest part of 7. We now formalise this.

We use the universal decomposition

L]
Q0: P U {Dk} X Ek X ./\/lkl ™ = (Dk,Fa,Fg).
k>0

Now w (1) = w(Dg) + w (Fo) + w (Fp), v(w) = v (Dy) + v (Fy) + o(Fp),
and A (m) = XA (Dy) + o (Fu) + A(F3). Then
(wereA)(r) = (wWevel) (D) +(wereo)(Fa)+weo® ) (Fs)
= (WoroN)ewer®o)® (w®o®N)) (D, Fa, F)
= (weVveAN)®dWereo)d (we®o® ) (r)
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for all # € P, so
WwRVAIA=(wRVRAN D (WRVYR0) D (wRXo®\))Q.

We conclude for this that € is an additively w ® v ® A-preserving decom-
position of P. Then, by the Sum and Product Lemmas,

(Pwevel)],(@zw) = 1+ [({DhLwevei})],
E>1
Lk, w@r®o), - [(Mpw®o®N)],.

But
[({Dr,w@v @AV, (2,2, w) = ¥ 2Fwk,
(Lrwerveo)l,(rzw) = [(xi{i} ,weveo)],
= ﬁ Zx“’(ij)z”(ij)wo(ij)
i=1 \j=0

Il
8
S
N
.
g
o
\

—_

! —

I

8]

Similarly, using the decomposition
Tt My - Ly,
we have, noting the effect of conjugation on the weight functions and the

indeterminates,

1

(Miw ® 08 V)], (2, 2,0) = [(Li,w © v @ 0)], (2w, 2) = [ 7=

i>1

Thus, combining these results, we have
2t Rk

k - N
=1 [T, (1 —z2%) (1 — wa?)

We now determine [(P,w ® v ® A)], (z, z,w) in another way, by deleting
the largest part of 7. Then m decomposed uniquely into a larges part k and
a partition with largest part at most k. Thus

(P,w@v @A), (z,z,w) =1+

0: P o | {k} x Lp: 7 (k,Fa).
E>0

Ttl;n)w (m) =w (k) +w(F,), v(r) =v(k)+v(F,), and A(7) = A(k) +

Wered)(r) = (Wereld)(k)+(werveo)(Fa)
= (Werel) e (Wwerveo))(k Fa)
= (Werved)e(wereo)(n)

for all w € P, so

WwRVAN=(wWRVRN P (wRr®o) .
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Thus, O is additively w ® v @ A-preserving. Then, by the Sum and Product

Lemmas,
(P,w@reN)], (z,2z,w) = 1+Z[({k} XL (w@reN) e (wereo)),
k>1
= 1+ (s wered], i wereo),.
k>1
But,
(({k},were )], = g0 R) V(R A R) — gk
Also
k i i i
L, werv®o)], = [(xk, {i}*,w®l/®o)]O=H Zx“’(l])z”(“)wo(“)
i=1 \j>0
k k 1
_ ij 4,0 | _
= H ijz]w _Hl—zxi'
i=1 \j>0 i=1
Thus
ok zwk

Pw@rveN), (z,z,w) =1+ _
: et : k>1 Hf:1 (1 —zz?)

We conclude that

2
Z J,'k zkwk Z J,'kZ’LU

k ; . =t .
k>1 Hi:l (1 - ZI,L) (1 - wxz> E>1 HiZl (1 — Z{Z?’L)

k

i=0
This has a power series expansion of the form F, (t,q) = 1+ ,+, t"crn (q)
SO

E (15 points) Let ¢ and ¢ be indeterminates, and let F, (t,q) = [Ti—, (1 — tq*) !

The problem is to determine this coefficient. By considering an expression
for F, (tq, q) that involves F,, (t,q), prove that

k
(@) =] -q) (1—¢) .
i=1
Solution: First, note that
L LRI 1—t

Fnt, = Va7 — :Fn tu T Lt
(tg,q) gl—tq”l il;[ll_tql (t0) T

so F, (t,q) satsfies the functional equation

(1—tq"™) Fo (tq,q) = (1 —t) Fy (t,q) .
Then

(1—tg"™") Ztquckﬁn (¢9)=(1-1) Z thern (),

k>0 k>0
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where ¢g, (¢) = 1, for n > 0. Applying [t"] to both sides, we have
q" emn (@) = ¢ Cm—1,0 () = Cmn (@) = Cm—1.0 (@)

whence, (¢mn: m=0,1,2,...) satisfies the linear recurrence relation

(1 - qm) Cm,n (Q) = (1 - qm-i-n) Cm—1,n (Q)
for m > 0, with initial condition ¢g  (¢) = 1 for n > 0. Then

Cmn(q) 1—gm™

Cm—1,n (q) 1T—qm

for m > 0, so
1 _ qurn

cmon (q) _ ﬁ

Co,n (Q) me—1

The result follows immediately.

1—qm

Bonus: (15 points) Find a natural bijection that accounts of the result
given in Question A.



