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Graph isomorphism

112

A map f: V(G) — V(H) is an isomorphism from G to H if
® fis bijective and

e g~g’if and only if f(g) ~ f(g’).

If such a map exists, we say that G and H are isomorphic and
write G = H.

Matrix formulation: PTAgP = Ay for permutation matrix P,
or AgP = PAn.
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(G, H)-Isomorphism Game

Intuition: Alice and Bob want to convince a referee that G = H.

rJ

ATh h'| B

R e Must satisfy rel(h, h') =rel(g, g’).

g/
\ ® Cannot communicate during game.

® Only play one “round”.
But must win w/ prob 1.

Proposition. G = H < Classical players can win the game.
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Quantum strategies

® Alice and Bob share a quantum state 1

g R g 1 is a unit vector in a Hilbert space H
/ \ ® Upon receiving g, Alice performs a local
quantum measurement &4 to get h € V(H)
Al h
V\/\/\/\/\/ 0

h' B €g ={Egn € B(H) : h € V(H)} where
Eqn =0, Y, Egn=1L

® Bob measures with "J'“g/

® Egn and Fgrp commute

The probability that players respond with h, h’ on questions g, g’ is
p(h,hlg,g") = (b, (EgnFgm) ¥)

Definition. G and H are quantum isomorphic, denoted
=qc H if there is a perfect quantum strategy for the game.
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Matrix formulation
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Matrix formulation

Definition. A matrix P = (py;) whose entries are elements of a
C*-algebra is a quantum permutation matrix (QPM), if

® pyj is a projection, i.e., p%j = Pij :p;‘j for all 1,7;
® kaik =1= Zﬂpej for all 1,).
Remark. A QPM with entries from C is a permutation matrix.

Theorem. (Lupini, Mancinska, R.)
=qc H if and only if there is a QPM P such that

AgP = PAyQ
i.e. Z pg/h = Z pgh’
g’:g’'~g h’:h/~h
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Constructing quantum isomorphic graphs
that are not isomorphic



Binary linear systems
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Binary linear systems

Definition. (Cleve & Mittal, and Cleve, Liu, & Slofstra)
Given M € FJ**™ and b € FI*, we say that the system Mx =b is

guantum satisfiable if there are bounded self-adjoint operators
X1,..., X on a Hilbert space H satisfying

(1) ij =1 for all j € [m];
@ if 3ic[m]st. My =My =1, then Xj and Xj/ commute;

O [[jm,1X = (—1)®t for all i € [m].
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Binary linear systems

Definition. (Cleve & Mittal, and Cleve, Liu, & Slofstra)
Given M € FJ**™ and b € FI*, we say that the system Mx =b is

guantum satisfiable if there are bounded self-adjoint operators
X1,..., X on a Hilbert space H satisfying

(1) ij =1 for all j € [m];
@ if 3ic[m]st. My =My =1, then Xj and Xj/ commute;

O [[jm,1X = (—1)®t for all i € [m].

X1 +xo+x3=0 — X;XoX3=1
X1 +xo+x3=1 — X;XoXz3=-1
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Constructing a graph from a binary linear system
Binary linear system given by M € F3*° and b € F2:

X1 +Xo+x3=1, XxX1+x4+x5=0
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Constructing a graph from a binary linear system
Binary linear system given by M € F3*° and b € F2:

X1 +Xo+x3=1, X1+x4+x5=0

Graph G(M, b):

L1T2T3 L1T4T5
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The reduction

Theorem. For any M € F)**™ and b € FI*, the following hold:
@ Mx = b is satisfiable iff G(M, b) = G(M, 0);
® Mx = b is quantum satisfiable iff G(M, b) =4. G(M, 0).
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The reduction

Theorem. For any M € F)**™ and b € FI*, the following hold:
@ Mx = b is satisfiable iff G(M, b) = G(M, 0);
® Mx = b is quantum satisfiable iff G(M, b) =4. G(M, 0).

Corollary. Quantum isomorphism is undecidable.

Remark. This is essentially the only construction of
non-isomorphic but quantum isomorphic graphs.

Question. How can we produce more examples?
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Linear systems from graphs

Definition. The incidence matrix M of a graph G is the
V(G) x E(G) matrix such that

1 if vis an endpoint of e
pV1v,e —

0 otherwise
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Linear systems from graphs

Definition. The incidence matrix M of a graph G is the
V(G) x E(G) matrix such that

1 if vis an endpoint of e
pV1v,e — {:

0 otherwise

Theorem. (Arkhipov) Let G be a connected graph with incidence
matrix M. If b € ]F;/(G)

@ Mx = b is not satisfiable;
® Mx = b is quantum satisfiable if and only if G is not planar.

has odd weight, then

10/36



Non-isomorphic graphs which are quantum isomorphic
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Non-isomorphic graphs which are quantum isomorphic
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Homomorphism Counting



A quantum analog of a theorem of Lovasz
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A quantum analog of a theorem of Lovasz

hom(F, G) := #homs ¢ : F — G.

Theorem. (Lovész)
G=H < hom(F, G) = hom(F, H) for all graphs F.

Theorem. (Manéinska & R)
=qc H & hom(F, G) = hom(F, H) for all planar graphs F.

Corollary. Given G and H, determining if there is a planar graph F
with hom(F, G) # hom(F, H) is an undecidable problem.
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Context

Let G =4 H denote hom(F, G) = hom(F, H) for all F € F.

The family & The relation G =4 H

All graphs Isomorphism [Lovasz 1967]

Cycles Cospectrality (of adjacency matrices)

Cycles & paths | Cospectral + cospectral complements

Trees Fractional iso [Dvordk 2010; Dell, Grohe, Rattan 2018]

Treewidth < k | Indistinguishable by k-WL [Dvo¥ék 2010; DGR 2018]
Treedepth < K | Ind. by FOL w/ counting of quantifier rank < k [Grohe 2020]
Planar graphs | Quantum isomorphism

Question. Is there a class F strictly between planar and all graphs
such that =4 is tractable?
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Question. Can we obtain a useful /novel reformulation of the 4CT

this way?

= F— H iff F — G for any planar graph F.

Therefore, a planar graph F is 4-colorable if and only if F — H.

This is not true for all graphs! E.g. F

Kg —+G—Ks = F— Ky iff F— G for any graph F.

G =4 H
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Counting Homomorphisms
Part |l



A Construction

E(v) := edges incident to the vertex v.

Definition. Let G be a graph and U C V(G). Define Gy to be
the graph with

V(Gy) ={(v,S):ve V(G), SCE(v) with parity {vinUuf}
such that (v,S) ~(u, T) if uv € E(G) and uv ¢ SAT.
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A Construction

E(v) := edges incident to the vertex v.

Definition. Let G be a graph and U C V(G). Define Gy to be
the graph with

V(Gy) ={(v,S):ve V(G), SCE(v) with parity {vinUuf}
such that (v,S) ~(u, T) if uv € E(G) and uv ¢ SAT.

Lemma. If G is a connected graph, then Gy = Gy if and only if
U = |U’| mod 2.

Thus we let Gg := Gz and use G to denote the graph isomorphic
to G{v} forve V(G).

18/36



Example
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Example 2

G=Ky
Go = the 4 x 4 Rook graph

G1 = the Shrikhande graph
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Counting homomorphisms to Gy and G;
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Counting homomorphisms to Gy and G4
pi : V(Gi) = V(G) defined as pi(v,S) = v is a homomorphism.

Definition. We denote the set of homomorphisms from F to G by
Hom(F, G). Then for any 1 € Hom(F, G), we define

Homlp(F, Gl) — {(P c Hom(F, Gl) IPio P = 1])}

Theorem. Homy, (F, Gi) is in bijection with the solutions of
M¥x = b;l) over Zo,
for some MY and bsp =0 # b;l).

Corollary.
® |Homy, (F, Go)| > 0 for all P € Hom(F, G);
® |Homy, (F, G1)| = 0 or [Homy, (F, Go)| for all € Hom(F, G);

® hom(F, Gg) > hom(F, G1) with strict inequality if and only if
|Homy, (F, G1)| = 0 for some ¢ € Hom(F, G).
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The Fredholm Alternative

Lemma. Mx = b does not have a solution if and only if

(v )o= ).

has a solution.
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The Fredholm Alternative

Lemma. Mx = b does not have a solution if and only if

(v )o= ).

has a solution.

Corollary. hom(F, Gg) # hom(F, G1) if and only if there is
P € Hom(F, G) such that

(7)o ()

has a solution.
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Odd Couples

Definition. Let G be connected, H a graph, and { € Hom(H, G).
® a c V(H) is odd/even if [Ny (a) NPp~1(u)| is odd/even
Vu~gY(a).
@® Denote by V; (resp. Vp) the set of odd (resp. even) vertices.

® (H,{) is an odd couple for G if V(H) = VyU V4 and
Vi Nnp~L(u)| is odd for all u € V(G).
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Definition. Let G be connected, H a graph, and { € Hom(H, G).
® a c V(H) is odd/even if [Ny (a) NPp~1(u)| is odd/even
Vu~gY(a).
@® Denote by V; (resp. Vp) the set of odd (resp. even) vertices.

® (H,{) is an odd couple for G if V(H) = VyU V4 and
Vi Nnp~L(u)| is odd for all u € V(G).

Example. o even

o odd
G- {\7

—O
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Main Result

Theorem. Let G be a connected graph. Then

hom(F, Gg) # hom(F, G1) if and only if there exists 1p € Hom(F, G)
and a subgraph H of F such that (H,{|H) is an odd couple for G.
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Main Result

Theorem. Let G be a connected graph. Then
hom(F, Gg) # hom(F, G1) if and only if there exists 1p € Hom(F, G)
and a subgraph H of F such that (H,{|H) is an odd couple for G.

Remark. If (H,1) is an odd couple for G, then A(H) > A(G).
Therefore, if hom(F, Gg) # hom(F, G1), then A(F) > A(G).

Corollary. If F is the family of graphs F with A(F) < d, then
Go %g Gl for G = K1,d+1.
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treewidth at least 3 and therefore must have K4 as a minor.

® If G is non-planar, then Gg =4 G1 and thus
hom(F, Gg) # hom(F, G1) implies that F is non-planar.

° If GGHeJF, does G =54 H imply G = H?
e |f (H,{) is an odd couple for G, must H contain G as a
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Remarks/Questions

® For G = Ky, the hom(F, Gg) # hom(F, G1) implies that F has
treewidth at least 3 and therefore must have K4 as a minor.

® If G is non-planar, then Gg =4 G1 and thus
hom(F, Gg) # hom(F, G1) implies that F is non-planar.

e If G,H €7, does G =4 Himply G = H?

e |f (H,{) is an odd couple for G, must H contain G as a
minor?

® |f yes, then =4 and =4 are distinct relations for any two
distinct classes closed under minors and disjoint unions.

® |s there a nice characterization of =4 for JF being the class of
graphs of bounded degree?

® Bonus: What is the convex hull of {P ® P : P a permutation}?
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The quantum automorphism group of a graph G

Definition. (Banica)
C(Qut(G)) is the universal C*-algebra generated by elements py;
satisfying the following:

O pij :p%j = p3; for all i,j; P = (pij) is a
(2] kaikZIZnggj for all 1, j; QPM.
©® > Py =2 ypicforalij — AgP=DPAc.
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The quantum automorphism group of a graph G

Definition. (Banica)
C(Qut(G)) is the universal C*-algebra generated by elements py;
satisfying the following:

O pij :p%j = p3; for all i,j; P = (pij) is a
(2] kaikZIZnggj for all 1, j; QPM.
©® > Py =2 ypicforalij — AgP=DPAc.

Remark. If we require that the pi; commute, then we obtain
C(Aut(G)) — the algebra of functions on Aut(G).

Pij - characteristic function of automorphisms taking i to j.

Remark. The matrix P is called the fundamental representation

of Qut(G).
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Let P be the fundamental representation of Qut(G)

30/36



Quantum isomorphism in terms of Qut(G)

Let P be the fundamental representation of Qut(G)

Two relations:

30/36



Quantum isomorphism in terms of Qut(G)

Let P be the fundamental representation of Qut(G)

Two relations:
@i~ jifpy #0

30/36



Quantum isomorphism in terms of Qut(G)

Let P be the fundamental representation of Qut(G)

Two relations:
®i~jifpy #0
@ (1,0) ~2 (j,k) if piypex #0

30/36



Quantum isomorphism in terms of Qut(G)

Let P be the fundamental representation of Qut(G)

Two relations:
®i~jifpy #0
@ (1,0) ~2 (j,k) if piypex #0

Lemma. (Lupini, Man&inska, R)
Both ~1 and ~» are equivalence relations.

30/36



Quantum isomorphism in terms of Qut(G)

Let P be the fundamental representation of Qut(G)

Two relations:
®i~jifpy #0
@ (1,0) ~2 (j,k) if piypex #0

Lemma. (Lupini, Man&inska, R)
Both ~1 and ~» are equivalence relations.

Definition. The orbits and orbitals of Qut(G) are the equivalence
classes of ~; and ~» respectively.

30/36



Quantum isomorphism in terms of Qut(G)

Let P be the fundamental representation of Qut(G)

Two relations:
@®i~1jifpy#0
@ (1,0) ~2 (j,k) if piypex #0

Lemma. (Lupini, Man&inska, R)
Both ~1 and ~» are equivalence relations.

Definition. The orbits and orbitals of Qut(G) are the equivalence
classes of ~; and ~» respectively.

Theorem.
If G and H are connected, then G =4 H if and only if there exist
g € V(G) and h € V(H) in the same orbit of Qut(G U H).
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Definition. ({, k)-intertwiner of Qut(G)

T(6,1) = {T e CVIOXVIQN  poty — poic]

Lemma. (Lupini, Manéinska, R)
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Intertwiners

(?®k)ilig...ik,j1j2...jk = Pi1jiPiajo - - - Pl
Definition. ({, k)-intertwiner of Qut(G)

T(6,1) = {T e CVIOXVIQN  poty — poic]

Lemma. (Lupini, Manéinska, R)

® TcT(1,0) & Ty =T; whenever i~ j;
® TcT(l1) < T =Tk whenever (i,£) ~5 (j, k).

Intertwiners of Qut(G) = (U, M, AG)o &« lin, Where

U= Z ei, Mlei®e;) =05ie; Vi,je V(G).
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Bi-labeled graphs

Definition. (Lovasz, Large Networks and Graph Limits)
An (£, k)-bi-labeled graph is a triple F = (F, d, b) where

® Fis a graph;

e d—=(aq,..., ag), b= (by,..., by ) are tuples of vertices of F.
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How to draw bi-labeled graphs

(K4, (2,1),(2,2))
1
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How to draw bi-labeled graphs

(Ka, (2,1, (2,2)
1

. < —
AN

M

-]
N
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Homomorphism matrices

Let G be a graph and F = (F, (a), (b)) an (1, 1)-bi-labeled graph.
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For u,v € V(G), the uv-entry of the homomorphism matrix TF
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— @
(NN J

Example. A = (K, (1), (2))
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Homomorphism matrices
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Definition. (G-homomorphism matrix of ﬁ)

For u,v € V(G), the uv-entry of the homomorphism matrix TF

S fhoms @ : F — G | @(a) =, o(b)=v)|.

Example. A = (Ko, (1),(2)) T
(T;\) _ 1 ifu~v
u,v 0 otherwise
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Homomorphism matrices

Let G be a graph and F = (F, (a), (b)) an (1, 1)-bi-labeled graph.

Definition. (G-homomorphism matrix of ﬁ)

For u,v € V(G), the uv-entry of the homomorphism matrix TF

S fhoms @ : F — G | @(a) =, o(b)=v)|.

Example. A = (Ko, (1),(2)) T
(T;\) _ 1 ifu~v
u,v 0 otherwise

So TA = Ag. Similarly, TY =Uu, T™M =M.
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Planar bi-labeled graphs
Recall: Intertwiners of Qut(G) = (U, M, AG)o.®,x lin

—

So we want to know what bi-labeled graphs are in (U, M, A)o  ».

Definition.

P = {ﬁ F° has planar embedding w/ enveloping cycle bounding outer face}

Theorem. (Manéinska & R)

e A

TP — <U, M, >o,®,>|<-
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