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ABSTRACT. We first give an example of a rigid structure of computable di-
mension 2 such that the unique isomorphism between two non-computably
isomorphic computable copies has Turing degree strictly below 0”, and not
above 0’. This gives a first example of a computable structure with a degree
of categoricity that does not belong to an interval of the form [0{c), 0{a + 1)]
for any computable ordinal . We then extend the technique to produce a rigid
structure of computable dimension 3 such that if do, d1, and d2 are the de-
grees of isomorphisms between distinct representatives of the three computable
equivalence classes, then each d; < do & d1 & d2. The resulting structure is
an example of a structure that has a degree of categoricity, but not strongly.

1. INTRODUCTION

In mathematics, we often identify structures up to isomorphism. We consider
isomorphic copies of the same object to be the same. In computable structure
theory, we need to be careful. Even if a structure has a computable presentation,
it could be that not all computable copies are computably isomorphic. That is,
computability theoretically, they are not the same. Indeed, in the case that they
are the same, we have the following definition.

Definition 1.1. A computable structure A is computably categorical if for all
computable B = A there exists a computable isomorphism between A and B.

What if a computable structure is not computably categorical? There are a
couple of interesting questions we might ask. One is, how many equivalence classes
does the structure have up to computable isomorphism? This number, which is
at most w, is known as the computable dimension of the structure. The other
is, does the structure have a natural Turing degree where it becomes computably
categorical?

Goncharov was first to construct a structure of finite computable dimension
[Gon80]. There has been much further work on constructing structures of finite
computable dimension with various properties [Har93], [CGKS99], [Hir02].

Towards the second question, we first extend the definition of computably cate-
gorical to other degrees.

Definition 1.2. A computable structure A is d-computably categorical if for all
computable B = A there exists a d-computable isomorphism between A and B.

Goncharov related these notions by showing that if a structure is 0’-computably
categorical, then it must have computable dimension 1 or w [Gon82]. That is, the
structures of finite computable dimension are necessarily unpleasant to build, in
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the sense that the fact that the various computable copies are indeed isomorphic
cannot be verified by a limit computable isomorphism.

The various constructions of structures of finite computable dimension all use an
infinite injury type construction, and so are all 0”-categorical. No effort is made to
control the complexity of the isomorphism(s).

The following definition intends to pin down the level of complexity required
to compute isomorphisms of a given computable structure, and to say which Tur-
ing degrees can be realized as levels of complexity of isomorphisms of computable
structures.

Definition 1.3. A structure A has degree of categoricity d if A is d-computably
categorical, and for all ¢ such that A is c-computably categorical, d < c. We
say a degree d is a degree of categoricity if there is some structure with degree of
categoricity d.

Degrees of categoricity have been widely studied since they were first introduced
by Fokina, Kalimullin and Miller in [FKM10]. So far, all examples constructed have
been in intervals of the form [0(®), 0(>*D] and have had the following property,
which is stronger than merely being a degree of categoricity.

Definition 1.4. A degree of categoricity d is a strong degree of categoricity if
there is a structure A with computable copies Ay and Ay such that d is the degree
of categoricity for A, and every isomorphism f : Ay — A; satisfies deg(f) > d.

Fokina, Kalimullin and Miller [FKM10] showed that all strong degrees of cate-
goricity are hyperarithmetical. Later, Csima, Franklin and Shore [CFS13] showed
that in fact all degrees of categoricity are hyperarithmetical. Recently, Csima and
Harrison-Trainor [CHTar] have shown that the only “natural” degrees of categoric-
ity are those of the form 0(®) for some computable «, and moreover that any
computable structure has a strong degree of categoricity “on a cone”.

In the first half of the paper we construct a rigid computable structure with
computable dimension 2, and demonstrate a method for controlling the degree of
the isomorphism between the two copies. Indeed, we show the existence of a degree
of categoricity d which does not lie in an interval of the form [0(®), 0(**+ D] for any

computable ordinal a, answering an open question as stated in [FKM10],[Fral7],
and [AC16].

Theorem 1.5. There is a rigid computable structure with computable dimension 2
such that the isomorphism [ between two computable copies satisfies f Z1 O/ and
f <7 0", and therefore in particular f < ("".

We obtain as a corollary.

Corollary 1.6. There is a rigid computable structure which has a degree of cate-
goricity that does not belong to an interval of the form [0(*), 0(*+D] for any com-
putable ordinal o.

One of the original aims of this paper was to show that there exists a structure
that has a degree of categoricity but not strongly. We approached the problem by
showing that we could control the degree of the isomorphism in the construction of
a structure of finite computable dimension. In the mean time, we have received a
preprint from Bazhenov, Kalimullin, and Yamaleev [BKYar], that shows as its main
result the existence of a structure with a degree of categoricity but not strongly.



Their approach uses a new notion of “spectral dimension”, and their structure is
0’-computably categorical, so in particular has computable dimension w. We feel
that our approach is of independent interest since it relates the natural notions of
computable dimension and degrees of categoricity.

In the second half of the paper we apply the ideas of the first half to carry
out a more involved construction: that of a rigid computable structure with com-
putable dimension 3, and which has a degree of categoricity but no strong degree
of categoricity. That is, we prove the following.

Theorem 1.7. There exists a rigid structure of computable dimension 8 such that
if dog, d1, and ds are the degrees of isomorphisms between distinct representatives
of the three computable equivalence classes, then each d; < dg ®d; & dy < 0”.

We thus obtain the desired corollary.

Corollary 1.8. There is a Tigid computable structure with computable dimension 3
which has a degree of categoricity d < 0", but has no strong degree of categoricity.

Neither our example nor the paper of [BKYar| answers the question of whether
all degrees of categoricity are strong. That is, the degree of categoricity that our
structure constructed in section 4 has is indeed a strong degree of categoricity as
witnessed by a different structure.

2. NOTATION AND CONVENTIONS

For general references, see Harizanov [Har98] for computable structure theory,
and Soare [Soal6] for computability theory.
Our constructions will make use of Friedberg enumerations.

Definition 2.1. Let S C P(w).
A c.e. Friedberg enumeration of S is a c.e. binary relation v such that for all
i#j, v(i) #v(j), where v(i) = {z | (i,x) € v}, and S = {v(i) | i € w}.

For each § C w, we let G(S) be the rigid graph associated to S. That is, for
each A € §, G(S) has a connected component with a root node with an (n + 3)-
cycle attached to the root for each n € A, and no other components. It is easy
to see that a computable copy of G(S) gives a c.e. Friedberg enumeration of S,
and conversely. Under this association, isomorphisms between computable copies
of G(8) correspond to bijections f : w — w such that v(i) = u(f(i)), where v and p
are Friedberg enumerations of the same set. The effectiveness of the correspondence
guarantees that the Turing degree of the isomorphism between two computable
copies of G(8) is the same as that of the bijection f to which it corresponds. We opt
to work directly with c.e. Friedberg enumerations instead of with the corresponding
graphs. However, bearing in mind the strength of the correspondence, we will adopt
much of the terminology associated with graphs. We note that our correspondence
can be extended to associate arbitrary c.e. binary relations with (non-rigid) graphs.
Because of this, we will refer to c.e. binary relations as structures, and fix an effective
list (pe)eew Of all such relations. If v and p are c.e. binary relations, we let v(¢) and
u(i) be as in the definition of c.e. Friedberg enumerations. We refer to a bijection
f:w — w for which v(i) = f(u(i)) for every ¢ as an isomorphism from v to u.
Note that if there is a unique isomorphism from v to y, then they are c.e. Friedberg
enumerations of the same set. Furthermore, given a c.e. binary relation v, we often
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refer to i € w as a component of v, since i can be viewed as a name for the connected
component associated to v(i) in the corresponding graph.

3. COMPUTABLE DIMENSION 2

This section is devoted to the proof of our first theorem, which we repeat here.

Theorem 3.1. There is a rigid computable structure with computable dimension
2 such that the isomorphism f between the two computable copies v and p satisfies
fF270 and f <7 0", and therefore in particular f <g 0.

Before we begin with the proof, we show that we easily have the following corol-
lary.

Corollary 3.2. There is a rigid computable structure which has a degree of cate-
goricity that does not belong to an interval of the form [O(”‘), 0(a+1)] for any com-
putable ordinal a.

Proof. Let A be a structure as guaranteed by Theorem 3.1, and let d be its degree
of categoricity. Then as d # 0’, the only eligible interval is [0,0’]. However, A
has computable dimension 2, so by the previously mentioned result of Goncharov
[Gon82],d £ 0. O

We build two c.e. Friedberg enumerations v and u of some & C P(w).

We meet the requirements:

P,.: If ¢, is total then v(i) # p(pe(i)) for some i € w.

N.: If p. is a Friedberg enumeration of S, then p, is computably isomorphic to
vV or [i.

There is a 0”-computable bijection f : w — w such that for all ¢, v(i) = u(f(4)),
and such that deg(f) # 0”. To do this we build a c.e. set C' and meet the require-
ments:

S.: ®f £ C.

We give a stage-by-stage construction of v, u, and C. At each stage s, fs
will be the unique map satisfying v(i) = p(f(7))[s] for all i« € w. We begin with
v(1)[0] = p(2)[0] = {i}, so that fy is the identity function.

We split the requirements S, into several subrequirements, each of which makes
some guesses about the structure we are building. Meeting the subrequirement for
which those guesses are correct will suffice to meet S.. The S, requirements will
be able to injure eachother, and can also be injured by P, requirements.

The P, requirements are met via a finitary action, and will not be injured by
any higher priority requirement. The N, requirements will be met via an infinitary
procedure. The strategy for meeting these requirements is to build the structures
v and g in such a way that if p. is is isomorphic to our two structures, it must be
constructed by following the construction of one of our structures so closely that
the two are computably isomorphic.

For n = v or n = pu, and for a sequence ny, ...,n; € w, to perform a right shuffle
on the sequence ng,...,n inn at stage s+ 1 is to set nsy1(n;) = ns(n;) Uns(nivq)
for 0 < i < k, where niy1 := ng, and to set ns11(j) = ns(j) for j & {ng,...,nx}.
Similarly, to perform a left shuffle on the sequence ng,...,ng in n at stage s + 1
is to set ns41(n;) = Ns(ny) Uns(ng—1) for 0 < ¢ < k, where ni41 := ng, and to set
Ns+1(3) = ns(j) for j & {no,...,nx}.



Remark 3.3. Note that if ng,...,ng, mq, ..., my are such that v(n;) = u(m;),
then if we perform a right shuffle on ng, ..., n; in v and a left shuffle on mg, ..., my
in p, then after the shuffle we will have v(n;) = p(m;y1), where mygy1 := myg.

At each stage of the construction we will perform a right shuffle in v and a left
shuffle in p, and will always choose the components used in the shuffle to satisfy
the condition laid out in Remark 3.3. This will ensure that v[s] and p[s] remain
isomorphic at each stage s. By choosing which components we involve in the shuffle
carefully, we will also ensure that v and p are still isomorphic at the end of the
construction, and that we meet each requirement N..

We now introduce some ideas and notation which we will use in the construction.

Let ae, be, Ce, de, Te, Ye, and z., for e € w, denote natural numbers distinct from
one another.

For o € 3<“ and n € {v,pu}, let p2[0] = 2z(,0y. These will be the “precious”
components, used to meet the N, requirements. Ny will need only one precious
component, but N, will need one for each o € 3¢.

We will classify each stage of the construction according to what strategy we use
at that stage. We will do so by assigning to each stage s a string «; of length s, and
say that s is a B-stage for each § < as. At each stage we will have a finite set of -
marked components in our structures v and p. To determine whether a S-stage s is
a B 0-stage, a 5 1-stage, or a 5 2-stage, we will need to decide whether the structure
pe has recovered to resemble our structures v and p sufficiently closely. We do so by
checking whether there is a well-behaved embedding from the S-marked components
of 17 into p., where 7 is equal to each of v and u. A §72-stage will be a (-stage at
which there is no such embedding, whereas S0- and ”1-stages will correspond to
different kinds of recovery. At S 1-stages, we believe that p. may be isomorphic to
our structures, and work toward ensuring that if so, it is computably isomorphic to
one of them. At 5 0-stages, we work toward ensuring p. is not isomorphic to our
structures.

We let TP be the true path, defined by setting TP [ n = liminf, o [ n.

If 57 < TP for some (3 of length e, the strategy corresponding to the string
of form 7% indicated above succeeds. In the case that i = 0 or i = 2, p, is not
isomorphic to either of our structures, whereas if i = 1, p. may be isomorphic to
our structures. If so, it will be computably isomorphic to one of them.

We will now define o541, using a recursive procedure specifying its initial seg-
ments.

Every stage is a A-stage.

Stage s = 0.

We let hg [0] be empty for n equal to both v and u and for every f.

Stage s + 1.

Suppose that we know that s + 1 is a S-stage for some 8 with |3] < s. Let
e = |B]. Let B" be the set of components of 7 which are S-marked by the end of
stage s, for n = p and n = v.

We say that stage s + 1 is a recovery stage for N, if, for n = v and n = pu,
there exists a unique map hj[s]: B" — p, such that p.(hj(x))[s] 2 n(z)[s] for each
x € B", and furthermore that if t +1 < s+ 1 is the most recent [-stage which is a
recovery stage for N, then range(hj3)[t] C range(hj3)[s].
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If s+ 1 is a B-stage which is a recovery stage for N., and 8 was not active at the
end of stage s, say s+ 1 is an even v-recovery stage, a S-initialization stage and a
[ 0-stage. Declare 3 to be active.

If s+ 1 is a B-stage which is a recovery stage for N, and 5 was active at the end
of stage s, let t +1 < s + 1 be the most recent §-stage that was a recovery stage
for N,. If t was an even/odd 7-recovery stage for N, and if hj3[s] 2 hj[t], then we
say s+ 1 is an odd/even 7-recovery stage and a 3"1-stage, whereas if hj[s] 2 hj|t],
we say that this is an even (-recovery stage for N, where t = pif n=v,and . = p
otherwise, and that stage s + 1 is a § 0-stage.

If s + 1 is not a recovery stage for N, then we say s + 1 is a 3 2-stage.

Let as41 be the unique string of length s 4+ 1 such that s + 1 is an as1-stage.
Note that s 4+ 1 is a o-stage iff 0 < 41

At each stage of the construction the structures v[s] and p[s] will be isomorphic
via a unique isomorphism f;. To meet the requirement S,, we define a modified map
fr,s between p and v for each 7 of length e. This map predicts which components
of v and p should be infinite based on the assumption that 7 < T'P, and is created
by adjusting the current isomorphism fs to match that prediction. The maps f; s
approximate f, in the sense that lim, lims frpm,s = f.

For each o such that 671 < 7, at each 7-stage s, f, , will predict one component
g of v to be infinite, and predict its image in p by specifying fs(¢). If 7 < TP,
then from some point onward, the components predicted to be infinite in this way
will not change, nor will their predicted images. At each 7-stage thereafter, each
component which is predicted to be infinite by 7 will be involved in a shuffle, and
its membership will increase. The shuffles are arranged so that at the end of the
construction we have f(q) = f-s(q) for sufficiently large s.

We now specify f; s precisely for each 7, as follows.

If 1 <7, let t +1 < s+ 1 be the most recent ¢ 0 stage.

Set frs(Py 41) = Do iy1- Say that 7 s-predicts the components pj , ; of v and
pﬁ’tﬂ of p to be precious. If fs(q) = pﬁ’tﬂ for some other ¢, then set f; s(q) to be
undefined.

For all other components g of v, set f s(q) = fs(q).

We will need to refer to the functions f; s when considering the requirements
Se. For this reason, we will now split S, into requirements S,, where 7 € 3<% has
length e.

Towards meeting the S- requirements, let w, ,y for 7 € 3<% and n € w denote
natural numbers distinct from one another.

We will work to achieve the requirement S; by ensuring that there is some n
such that for all sufficiently large s,

(I)gT (w(r,m)[s] i?’é C(w('r,n>)'

Provided that f, and f agree on the use of the computation, we will have met the
requirement S;. We will build C' by giving a computable enumeration (Cy)ge-
To meet the overall requirement S, it will suffice to meet the subrequirement
Sy for t=TP Je.
At each stage s we will define a restraint function 7 : 3<% — w which we will use
to protect computations that are being used to meet requirements of the form 5.
We let Ry(7) = max{rs(c) | o <p 7}.



For each 7, at each stage of the construction we will have an active witness w; ,,)
for T-diagonalization. Our strategy for meeting a requirement S, at stage s+ 1 will
be to find a function g: {0,...,k — 1} — w such that

q)g,s(w<r,n)) i/: 07
enumerate w(, ,y into C, and ensure that g = f;; [ k for each ¢ > s + 1. At
stage s + 1 we search for ¢ < fg s, where we require 7 < 6 = o,y;. Because
frs I 'k # fos | k, once we identify such a g, we will need to perform a shuffle
which is designed to ensure that g = f; ;41 [ k.

At stage s + 1, we will say that a number q is fresh if v(q)[s] = p(q)[s] = {q},
and for each o, ¢ is not o-reserved, and furthermore, for no t < s + 1 do we have
q=Ppy Or q=Pg,

The Construction

Stage 0:

Set r(0)[0] = 0 for all o € 3<¢. For n € {v, u}, A-mark the precious components
p}. For the least components of form z; and y;, A-mark them and say they are
A-reserved.

Let Cy = (). Say that the active witness for T-diagonalization is w(r,0y for each
T.

Say that none of the requirements S, and P, are currently satisfied.
Stage s+ 1:

We attempt to meet one requirement of the form S, or P,.

We first check on the status of the requirements P, for e < s.

Condition 3.4. Suppose P, is not currently satisfied. Suppose there exists some
(e, ) such that e (b jy) 4= beejy, that each of ai jy,bee jy, e,y is larger than
R(a | e)[s + 1], is fresh, and if any of these three components is S-marked, then
B2>r agp10r B < gy

Then say that P. requires attention.

We next check on the status of the requirements S, for each 7 = @41

Condition 3.5. Suppose T =< as11 is of length e and that S, is not currently
satisfied.

If 8 > 7, say that a component g of v is f-unpredictable if there is some o such
that 07 < 0 for i = 0 or 1 for which ¢ is o-reserved, or such that ¢ = py  or
q= f;l(pgys), but 6 does not s-predict g to be precious.

Let w(r )y be the active witness for 7-diagonalization.

Check whether there is some 6 such that 7 < 0 < @441, k < s, and ¢, which
meet the following conditions:

(1) 9= fos Ik
(2) if z is a component which is #-unpredictable, k < .
If such g and 0 exist, say that S; requires attention.

Let e be the least number such that at least one of P, and S, requires attention,
where 7 = a4 | e. If P, requires attention, we will meet it at this stage. Otherwise
we will attempt to meet S, .

In any case, our action will consist of performing a right shuffle of some com-
ponents of v, and a left shuffle of the identical components in u. The components
shuffled in the two cases will be very similar.
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We will specify which components should be part of the sequence of components
used in the shuffle in each of v and p by considering each ¢ < a4 in turn, and
defining subsequences 7, and [i,, of components corresponding to 0 = a1 [ n.

Case 1: Meeting P.

Let (e, j) be as specified in Condition 3.4. Say that we attempt to meet P, at
this stage.

For each n < s, do as follows: Let 0 = as41 [ n.

If s+ 1 is an even v-recovery stage for N, let U, = x1,p; ., yx, where x; and yy,
are o-reserved components. Let fi, =z, fs(py ), Yk-

If s+ 1 is an odd v-recovery stage for N,, let ¢ be the most recent o-stage
which was a recovery stage for NV,,. Let [ be such that x; was one of the o-reserved
components used in 7, [t]. Let 1, = T, Py s, T), Where x; is o-reserved. Let ji, =
i, [ (g)[s) Pl -

In both v-recovery cases, let py ..y = pj . and p}, .y = f(py)[s].

Similarly, if s + 1 is an even p-recovery stage, let 1, = x1,p4 o, yi, where z; and
yy are o-reserved. Let Uy, = x;, f~1(p)[s], y-

If s+ 1 is an odd p-recovery stage, let ¢ be the most recent o-stage which
was a recovery stage for N,. Let k be such that y; was one of the o-reserved
components used in i, [t]. Let fi, = y;,pk s, yk, where yi is o-reserved. Let v, =
pz,tv f71 (pg)[s]v Yk

In both p-recovery cases, let pl; ., = pk  and py ..y = f~'(p)[s].

If s 4+ 1 is not an N,, recovery stage, let 7, and [i,, be empty.

Perform a right shuffle on a(. jy, b 5y, e jy: Vo, - - -, Vs in v and perform a left
shuffle on a<e7j>,b<e’j>, C<e)j>,ﬁ0, cee ,ﬁs in M.

Say that P, is satisfied.

Proceed to clean-up phase.

Case 2: Attempting to meet S..

Let g and 6 be as specified in Condition 3.5. Suppose that |7| = e and |8] = m.
Say that we attempt to meet S, at this stage.

Enumerate w; ) into Cs41.

For each i < e, let 0 = as11 | i. Then let 7; and [i; be exactly as laid out above
in the case where we are attempting to meet P..

Fore<i<m,let o =as4 |1

Our choice of 7; and f1; will now be determined by the requirement that fr 541
agrees with fg s on every component ¢ < k. We will say that ¢ requires adjustment
if fo(ph 1o41) 7 Ph.tys1, Where tg 4+ 1 < 54 1 is the most recent ¢ O-stage. We will
later see that this occurs precisely when s + 1 is an odd recovery stage for N;.

If ¢ requires adjustment, do as follows:

Suppose t < s+ 1 is the most recent o-stage which is a recovery stage for V;,
and that t is an even v-recovery stage. Let [ be such that x; was one of the o-
reserved components used in U;[t]. Let U; = x;,pl , ;, where x; is o-reserved. Let
i = 1, f(pcl;)[s]vpgg#l'

Otherwise if ¢ < s 4 1 is the most recent o-stage which is a recovery stage for
N;, then t is an even u-recovery stage. Let k be such that y; was one of the o-
reserved components used in fi;[t]. Let ji; = y;, Db s Yk, where yy, is o-reserved. Let
v = pZ',t"l‘l? f‘l(pg‘)[s], Yk-

If e < i < m and i does not require adjustment, let 7; and zi; be empty.

Choose some fresh unmarked d; > max(R(a)[s], k).



Perform a right shuffie on d;,7,...,V,—1 in v and perform a left shuffle on
djaﬁ()a B aﬁm—l in M-

Define r341(7) = max(k,7s(7)), where the domain of g is {0,...,k — 1}. Say
that S, is satisfied.

Proceed to clean-up phase.

Clean-up phase. Declare that any component involved in the shuffle is no
longer o-reserved for any o.

For each o >, 7, do as follows: Declare any o-reserved components to no longer
be o-reserved. Declare o inactive. Declare that S, is no longer satisfied. Choose
the least number w, ,y > s such that w, ) ¢ Cs as the active witness for o-
diagonalization. Let rs41(0) = 0.

For o <, 7, define r,11(0) = r4(o) if not already defined.

For each o >, 7, find the least fresh z(, ,y > R(c)[s + 1] which is not 3-marked
for any 3, and set py[s + 1] = ph[s + 1] = z(g,n)-

We begin by describing the marking of components in v.

For each 0 < a,41, o-mark the component py .

For each i < e, let as41 [ i = 0. If s+ 1 is a recovery stage for IV;, do as follows:
o-mark each component ¢ of v such that ¢ is part of the right shuffle at this stage
or ¢ < s, except those for which ¢ = pjj .., or ¢ = f‘l(pg)[s—i— 1], or q is B-reserved,
for some § < o. If any of a;,b;, and c; becomes o-marked for some j, o-mark all
three.

For all ¢ € 3<% with |o| < s+ 1, if there are no o-reserved components in v,
choose fresh unmarked components x; and yi of v which are larger than R(«a)[s+1],
o-mark those components and say that they are o-reserved. For each component
o-marked in this manner, if 50 < o or 51 < ¢, S-mark that component.

Finally, for each component g of ¥ which has been o-marked at any point for
any o, o-mark the component fsy1(q) of pu.

This completes the construction. We now pause prior to verifying the con-
struction to give some intuition about the construction.

We focus in particular on how the components of v and p behave under the shuf-
fling processes we use, to give some intuition as to how the construction proceeds.
We will need to check that v and p are isomorphic and rigid, which we achieve
by making v and p rigid and isomorphic at each stage of the construction, and
arranging that the infinite components of v and p are isomorphic. This is achieved
by splitting the construction into odd/even recovery stages.

We first consider what happens if 61 < T'P for some o of length n. In that case
we must focus on the last o 0-stage of the construction, and what happens at the
o l-stages that follow it.

So suppose that that ¢ty + 1 is a o O-stage, and that ¢; + 1 < t; + 2 are the
next two o-stages which are recovery stages for N,,, and that each is a ¢ 1-stage.
For simplicity, assume tg + 1 is the final o-initialization stage of the construction,
and hence an even v-recovery stage for N,. In addition, suppose py , = z so that
v(z)[to] = {z}. Note that to + 1 and ¢; + 1 are odd and even v-recovery stages for
N, respectively.

The following diagram indicates the shuffles which will be performed in v at
stages to + 1,41 + 1 and t3 + 1. We include only the members of 7,[s] for |o| = v
in the diagram.
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The symbols x, x, and %% * are used to indicate the elements enumerated into a
member of 7,, from a component which is part of the shuffle, but which is not part
of U,.

Each arrow in the diagram is from the set v(q)[t] to the set v(q)[s] at a later
stage of the construction.

The solid arrows are from v(q)[t] to v(g)[t + 1], where t + 1 is a stage at which
q is part of a shuffle. In the first two rows, the components are listed in the order
in which they occur in 7, [tg 4+ 1]. In the first row, we indicate the members of the
components at the end of stage tg, and in the second, we indicate their members
at the end of stage ty + 1. Likewise, the third and fourth rows indicate the same
information for the components z1, z, zg which make up 7,[t; + 1], and the fifth
and sixth row correspond to vy, [te + 1].

The dashed arrows are between v(q)[t + 1] and v(q)[s], where t +1 and s+ 1 are
consecutive stages at which ¢ is part of a shuffle in v.

stage tg {zo}, {z}, {yo}
Stage t0+1 {1‘072}7 - {ZayO}? {yO}U*

stage t; {z1}, {z, 90}, i {wo, 2}
stage t; + 1 {1, 2,90}, {z,¥0,20}, {x0,2} Uxx

stage ty {z2}, {290, %0}, {y2}

}

Stage t2+1 {I2,27y0,10}7 {Zay07x07y2}7 {yQ}U***

The following diagram shows how the corresponding shuffles carried out on p
proceed, with the same conventions as in the first diagram. Here we use 1,11, 1t
in the role occupied by *,*%,* x x in the previous diagram, since the sets they
represent are different. Note that each component used in the shuffle in p have the
same members as the corresponding component used in v, as in Remark 3.3.
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stage t {zo}, {z}, {vo}
Stage tO‘i’1 TU{.%O}, {anz}, {ZayO}
stage #; {x1}, {290}, {zo, 2}

Stage tl +1 TTU{xl}v {xlazayO}a {Zay07x0}a

-
-
-
-

stage to {z2}, {2, 90,0}, {y2}

|

Stage t2+1 TTTU{-TQ}, {3727272/07370}7 {Zay07x07y2}

If this shuffling pattern is repeated, it will lead to p%[tg] = z being a member
of U, at infinitely many stages. Likewise f(p%)[to] = z will be a member of fi,
infinitely often. These two components will have the same members at the end of
the construction, which is necessary to ensure v and p are isomorphic.

On the other hand, consider the case that 00 < T'P. Suppose tg + 1 is a o-
initialization stage and that py, = z as above, but that the next o-stage ¢; + 1
which is a recovery stage for N,, is a 0" 0-stage and hence an even p-recovery stage
for N,,. Then the components in 7,, at stages to + 1 and ¢; + 1 are indicated by the
following diagram with similar conventions to the previous diagram:

stage t {zo0}, {z}, {vo}
l | |
stage to + 1 {zo, Z}\, {z,90}, {yo} Ux

~
~
~

stage t; {z1}, \{Al”o, z}, {y1}
l | |

Stage t1+1 {.Tl,xo,Z}, {Jfo,Z,yl}, {yl}u**

Note that the component pY[tg] = z is not part of 7, [t; + 1].

Indeed, if s + 1 is a o O-stage and n-recovery stage for N,,, we will see that no
component which is part of 7, [t] at a stage t < s will ever again be used in a shuffle.

As before, we can give a similar diagram showing the components used in fi, at
stages to + 1 and t; + 1.

In this case, since t1+1 is a 0" O-stage, hj[to] € hj[t1]. Because of the structure of
the shuffles used, there are in fact only two possible ways in which h4[t1] can extend
hi" [to]. The consequence of this which we will use is that if p, is the component of
pe for which p, = hj(py;)[to], then p, = hjs(pl)[t1]. This argument can be repeated
at future o 0-stages to see that pe(p,) is in fact an infinite component, but that no
component will be part of 7, or [i,, infinitely often. This will suffice to show that
Pe 18 not isomorphic to v and . We will now verify that the construction succeeds.
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stage t {z0}, {z}, {vo}
J J
stage to+1 TU{xo}, {330‘7 z}, {z,90}
stage t; {z1}, {xot z}, {y1}

l l l

stage t1 +1 ttU{z1}, {z1,70,2}, {71,2,m1},

It is not immediately clear that there is a unique isomorphism fs: v[s] — u[s]
at each stage s of the construction. That will be verified by induction on s, and
we therefore impose the inductive hypothesis as an assumption for many of our
lemmas until we are ready to complete the proof.

Lemma 3.6. Fiz some o € 3<% of length n < s. At the end of each stage t such
that n < t < s+ 1 there are o-reserved components x; and Yy which have never
been part of a shuffle, and which are o-marked.

Proof. At the beginning of the stage t clean-up phase, any component involved in
the shuffle is declared no longer o-reserved. At the end of the clean-up phase, fresh
o-reserved components are chosen.

]

Lemma 3.7. Suppose s + 1 is a o-initialization stage, where |o| = n, and that
Unls + 1] and U,[s + 1] are nonempty.
If Unls + 1] = uy,ug,us and fip[s + 1] = v1,vq,v3, then for each i < 3 we have

v(ui)[s] = p(vi)ls]-

Proof. Because s + 1 is a o-initialization stage, none of the components which
are part of U,[s + 1] and [i,[s 4+ 1] have been part of a shuffle before, so we have
f(2)[s] = p¥[s]. Thus Uy, [s+1] is of the form x;, p%, yx, whereas [i,, [s+1] is z, p¥, Yk,
and v(x1)[s] = p(ar)[s], v(pg)[s] = p@5)sl, v(yk)[s] = p(yr)[s], as required. 0

Lemma 3.8. Let s+1 be some stage of the construction such that for eacht < s+1,
there is a unique isomorphism f;: v[t] — ult].

Let 0 be of length n. Suppose thatt < s+1 is a o-stage which is a recovery stage
for Ny, at which we attempt to meet a requirement of the form P; for some i > n,
or of form S for some T = o. Suppose that s + 1 is the next o-stage which is a
recovery stage for Ny, after stage t, and that s + 1 is not a o-initialization stage.

Then pY[t] = p¥[s], and p~[t] = p[s], and if q is a member of U, [t] and U, [s+1],
then f(q)[t] = f(a)[s]-

Finally, if Uy[s + 1] = u1,u9,us and fiy[s + 1] = vy, va,vs, then for each i < 3
we have v(u;)[s] = p(v;)[s].

Proof. Let s + 1 be a o-stage which is a recovery stage for N,, but not a o-
initialization stage.

We will work by induction on s. Consider the most recent o-stage t < s+ 1. If
t is not a o-initialization stage, then we may apply the lemma. Otherwise Lemma
3.7 applies. In either case, if U, [t] = u1, u2, us and [i,[t] = v1,va, vs, then for each
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i < 3 we have v(u;)[t — 1] = p(v;)[t — 1]. So we have fi(u;) = v;4q for i = 1 and
1 = 2, by Remark 3.3.

We get one of the following cases depending on what kind of recovery stage ¢ is.

If ¢ is an even v-recovery stage for N,,, suppose U,[t] = x;, p4[t — 1], yx. Then
pylt — 1] = py[t], and py[t] = fi(a:).

If t is an even p-recovery stage for N, suppose fin[t] = z;, p“[t — 1], yx. Then
Pt = 1] = ph[t], and py[t] = fi (yr).

If ¢ is an odd v-recovery stage for N, suppose U, [t] = x1,p4[t — 1],2;. Then
phlt — 1] = py[t], and pi[t] = f;(ph ;1) = @1.

If ¢ is an odd p-recovery stage for N,,, suppose fin[t] = y;,pk[t — 1],yr. Then
phlt] = phlt] and py[t] = £ (0 —1) = Yk

Now we must consider what happens between stages t and s + 1. Let t < ty <
s+ 1. Then ¢y cannot be a #-stage for § = o1 or ¢ 0.

Furthermore, ¢y cannot be a -stage if 8 <;, o and |f| = n, because s + 1 is not
a o-initialization stage.

If to is a O-stage for some 6 > o such that |§] = n, or for § = o2, then
Doty = Poto—1 Phty = Phty_1, and no elements are enumerated into v(pj , ) at
stage 1o, so fto (pz,to) = fto—l(pg,to)'

It follows by induction on ¢, that p%[t] = pZ[s] and p“[t] = pt[s]. Furthermore,
Vs(Py.s) = v1(py¢) and ps(ply o) = (v )-

If U,,[s + 1] and 7, [s + 1] are empty, there is nothing to show. So assume that
this is not the case.

If s+1 is an even v-recovery stage for N, U, [s+1] is of the form x;, p[s], yx, and
bnls+1] =z, f(p4%)[s], yk, and since x; and y, are fresh components it follows that
each component of 7, [s+1] has the same members as the corresponding component
of fin[s + 1]. The case for an even p-recovery stage is essentially the same.

If s+1 is an odd v-recovery stage for Ny, then 7, [t] is of the form x;, py [t —1], y;.,
and Jialf] is a7, £ (02)[t — 1], gy Thus v(w)[t] = {7} Uv(ps)[t — 1] and u(Fp)[E
D] = p(FEIE— 1] U ). Since phfl] = Fi)lE — 1] and v(ph)[t — 1] =
n(f(p7))[t — 1], we have v(z;)[t] = p(py)[t]. That is, f(z;)[t] = pi[t]. Thus from
our above work, we see that f(z;)[s] = p#[s]. Then Dy[s + 1] = x;,p},z; and
fnls + 1] = @y, f(p4)[s], pi[s]. Since f(x;)[s] = pk[s] and x; is a fresh component,
it is clear that each of the components of 7,[s + 1] has the same members as the
corresponding component of fi,[s + 1].

On the other hand, if s+ 1 is an odd p-recovery stage for N,,, then 7, [t] is of the
form z;, f~H(p2)[t — 1], vz, and [i,[t] is @7, pi[t — 1], y;. But p#[t] = p#[t — 1], and
thus v(z;)[t] = p(pk)[t], that is, f~1(p#)[t] = ;. As in the v-recovery case above,
v(z;)[s] = p(pk)[s], and p¥[s] = x;. Once again, each of the components of 7, [s + 1]
has the same members as the corresponding component of fi,[s + 1]. O

Corollary 3.9. Let s+ 1 be some stage of the construction such that at each stage
t < s+ 1 there is a unique isomorphism fy: v[t] — plt].

Suppose s+ 1 is a o-stage, where o is of length n, and a recovery stage for Ny.

The only components which can be in Uy[s + 1] are the o-reserved components,
PYes and f1(p)[s].

Likewise the only components which can be in fin[s + 1] are the o-reserved com-

ponents, pf,‘,s, and f(py)[s].
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Lemma 3.10. Let s+ 1 be some stage of the construction such that at each stage
t < s+ 1 there is a unique isomorphism fi: v[t] — ult].
Then v[s + 1] and p[s + 1] are isomorphic.

Proof. For each n, U, [s+ 1] is nonempty if and only if fi,,[s+1] is, and if D, [s+ 1] =
uy, ug, uz and [, [s + 1] = vy, va, vz then v(u;)[s] = u(v;)[s] for i < 3. Furthermore,
no component of the form a jy, be jy, Ce,jy, or d; which appears in the right and
left shuffles at this stage has previously been part of a shuffle, and therefore each
of these components contains the same members in v as in pu.

Thus the elements shuffled meet the condition of 3.3, and therefore v[s + 1] and
u[s + 1] are isomorphic. O

Corollary 3.11. Suppose that for each t < s+ 1 there is a unique isomorphism
feov[t] = w[t]l. Fizn < s, and let as41 | n = 0. Assume s + 1 is not a o-
initialization stage.

If q is a component in N,[s + 1|, where n is either v or u, then either q is a
o-reserved component, or at the most recent o-stage to < s+ 1 which is a recovery
stage for Ny, q was a component in 7y, [to].

If, in addition, q is part of Mn[t] at some stage t < s+ 1, then m = n and
a [m=o.

Proof. The first claim follows from Corollary 3.9.

For the second claim, suppose that ¢ is a component of 7, [s+1], where 7 is either
wor v. The only way that ¢ can be a part of 7,,[s + 1] if it has previously been part
of a shuffle is if ¢ is a member of 7,,[tg] at the most recent o-stage to < s+ 1 which
is a recovery stage for N,. Let t < s+ 1 be the first stage at which ¢ is part of a
shuffle. By reverse induction on tg, it follows that ¢ is part of 7, [t], and that ¢ is a
o-stage. Furthermore, either ¢ is a o-reserved component, or ¢ is a o-initialization
stage, in which case ¢ is one of p4 , ; or f~'(p#)[t — 1] if n = v, and one of p};, ,
or f(py)[t — 1] if n = p. In either case, ¢ is not part of 7,,[t] for any m # n, which
suffices to prove the result. O

Remark 3.12. For each ¢, v(q)[s + 1] = {q} if and only if u(q)[s + 1] = {¢}. If
this is the case, then ¢ € v(z)[s + 1] only for z = q.

Our next goal is to check that the shuffling action carried out during the con-
struction preserves rigidity of v (and u) at each stage of the construction. We begin
by establishing some limits on how elements are propagated between components
of v by the shuffling process.

Lemma 3.13. Let s + 1 be some stage of the construction such that for each
t < s+ 1, there is a unique isomorphism f;: v[t] — p[t].
Suppose that p is a component of v which is part of U,[to] at some o-stage
to < s+ 1, where 0 = ay, [ n.
Suppose that q is a component which is part of the right shuffle at stage s + 1,
and that p € v(q)[s + 1].
Then s+ 1 is a o-stage and either
(1) q is a member of U,[s + 1],
(2) or q is the rightmost member of Up,[s + 1] for the greatest m < n such that
Um[s + 1] is nonempty, and furthermore p ¢ v(q)[s],
(3) or q is the component of form c( ;, or d; involved in the right shuffle at
this stage.
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Proof. Work by induction on s.

Let p be a component in 7,[tg] as stated, and assume ¢ is the first stage that p
is ever part of the right shuffle. Suppose that for tg <t < s+1, if ¢ is a component
used in the right shuffle at stage ¢ and p € v(q)[t], then t is a o-stage, and ¢
satisfies one of the conditions listed above. Note that for each m such that 7, [t] is
nonempty, the rightmost member of 7, [t] can never again be part of a shuffle after
this stage, and nor can the component of form ¢ ;, or d; which is part of the right
shuffle at stage ¢.

Thus if p € v(q)[s] and ¢ is part of the right shuffle at stage s+ 1, ¢ is a member
of Up[s + 1], and furthermore a1 [ n = 0.

Now, suppose that ¢ is part of the right shuffle at stage s + 1 and that p €
v(q)[s + 1]. Let us suppose that ¢ is not a member of 7, [s + 1]. Then the position
of ¢ in the right shuffle must be immediately to the left of a component v such that
p € v(v)[s]. Now applying our inductive hypothesis to v, we see that v is a member
of U, [s+1]. It must be the leftmost, and ¢ is the rightmost component of U, [s + 1]
for the greatest m < n such that 7j,[s + 1] is nonempty, or, if all are empty, ¢ is
whichever component of the form c(, ;) or d; is part of the shuffle at this stage.

This concludes the induction. d

Lemma 3.14. Suppose |o| = n, and that s + 1 is some stage of the construction
such that for each t < s+ 1, there is a unique isomorphism f,: v[t] — p[t].

Suppose to < s+ 1 is the most recent o-initialization stage, p = py, , and that
T#o0o.

Then p & v(pY)[s + 1], and p ¢ p(pf)[s +1].

However, if s + 1 is not a o-initialization stage then p € v(p4)[s + 1] and p €
1(p)ls + 1.

Proof. Suppose that tg <t+1 < s+ 1, and that 7 # o. Suppose v is one of p7 .,
and f~1(p#)[s + 1]. We will check that p ¢ vsiq(v).

Suppose not, and indeed that p € v441(v) but p ¢ v, (v) for some ¢ < s. Then,
by Lemma 3.13, v is part of the right shuffle at stage t + 1, 7 < o, and v is
the rightmost member of 7} ([t + 1]. So v is never again part of the right shuffle.
However, if p¥ .., and f~!(p#)[s + 1] have been part of the right shuffle before the
end of stage s+ 1, they are part of D, [tg+1] at the most recent 7-stage to+1 < s+1
which is a recovery stage for V,,, and furthermore neither is the rightmost element
of Uy, [s + 1]. So v cannot be either of these elements.

We now show that p € v(p¥)[s+ 1] and p € u(ph)[s + 1].

Clearly p € v(pZ)[to] and p € pu(p#)[to]. Since there are no o-initialization stages
between ty and s+ 1 it suffices to note that at each stage ¢t such that ¢ty <t < s+1,
either both of p%[t] and p“[t] are part of the shuffle, in which case v(p%)[s] C
v(py)[s + 1] and p(p#)[s] C u(pk)[s + 1], or neither of the precious components is
part of the shuffle, in which case we have p“[t] = p“[t + 1] and pk[t] = pi[t + 1].

We are now ready to prove that there is a unique isomorphism f,: v[s] — u[s] at
each stage s of the construction. We will in fact prove a slightly stronger statements:
that if z and y are distinct components of v then v(z)[s] € v(y)[s].

Lemma 3.15. Suppose s + 1 is some stage of the construction such that for each
t < s+ 1, there is a unique isomorphism f;: v[t] — ult].
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Suppose that v(x)[s] € v(y)[s] for each x # y.

Then v(zx)[s + 1] € v(y)[s + 1] for each x # y.

Thus by induction on s, there is a unique isomorphism fs: v[s] — pls] at every
stage s of the construction.

Proof. Let x and y be components of v.

If y is not a part of the right shuffle at stage s + 1, then v(y)[s] = v(y)[s + 1]
and by assumption v(z)[s] € v(y)[s], so v(x)[s + 1] D v(x)[s] € v(y)[s + 1]. So we
may assume y is part of the right shuffle.

Suppose that the components used in the right shuffle are ng,n1,...,nq. Let
y = n; be a component in the right shuffle.

Firstly note that if n; is being shuffled for the first time at this stage, then
n; will be a member of v(n;)[s + 1] and v(n;—1)[s + 1], but not of v(q)[s + 1]
for any other ¢. So we need only check that v(n;)[s + 1] € v(n;—1)[s + 1] and
that v(n;—1)[s + 1] € v(n;)[s + 1] to conclude that neither of v(n;_1)[s + 1] and
v(n;)[s + 1] can be a subset of v(q)[s + 1] for any ¢q. But v(n;y1)[s] € v(ni—1)[s]
and v(n;—1)[s] € v(n;y1)[s] by hypothesis, and neither contains n;. Thus it follows
that we have v(n;)[s + 1] € v(n;—1)[s + 1] and v(n;—1)[s + 1] € v(n;)[s + 1].

On the other hand, if ¢ # n; is a component of v, and n; has never been shuffled
before stage s+ 1, then it cannot be the case that v(q)[s+ 1] C v(n;)[s + 1] or that
v(q) C v(n;—1)[s+1], because n; ¢ v(q)[s]. In the former case we have v(n;)[s+1] =
v(nit1)[s]U{n;}, and in the latter case v(n;—1)[s+1] = v(n;—1)[s]U{n;} and hence
v(q)[s] C v(ni41)[s] or v(q)[s] C v(n;—1)[s], contrary to hypothesis.

Thus we need only check that v(z)[s + 1] € v(y)[s + 1] in the case that x and y
are components of v such that:

(1) z and y are both part of the right shuffle at stage s + 1,

(2) = and y have each been part of the right shuffle at a previous stage of the
construction,

(3) and x and y each occupy a position in the shuffle immediately to the left
of a component which has been part of the right shuffle at a previous stage
of the construction.

So suppose that for some 7 and j, we have components n; and n; satisfying these
conditions, and that v(n;)[s + 1] C v(n;)[s + 1].

Note that Lemma 3.13 shows that if n; € v(n;)[s + 1], then n; is a member of
U [t] for some m at some stage t < s+ 1. Furthermore, either n; is either of the
form ¢ ;, or dj, and is not part of a shuffle before stage s + 1, or is a member of
Unls + 1] for some n < m. In this latter case let as41 [n =0 and oy [ m = 7. We
have o0 <X 7.

The case o = 7 (i.e. m = n) cannot occur. This is because if 7, [s + 1] contains
two nonfresh components, at least one must be immediately to the left of a fresh
component in the shuffle, because the leftmost component of 7,,[s 4 1] is o-reserved,
and the component immediately to the right of the rightmost component of 7, [s+1]
is either a f-reserved component for some 6, or is of the form a( ;) or d;.

Likewise the case 0 < 7 (i.e. n < m) cannot occur. If it were, then by Lemma
3.13, n; is the rightmost component in 7, [s + 1], and n; ¢ v(n;)[s]. Now, suppose
that w € v(n;)[s + 1], but that w # n;. Thus w entered v(n;) during a shuffle
at some earlier stage. Applying Lemma 3.13 to w we see that w € v(u)[to] for
some component u which is part of 7[tg] for some | > m > n and ¢y < s. Applying
Lemma 3.13 to n; in turn implies w ¢ v(n;)[s]. Thus the only way that v(n;)[s+1] C
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v(ng)[s + 1] = v(n;)[s] U v(n;41)[s] can possibly be true is if v(n;)[s] C v(n;41)[s],
contrary to hypothesis.
This is sufficient to complete the proof. O

Lemma 3.16. If the components involved in the right shuffle at stage s + 1 are
N, ..., N4, and we define n_1 = ng, then for 0 <i <k, v(q)[s] C v(ni)[s+ 1] only
forq=mn; and g =n;_1.

Proof. Fix some component n; involved in the right shuffle.

If n; is part of the shuffle for the first time at stage s + 1, then n; € v(n;)[s + 1]
and n; € v(n;—1)[s + 1], but this element belongs to no other components of v. So
v(n;)[s] € v(n;)[s + 1] only for j =i and j =i — 1.

If n; is part of ,[s + 1] for some n, and n; is a component in the right shuffle
which is not part of 7, [s + 1], but for which v(n;)[s] C v(n;)[s + 1], then Lemma
3.13 shows that n; is either the rightmost member of 7,,[s + 1] for the greatest
m < n such that ,,[s + 1] is nonempty, or in case there is no such m, n; is the
component of form ¢ j, or de involved in the right shuffle at this stage. In either
case, v(nj)[s] Nv(n;)[s] = 0 whereas v(n;)[s] C v(n;)[s+ 1] = v(n;)[s]Ur(n;i1)[s].
Thus v(n;y1)[s] C v(n;)[s], and by Lemma 3.15, j + 1 = 1.

So it suffices to assume that n; has been used in the right shuffle at a stage prior
to s + 1, and to consider the case in which n; and n; both belong to 7,[s + 1] for
the same n.

If s+ 1 is an even v- or p-recovery stage for N, U, [s + 1] is of the form z;, p, ys,
where z; and yj are asy; [ n-reserved. In this case, we must have n; = p. Let
v be the component immediately to the right of y; in the right shuffle. Then
v € v(yk)[s + 1], whereas v ¢ v(p)[s + 1] by Lemma 3.13. This is all that is
necessary to check in this case.

Suppose s + 1 is an odd v-recovery stage for N,,. Then let t +1 < s+ 1 be
the most recent 41 [ n stage which is a recovery stage for N, and suppose that
Unlt + 1] is @, p4[t],y;. Then D, [s + 1] is of the form wxy,pY[s],z;, where x; is
ast1 | n-reserved, and pY[t] = p%[s]. As noted in the proof of Lemma 3.15, we
have v(p})[s + 1] € v(x;)[s]. In addition, we may note that x; € v(x;)[s], whereas
x; ¢ v(x)[s] Uv(ph)[s] = v(z)[s + 1]. So v(z;)[s] € v(xi)[s + 1]. This is sufficient
to complete this case.

Suppose s+1 is an odd p-recovery stage for N,,. Then let t4+1 < s+1 be the most
recent asy1 | stage which is a recovery stage for N,,, and suppose that 7, [t + 1] is
zj, p4[t], yj,. Then Uy [s 4 1] is of the form pY[s], f~1(p¥)[s], yk, where yi is agy1 [ 1
and f~(p¥)[s] = z;. Note that z; € v(p%)[s] and z; € v(f~(p%))[s], whereas
2 & v(ge)ls + 1), so that v(pl)[s] Z v(y)ls + 1] and w(F (N[  vlye)ls +
1]. In addition, yx € v(py)[s], but yx & venr (f(Ph,)) = v(F1(P5))[s] U {me},
establishing that v(py)[s]  vep1(f ' (p4 ), which completes the proof.

O
Lemma 3.17. Fiz o, and suppose that || = n, and that q is a component in
Unls + 1] or fin[s + 1] at infinitely many o-stages s + 1.
Then o1 < TP.

Proof. Let ¢ be as above and assume ¢ is a component in 7, [s + 1] at infinitely
many o-stages s + 1.

It cannot be the case that ¢ <y TP | n because then there are only finitely
many o-stages.
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If o >, TP | n and ¢ is part of 7, [s + 1], then there is a stage t > s+ 1 which is
a T-stage for some 7 <y, o such that |7| = n. After stage ¢, the next o-stage which
is a recovery for N,, is a o-initialization stage, and no component in 7, [s + 1] will
be part of the shuffle at that stage or any later stage.

If 672 < TP then for sufficiently large ¢, every o-stage is a 0”2 stage, and so 7, [t]
is empty.

If 00 < TP, let to+1 < t;1 +1 < ta + 1 be three successive o 0-stages such
that for ¢ > tg, oy [ n > o, and such that we do not attempt to meet S, for any
7 <1, o at any stage t > {o.

If n is v, suppose that g+ 1 is an even p-recovery stage for N,, so that ¢; +1 is
the first v-recovery stage for IV,, after tg + 1, and that t5 + 1 is the first p-recovery
stage for N, after ¢; + 1. Suppose that ¢ is in 7,[to + 1], but has been shuffled
at a stage prior to stage to + 1. Then q = f~1(p")[to], since this is the only such
component in 7,[tg + 1]. Note that for ¢ to also be in D,[t; + 1] it must be the
case that ¢ = py, and hence ¢ = p4,,. Note that f(p})[ta] # pl,,- The only
component in Dp[ts + 1] which has been part of a shuffle by the end of stage t5 is
F~1(p*)[t2]. Thus it follows that ¢ cannot be a member of v, [ty + 1].

If n is p, the argument is similar. Suppose to + 1 is an even v-recovery stage for
N, so that t; + 1 is the first py-recovery stage for N,, after to + 1, and that to + 1
is the first v-recovery stage for N,, after ¢; + 1. If ¢ is in [i,[to + 1], but has been
part of a shuffle at an earlier stage, then g = f(p%)[to]. In order for q € i, [t1 + 1]
to be true, it must be the case that ¢ = pl, = p, ., # f(p})[tz]. But the only
component of fi,[ts + 1] which has been shuffled by the end of stage t5 is f(p¥)[tz].

Thus a component can only be a member of 7,,[t] for infinitely many ¢ if o1 <
TP. (Il

Lemma 3.18. Suppose that |oc| = n and that t + 1 is a o 0-stage, and hence an
even n-recovery stage, where 1 is either v or .

Suppose that s+1 > t+1is a o 1- or o 2-stage, and that fort+1 <ty < s+1,
Qi ZL o 1l.

If t +1 1s a v-recovery stage for Ny, then py = py c.q. If, in addition, s +1 is
an even v-recovery stage for Ny, then pl, .y = f(pl)[t] = f(0l)[s] = Db o11-

If t +1 is a p-recovery stage for N, then pg,t = pis_‘_l. If, in addition, s+ 1 is
an even pu-recovery stage for Nu, then p oy = F= (P[] = F~ (PE)]s] = Py

Proof. Suppose that t + 1 is an n-recovery stage for N,,, where 7 is either p or v.
Then each o-stage tg such that t+1 < ¢y < s+ 1 which is a recovery stage for IV, is
also an n-recovery stage for N,. There are no stages to such that t +1 <ty < s+1
at which we attempt to meet S, for any 7 <, o, because after such a stage the next
o-stage which is a recovery stage for N,, is a o 0-stage. Thus for t +1 < tg < s+ 1,
PZ,tO = PZ,tgfl- So PZ,t = pZ,sH'

If s+ 1 is an odd v-recovery stage for Ny, let s1+1<ss+1<s3+1<s+1be
consecutive among o-stages which are v-recovery stages for IV,, after stage t+1, and
assume that s;+1 is an even v-recovery stage. Suppose that 7, [51 +1] = Xy, pgm » Yi-
Then fin[s1 + 1] = xj, f(py)[s1],y;. We have f,41(z;) = f(pg)[s1] = Pl 41- In
addition, fs,11(2;) = fs,(27), and pl . 1 = ph,. Note that Dy[sy + 1] is of
the form z;,p) ,,z;, and fin[s2 + 1] = z, f(py)[s2],p4 s, which is the same as
21, £ () [s2), £(p2)[s1]- Then

Possrr = fFP)Iss] = f(pg)s2 + 1] = foo1(Ph ) = f(PF)[51]
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with the last equality following from the form of 7,[sy + 1] and fi,[s2 + 1]. So
Pl ssr1 = Do.s 41, and therefore it follows by induction that pl, ., = f(ph)[t] =
f(pZ.)[S] = pg,s-&-l'

The case for p-recovery is very similar. If s + 1 is an odd p-recovery stage for
Np, let <s14+1<s3+1<s3+1<s+1 be consecutive among o-stages which
are p-recovery stages for N, after stage t 4+ 1, where s; + 1 is an even ,u recovery
stage. Suppose that fin[s1 + 1] = 27, p%  ,y;. Then Dy [s1 + 1] = 2, f51 (04 4,), Ui
Then fs_1+1(yk) = f- ( )[31] = pa,s1+1- In addition, fsl—‘,-l(yk) f32 (yk)a
and py o 11 = Py, S0 fin[se + 1] is of the form y;,py o, yk, and Uy[sy + 1] =
Py oy fH ) [s2] 6 = (08 [s1], f (04 [52], Yk Then

Possr1 = W) s3] = f () ls2 + 1] = f52+1(pa W) = FH o)1)
and it follows by induction that p¥ ,,, = f~1(pk)[t] = f~ (p¥)[s] = P¥ o11-

Lemma 3.19. Suppose that |o| = n and that 01 < TP. Let t + 1 be the final
o 0-stage of the construction.

If t + 1 is a v-recovery stage for N, then pY[t] is the only component which is
in Upls + 1] at infinitely many stages s + 1, and f(p%)[t] is the only component in
fin[s + 1] at infinitely many stages. In addition v(py ;) = p(f:(ph.4))-

Ift+1 is a p-recovery stage for N, then p“[t] is the only component in fin[s+ 1]
at infinitely many stages s + 1 and f~1(p2)[t] is the only component which is in
Unls + 1] at infinitely many stages. In addition u(ph,) = v(f;i ' (ph ).

Proof. Suppose that ¢ + 1 is an rn-recovery stage for IV,, where 7 is either u or v.
Then each o-stage after ¢ which is a recovery stage for N,, is also an n-recovery
stage for N,,. There are no stages s > t+1 at which we attempt to meet S, for any
T <p o, nor at which as; <p o, because after such a stage the next o-stage which
is a recovery stage for N,, is a o 0-stage.

Ift+1 < s+ 1 are both even 5-recovery stages for N, the only component that
[t + 1] and 7, [s + 1] both contain is p[t] = p?[s]. So this is the only component
which is included in 7,, at infinitely many stages of the construction.

Ifn=vand s+1>t+1is a o l-stage which is an even v-recovery stage for
Ny, then p .y = f(py)[s] = f(py)[t] which is therefore part of fi[s + 1] at each
such stage. Therefore we have v(py ,)[s] = u(p ., 1)[s] at such stages and hence
v(pg.) = n(fe(pse))-

On the other hand, at even v-recovery stages s+ 1, fs(pj ;) is the only non-fresh
component in fi,[s + 1], and therefore that it is the only component which is part
of fi,, infinitely often.

Likewise, if n = u, then at even p-recovery stages s+ 1 >t + 1 for N,,, we have
Pher1 = FHPH)[s] = f1(pk)[t], which is the only component that is part of Dy,
often, and that ju(pt ) = v(f; \(pl1)). O

Note that because a component of v or of p can only grow by participating in a
shuffle, the above lemma characterizes the infinite components.

Lemma 3.20. The structures v and p are Friedberg enumerations of the same set,
and furthermore for components x # y we have v(x) € v(y), and hence there is a
unique homomorphic embedding f: v — p, which is an isomorphism.
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Proof. At each stage s of the construction, v[s] and u[s] are isomorphic, and if x
and y are distinct components of v, then v(x)[s] Z v(y)[s].

This suffices to show that if x is a finite component of v, then v(z) Z v(y) for
every other component y, and furthermore that there is exactly one component z
of p for which p(z) = v(x).

So we need only consider the infinite components. Let n and ¢ each be one of v
and p (allow that they might be equal), and let = be an infinite component of 7.
Then z is part of a shuffle at infinitely many stages, so there is a 01 < T'P such
that if || = n, then x is part of 7, [s] at infinitely many o-stages s. Let ¢ be the
last o-initialization stage of the construction. Let p = p[t]. By Lemma 3.13 and
Lemma 3.17, p € n(x), and z is the only infinite component of 7 for which this is
true. If ¢ # n, then by Lemma 3.19 there is exactly one infinite component y of ¢
such that y is in 7,,[s] at infinitely many o-stages s, and furthermore n(x) = ¢(y).
In addition, Lemma 3.13 shows that y is the only infinite component of ¢ for which
p € uy). 0

Lemma 3.21. For each e there is at most one stage at which we attempt to meet
P., which thereafter remains satisfied, and @, is not an isomorphism from v to u.

Proof. Suppose that at some o-stage t + 1 we attempt to meet P.. At the end of
stage t + 1 we declare that P, is satisfied and will never attempt to meet P, again.
At stage t + 1 we have some j such that ¢.(b jy) = bie,j), Where v(be jy)[t] =
p(bie,jy)[t] = {bie,5) }» and include a(e jy, bee 5y, and c(e ;) in the shuffle at this stage
to ensure that v(b jy)[t + 1] # p(bee;))[t + 1]. The component by, jy will never be
used in a right shuffle again, so fi(b(c jy) = f(be,j)) # @e(bie,;)). Thus @, is not an
isomorphism from v to u. u

Lemma 3.22. For o <; TP, R(0) < 0o, and we only attempt to meet S, finitely
often.

Proof. If 0 <y, TP but o £ TP, then there are finitely many o-stages, and hence
only finitely many stages at which we can attempt to meet S,.

Now suppose that o < TP, and that |o| = e. Assume that for each 7 < o we
attempt to meet S; at most finitely often.

Let ¢ty be a stage of the construction such that no P; for ¢ < e or S, for for
T <, 0 requires attention after stage tg, and such that for s > tg, as >, 0.

Suppose that at some stage t; > ty we attempt to meet S,. Then we never
declare S, to no longer be satisfied, since that happens only at 7-stages where 7 <,
o and we are acting to meet S; or P;|. It is also immediate from the construction
that if ¢; exists, then lim,; Rs(0) = Ry, (0), and that otherwise lims R,(0) = Ry, (0),
so that in either case lims Rs(0) = R(0) exists and is finite.

|

Lemma 3.23. Fach requirement P, is satisfied.

Proof. We have seen in Lemma 3.21 that if we ever act to meet P, then it remains
satisfied throughout the construction. Suppose we never act to meet P..

Let 0 = TP | e, and assume s to be a stage such that after stage s we never
attempt to meet a requirement P; with ¢ < e or S; with |7| < e, and such that
ay >, 0 for all t > s. Let (e,n) be such that a ), beny, and ¢y are all fresh
numbers greater than R(o), and are not S-marked for any 5 <j, o at stage s. Since
P. never acts, v(be,ny) = {b(e,n)} = (b(e,ny). It suffices to show that @ (beny) #
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b(eny to show that P, is met. Assume for a contradiction that ¢ (b(en)) = bien)-
Let t > s be a o-stage such that @e:(bie.n)) = bieny. Then P, is the highest
priority requirement which requires attention at stage ¢ and so according to our
construction, we attempt to meet P. at stage t, contrary to our assumption. ([

Lemma 3.24. Let 0 = TP | e. Suppose that s + 1 is a stage of the construction

after which we never attempt to meet a requirement of the form P; for any j < e,

nor any requirement of the form S, for 7 <p o. Assume that for t > s we have

ay >, 0. Suppose that s+ 1 is a stage at which S, requires attention. Let g be the

function as given in Condition 3.5 which we use when attempting to meet S, .
Then g < f, where f is the isomorphism between p and v.

Proof. Note that at stage s+1, S, is the highest priority requirement which requires
attention, and so we we attempt to meet it at this stage.
Let g be the function of Condition 3.5, let w(, ) be the active witness for o-

diagonalization, and let o < § < o541 besuchthat g = fp s [ k. So @ZB’S Fk(“’(a,n)) =
0.

We will show that fo 11 [ k= fos [ k=g

By our choice of k, the only components ¢ < k of v which are involved in the
shuffle at stage s + 1 are those which are s-predicted to be precious by 6.

Suppose that g < k is involved in the shuffle.

If ¢ is s-predicted to be precious by o we have f,11(¢) = fo.s(q), since if
601 < o, then s is not a 6y 0-stage.

If ¢ < k is s-predicted to be precious by ¢ but not o, let ¢ = py [t], where
0 <61 <0 and t+1is the most recent 0y O-stage, or t = s if pj [s] and pj, [s]
have never been shuffled. Note that |0y| requires adjustment at this stage precisely if
fs(py, +) # Dy, [t]. By the reasoning used in Lemma 3.18, we see that after applying
the shuffle at this stage we will have fs1(pf, ;) = p’go’s 41 = P, [t]. Indeed, we have

fou 1K= Fosir | K, and thus we get @717 (. 0) = 0 Copr (w(pm) =
1, as desired.

Note that components ¢ < R;(o) cannot be unpredictable (Condition 3.5 forbids
this), and that components ¢ < Rsy1(0) will not be reserved or chosen to be fresh
precious components at any future stage. Therefore at any stage so > s + 1, the
only components ¢ < Rs11(0) of v/u which can be part of the right/left shuffle are
those which are sg-predicted to be precious by . Those are the same components
which are s-predicted to be precious, since for 71 < o there are no # 0-stages
after s. Furthermore, for 7 <; ¢ we do not 7-mark or r-reserve any component
g < Rsy1(o) at any stage after stage s. So at every stage so > s we have f, 5, |
Re11(0) = fos41 [ Rsq1(0).

Finally, note that by Lemma 3.19, we see that any component ¢ which is sg-
predicted to be precious by o at each stage so > s satisfies f, s41(¢) = f(g). Since
these are the only components smaller than Rs.1(c) which are ever shuffled after
stage s + 1, we have g < f, as desired. O

Lemma 3.25. We have f <7 (", that is, every requirement S, is met.

Proof. Firstly, note that f <7 ()", since f(x) = y is true precisely when fs(z) =y
for infinitely many s, i.e. when (Vt)(3s > t)[fs(x) = y], which is a I condition.
Let C = {e | (3t)(Vs > t)e € Cs(z)}. Note that C is X9 and hence C' <r () < 0.
We will show f 27 C.
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If o =TP | e, suppose as in Lemma 3.24 that ¢ is a stage after which we never
attempt to meet P; for any j < ¢ or S; for any 7 <z, 0, and that for s > £y we have
ag > 0. Then after stage to the active witness w(, ) for o-diagonalization does not
change.

If S, ever requires attention at a o-stage s + 1 > ty, we attempt to meet it.
Then by Lemma 3.24, g < f, where as usual g is the function of Condition 3.5, and
(pg(ww',n}) 7é O(w<a,n>)'

We must now show that ®/ # C, even if we never succeed at permanently
satisfying S,. So suppose that ®f is total. Choose k and sq to be large enough
that @g;’f) (W(g,ny) 4. Choose § < T'P such that ¢ < ¢ and each infinite component
q < k of v is p¥[t] at infinitely many stages ¢, where 71 < 6.

Let s > sg be a stage so large that for each ¢t > s, a; >p 6, that no finite
component g < k of v is part of a shuffle after stage s, and that after stage s, we
never again attempt to meet a requirement P; for ¢ < e, nor S, for any 7 <, o.

At every 0-stage t > s, we have fo: [ k = f [ k, by choice of k,s, and 6.
At the first such stage, ®/¢ Tk(w«,m)[t] J, by our choice of s. By assumption,
we do not attempt to meet S, at this stage. Since we can only only enumerate
W(g,ny into C'" when attempting to meet S,, and change to a new active witness
for o-diagonalization whenever S, ceases to be satisfied, we have never enumerated
W(y.ny into C. Since S, does not require attention, ®f (w, ) = PL1F (w(y ) [t] 1#
C(w(s,ny). We never change the active witness for o-diagonalization, nor enumerate
it into C. So ®f (w(yny) # C(W(e.ny), as desired. Thus if ®f is total, ®f £ C. O

This concludes our discussion of the P, and S, requirements. All that remains
is to check the N, requirements: that either v and p are not isomorphic to p., or
that one of them is computably isomorphic to p.. Which of these situations occurs
depends on T'P(e). We first address the case in which 672 < TP for some o of
length e, and eventually some finitary obstruction prevents p. being isomorphic to
our structures.

Lemma 3.26. Suppose that o is of length e and that 02 < TP. Then p. is not
isomorphic to v (or to ).

Proof. Let s be such that for ¢ > s, ay > ¢ 2 and such that after stage s we do
not attempt to meet S; for any 7 <y 0. Let ty+1 < s be the final o-stage which is
a recovery stage for N.. Note that if ¢ is a component of v which is involved in the
right shuffle at a stage after ¢ty 4+ 1, then ¢ cannot be o-marked. Thus, after stage
s, no elements are ever enumerated into any o-marked component of v. Let M be
the set of components of v which are ever o-marked.

Suppose there is some o-stage t+1 > s at which there are at least two embeddings
of the components in M into p.[t]. Then there is some ¢ € M such that v(q)[t] C
pe(2)[t] for two different components z of p.. But v(q) € v(y) for each component
y # q of v, so pe and v cannot be isomorphic.

If at each o-stage t+1 > s there is no homomorphic injection of the components
in M into pc[t], then there is no homomorphic injection of v into p, either, and
two structures are not isomorphic.

Otherwise, at some first o-stage t+1 > s there is a unique homomorphic injection
hj[t] mapping the components in M to components of p. such that p.(hj}(q))[t] C
n(q)[t] for each ¢ € M. Since t is a ¢ 2-stage, range(hY)[to] € range(h?)[t]. Let
x € range(hY)[to] —range(hy)[t]. Say x = h%(q)[to]. Note that each component u of
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v such that ¢ € v(u)[to+1] is o-marked by the end of stage to+1, and therefore is in
the domain of A [¢]. Thus ¢ cannot become a member of any additional component
of v after stage tg + 1, since that would require a o-marked component to be part
of a shuffle. So there are finitely many components y of v which have ¢ € v(y). But
q € pe(x)[t], so there are more components y in p, such that ¢ € p.(y) than there
are components y in v such that ¢ € v(y), so p. and v are not isomorphic. O

In the case that TP(e) = 0 we will see that p. and v are not isomorphic, because
there is an infinite component in p. which is not present in v. The following lemma
will be used to demonstrate that.

Lemma 3.27. Let o be of length e, and suppose o < T'P. Assume that for t > tg,
oy >, 0, that tg is a o-stage which is a recovery stage for N, and that after stage
to we never attempt to meet Sy for any 0 <p o.

Suppose n is either v or u, and that s+ 1 > tg is a o-stage of the construction
which is an n-recovery stage for N..

Suppose that p is the component of p. for which h2(p1)[s] = pe.

Suppose t +1 > s+ 1 is the next o-stage which is a recovery stage for N, and
that t +1 is a o 0 stage.

Let v be p if nisv and v if n is v. Then o(p4)[t] = pe(po)[t]-

Proof. If t +- 1 is a 0”0 stage, then h}[s] £ h7[t]. The disagreement between hi|t]
and hjj[s] occurs among the components which are part of the shuffle at stage s.

Suppose that at stage s+ 1 we perform a right shuffle at stage on the components
ng,...,nq of v, a left shuffle on the components mg,...,mg of u. Interpret the
indices 0,...d modulo d + 1. By Lemma 3.16, for 0 < i < d we have v(n;)[s] C
v(n;)[s + 1] and v(n;)[s] C v(n;—1)[s + 1], but v(n;)[s] C v(q)[s + 1] for no other
component ¢ of v. Likewise, for each 4, v(n;)[s] C u(m;)[s + 1] and v(n;)[s] C
w(miy1)[s + 1], but v(n;)[s] € p(g) for no other component ¢ of pu.

For i > n the components of 7;[s + 1] are all o-marked by the end of stage s,
whereas for i < n, none of the components of 7;[s + 1] are o-marked by the end
of stage s. The components of the form a ;),b jy, and c( ;) used in the right
shuffle at this stage (if any), are either all o-marked by the end of stage s, or none
are. Thus the o-marked components used in the right shuffle occur as a contiguous
“block”: they are of the form ng,ngy1,...,n5—1,np for some a and b (numbering
modulo d 4 1).

There are components ¢4, Ga+1, - - -, g» of pe such that for a < j <b, pc(g;)[s] D
v(n;)[s], i.e. hY(n;)[s] = g;. Because t + 1 is a o-stage and recovery stage for
Ne, each such g; is in the range of hl[t]. Each ¢; must satisfy either p.(g;)[t] 2
v(n;)[t] = p(mji1)[t], or pe(g;)[t] 2 v(n;—1)[t] = p(m;)[t]. Furthermore, either the
former is true for every j or the latter is true for every j, since h! includes every
g; in its range, and is one-to-one. But hl[t] 7 hl[s].

Suppose that n = v. Let n; = pZ[s]. Then h%(n;) = n;t1. Then pk[t] =
phls + 1] = fs(n;) = m;, whence pe(g;)[t] = p(ph)lt].

Likewise if n = i, and m; = p/[s], then p4[t] = p4[s + 1] = fo 1 (pk ) = nj_1.
So pe(q;)[t] = v(py)[t]- O
Lemma 3.28. If ¢ is of length e and 0 0 < TP then p. is not isomorphic to v.

Proof. Suppose that 00 < TP. Choose t to be large enough that at stages s > t,
ag >, 0 0, and that at stages s > ¢t we do not attempt to meet S, for any 7 <y, 0.
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Let to +1 >t be a 00 stage. Then tg + 1 is an n-recovery stage for N,, where
7 is either p or v.

Let p, be the component of p, for which we have h7(p7)[tg] = po[to]- Let
t1+1 > tg+1 be the next o0 stage. Note that ¢; + 1 is an t-recovery stage, where
vis pif pis v and ¢ is v if n is u. We have hll(p#)[t1] = p4[t1], where ¢ is v if n is
wand is p if n is v. Thus we have p.(p?)[t1] 2 ¢(p)[t1], and n(p2[to] is a proper
subset of ¢(pL)[t1]. Let t; be the ith 070 stage at which we perform a right shuffle
after to. Then n(pd)[to] C t(p5)[t1] C n(pF)[t2] C v(p)[ts] -+ S pe(p?), and pe(p?)
is infinite.

There is no infinite component ¢ of v such that v(p%)[t;] C n(q) for any ¢, because
such a component would by Lemma 3.13 need to be part of 7.[s] at infinitely
many o-stages s, but by Lemma 3.17 that implies 1 < TP, contrary to our
assumption. [

Finally, we deal with the case in which T'P(e) = 1.

Lemma 3.29. If o is of length ¢ and o1 < TP, then if p. is isomorphic to v and
1, it is computably isomorphic to one of them.

Proof. Let tg be a stage such that for ¢t > tg, ay > o 1, and after which we never
attempt to meet S, for any 7 < o.

Suppose that v, u, and p. are all isomorphic (or else there is nothing to show).

We will be able to computably determine an isomorphism h": n — p., for n
equal to one of v and p.

We will specify a finite set D" of components of 7, for both choices of 7, and
show that each component of 1 which is not in D" is eventually o-marked.

If 7 < o but 7 £ o, then after stage tyg we do not 7-mark any additional
components of v or . We also have p?[t] = p?[to]. Put each component of n which
is ever 7-marked into D. Put pZ[te] into D".

If 72 < o, then only finitely many components of 7 are ever 7-marked. Put
them into D".

If 71 < o, say |r| = 4. There is a single component which is part of 7;[t] at
infinitely many stages t. Put that component into D".

Note that a component is in D* precisely if it is of the form f(g) for some ¢ € D".

Ifto<t+1<s+1,and t+ 1 and s+ 1 are o-stages which are recovery stages
for N., both must be n-recovery stages for the same 7, so we have hZ[t] C hl[s].
In addition, each component g < s of v will be o-marked by stage s 4+ 1 unless it
is in DY, or if there is some 7 < ¢ such that 70 < o or 71 < ¢ and ¢ is either
T-reserved, is p¥ ., 1, oris f~'(p”)[s+1]. Note that each ¢ can only be a T-reserved
component at one o-stage, and that if 70 < o, then each component ¢ can only be
P o1 or f7H(pk)[s + 1] at finitely many o-stages s + 1 of the construction.

So any component of v other than those in D¥ will eventually be o-marked at
some stage.

We now check that every component of p other than those in D* is o-marked
at some stage. It suffices to check that if ¢ is a component of v then if ¢ is ever
o-marked, f(q) is also o-marked. In the case that v(q) is finite, this is obvious.
Otherwise ¢ is infinite. In that case, since ¢ is o-marked at some stage, there is
some 7 such that o < 71 < TP and q is part of 7;[s + 1] at infinitely many stages
s+ 1, where |7| = 4. But then f(q) is part of i;[s + 1] at infinitely many stages,
and is o-marked at the first such stage.
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Now, let 7 be such that eventually every o-stage which is a recovery stage for
N, is an n-recovery stage. Each component of 7 is either a member of D" or is
o-marked at some stage.

Let Al = U h1[s]. Then A7 has domain w \ D7, and furthermore is a
o 1-stages s>tg

computable homomorphic embedding of those components of 7 into p.. In addition,
if n and p, are isomorphic, it is the only such homomorphic embedding, for if there
were another, say h, then there must be some component x € w \ D" such that
h(z) # hl(x), whence n(z) C p.(hl(x)) and n(z) C pe.(h(z)), contrary to Lemma
3.20.

Now suppose that n and p, are isomorphic. Rigidity of  implies there is only one
isomorphism h: n — p., but as the reasoning above shows, we must have h O hl.
Since D" is finite, and A}l is computable, it follows that h is computable too. [

This concludes the verification that our construction succeeds in meeting the re-
quirements of form N,,, S, and P,. It follows that v is a c.e. Friedberg enumeration
of a set S for which G(S) has computable dimension 2, and that the isomorphism
between the computable copies of G(S) corresponding to v and p has degree d < 0”
and d # 0’, as required by Theorem 3.1.

4. COMPUTABLE DIMENSION 3
We now devote our attention to the following theorem.

Theorem 4.1. There exists a rigid structure of computable dimension 8 such that
if dg, d1, and ds are the degrees of isomorphisms between distinct representatives
of the three computable equivalence classes, then each d; <dg®d; dds < 0”.

We first note that Theorem 4.1 immediately yields the following corollary.

Corollary 4.2. There is a rigid computable structure with computable dimension 3
which has a degree of categoricity d < 0”, but has no strong degree of categoricity.

Proof. Firstly, we note that d = dg & d; & ds is clearly able to compute an iso-
morphism between any two computable copies of our structure, since the degrees of
isomorphisms between inequivalent copies are all of the form d; for some ¢, whereas
if ¢ 2 d then ¢ # d; for some i. So d is clearly the degree of categoricity of our
structure. On the other hand d; < d for each i, and therefore between any two
computable copies there is an isomorphism with Turing degree strictly below d,
which is therefore not a strong degree of categoricity. O

We now proceed with the proof of Theorem 4.1.

Our strategy is based on that of the two-structure construction in the previous
section, but we must make some significant changes to adapt the ideas to the new
context.

The major change is that because we are building three structures, we will no
longer be able to perform shuffles which are simultaneously in opposite directions
in all three structures. We will, however, continue to use shuffles when building our
structures, since they are an ideal tool for ensuring that our structures have finite
computable dimension.

Our three isomorphic structures will be called v%, where 0 < i < 2. As before,
we will work with c.e. binary relations, and build Friedberg enumerations of a set
S, but note that one could equally well work with graphs and build computable
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copies of G(S) instead. Once again, we will ensure that no pair of our structures
is computably isomorphic, and that the structure we are building has computable
dimension 3. The isomorphism between the the structures v* and 17 will be de-
noted by f*/. We will interpret our structures as having indices given modulo 3
under addition, so that for any 7, v*, v+, and v**2 will refer to our three distinct
structures.

We will have two kinds of requirement, as follows:

Ng: If p, is a Friedberg enumeration of S, then p, is computably isomorphic to
v for some i.

In addition to these requirements, we also wish to ensure that if ¢ and j are
distinct, then f7 <4 fOl @ 12 @ £20,

To achieve this, we will meet the requirements:

Qe.i: @1:“’1“ £ fbitl for0<i<2andec€w.

Note that meeting each of the requirements Q.; guarantees that fiThiT2 %
fu+1 for each i. We will let d; denote the Turing degree of f“*! for 0 < i < 2.
Since our structure is rigid it has degree of categoricity d = dy & d; & da.

Furthermore, d > d;y; for each i, because the requirements Q). ; collectively
ensure that d; € d;y1. Thus the requirements are sufficient to guarantee that the
three degrees dy, di, ds of the isomorphisms between distinct representatives of
the three computable equivalence classes satisfy d; < dg ® d; ® ds, as required.
Our method of construction will allow us to easily see that d; < 0” for each 3.

The requirements (Qc;)ecw together guarantee that d; # 0. Thus we no longer
need to use requirements similar to the P, from Section 3 to guarantee that none
of the copies we build are computably isomorphic—that is already guaranteed by
the other requirements.

We will build the structures v* stage-by-stage, as before, and at each stage s will
let f&9 be the unique isomorphism from v*[s] to v7[s]. Note that fi? is always the
identity function. We will let z., ye, 2, w, for e € w be natural numbers, all chosen
distinctly.

As before, each string o of length e will correspond to a guess about the recovery
patterns for the structures p; for j < e. Each stage s + 1 will be a associated to
a string a1 of length s + 1. We will interpret a1 as giving information about
stage s + 1 in much the same way as we did in the two-structure construction.

For each o and i, we will specify a precious component pl [s] of 1! at each stage
s of the construction. We begin by setting p¢ [0] = 2(o,0y for each o.

The strings as41 are defined as follows:

Every stage of the construction is a A-stage.

Stage s = 0.

We say that hzﬁ [0] is the empty function for 0 < i < 2 and for every £.

Stage s+ 1.

Suppose that we know that s + 1 is a [S-stage for some  with |3] < s. Let
e=|B]. For 0 <i<2let B’ be the set of components of v* which are S-marked
by the end of stage s.

We say that stage s + 1 is a recovery stage for N, if, for 0 < ¢ < 2, there exists
a unique map hj[s]: B — p. such that p.(hj(x))[s] 2 v*(x)[s] for each z € B,
and furthermore that if t +1 < s+ 1 is the most recent (3-stage which is a recovery
stage for Ne, then range(h})[t] C range(hj)]s].
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If s+ 1 is a B-stage which is a recovery stage for N., and 8 was not active at
the end of stage s, say s + 1 is a O-recovery stage, a [-initialization stage, and a
[ 0-stage. Declare 8 active.

If s+ 1 is a S-stage which is a recovery stage for N, and 8 was active at the
end of stage s, let t + 1 < s+ 1 be the most recent [-stage which was a recovery
stage for N.. Suppose ¢ 4- 1 was an i-recovery stage for Ne. If hj[s] D hj|t], then
say 5 4 1 is a §"1-stage, and an i-recovery stage for Ne. If hiy[s] 2 hj[t], for each
k such that the shuffles in * and v* were in opposite directions at stage ¢t + 1, let
tr, be the largest S-stage prior to ¢ + 1 which is a k-recovery stage for N, (choosing
t = 0 if there is none). Choose k to minimize t;. Say s+ 1 is a k-recovery stage
for N, and a 3 0-stage.

If s+ 1 is not a recovery stage for N, then we say stage s + 1 is a 3 2-stage.

Let ag41 be the unique string of length s + 1 such that s 4+ 1 is an a,11-stage.
Note that s 4 1 is a o-stage iff 0 < az41.

We define T'P to be the true path, given by TP = liminf; «.

At each stage s + 1 we define f2/ as follows: for 71 < o, let t +1 < s be
the most recent 7 0-stage at which we performed a shuffle. Then for each i and j
set ffjjs (pi,t—&-l) = pJT’tH, and say that o s-predicts pi7t+1 to be precious. If ¢ is a
component of v* such that fi7(q) = pjT-’t+1 for some j, let f},ﬂs(q) be undefined. For
each other component g of v*, set f29(q) = fi(q).

At each stage we define restraint r5(o) and set Rs(0) = max{ry(7) | 7 <p o}.

Each requirement @Q.; will be split into different versions Q;;, where 7 € 3<%
is of length e. An attempt to meet a requirement (), ; will be spread across two
different 7-stages of the construction. When meeting the requirement Q,; we will
have a specified active witness w, ,y for 7-i-diagonalization. Our goal in meeting
the requirement @), ; will be to ensure that

(I)g (w(T,n)) \L: W(r,n) # fi)iJrl(w(T,n))'

At the first stage of each attempt to meet ), ; we will prepare the requirement by
attempting to find some partial function g such that that

i+1,i42

(I)g (w<7,n> ) = W(r,n)

and such that we are able to ensure that g < fi*1i¥2 At the second stage
we will complete the requirement by performing a second shuffle to ensure that
fi’i+1(w<7,i>) # w(r; and thus that the computation given by g disagrees with
fi,i+1_

The procedure used at a stage s + 1 at which we are preparing the requirement
Q-,; will strongly resemble that used to meet the requirements S; of the previous
sections. We will perform a right shuffle in v* and v+, and a left shuffle in /2. As
in the two-structure construction, we will want to ensure f;tl’Hz [ k= fﬁsﬁﬂ I k,
for some appropriately chosen k and 6 > 7. We will then attempt to protect this
initial segment.

At the second stage t + 1 of our attempt to meet Q;;, we will complete the
requirement, by diagonalizing against the previously-prepared computation. To do
so we will perform a right shuffle in v, and left shuffles in »**! and v**2. At this
stage we will include the witness w(; ,,) in our shuffle, so that that f;”“(w(ﬂn)) #+
ff’jfl(whm) and in particular that ftij:fl(w“m) # Wy ny. We will never include
W7y in a shuffle for any other reason, so we will have fi’i+1(w<77n>) # W(rn)-
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The shuffles carried out in "' and v*™2 while completing the requirement Q. ;
will be in the same direction, to preserve the initial segment g = f;tﬂ” | k which
is providing us a computation to diagonalize against.

If 7 < TP and the requirement (), ; is never injured after this stage we will have
g = fiTT2 1k so that we meet the overall requirement Q. ;.

If a requirement @) ; is injured for any reason, we will abandon all progress which
we have made towards meeting it, and choose a new active witness. If 7 < T'P then
the requirements of the form @, ; will only be injured finitely often.

The following schematics illustrate the shuffling strategy for preparing and then
completing Q- ;.

i+l hreserved i+1,1+2 changes
T p T g

I/i ViJrl

Jit2
right shuffle right shuffle left shuffle

FIGURE 1. At stage s + 1 we prepare Q. ;. The shuffles in 1
and "t2? are in opposite directions, which causes the isomor-
phism between them to change, and our shuffle is chosen so that

Frs 4 1] Tk =g.

, fiiFl changes A fitLi+2 preserved ,
Ut Verl Vz+2

right shuffle left shuffle left shuffle

FIGURE 2. At a later stage ¢ + 1 we complete Q);;. Be-
cause the shuffles in v**! and %2 are in the same direction,
firbir2[) = fiFLir2[t 4 1], Thus we preserve the steps taken to
prepare Q. ; and fiTT2[t 4 1] | k = g. By involving w, ,y in the
SthHev we get fiVH_l[t + 1](w<7’,n)) 7é fi7i+1[t] (w<7,n>)

As before, we will meet the requirements N, passively by building our structures
using shuffles and keeping track of recovery stages. If 7 is of length e and s + 1 is
a 7 1-stage and an i-recovery stage for N, then we believe piTS will be an infinite
component of *. In that case we try to build an identical infinite component ¢ in
vJ for each j # i. We do so using a method akin to the odd/even recovery stages
in the two-structure construction, but which is complicated by the fact that we
must now keep track of three structures. If s + 1 is a 7 1-stage, and an i-recovery
stage for N, and ¢ = f*7(p%)[s], then if we involve p , in the shuffle in v at stage
s + 1, we must also involve g in the shuffle in 17 at this stage. If these shuffles
are in opposite directions, then ¢ # f%I(p)[s + 1]. If we want fi(pl) = ¢ to
be true, we wait for a later 7 1-stage ¢t + 1 at which v* and v/ once again involve
shuffles in opposite directions, at which point we can include both f;* piﬂt and ¢ in
the shuffle in ©7/. This allows us to reverse the unwanted change to f*7, and get
q = f%(pi)[t + 1]. Determining whether we are allowed to include ¢ in the shuffle
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at stage t+ 1 requires checking the status of the third structure at stage t+1. As an
organizational tool, we will maintain a 7-j-queue for each j, which will be used to
record which component ¢ of v/ (if any) we wish to involve in a shuffle at a future
stage. Each queue will contain at most one component at a time. We will refer to
each 7-j-queue as being a T-queue.

As in the previous construction, at stage s + 1, we will say that a number ¢ is
fresh if v%(q)[s] for each i, and for each o, g is not o-reserved, and furthermore, for
not < s+ 1 do we have ¢ = pf,yt for any 1.

We now give the construction.

The Construction

Stage 0:

We set v%(q) = {q} for each ¢ and for 0 < i < 2. Set 7(0)[0] = 0 for all
o € 3<%, For 0 < ¢ < 2, »mark the precious components p§\70 in *. For the least
components of form x; and v, A-mark them in each »? and say they are A-reserved.
For 0 < i < 2, say that wy; is the active witness for \-i-diagonalization, and
A-mark the component wy ;) in vifor 0 < j <2.

Say that none of the requirements (), ; are currently satisfied, and that none
have been prepared.

Say that the 7-i-queue is empty for each T € 3<% and each 7 such that 0 <4 < 2.

Stage s + 1:

We check on the status of the requirements ), ; for each 7 < @541 and 0 < ¢ < 2,
so that we can decide which to meet.

Condition 4.3. Suppose 7 = o4 is of length e and and Q);; is not currently
satisfied.

For each 6 > 7 say that a component ¢ of v**! is f-unpredictable if there is some
o such that o1 < 0, where [ is either 0 or 1, and such that ¢ is either o-reserved,
or is of the form f7**1(p)[s] for some j, and 6 does not s-predict g to be precious.

Suppose w(r ) is the active witness for 7-i-diagonalization.

Check whether there is some 6 such that 7 < 0 < asy1, k < s, and g such that:

(1) g = ;-i;l,i+2 Hk
(2) If x is a component of 1 which is f-unpredictable, then k < z
(3) L (wirny)ls] 4= w(rny-

If such 0, k, and g exist say that (), ; requires attention.

We will say that Q;; can be completed if it has previously been prepared, but
the most recent preparation has not been canceled.

Preparing the requirement (), ; will ensure that @{im” (wirny)[s] 4= wirpy,
where w, , is the active witness for 7-i-diagonalization. A requirement which has
been prepared will still require attention at later stages.

Find the shortest 7 < a,41 such that for some least i, @), ; requires attention.

At stage s + 1 we will complete ), if it can be completed. Otherwise we will
prepare it.

Case 1: Preparing Q;;.

Let g and 6 be as specified in Condition 4.3. Suppose that |7| = e and |0]| = d.

We will be performing a right shuffle in ¥ and in »**!, and a left shuffle in v**+2.

We will define a finite sequence 77 [s + 1] of components in each 17 for each j
and for n < d.
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For each n < e, do as follows: Let 0 = asy1 [ n. Let x; and yi be the o-reserved
components.

If s+1is a o 2-stage, let U/ be empty for each j, and do nothing to the o-queues.

If s + 1 is a o 0-stage and an h-recovery stage for N,,, empty the o-queues, and
for each 7, let 2 = xy, f"9 (p)[s], yx.-

If s+ 1is a o 1-stage and an h-recovery stage for N,,, check whether there is
some number ¢ in the o-(i + 2)-queue.

If so, remove ¢ from the o-(i + 2)-queue. Then, if we are performing a right
shuffle in " at this stage, for each j let vJ = xy, ™7 (p?)[s], fi*%7(q). On the
other hand, if we are performing a left shuffle in v" at this stage, for each j let
vl = [ (q), fI (p2)[s], y- _

If there is no number ¢ in the o-(i + 2)-queue, then for each j set 77 =
i, [ (p}) ], Y-

In each of the above cases, if s+1 is an h-recovery stage for N,,, let p{}ﬁl = pg’s,
and for j # h let p, 4y = " (p})[s]-

If this is not a recovery stage for Ny, then for each j let pJ = p§75+1.

Fore<n<s+1,let 0 =as41 [ n.

If 01 £ 0, let D) be empty for each j (this includes the case that d < n < s).

If 1 <0, let t+1 < s+ 1 be the most recent ¢ 0-stage of the construction.
Check whether fsi+1’i+2(piﬁl+1) = p?_t2+1 If so, let D4 [s + 1] be empty for each j. If
not, then let 24 [s + 1] = @y, fIFH9 (pith ), fi%3 (pl2 ) for each j.

Perform a right shuffle in % of the components

=~ 50 =i

|7 VI VS

Likewise perform a right shuffle in v**! of the components

~itl il it
ettt Lot
and a left shuffle in %12 of the components
~i42 ~id2 ~id2
A VA VA

This concludes the shuffling at this stage.

Let u be the largest number such that for some j such that 0 < j <2, and some
x < k, fgﬂ'l(w) = u. Now set rg11(7) = max(u,rs(7)) and rgi1(0) = rg(o) for
each o # T.

Declare that ) ; has been prepared.

Proceed to clean-up phase.

Case 2: Completing Q, ;.

We will be performing a right shuffle in v* and a left shuffle in v**! and v*+2.
As before, let || = e.

We will define 7/ [s + 1] for each j and for n < s.

For each n < s, do as follows: Let 0 = a1 [ n. Let 2; and yi be the o-reserved
components.

If s+ 1is a o 2-stage, let 7/ be empty for each j.

If s+ 1 is a o 0-stage and an h-recovery stage for N,, then for each [, let
vl = ay, f(ph)[s], yx. Empty the o-i-queue.

If s+ 1 is a o 1-stage and an h-recovery stage for N,,, check whether there is a
number ¢ in the o-i-queue. If so, remove ¢ from the o-i-queue.

If we are performing a right shuffle in v" at this stage then for each j let 7/ =

xy, f19(ph), 9 (q).
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If we are performing a left shuffle in v at this stage then for each j let vJ =

Jo3 (@), F29 (05 e , 4
If there is no number ¢ in the o-i-queue, then for each j set D7 = a7, f77(p), yp.

In each of the above cases, if s+1 is an h-recovery stage for IV,,, let pg’sﬂ = p?s,
and for j # h let pf;’sﬂ = fFm(ph)[s]. If this is not a recovery stage for N, then
for each j let p{%s = P§,5+1~

Let the active witness for 7-i-diagonalization be w ;. ,,), with companions w, .y <
W(rm,)- ‘

Perform a right shuffle in v* of the components

U)<7.7m0> y w<7,n) y w<77ml>, /V\é, ’I;i, . ,I’/\/Si.

Likewise perform a left shuffle in ©**! of the components

i+l i+l —it1
Wirmo)s Wirn), Wirmi), Yo V1 e Vs
and a left shuffle in %12 of the components
42 2 =it2
Wir,mo)» W(r,n)s Wir,mi)>Yo V1 55 Vs -

Declare @),; to be currently satisfied. Proceed to clean-up phase.

Clean-up phase after preparing or completing Q) ;

We begin the clean-up phase by updating the queues. Let m be such that the
shuffle in ™ at stage s + 1 is in the opposite direction to that in the other two
structures. For each n < e do as follows. Let 0 = as11 [ n. Let 2; and yi be the
o-reserved components.

If 072 < @441 do nothing to the o-queues.

If 60 < asy1 or 01 <X agy1, suppose s + 1 is an h-recovery stage for N,,. Let
t 4+ 1 < s+ 1 be the most recent o 0-stage of the construction.

Suppose h # m. Let fPm(ph)[t] = ¢™. If fF™(ph)[s] = ¢™, add ¢™ to the
o-m-queue.

Suppose h = m. For each j # m let fMJ(ph)[t] = ¢7. If fMI(ph)[s] = ¢/ for
each such j, then let ¢ = ijl(qj) and add ¢ to the o-h-queue (note that ¢ is
independent of the choice of j here). If f™7(ph)[s] # ¢’ for one j # h then add
¢’ to the o-j-queue for that j. If f"I(ph)[s] # ¢’ for both j # h then make no
additions to any o-queues.

Next, declare any component which is involved in the shuffle is no longer o-
reserved for any o.

For each o > 7, do as follows: Declare any o-reserved components to be no
longer o-reserved. Declare o to be inactive. Declare each Q. ;) to be unsatisfied,
and cancel any preparation of @, ;. Declare that there is no active witness for
T-i-diagonalization. Set rs41(c) = 0.

For each o, set rs11(0) = rs(o) if we have not defined it yet.

For each ¢ > 7, empty each o-j-queue. Then choose some fresh unmarked
component z(, ) > R(a)[s + 1] and for each j set p’[s 4+ 1] = z(y ).

For each j > 4, if Q- ; has been prepared but the preparation has not been
canceled, declare the preparation canceled. Declare @), ; unsatisfied. Declare that
there is currently no active witness for 7-j-diagonalization.

For each ¢ and j such that there is currently no active witness for o-j-diagonalization,
choose a fresh unmarked number w,,, > R(a)[s + 1] as active witness for o-j-
diagonalization.
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We now specify the marking in the structures.

If we prepared Q- ; at this stage, choose two fresh unmarked numbers w; ,,,) >
W(rmy) > R(a)[s + 1] as companions to the active witness for 7-i-diagonalization.
Then 7-mark them.

For each 0 =< asy1, each k, and each j, o-mark the precious component
1 +1(pf;)s +1), and each active witness for o-k-diagonalization.

Forl <e,let 7 [l =0. If s+ 1 is a recovery stage for N}, do as follows: o-mark
each component ¢ of 1/ which is part of the shuffle at this stage, except for those
such that for some 3 < o and some k, g = f*J (p’é’sﬂ), q is the active witness for 7-
k-diagonalization, or ¢ is a companion to the active witness for 7-k-diagonalization,
and those for which there is some 8 < ¢ such that g is S-reserved.

For each 8 such that || < s+ 1, do as follows: if there are no [-reserved
components, choose fresh unmarked components x; and y, which are larger than
R(a)[s + 1]. Then S-mark those components in each structure and declare them
B-reserved. Then S-mark the active witness for §-j-diagonalization. Finally, for
each component of a structure v/ which has been B-marked in the clean-up phase,
o-mark it for each o < 8 such that 00 <X S or o1 X 5.

Now for each component g of each structure »7 which is S-marked, S-mark the
component fq+1( ) of V¥ for each k.

This completes the construction.

Our verification will be as similar as possible to that of the previous construction,
and, when possible, we will refer the reader to the first construction for details.

Lemma 4.4. Let s+1 be some stage of the construction such that for eacht < s+1,
there are unique isomorphisms f3°*: vi[t] — v*[t] for each j and k.

Suppose s+ 1 is a o-stage. Then at both the beginning and end of stage s+ 1 we
have fresh o-reserved components x; and yy which are o-marked but not T-marked
forany T > 0.

Proof. See Lemma 3.6. (]

Lemma 4.5. Let s+1 be some stage of the construction such that for eacht < s+1,
and each j and k, there is a unique isomorphism fI"*: Vi[t] — vFt].

Suppose that for each j the components involved in the shuffle carried out in v
at stage s+ 1 are ul), ..., vi. Then for each j and k, and each m < n, v (uj,)[s] =

v (uy,)[s]-
Thus v3[s + 1] and v*[s + 1] are isomorphic.

Proof. As in the previous construction, each component u*, used in the shuffle in ¥

is chosen to be the image of the corresponding component /, under the map f7:*.
Thus by Remark 3.3, it follows that if the shuffles performed in v/ and v* at stage
s+1 are in opposite directions the structures v#[s+1] and v*[s+ 1] are isomorphic.
Of course, if the shuffles performed in v# and v* are in the same direction, then
f2* is still an isomorphism between 17[s + 1] and v*[s]. O

We now work on proving that the isomorphisms between any pair of our struc-
tures are unique at each stage of the construction.

Lemma 4.6. Suppose that for each t < s and each i, j there is a unique isomor-
phism f{7: Vi[t] = vi[t]. Fizn <s, and let agey [n=0.

Suppose 0 < i <2 and that q is part of Ui[s + 1]. If q is part of U, [t] at some
staget < s+1thenm=nand oy [n=o0.
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Proof. A non-fresh component which is used in 7%[s + 1] is either f7¢(p’) or f7¢(q)
for some component ¢ in a o-j-queue. In either case it is clear that this component
was most recently used in a shuffle at a o-stage t and was part of 7'[t] at that
stage. [

As before, our shuffling ensures that for each ¢, and each i and j, v i(q)[s+1] = {q}
if and only if 17(q)[s + 1] = {q}. If this is the case, then ¢ € v*(z)[s + 1] only for

q="1.

Lemma 4.7. Suppose that for each t < s and each i,j there is a unique isomor-
phism f17: Vi[t] — vI[t).

Suppose that s+1 is an h-recovery stage for Ny, and that asy1 [ n = o. Suppose
that s + 1 is a 0" 1-stage. Let to < s+ 1 be the most recent o 0-stage.

Then each o-j-queue contains at most one element at the beginning of stage s+1.

For each j let ¢7 = ™7 (p")[to].

There is an element q in the o-h-queue at the beginning of stage s + 1 precisely
if ¢ # PZ75 and for each j # h, f3"(¢?) = q. In this case q is the only component
m any o-queue.

Otherwise, if j # h, then the only element which can be in the o-j-queue is ¢’
which is in the o-j-queue at the beginning of stage s+ 1 if and only if {7 (ph)[s] #
7.

Proof. First note that there are no o-initialization stages between tg and s+ 1, and
each recovery stage for N,, between these stages is a ¢ 1-stage, p?s_H = pfi,to.

We work by induction on s. Let t + 1 < s+ 1 be the most recent h-recovery
stage for N, such that a1 [n =0.

For each i let ¢' = fu"(p)[to]. Let j be such that the shuffle in 7 is in the
opposite direction to the shuffles in the other two structures at stage ¢t +1. We will
check that the components in the o-i-queues at the end of stage ¢ + 1 are the ones
which the lemma claims to be present at the beginning of stage s+ 1. Our analysis
of the situation depends on whether j = h.

Firstly, suppose j = h.

If at the start of stage ¢t + 1 the o-queues are all empty, then by inductive
hypothesis f¢(p)[t] = ¢ for each i. Because the shuffle in " is in the opposite
direction to that in the other two structures, there is a component q # pfﬁ,t 41 of
v such that for each i # h, ftifl(qi) = g. We add ¢ to the o-h-queue. At the
start of stage s + 1 this is the only element in any o-queue. Furthermore, we have
Fil (g = fi(q') = q # pl,, as required.

If at the start of stage ¢t + 1 the o-i-queue is nonempty for one ¢ # h, then by
inductive hypothesis f(p)[t] # ¢, and ¢’ is in the o-i-queue. Let 0 < k < 2,
where k is equal to neither i nor h. Then f, h’k(pﬁ}, to) = ¢" by hypothesis, and because
the shuﬁﬂes in " and v* are in opposite directions at stage t + 1, fi H(pc, to) 7 q.
We put ¢* in the o-k-queue at this stage. Furthermore, we do not use any elements
from any of the o-queues in our shuffles at stage £+ 1, so the only component which
is part of 77 [t + 1] and which has previously been part of a shuffle is (Mt # ¢
Therefore f"(q%), f&"(¢*), and pl , are all distinct, as required.

If at the start of stage t + 1 the o-i-queues are nonempty for both i # h, then
the element in each of these o-i-queues is ¢*. For each such i, f™(p?)[t] # ¢'. Note
that the two values of ftl ’h(qi) are distinct by hypothesis. For each i, the element
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q" is not used in the shuffle in v* at stage t + 1 and therefore the elements fi"(q)
are still distinct at the beginning of stage s + 1, neither is equal to pﬁ,t ,» and each
¢' is still in the o-i-queue at the start of stage s + 1.

Finally, suppose that there is an element ¢ in the o-h-queue at the beginning of
stage t + 1. Then q is the only element in any o-queue. Then p7 # q = ftlh(qz) for

each i # h, and by including ¢ in the shuffle in "

: we ensure that for each ¢ # h
we have fi/(q') = fgfl(qi) = p?to. We remove ¢ from the o-h-queue, leaving all
of the o-queues empty at the beginning of stage s + 1 as required.

Now suppose that j # h.

If at the start of stage t 4+ 1 the o-j-queue and o-h-queue are both empty, then

9 (M)t = 9 (ph)[to] and we add ¢ to the o-j-queue at stage t + 1. Our shuffle
at this stage ensures f,') (k) = flaiwh ) # 4.

If at the start of stage t + 1, ¢’ is in the o-j-queue, then we have ftj’h(qj) # pﬁﬁto
and our choice of shuffle ensures that fJ:"(¢7) = ftj;hl (¢/) = pl,,, and we remove
¢’ from the o-j-queue.

Suppose that 7 is the index of the third structure, equal to neither j nor h. In
each of the above cases, if ¢’ is in the o-i-queue at the beginning of stage t + 1,
then fsh’i(pg_’to) = f“h(pgyto) # ¢*, and ¢ is still in the o-i-queue at the beginning
of stage s 4 1, whereas if the o-i-queue is empty, f2/(p, ) = f*"(pl,,) = ¢', and
the o-i-queue is still empty at the beginning of stage s + 1.

Finally, suppose that at the start of stage ¢ + 1 there is an element ¢ # pﬁﬁto
in the o-h-queue (and hence no other elements in any o-queues). Then we have

th’i(q) = ¢’ for each i # h and since ¢ is not used in the shuffle in v* at this stage
we ensure that f2(q) = f%(q) = ¢’ for each such i. At the beginning of stage

s+ 1, q is still in the o-h-queue, as required.
O

Remark 4.8. Suppose that for each ¢ < s and each 4, j there is a unique isomor-
phism f;?: v[t] — v7[t]. Suppose further that at some stage t +1 < s+ 1, D% [t + 1]
is nonempty. By observing which components can be the images of precious com-
ponents and which components can be put into o-queues, we may rule out the
possibility of certain components ever being part of a shuffle at a later stage:

If we perform a right shuffle in ©* at stage ¢ then the rightmost component of
Ui [t + 1] is not used in a shuffle at any later stage.

If we perform a left shuffle in v* at a stage t then the leftmost component of
Ui [t + 1] is not used in a shuffle at any later stage.

Lemma 4.9. Let s+1 be some stage of the construction such that for eacht < s+1,
there is a unique isomorphism f;” : Vi [t] — vI[t] for each i and j.
Suppose that p is a component of v which is part of Ul [to] at some first o-stage
to <s+1.
Suppose that q is used in the shuffle in v* at stage s+ 1 and that p € vi(q)[s+1].
Suppose that oy, | n=0. Then s+ 1 is a o-stage and either
(1) q is a member of U [s + 1],
(2) or this is the last stage at which q is part of a shuffle.
Proof. The proof is by induction on s.

If s+ 1 = tg, suppose p € v(q)[to]. If ¢ = p then ¢ is certainly a member of
V% [to]. Otherwise, if the shuffle in 1* at stage t¢ is a right shuffle ¢ is directly to the
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left of p in the shuffle, and if the shuffie is a left shuffle, ¢ is directly to the right of
p in the shuffle.

Suppose ¢ is not a member of 77 [tg]. If the shuffle in v at stage to is a right
shuffle ¢ is either the rightmost component of v¢ [ty] for for some m, or is the
companion to the right of the active witness for 7-h-diagonalization, if this is a
stage at which we are attempting to meet @, for some h. If the shuffle in v* at
stage to is a left shuffle, ¢ is either the leftmost component of 77 [to] for for some
m, or is the companion to the left of the active witness for 7-h-diagonalization. In
either case, this is a component which is not part of a shuffle at any later stage.

Now suppose s + 1 > .

Suppose ¢ to be a component of v* such that p € v%(¢)[s + 1]. Note that if
p € v*(q)[s] and q # p then by hypothesis it must be the case that at some previous
o-stage t < s+ 1, ¢ is part of D% [t]. Thus s+ 1 is also a o-stage and ¢ is a member
of 7% [s + 1], by Lemma 4.6.

So we may assume that s + 1 is the first stage at which p € v*(¢)[s + 1]. Then
either we are performing a right shuffle in v* and ¢ is directly to the left of a
component u such that p € v(u)[s], or we are performing a left shuffle in v and q
is directly to the right of a component u such that p € v%(u)[s] (here we view the
shuffle as a cycle, so that the first component in the shuffle is immediately to the
right of the last). Applying the inductive hypothesis to u, we see that s + 1 is a
o-stage, and that u is a member of 7¢ [s + 1].

As in the base case, if ¢ is not also a member of 7% [s + 1], this is the last stage
at which ¢ is part of a shuffle in »/*. O

Lemma 4.10. Let s + 1 be some stage of the construction such that for each
t < s+ 1, there is a unique isomorphism f;"”: vi[t] — vi[t] for each i and j.

Suppose tg < s+ 1 is the most recent o-initialization stage, p = pl[to], and that
T#oOo.

Then p ¢ piis + 1] for any j.

However, if s+ 1 is not a o-initialization stage then p € pl[s + 1] for each j.

Proof. See the proof of Lemma 3.14. Lemma 4.9 should be used instead of Lemma
3.13. 0

Lemma 4.11. Let s + 1 be some stage of the construction such that for each
t < s+ 1, there is a unique isomorphism f;”: vi[t] — vi[t] for each i and j.

Fiz some i. Suppose that v'(x)[s] € vi(y)[s] for each x # y.

Then vi(x)[s + 1] € vi(y)[s + 1] for each x # y.

Thus by induction on s, v'[s] and v [s] are rigid isomorphic structures for each
s.

Proof. See Lemma 3.15. The itemized list of conditions (1)-(3) given in the proof
of that lemma are still appropriate, although “left” and “right” may need to be
swapped depending on the direction of the shuffle carried out in »*. Lemma 4.9
should be used in place of Lemma 3.13. O

Lemma 4.12. Suppose that the components involved in the shuffle in V' at stage
s+ 1 are ng,...,nk, and define n_1 = ng, and ng41 = ng.

If we perform a right shuffle in v* at stage s + 1, then for 0 < j <k, v*(q)[s] C
vi(n;)[s + 1] only for g =n; and g =n;_1.
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If we perform a left shuffle in V' at stage s + 1, then for 0 < j < k, vi(q)[s] C
vi(n;)[s+ 1] only for g =n; and ¢ =nji1.

Proof. See Lemma 3.16, once again using Lemma 4.9 instead of Lemma 3.13. [J

Lemma 4.13. Fiz o, and suppose that |o| = e. For each i, if q is a component of

vils] at infinitely many o-stages of the construction, then o1 < TP.

e

Proof. As in the two-structure construction, it is easy to check that if o <p TP | e,
or 02 < TP, then there are only finitely many o-stages s at which 2 [s] is nonempty.

On the other hand, if o [ e <p o then o ceases to be active at stage s, and no
component which is part of 7¢[t] at any o-stage t < s will ever be part of a shuffle
after stage s, and so if o >7 TP | e each component of ¥ can be part of at most
finitely many shuffles.

Now suppose ¢ 0 < TP, that for s > t we have a, | e > o, and that after stage
t we never prepare or complete a requirement @, ; for 7 <y, o.

Let t <ty + 1<ty + 1, where tg + 1 and #; + 1 are successive o O-stages of the
construction. Suppose that tg + 1 is an h-recovery stage for N. Let s+1 <t; +1
be the most recent o-stage which is a recovery stage for N.. Then t; + 1 is a j-
recovery stage for N, where j is a number such that the shuffles in v and v/ at
stage s+ 1 are in opposite directions. If there are two such numbers j, then ¢; +1 is
a j-recovery stage for the j such that the most recent o-stage which is a j-recovery
stage for N, is earliest. Thus pZ . # 7" (pl)[s + 1] = f7"(pl)[t1]. Because we
empty the o-queues at stage t; + 1, it is clear that no component can be part of
UMT) at a o-stage T < t; + 1 and at a o-stage T > t1 + 1.

From this it follows that if there are infinitely many o 0O-stages which are h-
recovery stages for N, then no component will be part of 7"[s] at infinitely many
stages s of the construction.

Suppose then that v", v* and 17 are our three structures, than o0 < TP and
that there are only finitely many o 0-stages which are i-recovery stages for N..
Then from some point onward, all 0 0-stages alternate between h- and j-recovery
stages for N.

Suppose as before that tg+1 < t;+1 are successive o O-stages of the construction
after stage t, that tg 4+ 1 is an h-recovery stage for N, s +1 < t; + 1 be the most
recent o-stage which is a recovery stage for N,. Assume that after stage ¢t there are
no more ¢ O-stages which are i-recovery stages for N, and that the most recent
o O-stage prior to to + 1 is a j-recovery stage for Ne.

Then at at stage s + 1 the shuffles in v and v are in the same direction, since
otherwise ¢; 4+ 1 would be an i-recovery stage for N,. Let ¢ = f™*(ph)[to].

If ' = f™i(ph)[s] then ¢* = f™(pl)[s + 1] because the shuffles in v* and v" are
in the same direction at stage s + 1. Then ¢* # f%(p?)[t1].

If ¢° # f"%(p")[s], then because the shuffles in v and v* are in the same direction
at stage s+1, we do not include any elements from the o-i-queue or o-h-queue in any
shuffles at this stage. Thus ¢* cannot be part of v [s + 1], and so ¢* # f7¢(p%)[t1],
since that component is part of /¢ [s + 1].

In either case it follows that no component can be part of 7! [T] at a o-stage
T <t1+1 and a o-stage T > t; + 1. Once again, we can use the fact that there
are infinitely many o D-stages to see that there is no component of v* which is part
of a shuffle at infinitely many stages of the construction. O
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We now wish to check that our construction is guaranteed to produce the same
infinite components in each of our structures, so that they really are isomorphic.

Before we do so, we note that any time we place a component into a o-queue,
it is because we wish to include it in another shuffle, and suspect it may be an
infinite component. So we need to check that no component which should be
infinite becomes permanently stuck in a o-queue. To prove this, we will need to
check that eventually there will be a o-stage at which the shuffles in our structures
are all in the appropriate directions to allow the component to be removed from
its queue. Since the direction of shuffle is determined by which of the requirements
we are attending to, we need to show that eventually we will attend to a suitable
requirement. Thus we chose this point to show that the requirements @), ; are only
injured finitely often for 7 < T'P.

Lemma 4.14. Suppose that o <y TP. Fix some i < 2. Then there are finitely
many stages at which we prepare or complete the requirement Qy,;, and limg r4(0)
exists and is finite.

Proof. We will show that for o <j, TP, lim, r4(0) exists and is finite.

If o <g TP but ¢ £ TP then there are only finitely many o-stages, we only
attempt to meet Q,; finitely often, and rs(co) approaches a finite limit.

Now we work by induction on the length of ¢ < T'P. Given a pair o,¢ such that
o < TP and ¢ < 2 suppose that ¢ is a stage such that after stage ¢ we never prepare
or complete a requirement of the form @, ; for 7 <g o or for 7 = ¢ and j < 1,
and that for 7 <, g, 747 = limg r5(7). Assume in addition that for s > ¢ we have
as [ n > o. After stage t we we will always have the same active witness w ;. for
o-i-diagonalization.

Suppose that at some later stage s + 1 > ¢, Q5 ; is not currently satisfied and
has not been prepared (or the most recent preparation has been canceled), but that
QQo,; requires attention. Then at that stage we prepare (), ;. At the next o-stage
we will complete the requirement @), ;. This is the last stage at which we attend
to this requirement. If s 4 1 is the last stage at which we attend to a requirement
Qo,i for any i, then for t > s we have r,11(0) = (o). O

Lemma 4.15. Let o < T'P. For each i there are infinitely many o-stages of the
construction at which the shuffle in v* is in the opposite direction to the shuffles in
the other two structures.

Proof. Let 0 < TP. Fix some stage s + 1. We will show that there is a o-stage
after stage s + 1 at which the shuffle in ©* is in the opposite direction to that in
each of the other two structures.

Choose some large n > e such that ®(z) = x for every oracle A and every
number z. Let § = TP | n. Assume we have never prepared Q3 ;—1 before stage
s+ 1. Since o < g, if we ever prepare the requirement (g ;—1 at a stage after s+1,
then that stage is a o-stage at which the shuffle in v/* is in the opposite direction to
the shuflles in the other two structures. At some later B-stage Qg,;—1 will require
attention, and by Lemma 4.14 we may assume it is the highest priority requirement
to do so. Thus at that stage we will prepare it. O

Lemma 4.16. Suppose that 01 < TP, that |o| = e, and that for s+1 > t+1,
asi1 > o 1 and that after stage t+1 we do not prepare or complete any requirement
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of the form Qr, for T < o. Suppose furthermore thatt + 1 is a o 0-stage, and an
h-recovery stage for N..

Then for s > t, pl[t] = pl[s], and this is the only component which is part of D"
at infinitely many o-stages.

For each i # h let ¢ = f"(p?)[t]. Then for each i # h, ¢* is part of U%[s + 1]
at infinitely many o-stages s + 1 > t, and is the only component for which this is
true. Furthermore, there are infinitely many o-stages s + 1 > t at which ¢* is part
of the shuffle in v' and fI, (pk,) =q'. Thus vi(¢") = v"(pl,).

Proof. Let o, t and the ¢' be as stated. It is clear that pg,t = pg’s for s > ¢ and
that this component is part of "[s] at infinitely many o-stages s.

Suppose that for some i # h, the component ¢* is part of 7 [s + 1] at a o-stage
541 >t, and that ff’i(pg,t) = ¢*. We will show that ¢ is also used in a shuffle at a
later stage. If the shuffles in v and v are in the same direction at stage s+ 1, then
fffl (pk ;) = ¢', and ¢’ will also be part of the shuffle in v at the next o-stage. So
we assume that the shuffles in v and v* are in opposite directions at stage s + 1.

There are several cases to consider depending on whether the shuffle in the third
structure is in the same direction as the shuffle in v* or the shuffle in v" at stage
s+ 1.

If the shuffle in * is in the opposite direction to both of the other shuffles at
stage s + 1, we add ¢ to the o-i-queue. If s + 1 > s+ 1 is the next ¢ l-stage
at which the shuffle in ©* is in the opposite direction to the shuffles in the other
two structures, then ¢° is still in the o-i-queue at the start of stage sp + 1, and is
included in the shuffle in ¢ at stage so + 1. Thus fsho’ll(pg’t) =q".

Otherwise the shuffle in v" at stage s + 1 is in the opposite direction to the
shuffles in both of the other structures at that stage. Let v7 be the third of our
structures, and let ¢/ = f;*J ().

If f19(pl,) # ¢ then there is already an element in the o-j-queue at the be-
ginning of stage s + 1, and at this stage we add ¢’ to the o-i-queue, and wait for
a stage at which the shuffle in ©* is in the opposite direction to the shuffles in the
other two structures, at which point we include ¢* in the shuffle in v* as above. If
5o+ 1 > s+ 1 is the next stage at which we include ¢* in the shuffle in v?, then

. h,i _ rhyi h \ _ i
once again we have f."\ 1 (q) = fo'1(Pos) = ¢

Finally, if f7 (pgvt) = ¢7, then after the shuffle at stage s + 1 we let ¢ be the
number such that f&"(¢") = f3"(¢?) = ¢ and add q to the o-h-queue. Once
again, we are eventually guaranteed a stage sy + 1 at which the shuffle in " is
in the opposite direction to that in the other two structures, and will include ¢
in the shuffle in v and ¢' in the shuffle in % at stage so + 1, and arranging that

W) = i h) =4

This exhausts all possible cases, and shows that that ¢° is included in shuffles in
V' at infinitely many o 1-stages s at which f/(ph ;) = ¢’, and so v(¢*) = v"(plt ,),
as required.

Now we check that pf, is the only component in 2/![s + 1] at infinitely many
stages, and likewise that for each i # h, ¢* is the only component which is part of
Ui [s + 1] at infinitely many stages s + 1 of the construction.

In the case of D", suppose that q # pﬁﬁt is a component which is a member of

Ul [s + 1] at some o-stage s + 1 > t. Note that the only way that this component
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can be part of D”*[sq + 1] at some later o-stage so + 1 > s+ 1 is if at stage s + 1 we
add fshﬁl(q) to the o-j-queue for some j. Let so+ 1 be the first such stage. Observe
that if we are performing a right shuffle in v, then ¢ is the rightmost component in
U150 + 1], whereas if we are performing a left shuffle, ¢ is the leftmost component
in D"[sp + 1]. In either case g is never again part of a shuffle, as noted in Remark
4.8.

Now suppose that i # h, and that ¢ # ¢' is part of 7 [s + 1] at some stage
s+ 1 >t. We must show that ¢ is only part of the shuffle in v* at finitely many
stages, and therefore may assume that ¢ has already been part of the shuffle in /*
at some previous stage. Let 17 be the third structure other than v* and v"*. There
are two cases to consider.

The first case we consider is that ¢ = fsh’i(pzt). Then q is the middle element of
Ui[s+1]. Let so +1> s+ 1 be the first 0" 1-stage at which the shuffles in v" and
v' are in opposite directions. Then g = f2¢(pl,) but ¢ # fsh(;i1(PZ,t)~ The only
reason that ¢ can be included in a shuffle again at a future o-stage s; +1 > sg+1
isif g = fsjf(qj) and ¢/ is in the o-j-queue at the beginning of stage s; + 1. We
will treat this possibility as our second case.

The second case is that ¢ = fJ'(¢?), and ¢’ is in the o-j-queue at the beginning
of stage s + 1, and s + 1 is a stage at which the shuffle in 17 is in the opposite
direction to that of the shuffles in the other two structures. But then if the shuffle
performed in v at stage s+ 1 is a right /left shuffle, then ¢ is the rightmost/leftmost
element in v [s + 1] and is therefore never part of a shuffle at any future stage.

Thus we see that ¢ is included in a shuffle at most three times: after being
shuffled once, it can be part of the shuffle at most once at a stage at which the first
case applies, and then possibly at one more stage for the second case. [l

Lemma 4.17. For each i, if x and y are distinct components of vt then V_i(x) <
V'(y), and for each i and j there is a unique homomorphic embedding f: v* — 17,
which is an isomorphism.

Proof. Tt is clear that if either of x or y is finite then v%(x) Z v*(y), since no infinite
component can embed into an finite component, and any embedding into a finite
component is ruled out at the stage at which we enumerate the last element into
it.

Lemma 4.16 precisely identifies the infinite components of our structures, and
shows that we build identical infinite components in each structure. Furthermore,
Lemma 4.10 and Lemma 4.11 together show that if x and y are distinct infinite
components of v then v*(z) € v*(y). This suffices to give the result. O

Now that we have verified that our structures are all isomorphic, we return to
the requirements (), ;: having already seen that we only attend to each one finitely
often, we must check that we succeed in meeting them.

Lemma 4.18. Let 7 = TP | e, and suppose 0 < i < 2. Suppose that s+ 1 is a
stage of the construction such that fort > s+ 1, oy >, 7, and that after stage s we
never prepare or complete a requirement of the form Qs ; for any o < T, nor any
requirement of the form Q. ; for j <i.

Suppose that s + 1 is a T-stage at which Q. ; requires attention, and at which
any prior preparation of that requirement has been canceled. Let g be the function
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of Condition 4.3 which we use when preparing Q. ; at stage s + 1. Suppose wr )
is the active witness for T-i-diagonalization at stage s + 1.
Then g = f2+171+2; fl”H»l(w(T,n)) 7é W(rn), and

it1,i42 ..
(I)g ( n)) ~L: W(r,n) 7é fz’z+1(w<'r,n))-
Proof. Let 0, g and k be as in Condition 4.3. Suppose that |§] = d. We will first
show that f“;1+1 =ik

Because of the restrictions placed on g by Condition 4.3, the only components
g < k of v**! involved in the shuffle at stage s + 1 are those s-predicted to be
precious by 6.

Each component ¢ < k of v**! which is s-predicted to be precious by 7 has
i+1,i+2 i+1,i+2 .

b (0) = £ @) = S (), since T <0,

For e < n < d, UJ[s + 1] is nonempty for precisely those n such that o =6 [ n
and 01 < 0 and for which f§+1’i+2(17f7+t1+1) # pfyﬁil, where t +1 < s+ 1 is the
most recent o 0-stage of the construction. Furthermore, in that case our choice of
D+ [s + 1] and D5F2[s + 1] ensures that fi1} Z"'Q(pfftl_s_l) =pAy. Thusif ¢ < k is
a component of v*t! which is s-predicted to be precious by € but not by 7, then

i+1,i+2 i+1,i+2 i+1,i+2
foi ™ () = fi,s+21 (q) = ;,s a)-

Since these are the only components smaller than k£ which are used in the shuffle

in "1 at this stage, the only components on which the maps f s | k and fr 11 [ k

can differ are those which are s-predicted to be precious by 6. So fH;fer“ Ik =
141,142
9.5 [ k.
We set r541(7) > u, where u =  max  (f"(z)). For each 8 > 7 and every
@<k,0<i,j<2

j, we define p/]é [s + 1] to be a number larger than R,11(7). In addition, we choose
new active witnesses wg ny > Rsy1(7) for 5-j-diagonalization for each for g > 7
as well as for for § = 7 and j > i. We also J-reserve new elements x; and yj, both
larger than R,11(7), for each § <7 and 8 > 7.

But agy41 > 7 for sp +1 > s+ 1, and s + 1 is a stage after which we never
attempt to prepare or complete a requirement of higher priority than @, ;. So for
each j, the only components ¢ < Ryy1(7) of v**! which can be part of a shuffle at
a stage t > s+ 1 are those which are s-predicted to be precious by 7, and the active
witness w(; ) for 7-i-diagonalization.

When we first chose w(, ,) as our active witness for 7-i-diagonalization, it had
never been part of a shuffle. Since at stage s + 1 we prepare Q. ;, any witness for
T-i-diagonalization active during a previous canceled attempt to prepare @), ; has
since been replaced. So w(; ) has not been used in a shuffle before stage s + 1.

Thus f;-’i+1(w<.,.7n>) = f;i?l(w<77n>) = W(rn)- Note that W(r n) is part of the
right shuffle at the next 7-stage s; +1 > s+ 1, since at that stage the requirement
Q- is the highest priority requirement which requires attention, and is therefore
completed at that stage. We never use the component w; ,,y of v* in a shuffle after
stage s1 + 1, SO fi’iJrl(w(T,n)) = f;llill( ) 7é W(rn)-

Furthermore, at stage s; + 1 the shufﬁes in V”‘l and v*t2 are in the same di-

rection, so that fZJrl A2 = fobbit2 ) g = N2 P kand fE Tk =

1+1 ,s1+1
f:gii“ | k. After stage s+ 1, the only components ¢ < R,y1(7) of v**1 which are

ever involved in a shuffle are those which are s-predicted to be precious by 7. Each
such component is of the form pﬁ,ﬁil for some o such that 0”1 < 7 < TP, where
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t+1 < s+ 1 is the most recent 0" 0-stage of the construction. As we saw in Lemma
4.16, for such components, f”l’”z(pfj‘f‘til) = pfr-j_til'

This is sufficient to show g < fi+1¥+2 since g = fﬁs;fﬁ I k at all stages

so+1>s+1, and we have 61 < 7 < TP, so f;t(l}if(pfytﬂ_l) = pfj‘ta_l for each
such o. So et
q)g Y (w<‘r,n)) ~l/: W(r,n) 7é f171+1(w(7,n>)

and thus the requirement (), ; has been satisfied by the preparation and completion
performed at stages s + 1 and s1 + 1. O

Lemma 4.19. For 0 <i <2, fitbit2 %, i+l

Proof. We must show that for each 7 = TP | e we either prepare and complete the
requirement @, ; at a stage after which it is never canceled, or that we are able to
passively meet the requirement.

So fix some i and e, let 7 = T'P | e, and suppose that ty is a stage such that
at stages s + 1 > ¢y we never attempt to meet a requirement of the form Qg
for any 8 <y 7 and any j or Q- ; for any j < i. Assume in addition that for
s+ 1 >ty we have asy1 > 7. We may suppose that ¢y is the least stage with
this property, in which case any preparation or completion of the requirement @ ;
performed at a stage prior to o is canceled at stage to. Let w, )y be the active
witness for 7-i-diagonalization at stage tg. Note that this is the active witness for
T-i-diagonalization at every future stage s + 1 > t( of the construction.

If we ever prepare the requirement Q- ; after stage s+ 1, we will then complete it
at a later stage as in Lemma 4.18, in which case @J:H’l“ (Wirny) 47 foitt (Wrny)-

So suppose that we never prepare @), ; after stage o, but that <I>f+1’7'+2 (Wirmy) 4=
ot (wir ). I so, f2 M (wir py) = w(r,n) because wy, ,y is never used in a shuffle.
Since @glﬂ’lﬁ (W(rny) = W(r py, choose some k and sq such that (1)5:01’”2 " (wirny) =
W(rny- Choose 8 < TP such that 7 < 6 and such that every infinite component
q < k of v+ is of the form piTl[t] for infinitely many ¢ > tq, where o1 =< 6.
Let s > sp be a stage so large that for t > s, a4 > 6, and no finite component
q < k of "1 is part of a shuffle after stage s. Then at every f-stage t > s, we
have f;:;l’“rz [ k= fi+1Li+2 |k by choice of k, s, and 6. At the first such stage t,
fe rk(w<77n>)[t] 1= w(7 ). Thus at this stage Q, ; requires attention, and therefore
we must prepare it, contrary to our assumption. -

So either /""" (Wirmy) 47 F7 TN (wirny) or A (w(r,ny) T, and thus (con-
sidering every e) we have fit1i+2 %, fiitl O

As in the two-structure construction, it is clear that for each i and j, f*(z) =y
if and only if f,(x) = y for infinitely many s, and thus that f%/ <7 0”. The
requirements Q. ; also ensure that % <7 ()" for each i and j.

For each e we now wish to determine whether the structure p, is isomorphic to
our structures v*, and, if so, show that it is computably isomorphic to one of the
v*. In this way we will meet the requirement N,.

As in the two structure construction, it suffices to note that there is some string
o of length e and some number [ such that o7l < TP, and then check the three
cases.

Lemma 4.20. If o is of length e and 02 < TP then for each i, p. is not isomorphic
to V°.
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Proof. See Lemma 3.26. a

Lemma 4.21. If o is of length e and 01 < TP, let i be such that after some stage,
every o 1-stage is an i-recovery stage for N.. Then if p. is isomorphic to V', the
isomorphism is computable.

Proof. See Lemma 3.29. (]

In the case that 070 < T'P, there are slightly less trivial changes arising from the
fact that there are three structures, and we also require a variant of Lemma 3.27.
We now state this lemma and give a brief sketch to point out the (minor) changes
to the proof.

Lemma 4.22. Let o be of length e, and suppose o < T P. Assume that for t > tg,
oy >, 0, that tg is a o-stage which is a recovery stage for N, and that after stage
to we never attempt to meet Qp,; for any 6 <r, o.

Suppose s + 1 > tg is a o-stage of the construction which is an i-recovery stage
for N..

Suppose that p, is the component of p. for which hi (pl)[s] = po.

Suppose t +1 > s+ 1 is the next o-stage which is a recovery stage for N, and
that t + 1 is a 00 stage. Suppose that t + 1 is a j-recovery stage for N..

Then v (py)[s] & v7 (P5)[] S pe(po)[t]-
Proof. Let p, = hi(pi)[t]. As in the two-structure construction, we note that
for n > e the components of 7% [s + 1] are o-marked at stage s + 1. Using this
together with Lemma 4.12, we see that hi[s] C hi[t] if and only if hi (pi)[t] = po.
Since hi[s]  hi[t], let j be such that the shuffles in 7/ and v are in opposite
directions at stage s + 1. But p, is in the range of A [t], and must be the image
of a component g of v/ such that v(p)[s] C v7(q)[t] but v7(q)[t] # p.[t]. Since
pi’t = p;SH = f4(p¢)[s] and the shuffles in v* and v/ are in opposite directions
at stage s + 1, pJ[s] is the unique component of 1/ satisfying this condition. So
vi(pt)[s] € v7(pl)[t] C pe(po)[t]. This is true in particular for that j for which ¢ +1
is a j-recovery stage for N.. ([

Lemma 4.23. If o is of length e and 070 < T'P then for each i, p. is not isomorphic
to V.

Proof. Let ty be such that for ¢t > ty, oy > o, that ty + 1 is a o-stage which is an
ip-recovery stage for N, and that after stage ¢ty we never attempt to meet Qg ; for
any j and any 6 <, o.

Suppose that tg +1 < t; +1 < --- are all of the ¢ 0-stages of the construction
after tg. A

Let p, be the component of p, such that h¥ (ps)[to] = Py, -

It follows from Lemma 4.22 that we have p.(po)[t,] 2 v (pir)[t,] for each n. So
Po is an infinite component of p. such that p.(py) D v¢(pi)[to]. However, there is
no component ¢ of our structure v* such that v*(q) D v*(p)[to], since by Lemma
4.13, no component is part of 7 [t] at infinitely many stages t. (I

As noted earlier, these three cases are exhaustive. Thus either our structures
v* are not isomorphic to the computable structure p., or one of our structures is
computably isomorphic to p.. So we have met each requirement N..

This concludes the verification that we have met the requirements laid out in
the construction. Theorem 4.1 and hence Corollary 4.2 now follow immediately
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from the correspondence between c.e. Friedberg enumerations and their associated

graphs.
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