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Abstract Low-discrepancy sequences that have an optimal value of 0 for their
t-parameter have always been of interest to both theorists and practitioners. How-
ever, in practice the Sobol’ sequence often performs better than the original (0,s)-
sequences in prime bases proposed by Faure in 1982, although the former con-
struction does not have an optimal value of 0 for its t-parameter. In this paper,
we introduce new ideas that can be used to find improved constructions for (0,s)-
sequences in prime bases. To do so, we study them within the framework of gener-
alized Niederreiter sequences, which was introduced by Tezuka in 1993. We take a
closer look at the structure of the corresponding generating matrices, as this helps
us to better understand the differences and analogies between the constructions that
we are interested in. This study is then used to guide our search for improved (0,s)-
sequences, which are shown to perform well on a variety of problems.

1 Introduction

Low-discrepancy sequences are the backbone of quasi-Monte Carlo methods. While
several families of sequences have been proven to have good theoretical properties,
it is often necessary to carefully choose the parameters that determine a given se-
quence so that the resulting approximations work well in practice. In particular,
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(0,s)-sequences are very attractive from a theoretical point of view, because the
value of the quality parameter t for this construction is 0, which means their equidis-
tribution is optimal. However, when used in practice—for problems of large dimen-
sions and with a relatively small number of points—they may not work so well if
their defining parameters are not chosen carefully, which is the case for Faure se-
quences [3]. Similarly, for the widely used Sobol’ sequence, one needs to choose
the so-called direction numbers.

Our goal in this paper is to explore a few ideas leading to concrete (0,s)-
sequence constructions that can be used in practice. We also establish comparisons
between different families of constructions, namely the Sobol’ sequence, the (0,s)-
sequences, and generalized Halton sequences. To do so, it is helpful to use the frame-
work of generalized Niederreiter sequences, which was proposed by Tezuka in [24].

This paper is organized as follows. In Section 2, we provide background informa-
tion on low-discrepancy constructions that are based on van der Corput sequences,
and describe different families to be studied in this paper. We present generalized
Niederreiter sequences in Section 3, but use the language of generating matrices to
explain this construction. We believe this offers easier-to-grasp concepts to read-
ers unfamiliar with the mathematical tools used in Tezuka’s original definitions. In
Section 4, we describe two ideas that each result in concrete recommendations for
specific (0,s)-sequence constructions. Our parameters can be found on the Internet
at [27]. In Section 5, we propose to use the underlying idea at the basis of (0,s)-
sequences to construct sequences that are extensible in the dimension. We show
numerical results on a few different problems in Section 6, and conclude in Section
7 with a summary of our findings.

2 Background information

We start by describing the generalized van der Corput sequence [2], which is ob-
tained by choosing a sequence Σ = (σr)r≥0 of permutations of Zb = {0,1, . . . ,b−1}.
Then, the nth term of the sequence is defined as

SΣ
b (n) =

∞

∑
r=0

σr
(
ar(n)

)
b−r−1,

where ar(n) is the rth digit of the b-adic expansion of n−1 = ∑
∞
r=0 ar(n) br. If the

same permutation σ is used for all digits, (i.e., if σr = σ for all r ≥ 0), then we use
the notation Sσ

b to denote SΣ
b . The van der Corput sequence in base b is obtained by

taking σr = I for all r ≥ 0, where I stands for the identity permutation over Zb.
Another way of enriching the van der Corput sequence is by applying a linear

transformation to the digits a0(n),a1(n), . . . before outputting a number between 0
and 1 (see in chronological order [22], [3] and [17]). We call this a linearly scram-
bled van der Corput sequence. For a prime base b, it is obtained by choosing a
matrix C with elements in Zb and an infinite number of rows and columns, and then
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defining the nth term of this sequence as

SC
b (n) =

∞

∑
r=0

xn,r

br+1 in which xn,r =
∞

∑
k=0

cr+1,k+1ak(n), (1)

where cr,k is the kth element on the rth row of C. Note that the second summation
is finite and performed in Zb, but the first one can be infinite and is performed in R,
with the possibility that xn,r = b−1 for all but finitely many r.

An important particular case is the one where C is a nonsingular upper triangular
(NUT) matrix, in which case the first summation is finite. Of course, we obtain the
original van der Corput sequence SI

b with the identity matrix.
Finally, a van der Corput sequence in base b—either generalized or linearly

scrambled— can be shifted by choosing a number v ∈ [0,1) with base b expansion

v =
∞

∑
r=0

vrb−r−1

and then adding vr (modulo b) to σr
(
ar(n)

)
, or xn,r in SΣ

b (n), or SC
b (n), respectively.

To construct multidimensional sequences in the unit hypercube Is = [0,1)s, we
present two classical approaches based on the one-dimensional case above. The
first one is to juxtapose van der Corput sequences in different bases. This is pre-
cisely the idea behind the Halton sequence [10], whose nth term is defined as
Xn = (Sb1(n), . . . ,Sbs(n)), where the b j’s, for j = 1, . . . ,s, are pairwise coprime. That
is, the jth coordinate is defined using Sb j , the van der Corput sequence in base b j.

A generalized Halton sequence is defined by choosing s sequences of permuta-
tions Σ j = (σ j,r)r≥0, j = 1, . . . ,s. The sequence’s nth point Xn ∈ Is is given by

Xn = (SΣ1
b1

(n), . . . ,SΣs
bs

(n)), n ≥ 1, (2)

where the b j’s are pairwise coprime bases. These b j’s are typically chosen as the
first s prime numbers. In this case, we denote the jth base as p j.

Another approach for defining multidimensional sequences is to choose a base b
and also s matrices C1, . . . ,Cs with elements in Zb — called generating matrices —
and then form a sequence by juxtaposing the s linearly scrambled van der Corput
sequences SC1

b , . . . ,SCs
b . This is a special case of the digital sequences proposed by

Niederreiter in his general construction principles [17, p. 306 and 313], [18, p. 63
and 72]. In this paper, for simplicity we focus on prime bases.

As it was the case for the choice of bases in the Halton sequences, the matrices C j
cannot be arbitrary and must be carefully chosen in order to obtain low-discrepancy
sequences, which are sequences for which the star discrepancy satisfies D∗(PN) ∈
O((logN)s). (Several authors have a 1/N factor when defining D∗(PN), for instance
[14, 16], but here we use the convention from Number Theory, as in [3, 17].)

It has been proved that both the generalized Halton sequences and several classes
of digital sequences are low-discrepancy sequences.
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While it is possible to obtain bounds on D∗(PN), computing this quantity turns
out to be extremely difficult. However, if we replace the sup norm by the L2-norm,
we obtain discrepancy measures that can be computed in practice. More precisely,
in what follows we work with the L2–discrepancy T (PN), introduced by Morokoff
and Caflisch [16], whose square can be computed as [16, p.1263–1264]

T 2(PN) =
N

∑
i=1

N

∑
j=1

s

∏
k=1

(1−max(Xi,k,X j,k))min(Xi,k,X j,k)

−N2−s+1
N

∑
i=1

s

∏
k=1

Xi,k(1−Xi,k)+N212−s, (3)

where Xi,k is the kth coordinate of the ith point Xi ∈ Is of PN . Hence T (PN) can be
computed in O(N2s). Note that the L2-discrepancy considers boxes not necessarily
anchored at the origin in its definition, by contrast with the star L2-discrepancy (T ∗

in [16], but still denoted T by many authors), for which a formula is given in [26].
We now introduce the fundamental quality parameter t that measures the qual-

ity of a given low-discrepancy sequence. This is achieved by the general concept
of (t,s)-sequences in base b, originally introduced by Niederreiter in [17] to give a
general framework for various constructions of s-dimensional low-discrepancy se-
quences and to obtain further ones. In this framework, smaller values of the integer
t ≥ 0 give smaller discrepancies. In order to adapt to important new constructions,
Tezuka [24] and, a bit later, Niederreiter and Xing [19] have been led to generalize
the original definition by using the truncation operator, defined as follows (see [19,
p.271] and the examples below, after Prop.1, where the truncation is required).

Truncation: Let x = ∑
∞
i=1 xib−i be a b–adic expansion of x ∈ [0,1], with the pos-

sibility that xi = b− 1 for all but finitely many i. For every integer m ≥ 1, define
[x]b,m = ∑

m
i=1 xib−i (depending on x via its expansion).

An elementary interval in base b is an interval of the form [ab−d ,(a + 1)b−d)
with integers a,d such that d ≥ 0 and 0 ≤ a < bd .

We first consider the one-dimensional case, where we say that a sequence (Xn)n≥1
(with prescribed b-adic expansions for each Xn) is a (t,1)-sequence in base b if for
all integers l ≥ 0, m≥ t, every elementary interval E with λ (E) = bt−m contains ex-
actly bt points of the point set {[Xn]b,m ; lbm +1≤ n≤ (l +1)bm}, where the notation
λ (·) refers to the Lebesgue measure. The original definition of (t,1)-sequences was
the same with Xn instead of [Xn]b,m in the definition of the point set above. These
sequences are sometimes called (t,1)-sequences in the narrow sense and the others
just (t,1)-sequences [19, p. 271]. In the following proposition, we deal only with
the most interesting case of (0,1)-sequences. The proof can be found in [7].

Proposition 1. The two generalizations of van der Corput sequences defined above,
SΣ

b and SC
b —where C is such that every left upper m×m submatrix is nonsingular

for all m ≥ 1—are (0,1)-sequences in base b.

Here, the truncation is required for sequences SΣ
b when σr(0) = b− 1 for all

sufficiently large r and for sequences SC
b when the matrix C gives digits xn,r = b−1

for all sufficiently large r in (1). See [7] for the details.
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A typical way to ensure that the condition in the preceding proposition holds is to
take C to be an NUT matrix. The corresponding sequence is called an NUT digital
(0,1)-sequence. Note that in this case, it is not necessary to resort to the truncation
since all summations are finite in the definition.

For multidimensional sequences in base b, the same idea is applied, but now
to elementary intervals of the form E = [a1/bd1 ,(a1 +1)/bd1)×·· ·× [as/bds ,(as +
1)/bds). A sequence (Xn)n≥1 (with prescribed b-adic expansions for each coordinate
of Xn) is a (t,s)–sequence in base b (in the broad sense) if for all integers l ≥ 0 and
m ≥ t, every elementary interval E with λ (E) = bt−m contains exactly bt points of
the point set {[Xn]b,m ; lbm +1 ≤ n ≤ (l +1)bm}.

For multidimensional sequences defined over different bases, similar definitions
exist (see [4]) with sets of bases B = (b1, . . . ,bs) and sets of parameters T =
(t1, . . . , ts). But unfortunately, so far the only realization of “low-discrepancy” (T,s)-
sequences in bases B are generalized Halton sequences for which T = (0, . . . ,0) and
bases from B are pairwise coprime. A blend of Halton and (0,s)-sequences was also
proposed in [4] to obtain extensible sequences, but without further investigation.
New interesting work in this area has been done by Hofer et al. [11, 12] in a more
general setting. In particular, they give conditions under which their new sequences
are uniformly distributed.

For digital sequences in a given base b, the first construction that was defined
so that t = 0 was given by Faure in [3]. It is obtained by choosing a prime base
b ≥ s and using generating matrices C j given by the ( j− 1)th power of the (upper
triangular) Pascal matrix Pb in Zb.

As shown by Tezuka in [25], if we take

C j = A jP
j−1

b , j = 1, . . . ,s (4)

where each A j is a nonsingular lower triangular (NLT) matrix, then we also get a
(0,s)-sequence. This family of constructions is called generalized Faure sequences
in [25]. Note that the truncation is required for such generalized Faure sequences.

The Sobol’ sequences [22] are digital sequences in base 2 for which t is not
necessarily 0. In fact, a necessary condition for having t = 0 is that we must have
b ≥ s (see [17, Cor. 5.17]). This construction is not as simple as the one from Faure
and requires arithmetic operations on polynomials. The generating matrices are ob-
tained by choosing a primitive polynomial p j(z) in the ring F2[z] of polynomials
over the finite field F2, given by p j(z) = zd j + a j,1zd j−1 + · · ·+ a j,d j−1 z + 1, where
each a j,l ∈ F2 and d j is p j(z)’s degree. We then need d j direction numbers of the
form v j,r = m j,r/2r, where m j,r is an odd integer between 1 and 2r for r = 1, . . . ,d j.
Once these d j direction numbers are chosen, the following ones are obtained through
the recurrence

v j,r = a j,1v j,r−1⊕·· ·⊕a j,d j−1v j,r−d j+1⊕ v j,r−d j ⊕ (v j,r−d j/2d j), (5)

where ⊕ represents the addition of vectors with components in F2.
The rth column of C j is then formed by the base 2 expansion of v j,r. That is, each

direction number is assigned to a column of C j and fills it with its binary representa-
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tion. By the definition of the initial vectors v j,1, . . . ,v j,d j and the recurrence (5) used
to obtain the next ones, one can see that each C j is an NUT matrix. In turn, based
on Proposition 1, this implies that each one-dimensional projection of the Sobol’
sequence is a (0,1)-sequence (as shown also in [22, Remark 3.5]). This also implies
that Sobol’ sequences do not need truncation in their definition.

In what follows, we want to find ways of selecting simple matrices A j in (4) so
that the resulting constructions are competitive with the Sobol’ sequence based on
carefully chosen direction numbers. To do so, it is useful to use the framework of
generalized Niederreiter sequences, which include these two families of construc-
tions and can therefore help understanding the analogies between them.

3 Framework of generalized Niederreiter sequences

This construction from [24] builds digital sequences in a given base b by first choos-
ing s polynomials p1(z), . . . , ps(z) in Fb[z], where e j = deg(p j(z)). For each j =
1, . . . ,s, we also need a sequence y j,1(z),y j,2(z), . . . of polynomials. These polyno-
mials, when reduced modulo p j(z), must be independent within each group of size
e j. That is the polynomials y j,1(z) mod p j(z),y j,2(z) mod p j(z), . . . ,y j,e j(z) mod
p j(z) must be linearly independent.

We then consider the coefficients a( j)(k, l,r) in the development of

y j,l(z)
p j(z)k =

∞

∑
r=w

a( j)(k, l,r)z−r

and use them to construct the generating matrices. More precisely, for l ≤ e j, the lth
row of C j is given by a( j)(1, l,1),a( j)(1, l,2), . . . . That is, the lth row contains the
coefficients from development of y j,l(z)/p j(z) for l ≤ e j. Then the next block of e j
rows is based on the coefficients in the development of y j,l(z)/(p j(z))2 and so on.

As shown in [24], a digital sequence constructed in this way has a quality param-
eter t = (e1−1)+ . . .+(es−1).

The name generalized Niederreiter sequences comes from the fact that this con-
struction builds on the principles proposed by Niederreiter for his construction of
digital (t,s)-sequences [17], also known as Niederreiter sequences, but with a sub-
tle generalization in the way the polynomials y j,l(z) are chosen.

(0,s)-sequences revisited

It is easy to see that the generating matrix resulting from p j(z) = z− j + 1 and
y j,l = 1 for all j, l is the ( j− 1)th power of the Pascal matrix, P j−1

b . Hence, Faure
sequences are generalized Niederreiter sequences with e j = 1 for all j so that we
find again that they are (0,s)-sequences. However, powers of the Pascal matrix have
ones on their diagonal, which in turn implies that points from these sequences will
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tend to clump along the main diagonal in [0,1)s initially, and the larger b is, the
more time it takes before this behavior goes away.

An important new step was achieved in [5], where it is shown that the L2-
discrepancy T of NUT digital (0,1)-sequences only depend on the diagonal entries
of the generating matrices. Hence the discrepancy T of one-dimensional projections
of Faure sequences can be improved by multiplying on the left the generating ma-
trices P j−1

b by diagonal matrices. For more details, see [6, Corollary 2 and Section
5]. This theoretical result is at the origin of new scramblings for Halton sequences
(see [8]) and Faure sequences (see Sections 4 and 5 below).

The generalization proposed by Tezuka [24] amounts to replacing the y j,l(z) by
arbitrary constants in Zb, i.e., multiply P j−1

b on the left by an NLT matrix, as in (4).
It has been widely used under the name GFaure, in the software FinDer.

Sobol’ sequences revisited

As mentioned in Section 2, here we take p j(z) to be the jth primitive polynomial in
base 2 (sorted in increasing degree). We also need polynomials y j,1(z), . . . ,y j,e j(z)
to initialize each block of e j rows. Note that the requirement that the “direction
numbers” be odd means that y j,1(z) must be of degree e j − 1, y j,2(z) must be of
degree e j−2, and so on, up to y j,e j(z) = 1, which must be of degree 0. Hence, each
generating matrix C j is NUT, as mentioned before.

Various proposals for finding good direction numbers have been proposed in the
literature [13, 15]. It should be noted that the naive choice of selecting direction
numbers so that the first submatrix is the e j × e j identity Ie j is not good. It causes
the same kind of sub-optimal behavior as the one resulting from the fact that we have
ones on the diagonal of the Pascal matrices for the original Faure (0,s)-sequences.
Going further, we can think of the direction numbers as a way of performing a de-
terministic scrambling of the naive Sobol’ sequence, using an NUT block-diagonal
matrix as the scrambling matrix. More formally, we have the following result.

Proposition 2. Let C be a generating matrix for the Sobol’ sequence based on a
primitive polynomial p(z) of degree e, and initial direction numbers given by an
NUT e× e matrix V . Let G be another generating matrix for the Sobol’ sequence
based on p(z) but now with V = Ie. Then we can write C = DG, where

D =


V 0 . . .

0 V
. . .

...
. . .

. . .

 .

Proof. Let p(z) = ze + a1ze−1 + · · ·+ ae−1z + 1. The key point of the proof is to
understand the structure of the matrix C. To do so, it is useful to partition it into
blocks of e×e matrices. Let Bl,c be the cth such matrix on the lth block of e rows that
form C. We will prove that Bl,c has the form V Hl,c for some matrix Hl,c independent
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of V , for all l,c ≥ 1. To do so, we introduce two e× e matrices Q and F , defined as

Q =


1 0 . . . 0

ae−1 1
. . .

...
...

. . . 0
a1 a2 . . . 1

 , F = (Ie +R2)(Ie +R3) . . .(Ie +Re),

where Rk is an e× e matrix with the first k− 1 terms of its kth column given by
ak−1,ak−2, . . . ,a1 and filled with zeros otherwise.

First, by definition of the Sobol’ sequence we have B1,1 = V . Then, we show
by induction that B1,c = V (QF)c−1 for any c > 1. Hence we need to show that
B1,c = B1,c−1(QF). To do so, we apply the recurrence (5) in two steps: first, we take
the appropriate combinations of columns from B1,c−1 explicitly described by (5).
This step is performed through the multiplication by Q. Then, the kth column in B1,c,
for k = 2, . . . ,e, is recursively updated by adding the appropriate combination of the
k−1 preceding columns. One can easily verify that this is achieved by multiplying
the matrix B1,c−1Q(Ie +R2) . . .(Ie +Rk−1) by (Ie +Rk).

For the next rows of C, one can easily verify that the lth block of e rows of C
starts with l − 1 zero matrices. Then, we have that Bl,l = V F l−1, for any l > 1.
This comes from the last term (v j,r−d j/2d j) in (5), which has the effect of pasting
Bl−1,l−1 into Bl,l . But at the same time, we need to take into account the effect of
the recurrence (5) on Bl,l . This is achieved by successively multiplying by terms of
the form (Ie +Rk), for k = 2, . . . ,e.

For c > l, we have that Bl,c = (Bl,c−1Q + Bl−1,c−1)F , where the first term
Bl,c−1QF corresponds to the application of (5) but without the (v j,r−d j/2d j) term,
which is handled separately by the second term Bl−1,c−1F).

Hence for all l,c≥ 1, Bl,c = V Hl,c for some matrix Hl,c independent of V . There-
fore, the generating matrix G has submatrices of the form Gl,c = Hl,c, and hence
C is obtained by multiplying (from the left) each submatrix Gl,c in G by V , which
amounts to setting C = DG. ut

We can use this result to draw an interesting analogy with (0,s)-sequences. In-
deed, for (0,s)-sequences, e = 1 and so from the point of view of Proposition 2,
finding “good” direction numbers amounts to choosing one factor f j for each di-
mension j and then use A j = f jI, where I is the N×N identity matrix. This is
precisely the type of simple scrambling that we choose to focus on in this work.
Note that the resulting matrix C j (4) has diagonal entries given by f j.

4 New efficient scramblings of (0,s)-sequences

Here we propose two ways of constructing a (0,s)-sequence. Both suggestions
amount to carefully choose the matrices A j in (4). In both cases, as announced above
in our interpretation of Proposition 2, we take A j to be of the form A j = f jI, where
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f j is an appropriately chosen factor. The choice of this factor is based on the same
ideas as those used in [8] to build generalized Halton sequences. For this reason, we
first briefly recall our method from [8].

Generalized Halton sequences from [8]

The approach here is to first build a “short list” of at most 32 multipliers based
on the criterion θ

f
p (1)/ log p described in [6], which is related to a bound on the

L2-discrepancy of S f I
p . More precisely, θ

f
p (1) is defined as [6, Prop. 2]

θ
f
p (1) = max

1≤N≤p

(
T 2(N,S f I

p )− N2

12p2

)
,

where T (N,S) measures the L2-discrepancy of the first N points of the sequence
S. Multipliers f for which θ

f
p (1) is small thus give rise to good one-dimensional

sequences. While the construction of this short list rests on a nice theoretical result,
we use a more pragmatic method to select a multiplier from this list. Our idea is to
make sure that two-dimensional projections over nearby indices are well distributed,
hence avoiding the most well-known defect of the original Halton sequences [16].

That is, to select a multiplier f j for the jth coordinate, we use the criterion

τ
W,N0
j ( f1, . . . , f j−1, f ) = max

1≤l≤W
T (N0,(S

f j−l
p j−l ,S

f
p j

)), (6)

where W and N0 have to be chosen, and f1 = 1 since we use p1 = 2. That is, for each
candidate f in the short list for p j, we compute the value T of the L2-discrepancy for
the first N0 points of the two-dimensional sequence based on the ( j− l)th and jth
coordinates (using the multipliers f j−l chosen for the ( j− l)th coordinate, and the
candidate f under study, respectively), for l = 1, . . . ,W , where W is the “window”
size of the criterion. Then we keep the worst (largest) of these W values of T as
our quality measure for f . The multiplier for p j is chosen as the one that minimizes
τ

W,N
j ( f1, . . . , f j−1, f ) among all candidates in the short list.

Construction 1 for (0,s)-sequences: GF1

Our first idea is to choose b to be the smallest prime larger or equal to s—as typically
done when building (0,s)-sequences—and then let A j = f j× I where the multipliers
f j are chosen similarly as in the approach described above for generalized Halton
sequences. More precisely, we build a list L containing the m best multipliers f
according to θ

f
b , where m is approximately equal to b/2. This is a valid approach

since any NUT matrix C with diagonal entries given by f is such that T (N,S f
p) =

T (N,SC
p) [5]. We set f1 equal to the best multiplier in L and then choose, for every

j = 2, . . . ,s, the multiplier f j = f ∈L that minimizes
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τ j(N0,W ) = max
1≤l≤W

T (N0,(S
C j−l
b ,SC

b )),

where C j−l = f j−lP
j−l−1

b and C = f P j−1
b .

The results reported in Section 6 were done with N0 = 2500 and W = 7, which
are the values used in [8]. As discussed in [8], taking N0 = 2500 is somewhat arbi-
trary but ensures N0 > b in our examples and appears to be an appropriate length
to discriminate “good” sequences from “bad” sequences. Note that the construction
of the “short list” of multipliers is done independently of N0, as it is based on the
criterion θ

f
p (1), which provides a bound on the discrepancy for all N.

Construction 2 for (0,s)-sequences: GF2

The second idea starts with a somewhat unusual choice, which is to take the base b
to be about twice as large as the dimension s. More precisely, we take b the smallest
prime larger than 2s. A larger base implies a larger choice of multipliers, and so by
taking b≈ 2s, we can simply set A j = f jI as in the first proposal, but with f j equal to
the multiplier f with the jth smallest value for θ

f
b . This is a very simple method, as

no search based on two-dimensional projections needs to be performed. One simply
needs to order the multipliers according to θ

f
b , which can be done quickly.

5 A construction extensible in the dimension–GF3

Because (0,s)-sequences need to be defined in a base b ≥ s, they do not have the
property of being extensible in the dimension, which we now define.

Definition 1. A family of constructions is extensible in the dimension if, for every
s ≥ 1, an s-dimensional sequence {Xi, i ≥ 1} in that family can be transformed into
an r-dimensional sequence {X̃i, i≥ 1} in that family, where r > s, in such a way that
Xi equals the first s coordinates of X̃i.

From their definition, it is clear that Sobol’ and Halton sequences are exten-
sible in the dimension. The problem with (0,s)-sequences is that if we choose a
base b ≥ s, then for any r > b we need to choose a new base in order to define a
(0,r)-sequence, and thus we cannot simply extend each s-dimensional point to an
r-dimensional one.

Now, if we weaken the property of (0,s)-sequences by introducing another qual-
ity parameter to replace t, then we will be able to create a construction that is closely
connected to (0,s)-sequences, but has the advantage of being extensible in the di-
mension. So first, we define this new quality parameter, which has similarities with
other criteria discussed in, e.g., [14].

Definition 2. For an s-dimensional digital sequence {X1,X2, . . .} in base b and in-
teger k ≤ s, its quality parameter tk, is defined as the smallest value so that each
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projection of the form
{(Xi, j1 ,Xi, j2 , . . . ,Xi, jr), i ≥ 1}

with 1 ≤ r ≤ k, j1 < · · ·< jr and jr − j1 < k, is a (tk,r)-sequence.

The quality parameter tk thus focuses on projections over indices j1, . . . , jr that span
a range no larger than k. Note that for a (t,s)-sequence, we have ts = t.

The idea is then to fix the base b, and for any dimension s ≥ 1, construct an
s-dimensional digital sequence in base b using the generating matrices

C j = A jP
j−1

b , j = 1, . . . ,s, (7)

where A j = f( j mod m)I and m ≈ b/2. As for the GF-2 construction, f( j mod m) is the
multiplier in Zb with the ( j mod m)th smallest value of θ

f
b .

Note that the matrices A j make the period of the sequence C1,C2, . . . longer than
that of the sequence Pb,P1

b ,P2
b , . . ., which equals b since P j

b = P j+lb
b for any l ≥ 1.

Furthermore, as done in our numerical experiments, we can add a random shift as
in Section 2 to these sequences, which completely breaks the periodic behavior of
the sequence’s coordinates for a given point, much like the use of a shift modulo
1 breaks the periodic behavior of the coordinates of points from a Korobov lattice
when the number of points N is smaller than s. We also have the following result,
which can be easily proved using the well-known fact that any projection of a (0,s)-
sequences has a quality parameter t = 0.

Proposition 3. For any s ≥ 1, the s-dimensional digital sequence in base b based
on the generating matrices (7) has a quality parameter tb = 0.

Note that this construction can handle problems where the dimension is un-
bounded, because once b and m are chosen and the factors f ∈ Zb are sorted ac-
cording to θ

f
b , no extra parameters need to be chosen. Korobov lattices also have

this property, since the only parameter that needs to be chosen is the generator a
of the lattice. It should be noted, however, that when s ≥ b this construction is not
uniformly distributed. Also, because of its periodic behavior and the fact that it has
some bad projections, it may give erroneous results when used to integrate certain
classes of functions which heavily depend on the subset of variables corresponding
to these projections. Hence this construction should be used carefully. A possible
class of functions for which it could be proved to do well are those having finite-
order weights, as defined in [21].

6 Numerical results

In this section, we compare the performance of different low-discrepancy sequences
on a few problems. Our main goal is to illustrate the importance of the parameter
choice for each construction. Hence we compare the (i) original Halton sequences
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(H); (ii) generalized Halton sequence proposed and recommended in [8] (GH); (iii)
the naive Sobol’ sequence where the direction numbers are set to the unit vectors
(S); (iv) the Sobol’ sequence with direction numbers from [15] (GS); (v) the origi-
nal (0,s)-sequence from [3] (F), and (vi) the alternatives GF-1 and GF-2 described
in Section 4. We refer to the group GH, GS, GF-1 and GF-2 as the “scrambled
constructions”, and the remaining ones as the “non-scrambled” ones.

For each integration problem f , we show the estimated variance of the average

QN,M =
1

NM

M

∑
l=1

N

∑
i=1

f (X l
i ),

where X l
i = (X l

i,1, . . . ,X
l
i,s) is obtained by shifting each of the s individual (general-

ized/linearly scrambled) van der Corput sequences forming the construction under
study by a random shift as described in Section 2, for l = 1, . . . ,M. The number of
points N considered are of the form N = 2000k for k = 1, . . . ,50, and we use M = 25
i.i.d. random shifts to estimate the variance. For comparison, we show the estimated
variance σ̂2/NM of the Monte Carlo estimator based on NM evaluations, where σ̂2

is estimated using a grand total of 100000M simulations (or computed exactly when
possible). Due to lack of space, we do not show comparative results based on the
deterministic error or the average absolute error, as in [8].

We first consider a mortgage-backed security problem from [1]. Here the function
f represents the discounted cash-flows paid by this security, which in turns come
from a pool of mortgages where the mortgagors have the option of prepaying their
entire balance at any time, with no penalty. The cash flows and discount factors
both depend on a random interest rate process. The integral I( f ) corresponds to the
theoretical price for this security and cannot be determined exactly.

As can be seen in Figure 1, the scrambled constructions do significantly better
than the non-scrambled ones for this problem. In fact, some of the non-scrambled
sequences do worse than Monte Carlo.

We then consider a digital option problem. This example has been used by Papa-
georgiou in [20] to show that the Brownian bridge technique—popular in financial
problems—does not always help quasi-Monte Carlo methods. Hence for problems
like this, it is important to have access to low-discrepancy sequences that work well,
even in large dimensions. Here also, as seen in Figure 2, the scrambled constructions
clearly do better than the non-scrambled ones.

The next three problems look at test-functions defined over Is that have been used
in the literature [8, 23], and are given by

g1(X) =
96

∏
j=1

(1+0.25(X j −0.5)); g2(X) =
75

∏
j=1

|4X j −2|+(75− j)2

1+(75− j)2 ;

g3(X) = α120π
−60 cos

√√√√1
2

120

∑
j=1

[Φ−1(X j)]2

 ,
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Fig. 1 MBS problem (s = 360): the scrambled constructions perform much better than the non-
scrambled ones

where α120 is such that g3 integrates to 1 and Φ is the CDF of a standard normal.
The first function is such that constructions with good low-dimensional projec-

tions over all indices should do relatively well on this problem, while constructions
whose low-dimensional projections deteriorate as they are defined over larger in-
dices should not perform well. Results are shown on Figure 3.

Indeed, as before the scrambled versions (especially Sobol’ and the two GF’s) do
much better than Monte Carlo and the non-scrambled constructions. Note that the
naive Sobol’ “S” is clearly worse than Monte Carlo.

The second function is such that the coordinates are in increasing order of im-
portance, which means sequences whose coordinates with higher indices are not
so well distributed will do badly on this problem. As we see on Figure 4, the non-
scrambled sequences have a variance much larger than for the scrambled sequences.
It is worth noting that the GF-2 construction, which does not pay attention to two-
dimensional projections as GF-1 does, has a variance significantly larger than the
other scrambled sequences, although not as bad as the non-scrambled sequences.

Finally, the results shown on Figure 5 for g3 confirm once again the superiority
of the scrambled sequences, this time on a problem where f is not a product. Table
1 summarizes which methods perform best for each function for N = 100000 (vari-
ance within a factor of two of the smallest variance). We see GS and GF1 are always
among the best. The construction GF2 is less competitive, but we are confident that
its performance would improve significantly if multipliers were selected with the
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Fig. 2 Digital option with s = 75: here also, the scrambled constructions perform much better

help of two-dimensional projections as in GF1 (but still with the larger base), which
is in our plans for the near future.

Table 1 Best methods for each function

MBS Dig g1 g2 g3

GS,GF1,GH GS,GF1 GS,GF2,GF1 GH,GS,GF1 GS,GF1,GH

We end with some results showing the performance of the construction described
in Section 5, which is extensible in the dimension and can therefore handle a prob-
lem in any dimension. The problem considered here is a simple queueing system
where clients arrive according to a Poisson process with frequency 1/minute, and
the service times are exponentially distributed with mean 55 seconds. We wish to
determine the expected number of clients, among the first 1000 ones, who wait more
than 5 minutes in the queue before being served. Since we need to generate one in-
terarrival time and one service time per client, the dimension s of this problem is
2000. We compare the performance of the GF-3 construction in base b = 727 with
an extensible Korobov lattice taken from [9] (based on the generator a = 14471)
and the Monte Carlo method. Results are shown on Figure 6. Both low-discrepancy
sequences do much better than Monte Carlo on this problem, and the simple GF-3
sequence is competitive with the extensible Korobov one.
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Fig. 3 Function g1 where s = 96: the scrambled sequences GS, GF1 and GF2 are best and some
non-scrambled constructions do worse than MC

7 Conclusion

In this paper, we proposed two new ways of choosing parameters for (0,s)-sequences
that attempt to correct some of the problems encountered in large dimensions by the
original construction of Faure. Our approach shares similarities with other ideas
used for the Halton and Sobol’ sequence. Numerical results on various problems
suggest that for all three families, the constructions based on carefully chosen pa-
rameters can perform significantly better than the more naive choices. Furthermore,
we saw that the new constructions are competitive with the Sobol’ sequence, which
is popular among practitioners.

We proposed a new construction based on (0,s)-sequences where we fix the base
b and allow s > b. Hence this construction is extensible in the dimension and can
handle problems of unbounded dimension. Our numerical results done with s =
2000 suggest it is a promising approach, at least for some classes of problems.

For future research, we plan to extend our search for efficient scramblings, for
example by building NLT scrambling matrices A j—not just diagonal—and also by
fine-tuning the multipliers for GF-2 and GF-3 so that the resulting sequences have
good low-dimensional projections, as done for the GF-1 construction. We would
also like to study further the properties of the GF-3 construction, so as to get a
better understanding of the classes of functions for which it can perform well.
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Fig. 4 Function g2 where s = 75: here GF2 does not do as well as GH, GS and GF1, but is still
better than the non-scrambled sequences
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