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Definition

Let X be a graph with adjacency matrix A.
The continuous-time quantum walk on X is given by the transition operator U(t) := e~

itA

Given the spectral decomposition of A:
we have

A= 60gEy + 01Ey + - - - + 64Eq,

U(t) = e ™0E, + 6 01 E, 1 ... + e 0dE,.
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Definition

Instantaneous uniform mixing occurs at time 7 if

1
[U(Tuwl = ——, forallw,u € V(X).
[V(X)]
0 1 1 1 1
. 2 2 2 2
Example: Ky *————o =(1) +(=1)
10 1 1 1
2 2 2 2
1 1 1 1 .
2 32 i -3 cos t —isint
— U(t) _ e—lt 2 2 +e/1 2 2| _
1§ 1§ % % —isint cos t
. =i
Attime 7 uiy) = V2 V2 instantaneous uniform mixing
=i 1
V2 V2
o =) = =

na
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Definition

Perfect state transfer occurs between a and b at time 7 if U(T)ea = Bey, that is,

0o B 0 0
B 0 0 0
Ury=10 0 = #|,  forsome|8] =1.
0 0 * *
Kz attime 7: u(s) = perfect state transfer
—i 0
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Definition
Let X and Y be graphs with m and n vertices, respectively.
The Cartesian product of X and Y, denoted by X [J Y is the graph with
@ vertexset:  V(X) x V(Y)
@ cdges: (Ug,vq) ~ (Up, vo)ifuy ~ upand vy = vo,0r Uy = Up and vy ~ Vo,

@ adjacency matrix: Axgy =Ax ®@In +1Im ® Ay.

0o 1

1 0

1-cube 1-cube [ 1-cube 1-cube [J 2-cube 10
—e 00 01 001 011

0 1 0 1

101 111

10 11 1 0
000 010

100 110 o 1

0 o

0 0

Observe: d-cube =~ 1»cubeDd, ford > 2.
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Transition matrix of X [ Y: Uxgy(D) et (AxBIHI®AY)

oIt (AX®D) | =it 1®AY)
(e—itAX ®I) (I® e—itAy)
e X g oY

= Ux(®) @ Uy(1)

®d
cost —isint
For d-cubes: ut) =
—isint cost
®d
A =1
@ Instantaneous uniform mixing at time T u(y) = V2 N
el A T
V2 V2
®d
0 —i
@ Perfect state transfer at time bR u(s) =
—i 0
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Graphs with instantaneous uniform mixing:

@ non-regular graph: Ki 3;
@ complete graphs: Ko, K3 and Ky;
o Hamming graphs: Kz':I d (d-cube), K:,":I 9 and KP d;
@ Paley graphs of order 9;
] strongly regular graphs where J — 2A is a regular symmetric Hadamard matrix of order 462, for even 6.
o strongly regular graphs where J — 2A — 2/ is a regular symmetric Hadamard matrix of order 462, for odd 6.
@ some integral Cayley graphs over Zg, Zg, Zg or Zg ® Z§; and
@ the Cartesian products of graphs admitting instantaneous uniform mixing at the same time.
Problem: s there any non-regular graph, other than Kj 3 or its Cartesian products, that have instantaneous uniform mixing?
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Graphs that do not admit instantaneous uniform mixing:

Problem:

@ Integral Cayley graphs on I when T Zg, Zg, Zg, Zp @ Z3;

Problem:

Can instantaneous uniform mixing occur in non-integral Cayley graphs on abelian groups?
@ Cycle C, when n > 4is even or nis an odd prime;

(Xiwang Cao)
(Natalie Mullin)
Can instantaneous uniform mixing occur in odd cycles? Cy?
@ Normal Cayley graphs of an extraspecial p-group. (Peter Sin)
Problem:  Can instantaneous uniform mixing occur in Cayley graphs on non-abelian groups?

(Christino Tamon - applications of mixing)
o = = = 12N Ge
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Recall:

Instantaneous uniform mixing occurs at time 7 if

[U(T)u,wl =

Vool
Kz attime 7:

forallw, u € V(X).

Let H = \/vU(7). Then
@ |Hyyl =1

@ Unisunitary = H H=vU(r) Ur)=v1
@ His called a complex Hadamard matrix.

Theorem

If instantaneous uniform mixing occurs in X then the adjacency algebra (A) contains a complex Hadamard matrix.
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Instantaneous Uniform Mixing




Association
schemes
Complex Hadamard matrix

=] = = E na
Instantaneous Uniform Mixing



Example: Cy:

Let A = , ,
o o0 1 0 1 o o0 1 0o 1 0 0
o o o0 1 0o 1 1 0 1 0O 0 ©
Observe:
@ A =1

Q Ay +A +A =4

@ pca = Aea v
A2 =24y + 24,

(*] A;Az = ArAy = Ay = AjAc € span A, V), k.
Ay = Ay

Q@ AA = AA,L Yk

=} = = = 12N Ge

Instantaneous Uniform Mixing



Definition

An association scheme with d classes is a set of v x v (0, 1)-matrices {Ag, A1, . . ., Ay} satisfying
@ A =1
o Zi Ai=J (span.A is closed under the Schur (entrywise) product o)

Q@ pca=aca v
@ AA e spm A, Yk
Q@ AA = AAL Yk

The span of A is called the Bose-Mesner algebra of .A.

(span.A is closed under taking transpose)
(span.A is closed under matrix multiplication)

(span.A is commutative)

Example: Distance regular graphs
@ Complete graph: A = {I,J — I}
@ d-cube: A is the j-th distance matrix, forj =1, . ..

@ Cycle Cy: A is the j-th distance matrix, forj = 1, . .

(Tamon et al.)
,d. (Russell and Moore)

., ng_ (Mullin)
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Two bases of span.A:

@ Schuridempotents:  {Ag, Aq, ..., Aq}
d
> S A=Y
=0

> Ao Ay =8 kA
> AA = AkA

@ Principal idempotents: {Ey, Eq, ..., Eq}
> E is the projection matrix of the s-th common eigenspace of the A/'s
d
PO
r=0

> E B =6 4E

@ Eigenvalues of A:  A/Es = pr(s)Es, forr,s=1,...,d.
Matrix of eigenvalues: I Ay Aqg
O ER IO R O
E |1 m() . pa(l) J
Ar = ZPr(S)Es
s=0
Eqg [T pi(d) ... pg(d)
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Search for complex Hadamard matrices in .A:

Then W is a complex Hadamard matrix

For Cy:

b+2h+h) (h+20 +1)=4
5*5)00*&)14

bh—20+5) (b —2t+6)=4

=] = = E na
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An inequality:

d B d

v = (Z Pr(s)tr) ( Pj(s)tj>
=0 =0
d ga—. —
= 2P + 32 (Bt + Gt pr(s)py(s)
r=0 r<j
d
< Z |pr(s
r=0

)2+ S 21pr(s)] - (sl

r<j
d 2
(Z Ip,(S)I>
r=0

fors=0,...,d

Theorem (Tamon et al. 2008)

The Hamming graph K,,':I 9 admits instantaneous uniform mixing if and only if v < 4.
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Strongly regular graphs:

Theorem

The Bose-Mesner algebra of a strongly regular graph contains a complex Hadamard matrix if and only if it has one of the
following parameters:

a. (402,202 —0,6% —0,0° — 0)

b. (462,202 + 0,02 + 0,02 + 0)

c. (4602 — 1,202,062, 6%)

d. (460% +46 +1,20% +26,6% +6 — 1,62 + 6)
e. (462 +46 +2,20° +6,60° —1,06%)

Theorem (Godsil, Mullin, Roy 2017)

A primitive strongly regular graph admits instantaneous uniform mixing if and only if one of the following holds
a. it has parameter set (46°,26% — 6,62 — 0, 62 — 0), for even 6;

b. it has parameter set(492, 202+ 0,02 + 0,02 + 6), for odd 6;

c. itis the Paley graph of order 9 which has parameters (9, 4,1, 2).
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d-cubes: A ={I,Ay,...,Aq}

" d—h\ /s
o Eigenvalues: pr(s) = Z(—Z)h< ) < > (Krawtchouk polynomials pr(x))
ho r—h/ \h

®d
@ ForA:  UZ) =

SIL gl
Sk SIL

°
s o
S -

Question:  Can other graphs in span.4 admit instantaneous uniform mixing?
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Idea:

Find a 01-matrix M € A satisfying

<

—

Vs

Vs >0
=] = = E na
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®d
ef{% 1 +i
e~ i™™ g , forsometime rand 8 € R
N
d
Eigenvalues:  Suppose M = > 0sEs.
5=0
Then e Mg, = e 9sE. and
®d
5|1 +i : i (d=2s
e—d Es e’ﬂeim( Z )ES, Vs.
Vil
. . i (d—2s
(*) holds e~ /T0s = e’Beim( 4 ), Vs
(d — 2s)
—70s =+7 " + B (mod 27),
K
<= 7(0s—05_1) = iE (mod 27),



Example:  4-cube and pick time 7 = 7
G(0s —0s 1) =+F (mod2mw) <= (05 — 05_1) = £2 (mod8)

I A A A3 A

oot 4 e 4 1

0111 2 0 -2 -1
02 1 0 -2 0 1 Both Gy and Gz admit instantaneous uniform mixing at 7.
311 -2 0 2 -1
411 -4 6 -4 A
Theorem
For even d and odd r, G, admits instantaneous uniform mixing at time % . J

=} = = = 12N Ge
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Faster 7 =

24-cube:

Es 1

ool

F(0s— 05 q) =+

— 0g_1 (mod 16)

™
2

(mod 27r)
8 15
2 s
4 15
6 5
0o 15
05
2 15
5
8 15
2 5
4 15
6 5
0o 15
0 5
12 15
5
8 15
2 5
4 15
6 5
0 15

> (0s — 0s_1) = £22 (mod 2%)



Nutrition Facts/Valeur nutritive
per n-cube
Calories/Calories +?
Carbohydrate/Glucides > 5g
Fibre/Fibres 0g
Sugars > 59
INGREDIENTS: continuous-time quantum walk, p,(s) (Krawtchouk polynomials), spectral decomposition,
number theory (Lucas’ Theorem, Kummer's Theorem), goos paper, snacks, teabags.
Theorem
™
Fork > 2, the (2"+1 — 1)-distance graph of the (2k+2 — 8)-cube admits instantaneous uniform mixing at ek
=] = = E na
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Double the time:

®d\ 2 ®d
1 1 +i 0 +i
< =
Vil o i 0
®d
1 1 +i
uir) = —g Instantaneous uniform mixing
V2 +i 1
®d
0 +i
= U@rn) =
+i 0
Theorem

perfect state transfer

Fork > 2, the (2“ +1 _ 1)-distance graph of the (2""’2 — 8)-cube admits perfect state transfer at
Problems:

T
ok—1"

@ Does a cubelike graph has perfect state transfer at time 27 if instantaneous uniform mixing occurs at time 7?
@ Characterize the connection set of a cubelike graph having instantaneous uniform mixing.

=] = = E na
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The catalogue: https://chaos.if.uj.edu.pl/ karol/hadamard/

catalogue Complex Hadamard Matrices
- a catalogue (since 2006)
« deiniions
« theory. by Wojciech Bruzda, Wojciech Tadej and Karol Zyczkowski
« scripts
« qame
= e including Butson-type matrices
© links
« acknowledgements T o
P For any represetantof a affine Hadamard family H(a) = F' o EXP(ia) being a Butson type H(a) € BH(N, ) there
e o exists another parameter b = 277/kq : k € Z such that H(5) € BH(N, gk). Due to this fact the set of all Butsons is
Thus fo
minimal acor .
Hadamard 2022 N <21 EIEETERNIERR] vy v Lo and . 5250
F" = H, > Fye BH(2,2) generic defect values = {0}
FY = F e BH(3,3) {0}
H,~F,®F, ¢ BH(4,2) {3}
F{ 5 Fye BH(4,4) w

Connections to von-Neumann algebras, error correcting codes, equiangular lines and mutually unbiased bases ......

Problem: Find complex Hadamard matrices in association schemes. (Ikuta and Munemasa; Kharaghani et al.)

=} = = = 12N Ge
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https://chaos.if.uj.edu.pl/~karol/hadamard/

Definition

A v x v matrix W is type Il if

=
1 1 1
Wi 4 Wi 2 Wiy
1 1 1
=i _ 1 Wy 4 Wy 2 Wy
v
1 1 1
Wv,1 Wv,2 Wy v
v
Example:
@ Complex Hadamard matrices.
P U(7) at instantaneous uniform mixing
> Hadamard matrices: Hy,w = +£1and H'H = v1
> Character tables of finite abelian groups.
@ Pottsmodel: W=-£1+1U-1), 2-t*+174=v (link invariants)

@ Twodistinctentries <=  Hadamard matrices or symmetric designs.

@ Tight set of equiangular lines = type Il matrices with quadratic minimal polynomials.
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Definition

Let W be a type Il matrix.
Define

Yap = 2,6 | Va, b.

Wy,a
Wv,b

The Nomura algebra of Wis Ny = {M : Yjp is an eigenvector of M, Va, b}

Theorem (Jaeger, Matsumoto, Nomura 1998)

Let W be a type Il matrix.
Then Ny and N/ wT are the Bose-Mesner algebras of a formally dual pair of association schemes.

Instantaneous Uniform Mixing 28/32



Example:
@ Potts model: Ny = span{I, J}
@ Symmetric designs: Ay = span{I, J}

@ Hadamard matrices:
> v =4(mod8): Ny = span{l,J}
» v =0(mod8): Open

Problem:  Find type Il matrices with non-trivial Nomura algebras.

Theorem (Jaeger, Matsumoto, Nomura 1998)

Let W be a type Il matrix.
Then W € Ny if and only if cW is a spin model, for some ¢ € C.

@ 1-class schemes {1, J —I}: Potts model Jones polynomial
() symmetric 2-class schemes:  Jaeger (1992) Kauffman polynomial

o symmetric 3-class schemes:  Open

Theorem (Godsil and Roy 2009)

Given a unitary spin model W, let D; be the diagonal matrix whose (r, r)-entry is ~/VW; ;.
Then {1, W, DJ W} form a set of three mutually unbiased bases.
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Problems:

Is there any non-regular graph, other than Kj 3 or its Cartesian products, that have instantaneous uniform mixing?
Is C3 the only odd cycle admitting instantaneous uniform mixing? Cq?

Conijecture [Mullin 2013]: If a graph admits instantaneous uniform mixing at time =, then &'™ must be a root of unity.

Confirmed for integral Cayley graphs [Cao et al. 2021]

Conijecture [Mullin 2013]: No connected Cayley graphs on Zﬂ, n > 5, admits instantaneous uniform mixing.
Confirmed for integral Cayley graphs [Cao et al. 2021]

Characterize the connection sets of the Cayley graphs on Zg that has perfect state transfer or uniform mixing.
Characterizations of C for perfect state transfer at times g and % are known (Cheung and Godsil, 2011)

= Characterize the graphs admitting instantaneous uniform mixing.

Find complex Hadamard matrices in association schemes.
Check if instantaneous uniform mixing occurs in any graphs in these schemes.

Classify the complex Hadamard matrices in the binary Hamming schemes.

Determine the Nomura algebras of Hadamard matrices of order divisible by 8.
B Fing type-Il matrices with non-trivial Nomura algebras.
Find new spin models. (Unitary spin models give mutually unbiased bases.)

i . P . .
= Characterize 3-class association schemes that contain a spin model.
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