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1. Consider the generating function

∞∑
n=0

cnx
n =

1 + x− 5x2

(1− 2x + x2)(1− 2x)
= 1 + 5x + 10x2 + 17x3 + · · ·

(a) Give a recurrence relation and initial conditions that determine the values of cn for all n ≥ 0.

(b) Use your recurrence from part (a) to calculate cn for all n ≤ 6.

n 0 1 2 3 4 5 6

cn 1 5 10 17
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(c) With the same generating function as above,

∞∑
n=0

cnx
n =

1 + x− 5x2

(1− 2x + x2)(1− 2x)
= 1 + 5x + 10x2 + 17x3 + · · ·

use partial fractions to derive a formula for cn as a function of n ≥ 0.
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2(a) What is the probability that if you are randomly dealt 5 cards from a standard deck, then at
least 3 of those cards will have the same suit?

(b) What is the probability that if you are randomly dealt 7 cards from a standard deck, then at least
4 of those cards will have the same suit?

(c)* What is the probability that if you are randomly dealt 7 cards from a standard deck, then at
least 3 of those cards will have the same suit? [Be careful! You might get 3 hearts and 3 diamonds and
a club. . . ]
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3. For a graph G and integer k ≥ 0, let nk be the number of vertices of G that have degree k.

(a) Show that if G is a tree with p ≥ 2 vertices then n0 = 0 and

2 = n1 − n3 − 2n4 − 3n5 − · · · .

(b) Consider a graph G with nk given by the following table:

k 0 1 2 3 4 5
nk 0 20 8 4 1 2

and nk = 0 for all k ≥ 6. Assume that G does not contain any cycles. How many connected components
does G have?
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4. Construct a Breadth-First Search Tree for the graph shown, beginning at the root vertex labelled
1. At each stage of the algorithm choose the next vertex to be the vertex labelled by the smallest
number, among all the presently available vertices. Record the labels of the vertices in a queue, in the
order that they join the tree, and draw the tree inside the graph.

Queue: 1

5. The two graphs shown below are isomorphic to each other. Show an isomorphism between these
two graphs.
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6. For each part, either draw a picture of a graph satifying the given conditions, or explain why no
such graph exists.
(a) A graph with degree sequence (2, 2, 3, 3, 3, 4, 4, 5, 5, 6, 6, 6).

(b) A connected planar graph with 12 vertices and 21 regions.
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(c) A bipartite graph with 12 vertices and 37 edges.

(d) A graph in which every vertex has degree three, and which has no cycles of length 3 or 4.
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7. Prove that a graph G = (V, E) is a tree if and only if for every pair of vertices v, w ∈ V , there is a
unique path in G from v to w.
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8. For each of parts (a) and (b) decide whether or not the graph shown is planar. If it is planar then
draw it properly in the plane. If it is not planar then show a subdivision of K5 or K3,3 as a subgraph.
(a)

(b)
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9. Let G be a connected planar graph with p ≥ 3 vertices, and with nk vertices of degree k (for each
k ≥ 1). Show that

5n1 + 4n2 + 3n3 + 2n4 + n5 ≥ 12 + n7 + 2n8 + 3n9 · · · .


