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Preface

A discrete quantum walk is determined by a unitary matrix U , the tran-
sition matrix of the walk. If the initial state of the system is given by a
vector z, then the state of the system at time k is Ukz. The problem is to
choose U and z so that we can do something useful, and indeed we can—
Grover showed how an implementation of this setup could be used to enable
quantum computers to search a database faster than any known classical
algorithm.

The framework we have just described is impossibly general, a quantum
computer can conveniently implement only a small subset of the set of
unitary matrices. There is also a mathematical difficulty, in that it may be
impossible to derive useful predictions of the behaviour of the walk without
imposing some structure on U

As we have described it, the transition matrix U is an operator on the
complex inner product space Cd. However, for the reasons just given, much
of the work on discrete quantum walks considers the case where U is an
operator on the space of complex functions on the arcs (ordered pairs of
adjacent vertices) of a graph X. Physically meaningful questions must be
expressed in terms of the absolute values of the entries of the powers Uk.
Thus we might ask if, for a given initial state z, is there an integer k such
that the absolute values of the entries of Uk are close to being equal?

Then goal of our work on this topic has been to attempt to relate the
properties of the walk to the properties of the underlying graph, and this
book is both an introduction to the topic and a report on our progress.

We start our treatment with the most famous topic, Grover’s search
algorithm. We offer two approaches, but in both cases we find that the
transition matrix arises as a product U = RC, where R and C are unitary
matrices with simple structure and are defined in terms of an underlying
graph. In fact R and C are both involutions, and the algebra they generate
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is a matrix representation of the dihedral group. We make us of the fact
to determine the spectral decomposition of U , in terms of the underlying
graph. (If the graph is k-regular on n vertices, U is of order nk×nk, so we
have reduced the scale of the problem.) We then apply the resulting theory
to the study of properties of our walks, and determine useful parameters.
Of course, each time we identify a parameter of a walk, we have introduced
a possibly new graph parameter, and many interesting questions raise their
heads.

In the second part of the book we relax our assumptions that R and
C are involutions. We find that, to properly specify the resulting walks,
we must specify a linear ordering on the arcs leaving a vertex. As any
graph theorist is aware, embeddings of graphs in an orientable surface are
specified by cyclic orderings of the arcs leaving a vertex. Hence we offer
a detailed treatment of graph embeddings and graph covers. Following
this we consider walks based on shunts and walks on the line. We close
the book with a treatment of what we call vertex-face walks, which are
explicitly derived from embeddings of graphs in orientable surfaces.

We note that this book is based on the Ph.D. thesis of the second author
https://uwspace.uwaterloo.ca/handle/10012/13952. The intended au-
dience is mathematicians, particularly those who might be interested in new
graph theoretical problems arising from the study of discrete quantum walks.
The book by Portugal [56] provides a complementary view. We do not think
any knowledge of physics is required to profit from this work; the required
background is linear algebra (spectral decomposition) and some field the-
ory. We have tried to keep things self-contained, but G&R [33] may prove
a useful backup.

https://uwspace.uwaterloo.ca/handle/10012/13952
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Preface

A discrete quantum walk is determined by a unitary matrix U , the tran-
sition matrix of the walk. If the initial state of the system is given by a
vector z, then the state of the system at time k is Ukz. The problem is to
choose U and z so that we can do something useful, and indeed we can—
Grover showed how an implementation of this setup could be used to enable
quantum computers to search a database faster than any known classical
algorithm.

The framework we have just described is impossibly general, a quantum
computer can conveniently implement only a small subset of the set of
unitary matrices. There is also a mathematical difficulty, in that it may be
impossible to derive useful predictions of the behaviour of the walk without
imposing some structure on U

As we have described it, the transition matrix U is an operator on the
complex inner product space Cd. However, for the reasons just given, much
of the work on discrete quantum walks considers the case where U is an
operator on the space of complex functions on the arcs (ordered pairs of
adjacent vertices) of a graph X. Physically meaningful questions must be
expressed in terms of the absolute values of the entries of the powers Uk.
Thus we might ask if, for a given initial state z, is there an integer k such
that the absolute values of the entries of Uk are close to being equal?

Then goal of our work on this topic has been to attempt to relate the
properties of the walk to the properties of the underlying graph, and this
book is both an introduction to the topic and a report on our progress.

We start our treatment with the most famous topic, Grover’s search
algorithm. We offer two approaches, but in both cases we find that the
transition matrix arises as a product U = RC, where R and C are unitary
matrices with simple structure and are defined in terms of an underlying
graph. In fact R and C are both involutions, and the algebra they generate
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is a matrix representation of the dihedral group. We make us of the fact
to determine the spectral decomposition of U , in terms of the underlying
graph. (If the graph is k-regular on n vertices, U is of order nk×nk, so we
have reduced the scale of the problem.) We then apply the resulting theory
to the study of properties of our walks, and determine useful parameters.
Of course, each time we identify a parameter of a walk, we have introduced
a possibly new graph parameter, and many interesting questions raise their
heads.

In the second part of the book we relax our assumptions that R and
C are involutions. We find that, to properly specify the resulting walks,
we must specify a linear ordering on the arcs leaving a vertex. As any
graph theorist is aware, embeddings of graphs in an orientable surface are
specified by cyclic orderings of the arcs leaving a vertex. Hence we offer
a detailed treatment of graph embeddings and graph covers. Following
this we consider walks based on shunts and walks on the line. We close
the book with a treatment of what we call vertex-face walks, which are
explicitly derived from embeddings of graphs in orientable surfaces.

We note that this book is based on the Ph.D. thesis of the second author
https://uwspace.uwaterloo.ca/handle/10012/13952. The intended au-
dience is mathematicians, particularly those who might be interested in new
graph theoretical problems arising from the study of discrete quantum walks.
The book by Portugal [56] provides a complementary view. We do not think
any knowledge of physics is required to profit from this work; the required
background is linear algebra (spectral decomposition) and some field the-
ory. We have tried to keep things self-contained, but G&R [33] may prove
a useful backup.
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Chapter 1

Grover Search

1.1 States
Any quantum system has a state space, which is a complex inner product
space. For us, this will usually be finite dimensional, just Cd for some d.
The actual states are the 1-dimensional subspaces of this vector space. We
could specify a subspace U of the complex inner product space V by giving
an orthonormal basis u1, . . . , uk, but it is often more convenient to define
U in terms of the orthogonal projection P onto U—this is the idempotent
Hermitian matrix with image equal to U . In fact

P =
∑
i

uiu
∗
i ,

but, despite appearances, P is independent of the choice of orthonormal
basis for U .

Operations on the state space correspond to unitary matrices. If U is
unitary and the state of our system is given by a unit vector z, then the
vector Uz defines the new state. If we choose to work with projections, our
initial state is given by zz∗, and the state after we apply U is Uzz∗U∗.

The outcome of a measurement of a quantum system modelled by Cd

can be taken to be an element of {1, . . . , d}. However the result is actually a
random variable: there are probabilities p1, . . . , pd summing to 1, such that
we observe outcome i with probability pi. In other words, the outcome of a
measurement is a probability density. This probability density will depend
on the initial state of our system, the operations we apply to the system,
and the choice of measurement.
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1. Grover Search

Mathematically, a measurement is represented by a sequenceM1, . . . ,Me

of positive semidefinite matrices such that ∑iMi = I. The simplest case is
when e = d and Mi = eie

T
i , which we describe as “measurement relative to

the standard basis”. If the state of the system is zz∗, then the probability
that we observe the i-th outcome is

〈Mi, zz
∗〉 = tr(Mizz

∗) = z∗Miz;

if we are measuring relative to the standard basis, the probability is

z∗eie
T
i z = |〈z, ei〉|2.

Thus it is the square of the absolute value of the i-th entry of z.

1.2 Discrete Walks
For our purposes, a discrete quantum walk is specified by a unitary matrix
U . We call it the transition matrix of the walk. If U is d × d, we view it
as acting on a quantum system with state space Cd. The system evolves
under repeated applications of U , thus if the initial state of the system
is represented by the unit vector z then after m steps, the state of the
system would be Umz. If we measure the system after k steps relative to
the standard basis, the outcome will be ej with probability

|〈ej, Umz〉|2.

Our view of a discrete quantum walk is more general than taken by physi-
cists. We find the generality useful, but there are two problems. The first
is mathematical: at this level of generality, we may lack the mathematical
tools needed to determine interesting properties of parameters of the walk.
The second is physical: some unitary matrices decribe operations that are
not easily implemented in practice; thus we will see that U will be usually
defined as a product of simple unitary matrices, often sparse.

One common feature of nearly all discrete walks in this book will be
that the state space is the set of complex functions on the arcs of a graph.
Here an arc of a graph is an ordered pair of adjacent vertices. Thus if X is
an undirected graph with m edges, then it has 2m arcs, and the associated
state space will have dimension 2m.

8



1.3. Grover Search

1.3 Grover Search
We present one of the most important applications of quantum walks, Grover’s
search algorithm. Basically we have a system with state space Cd and two
unitary operators R and S. The operators have a special form, they are
reflections. We explain what this means.

If P is a projection, then

(2P − I)2 = 4P 2 − 4P + I = I

and it follows that 2P − I is unitary with order two. It fixes each vector in
im(P ) and maps a vector v in ker(P ) = U⊥ to −v. Thus 2P − I represents
reflection in im(P ).

The simplest case is when im(P ) is 1-dimensional, i.e., rk(P ) = 1. If
im(P ) is spanned by a, then

P = 1
〈a, a〉

aa∗

and ker(P ) = a⊥. We say that 2P−I represents reflection in the hyperplane
a⊥.

The operator R is supplied to us, and represents reflection in the sub-
space e⊥j . We do not know what the value of j is, and we want to determine
it. (This is our search problem.) The second operator S represents reflection
in the orthogonal complement of the vector

y = 1√
d
1.

Grover’s strategy is very easy to describe. We initialize our system so
that its state is y, we apply the operator U = RS exactly m times, and
then we measure relative to the standard basis. If we choose m correctly,
the result of the measurement is j, with probability very close to 1.

In quantum computing there is a standard procedure for encoding 01-
valued functions as unitary operators. The operator R is the encoding of
a function f that takes the value 1 on j, and is zero on i if i 6= j. Clearly
given f we can determine j by trying each input in turn, and on average
this will take 1

2d tries.

9



1. Grover Search

1.4 Justifying Grover’s algorithm
We use a geometric argument to show that Grover’s algorithm will work. A
real matrix Q represents an orthogonal mapping if QTQ = I. As

1 = det(QQT ) = det(Q)2

the determinant of an orthogonal mapping is ±1. A rotation is an orthog-
onal mapping with determinant 1.

Reflections form an important class of orthogonal mappings (which we
will be making much use of). If W is a subspace of V , a reflection in W
is the linear mapping that fixes each element in W and acts as −I on U⊥.
Thus the square of a reflection is the identity, as expected. For our use,
the most important case will be reflection in a hyperplane, which can be
described as follows. If a 6= 0, then the map τa defined by

τa(x) := x− 2〈a, x〉
〈a, a〉

a

is reflection in the hyperplane a⊥. It is easy to see that τ 2
a = I and τa(a) =

−a, hence τa is a reflection by definition. (You may find it worthwhile to
verify that it is an orthogonal mapping.) Since the eigenvalues of τa are
−1 (with multiplicity one) and 1 with multiplicity dim(V )− 1, we see that
det(τa) = −1.

Npw assume that a and b are linearly independent unit vectors with
cos(θ) = 〈a, b〉. The product U = τaτb has determinant one. Assume that
dim(V ) = n and letW be the subspace a⊥∩b⊥ of V . Then dim(W ) = n−2
and W⊥ is the 2-dimensional subspace of V spanned by a and b. The
restriction of U to W is an orthogonal mapping with determinant 1, and
hence it is a rotation.

We claim the restriction of U to W⊥ represents rotation by an angle
of 2θ. Since the restriction is a rotation, it suffices to compute the angle
between x and Ux for one vector x, and we may take x to be b. Then

τaτb(b) = τa(−b) = −b+ 2〈a, b〉

and so
〈b, Ub〉 = −1 + 2〈a, b〉2 = 2 cos(θ)2 − 1 = cos(2θ).

10



1.5. Composite Quantum Systems

Now we specialize to the case of interest. Assume

a := 1√
n
1

and that b is a standard basis vector. Then

〈a, b〉 = 1√
d

and therefore
cos(2θ) = 2

n
− 1.

Hence, when d is large, U is rotation through an angle a bit less than π,
and −U represents a rotation through a small positive angle, φ say. As

cos(φ) ≈ 1− 1
2φ

2

we have
φ ≈ 2√

n
.

Accordingly, if

N :=
⌊
π
√
n

4

⌋
,

then UNa is very close to b or −b. Consequently the result of a measurement
in the standard basis after N applications of U will identify which standard
basis vector is equal to b.

1.5 Composite Quantum Systems
A composite quantum system is a system whose state space is the tensor
product U ⊗ V , where U and V are the state spaces of two “smaller” quan-
tum systems. A system with state space of this form is said to be bipartite.
The state space of a system of d qubits is the tensor product of d copies
of C2. We could view this state space as the tensor product of C2 with
(C2)⊗(d−1). A bipartite system models the situation where we have two
physicists, traditionally Alice and Bob, each with their own quantum sys-
tems. The complete system is described by a tensor product, but Alice and
Bob work independently.

11



1. Grover Search

Given a bipartite system, we can operate on the individual parts sepa-
rately, such operations are said to be local. More precisely, if R1 and R2
are unitary operations on state spaces U1 and U2 respectively, then R1⊗R2
is a local unitary operation on U1 ⊗ U2.

Measurements become more complicated, or more interesting, because
a measurement carried out on one part is not a measurement on the entire
system. If Alice’s measurement is specified by positive definite matricesMr

(with ∑rMr = I) and Bob’s by positive semidefinite matrices Ns (with sum∑
sNs = I), then the Kronecker products

Mr ⊗Ns

define a measurement on the composite system.
We give an example. Consider the system with state space Cn ⊗ Cn.

We think of Cn as the space of complex functions on the vertices of the
complete graph Kn, hence we may view Cn ⊗ Cn as the space of complex
functions on the arcs of the graph we get by adding a loop to each vertex
of Kn. (So eu ⊗ eu represents loop on vertex u.)

We introduce three operators on our state space. The first, denoted R
is the permutation operator given by

R(ei ⊗ ej) = ej ⊗ ei;

this is not a local operator.
Let τj be the operator on Cn corresponding to reflection about ej and

let τ1 be reflection in 1⊥. Then τj ⊗ I and I ⊗ τ1 are local operators.
We note that

R(τj ⊗ τ0)R = τ0 ⊗ τj
and it is not hard to see that, for any integer k,

(R(τj ⊗ τ0))2k = (τ0τj)k ⊗ (τjτ0)k.

Thus, the action of
U := R(τj ⊗ τ0)

on Cn⊗Cn is completely determined by the actions of τ0τj and τjτ0 on Cn.
(We note that τjτ0 = (τ0τj)−1.)

Since τ0τj is the operator used in Grover’s algorithm, it is possible to
implement Grover’s algorithm using the quantum walk (given by U) on the
arcs and loops of Kn. This was first noted Ambainis, Kempe and Rivosh
[3]. We present the details in the following section

12



1.6. Grover via a Quantum Walk on Arcs

1.6 Grover via a Quantum Walk on Arcs
Assume U := R(τj ⊗ τ0), as in the previous section. If we start with the
uniform superposition

x0 ⊗ x0 := 1
n
1⊗ 1,

then
Uk(x0 ⊗ x0) ≈ ej ⊗

(
(τjτ0)kx0

)
and measuring the first register at step k (relative to the standard basis)
yields ej with high probability.

Let X denote the complete graph on n vertices, with one loop on each
vertex. (So its adjacency matrix is the all-ones matrix J .) The state space
of the above walk is spanned by the characteristic vectors eu⊗ev of the arcs
(u, v) of X. Thus, each state can be seen as a complex-valued function on
the arcs of X. As an example, the initial state in Grover’s search is

x0 ⊗ x0 =
∑
u∼v

1
n
eu ⊗ ev,

the constant function that maps each arc to 1
n
. Since U acts linearly on

Cn ⊗ Cn, it suffices to investigate its effect on the basis

{eu ⊗ ev : u ∼ v}.

The matrix
τj ⊗ τ0 = (2ejeTj − I)⊗

( 2
n
J − I

)
is usually referred to as the coin operator, for it acts as if one flips a quantum
coin to determine which arc to move to, given current position. Since

(τj ⊗ τ0)(eu ⊗ ev) =

eu ⊗
(

1√
n

∑
w∼u ew

)
, u 6= j,

eu ⊗
(
− 1√

n

∑
w∼u ew

)
, u = j,

the result of a coin flip is some superposition of outgoing arcs of current
tail u. The matrix R is called the arc-reversal operator, as it maps the
characteristic vector of (u, v) to the characteristic vector of (v, u). These
describe how a quantum walker moves on X: in each step, she flips the coin
to redistribute her amplitudes over the outgoing arcs, and then reverses all
the arcs she is on.

13



1. Grover Search

1.7 Arc-Reversal Grover Walk
Rewrite the unitary matrix of Grover’s search as

U = R(τj ⊗ τ0)
= R(I ⊗ τ0)(τj ⊗ I),

and define
U0 := R(I ⊗ τ0), Uj := τj ⊗ I.

The first matrix U0 defines a quantum walk on X, where the coin operator
I ⊗ τ0 treats all vertices equally. The second matrix Uj makes a difference
between the marked and unmarked vertices: on outgoing arcs of j, it acts
as −I, while on other arcs it acts as the identity.

The main focus of this book will be quantum walks on graphs with no
marked vertices. In this section, we generalize the walk defined by U0 to
an arc-reversal Grover walk on any graph; this model was first studied by
Watrous [67], and later formalized by Kendon [45].

Let X be a d-regular graph on n vertices. Consider the space Cn ⊗ Cd

spanned by all complex functions on the arcs of X. To each vertex we assign
the same Grover coin

G := 2
d
J − I.

Thus for vertex u, the amplitude transfered between two outgoings arcs of
u is 2/d − 1 if they are equal, and 2/d otherwise. The coin matrix, acting
on Cn⊗Cd, is then a direct sum of n Grover coins. Since G commutes with
all permutations, we can write the coin matrix as I ⊗G under any basis of
Cn ⊗ Cd. Let R be the matrix that reverses all arcs, and set

U := R(I ⊗G).

The quantum walk with U as the transition matrix is an arc-reversal Grover
walk on X. It is not hard to extend this definition to an irregular graph:
simply assign the Grover coin with d = deg(u) to vertex u.

Notes
In general, the coins of a quantum walk do not have to be identical. If we
assign −G to a special vertex and G elsewhere, then we have effectively

14



1.7. Arc-Reversal Grover Walk

introduced an oracle. This walk was proposed by Ambainis, Kempe and
Rivosh [3], as a quantum algorithm that generalizes Grover’s search.

More flexibly, we may assign any deg(u)×deg(u) unitary matrix Cu to a
vertex u. However, unless it commutes with all permutations, we will need
to specify a linear order on the neighbors of u:

fu : {1, 2, · · · , deg(u)} → {v : u ∼ v},

in order to explain what Cu does. Let us refer to the vertex fu(j) as the
j-th neighbor of u, and the arc (u, fu(j)) as the j-th arc of u. Then, Cu
sends the j-th arc of u to a superposition of all outgoing arcs of u, in which
the amplitudes come from the j-th column of Cu:

Cuej =
deg(u)∑
k=1

(eTkCuej)ek.

Thus, under the ordering of arcs:

{{(u, fu(j)) : j = 1, · · · , deg(u)} : u ∈ V (X)},

the transition matrix of our quantum walk is

U = R


C1

C2
. . .

Cn

 .

The Fourier coin
F := 1√

d
(e2jkπi/d)jk

has been frequently studied in the literature. It induces many non-classical
behaviors of quantum walks; for example, on the infinite path, the probabil-
ity distribution is asymmetric about the center [2]. We will visit this model
in Chapter 7.

Some coins can be associated with combinatorial structures. If we con-
vert the linear order fu into a cyclic permutation, then we obtain a rotation
system, which determines an orientable embedding of a graph (this will be
explained in Chapter 8). The readers are invited to show that a unitary
circulant matrix commutes with all cyclic permutations if and only if it has
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1. Grover Search

simple eigenvalues; this allows us to define, given a fixed d×d coin, a unique
arc-reversal quantum walk for each rotation system of a d-regular graph. In
[35], we studied arc-reversal walks on cubic graphs with different rotation
systems, and find some interesting connections between properties of the
walk and properties of the embedding.
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Chapter 2

Two Reflections

There are two major differences between a quantum walk and a classical
random walk: first, the evolution is unitary rather than stochastic; second,
the transition matrix U does not depend on the graph X only, but also on
the coins. In general little can be said about the relation between U and
X. However, the situation for an arc-reversal walk is a bit special, as its
transition matrix U is a product of two reflections related to the graph X.

In this chapter, we develop some machinery that applies to any unitary
matrix U that can be as a product of two reflections. A complete character-
ization of the eigenvalues and eigenspaces of U is given, by “lifting" those
of a smaller Hermitian matrix constructed from the two reflections. This
extends Szegedy’s work on direct quantization of Markov chains [61]. The
main applications of our machinery occur in the following chapter and in
Chapter 8.

2.1 A Subspace Decomposition
Although our ultimate focus is on products of two reflections, it proves more
convenient to work with projections. (We explained the connection between
reflections and projections in Section 1.3.)

Let P and Q be two projections acting on Cm. Define

U := (2P − I)(2Q− I).

Then U lives in the matrix algebra generated by P and Q, denoted 〈P,Q〉.
We will use the following well-known fact to diagonalize U .

17



2. Two Reflections

2.1.1 Lemma. Let P and Q be two projections acting on Cm. Then Cm is
a direct sum of 1- and 2-dimensional 〈P,Q〉-invariant subspaces.

Proof. Since P and Q are Hermitian, a subspace of Cm is 〈P,Q〉-invariant
if and only if its orthogonal complement is 〈P,Q〉-invariant. Hence Cm can
be decomposed into a direct sum of 〈P,Q〉-invariant subspaces. Let W be
one such subspace.

If dim(W ) = 1, then W is spanned by common eigenvectors of P and
Q, and we are done. So assume dim(W ) ≥ 2. Since QPQ is also Hermitian,
W is a direct sum of eigenspaces for QPQ. Depending on how QPQ acts
on W , we have two cases. Suppose first that QPQ is not zero on W . Then
there is z ∈ Cm and µ 6= 0 such that

QPQz = µz.

Since
µQz = Q(QPQ)z = QPQz = µz,

the vector z must be an eigenvector for Q as well, so

Qz = z,

and
QPz = QPQz = µz.

It follows that the subspace spanned by {z, Pz} is 〈P,Q〉-invariant. Now
suppose QPQ is zero on W . If Q is also zero on W , then PQ commutes
with QP on W , and so W is spanned by common eigenvectors of P and
Q. If Q is not zero on W , then it has an eigenvector z ∈ W with non-zero
eigenvalue, that is,

Qz = z.

Since
QPz = QPQz = 0,

the subspace spanned by {z, Pz} is 〈P,Q〉-invariant.

18



2.2. Real Eigenvalues

2.2 Real Eigenvalues
To find the spectral decomposition of U , we first decompose Cm into a
direct sum of 1- and 2-dimensional 〈P,Q〉-invariant subspaces, and then di-
agonalize U restricted to each of them. The 1-dimensional 〈P,Q〉-invariant
subspaces are common eigenspaces for P and Q. In fact, they are precisely
the eigenspaces for U with real eigenvalues, that is, 1 and −1.

2.2.1 Lemma. Let P and Q be two projections on Cm. Let

U = (2P − I)(2Q− I).

The 1-eigenspace for U is the direct sum

(col(P ) ∩ col(Q))⊕ (ker(P ) ∩ ker(Q)),

and the (−1)-eigenspace for U is the direct sum

(col(P ) ∩ ker(Q))⊕ (ker(P ) ∩ col(Q)).

Proof. We prove the first statement. The second statement follows by
replacing Q with I −Q.

If z is in col(P ) ∩ col(Q), then Pz = z and Qz = z, so

Uy = (2P − I)(2Q− I)y = y.

If z is in ker(P ) ∩ ker(Q), then Pz = 0 and Qz = 0, so

Uz = (2P − I)(2Q− I)y = −(−y) = y.

By linearity, every vector in

(col(P ) ∩ col(Q))⊕ (ker(P ) ∩ ker(Q))

is an eigenvector for U with eigenvalue 1. Now suppose Uz = z for some
z ∈ Cm. Then

(2Q− I)z = (2P − I)z.
Thus Pz = Qz and (I − P )z = (I −Q)z. From the decomposition

z = Pz + (I − P )z,

we see that z lies in

(col(P ) ∩ col(Q))⊕ (ker(P ) ∩ ker(Q)).
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2. Two Reflections

2.3 Complex Eigenvalues
It remains to construct eigenvectors for U with non-real eigenvalues. As
indicated in the proof of Lemma 2.1.1, the eigenspaces of PQP play a crucial
rule in providing the 2-dimensional U -invariant subspaces. In practice, we
will work with the eigenspaces of a smaller Hermitian matrix that is related
to PQP , as we describe now.

Let L be a matrix whose columns for an orthonormal basis for im(Q).
Then L∗L = I and so LL∗ represents orthogonal projection onto imQ.
Therefore Q = LL∗. Note that

QPQz = µz

if and only if
L∗PL(L∗z) = µ(L∗z).

Consequently, for any µ 6= 0, the map z 7→ L∗z is an isomorphism from the
µ-eigenspace of QPQ to the µ-eigenspace of L∗PL, with inverse given by
y 7→ Ly. We claim that the eigenspaces for L∗PL with non-zero eigenvalues
provide all eigenvectors for U with non-real eigenvalues. Our proof uses the
following standard result on eigenvalue interlacing; for a reference, see Horn
and Johnson [40, Ch 4].

2.3.1 Theorem. Let A be a Hermitian matrix. Let L be a matrix with
L∗L = I. If B = L∗AL, the eigenvalues of B interlace those of A.

2.3.2 Lemma. Let P and Q be projections on Cm. Let

U = (2P − I)(2Q− I).

Suppose Q = LL∗ for some matrix L with orthonormal columns. The
eigenvalues of L∗PL lie in [0, 1]. Let y be an eigenvector for L∗PL. Let
z = Ly. We have the following correspondence between eigenvectors for
L∗PL and eigenvectors for U .

(i) If y is an eigenvector for L∗PL with eigenvalue 1, then

z ∈ col(P ) ∩ col(Q).

(ii) If y is an eigenvector for L∗PL with eigenvalue 0, then

z ∈ ker(P ) ∩ col(Q).
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2.3. Complex Eigenvalues

(iii) If y is an eigenvector for L∗PL with eigenvalue µ ∈ (0, 1), and θ ∈ R
satisfies that 2µ− 1 = cos(θ), then

(cos(θ) + 1)z − (eiθ + 1)Pz

is an eigenvector for U with eigenvalue eiθ, and

(cos(θ) + 1)z − (eiθ + 1)Pz

is an eigenvector for U with eigenvalue e−iθ.

Proof. Since the columns of L are orthonormal, the eigenvalues of L∗PL
interlace those of P , which are 0 and 1. If

L∗PLy = y,

then
yL∗(I − P )Ly = 0,

and it follows from the positive-definiteness of I − P that Ly ∈ col(P ).
Similarly, if

L∗PLy = 0,

then Ly ∈ ker(P ).
Finally, suppose

L∗PLy = µy

for some µ ∈ (0, 1). Then the subspace spanned by {z, Pz} is U -invariant:

U
(
z Pz

)
=
(
z Pz

)(−1 −2µ
2 4µ− 1

)
.

To find linear combinations of z and Pz that are eigenvectors of U , we
diagonalize the matrix (

−1 −2µ
2 4µ− 1

)
.

It has two eigenvalues: eiθ with eigenvector(
− cos(θ)− 1
eiθ + 1

)
,
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2. Two Reflections

and e−iθ with eigenvector (
− cos(θ)− 1
e−iθ + 1

)
.

Since 0 < µ < 1, these two eigenvalues are distinct, and

cos(θ) + 1
e±iθ + 1 I − P

is invertible, so
(cos(θ) + 1)z − (e±iθ + 1)Pz

is indeed an eigenvector for U with eigenvalue e±iθ.
The above construction preserves orthogonality—eigenvectors for U ob-

tained from orthogonal eigenvectors for L∗PL are also orthogonal. In the
following section, we summarize information on all eigenspaces for U we
have seen so far, including their multiplicities. As a consequence, their
direct sum is precisely Cm.

2.4 Multiplicities
Let

P = KK∗

for some matrix K with orthonormal columns. Define

S := L∗K.

This matrix largely determines the spectrum of U .

2.4.1 Lemma. Let P and Q be projections on Cm. Let

U = (2P − I)(2Q− I).

The 1-eigenspace of U is the direct sum

(col(P ) ∩ col(Q))⊕ (ker(P ) ∩ ker(Q)),

which has dimension

m− rk(P )− rk(Q) + 2 dim(col(P ) ∩ col(Q)).
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2.4. Multiplicities

Moreover, if K∗K = L∗LI and

P = KK∗, Q = LL∗

and
S = L∗K,

. then the map y 7→ Ly is an isomorphism from the 1-eigenspace of SS∗ to
col(P ) ∩ col(Q).

Proof. For the multiplicity, note that

dim(ker(P ) ∩ ker(Q)) = dim
(

ker
(
P
Q

))
= m− rk

(
P Q

)
= m− dim(col

(
P Q

)
)

= m− dim(col(P ) + col(Q))
= m− (rk(P ) + rk(Q)− dim(col(P ) ∩ col(Q))).

The isomorphism follows from Lemma 2.3.2 and the previous discussion.

2.4.2 Lemma. Let P and Q be projections on Cm, with K∗K = L∗L = I
and

P = KK∗, Q = LL∗

Let
S = L∗K.

Let
U = (2P − I)(2Q− I).

The (−1)-eigenspace of U is the direct sum

(col(P ) ∩ ker(Q))⊕ (ker(P ) ∩ col(Q)),

which has dimension

rk(P ) + rk(Q)− 2 rk(S).

Moreover, the map y 7→ Ky is an isomorphism from ker(S) to col(P ) ∩
ker(Q), and the map y 7→ Ly is an isomorphism from ker(S∗) to ker(P ) ∩
col(Q).
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2. Two Reflections

Proof. We prove the last part of the statement, from which the dimension
follows. If

Sy = 0,
then

QKy = LSy = 0.
Hence

Ky ∈ col(P ) ∩ ker(Q).
Further, since K has full column rank, this map is injective. On the other
hand, for any z ∈ col(P ) ∩ ker(Q), there is some y such that

z = Ky

and
0 = Qz = LSy = L∗LSy = Sy,

which implies that
y ∈ ker(S).

The argument for the second linear map is similar.

2.4.3 Lemma. Let P and Q be projections on Cm such that

P = KK∗, Q = LL∗

with K∗K = L∗L = I. Let
S = L∗K.

Let
U = (2P − I)(2Q− I).

The dimensions of the eigenspaces for U with non-real eigenvalues sum to

2 rk(S)− 2 dim(col(P ) ∩ col(Q)).

Let µ ∈ (0, 1) be an eigenvalue of SS∗. Let θ be such that cos(θ) = 2µ− 1.
The map

y 7→ ((cos(θ) + 1)I − (eiθ + 1)P )Ly
is an isomorphism from the µ-eigenspace of SS∗ to the eiθ-eigenspace of U ,
and the map

y 7→ ((cos(θ) + 1)I − (e−iθ + 1)P )Ly
is an isomorphism from the µ-eigenspace of SS∗ to the e−iθ-eigenspace of
U .
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2.4. Multiplicities

Proof. By Lemma 2.3.2 and Lemma 2.4.1, the eigenspaces for SS∗ with
eigenvalues in (0, 1) provide

2(rk(SS∗)− dim(col(P ) ∩ col(Q)))

orthogonal eigenvectors for U . Combining this with Lemma 2.4.2, we see
that they span the orthogonal complement of the (±1)-eigenspaces. The
isomophisms now follow from Lemma 2.3.2.

For normalization purposes, note that

‖((cos(θ) + 1)− (e±iθ + 1)P )Ly‖2 = sin2(θ)(cos(θ) + 1)‖y‖2.

This will become useful when we compute the orthogonal projection onto
the e±iθ-eigenspace.

Notes
With the theory developed in this chapter, we can derive the spectral de-
composition of any matrix in the algebra generated by two reflections P and
Q. By comparison, Szegedy [61] computed the eigenvalues and eigenvectors
specifically for the matrix (2P − I)(2Q− I).
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Chapter 3

Applications

Here we present applications of the machinery we develped in the previous
chapter. We show that the spectrum of the transition matrix for the arc-
reversal walk on a graph X is determined by the spectrum of X. We
construct examples of arc-reversal walks that admit perfect state transfer
and we explain the connection with Szegedy’s model. Finally we offer a
second proof that Grover’s algorithm works.

3.1 Graph Spectra vs Walk Spectra
Let X be a connected d-regular graph on n vertices, and U the transition
matrix of the arc-reversal walk on X. In this section, we show that the
spectrum of X determines the spectrum of U . More specifically, eigenvalues
of X provide the real parts of eigenvalues of U , and eigenvectors of X can
be lifted to eigenvectors of U by two incidence matrices.

Recall that
U = R(I ⊗G),

where R is the arc-reversal matrix, and G the d× d Grover coin. Since

R2 = (I ⊗G)2 = I,

all observations in the previous section apply. To see what R and I ⊗ G
reflect about, we introduce four incidence matrices: the tail-arc incidence
matrix Dt, the head-arc incidence matrix Dh, the arc-edge incidence matrix
M , and the vertex-edge incidence matrix B.
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3. Applications

The tail-arc incidence matrix Dt, and the head-arc incidence matrix Dh,
are two matrices with rows indexed by the vertices, and columns by the
arcs. If u is a vertex and a is an arc, then (Dt)u,a = 1 if u is the initial
vertex of a, and (Dh)u,a = 1 if a ends on u, and 0 otherwise.

The arc-edge incidence matrix M is a matrix with rows indexed by the
arcs and columns by the edges. If a is an arc and e is an edge, thenMa,e = 1
if a is one direction of e, and 0 otherwise.

The vertex-edge incidence matrix B is a matrix with rows indexed by
the vertices and columns by the edges. If u is a vertex and e is an edge,
then Bu,e = 1 if u is one endpoints of e, and 0 otherwise.

As an example, the following are the four incidence matrices associated
with K3 with vertices {0, 1, 2}.

0

1

2

Figure 3.1: K3

Dt =

(0, 1) (0, 2) (1, 0) (1, 2) (2, 0) (2, 1) 0 1 1 0 0 0 0
1 0 0 1 1 0 0
2 0 0 0 0 1 1

Dh =

(0, 1) (0, 2) (1, 0) (1, 2) (2, 0) (2, 1) 0 0 0 1 0 1 0
1 1 0 0 0 0 1
2 0 1 0 1 0 0
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3.1. Graph Spectra vs Walk Spectra

M =

{0, 1} {0, 2} {1, 2}



(0, 1) 1 0 0
(0, 2) 0 1 0
(1, 0) 1 0 0
(1, 2) 0 0 1
(2, 0) 0 1 0
(2, 1) 0 0 1

B =

{0, 1} {0, 2} {1, 2} 0 1 1 0
1 1 0 1
2 0 1 1

Next, we list some useful identities about these incidence matrices.

3.1.1 Lemma. Let X be a d-regular graph. Let A be the adjacency matrix
of X. Let Dt and Dh be the tail-arc incidence matrix and the head-arc
incidence matrix, respectively. Let M be the arc-edge incidence matrix.
Let B be the vertex-edge incidence matrix. Let G be the d× d Grover coin.
The following identities hold.

(i) DT
t Dt = DT

hDh = dI.

(ii) MTM = 2I.

(iii) DtD
T
h = DhD

T
t = A.

(iv) BBT = A+ dI.

(v) DtM = DhM = B.

(vi) DtR = Dh.

(vii) R = MMT − I.

(viii) I ⊗G = 2
d
DT
t Dt − I ⊗ I.
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Proof. We give a proof for (iii). Let u and v be two vertices of X. We have

(DtD
T
h )uv = 〈DT

t eu, D
T
h ev〉

= |{(a, b) : {a, b} ∈ E(X), a = u, b = v}|

=

1, {u, v} ∈ E(X)
0, {u, v} /∈ E(X).

Therefore DtD
T
h = A. Since A is symmetric, we also have DhD

T
t = A. The

remaining identities can be verified in a similar manner.
As a consequence, R is a reflection about col(M), while I ⊗ G is a

reflection about col(DT
t ). We now prove the spectral relation between U

and A. The following theorem shows that all eigenspaces of U with non-
real eigenvalues are completely determined by the eigenspaces of X with
eigenvalues in (−d, d). It also gives a concrete description on how to “lift"
eigenvalues and eigenvectors of X to those of U .

3.1.2 Theorem. Let X be a d-regular graph. Let Dt and Dh be the tail-
arc incidence matrix and the head-arc incidence matrix, respectively. Let
U be the transition matrix of the arc-reversal Grover walk on X. The
multiplicities of the non-real eigenvalues of U sum to 2n−4 if X is bipartite,
and 2n − 2 otherwise. Let y be an eigenvector for X with eigenvalue λ ∈
(−d, d). Let θ ∈ R be such that λ = d cos(θ). Then

DT
t y − eiθDT

h y

is an eigenvector for U with eigenvalue eiθ, and

DT
t y − e−iθDT

h y

is an eigenvector for U with eigenvalue e−iθ.

Proof. Let
K := 1√

2
M, L := 1√

d
DT
t , S := L∗K.

Let B be the vertex-edge incidence matrix of X. According to Lemma
2.4.3, the eigenspaces for U with non-real eigenvalues are determined by
eigenspaces for

SS∗ = 1
2dBB

T = 1
2d(A+ dI).
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3.1. Graph Spectra vs Walk Spectra

Let
µ := λ+ d

2d .

Then 0 < µ < 1 and 2µ− 1 = cos(θ). Moreover,

Ay = λy

if and only if
SS∗y = µy.

Thus, using identities in Lemma 3.1.1, we obtain two eigenvectors for U as
stated.

After normalization, we obtain the eigenprojections for non-real eigen-
values of U .

3.1.3 Corollary. Let X be a d-regular graph. Let Dt and Dh be the tail-
arc incidence matrix and the head-arc incidence matrix, respectively. Let
U be the transition matrix of the arc-reversal Grover walk on X. Let λ
be an eigenvalue of X that is neither d nor −d. Let Eλ be the orthogonal
projection onto the λ-eigenspace ofX. Suppose λ = d cos(θ) for some θ ∈ R.
Then the eiθ-eigenprojection of U is

1
2d sin2(θ)(Dt − eiθDh)TEλ(Dt − e−iθDh),

and the e−iθ-eigenprojection of U is

1
2d sin2(θ)(Dt − e−iθDh)TEλ(Dt − eiθDh).

We also characterize the (±1)-eigenspaces of U . In particular, their
multiplicities depend on parameters of X.

3.1.4 Lemma. Let X be a d-regular graph. Let Dt be the tail-arc incidence
matrix. Let M be the arc-edge incidence matrix. Let U be the transition
matrix of the arc-reversal Grover walk on X. The 1-eigenspace of U is

(col(M) ∩ col(DT
t ))⊕ (ker(MT ) ∩ ker(Dt))

with dimension
nd

2 − n+ 2.
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Moreover, the projection onto col(M) ∩ col(DT
t ) is given by

1
d
DT
t EdDt = 1

nd
J,

where Ed is the projection onto the d-eigenspace of X.

Proof. By Lemma 2.4.1, the 1-eigenspace is the direct sum:

(col(M) ∩ col(DT
t ))⊕ (ker(MT ) ∩ ker(Dt)),

where
col(M) ∩ col(DT

t ) = Dt col(Ed).
Note that col(DT

t ) consists of vectors that are constant over the outgoing
arcs of each vertex, and col(M) consists of vectors that are constant over
each pair of opposite arcs. Since X is connected,

col(M) ∩ col(DT
t ) = span{1}.

The multiplicity follows from the fact that rk(M) = nd/2 and rk(Dt) = n.

3.1.5 Lemma. Let X be a d-regular graph. Let Dt be the tail-arc incidence
matrix. Let M be the arc-edge incidence matrix. Let B be the vertex-edge
incidence matrix. Let U be the transition matrix of the arc-reversal Grover
walk on X. If X is bipartite, the (−1)-eigenspace of U is

M ker(B)⊕DT
t ker(BT )

with dimension
nd

2 − n+ 2.

Moreover, the projection onto DT
t ker(BT ) is given by

1
d
DT
t E−dDt,

where E−d is the projection onto the (−d)-eigenspace of X. If X is not
bipartite, the (−1)-eigenspace of U is

M ker(B),

with dimension
nd

2 − n.
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3.2. Perfect State Transfer

Proof. By Lemma 2.4.2, the (−1)-eigenspace of U is

M ker(B)⊕DT
t ker(BT ),

where
ker(BT ) = col(E−d).

Note that rk(B) = n− 1 if X is bipartite, and rk(B) = n otherwise.

The spectra of variants of U are also of interest for producing graph
isomorphism algorithms. In [21, 22], Emms, Severini, Wilson and Han-
cock proposed a scheme to distinguish non-isomorphic graphs, based on the
spectrum of the positive support of U3. Godsil and Guo [29] then studied
the relation between the spectra of positive supports of U , U2 and U3 in
greater detail. Later in [30], Godsil, Guo and Myklebust found two non-
isomorphic strongly regular graphs whose positive supports of U3 have the
same spectrum.

3.2 Perfect State Transfer
Quantum walks were shown to be universal for quantum computation [15,
51, 63]. An important ingredient, in implementing the universal quantum
gates using quantum walks, is perfect state transfer. Loosely speaking, a
graph admits perfect state transfer from vertex u to vertex v if for some
real number t, measuring the system at step t yields vertex v with certainty,
given that the system “concentrated” on vertex u at the beginning. For
discrete quantum walks, this is equivalent to requiring the initial state to
be a superposition over the outgoing arcs of u, and the final state to be
a superposition over the outgoing arcs of v. Sometimes there are more
restrictions on the initial and final states; we will give a formal definition
later.

In the following four sections, we derive necessary and sufficient condi-
tions for perfect state transfer to occur, and provide an infinite family of
circulant graphs that admit antipodal perfect state transfer.

Let X be a d-regular graph on n vertices. An arc-reversal quantum walk
takes place in Cn ⊗ Cd. Suppose we start with a state that “concentrates
on" u. In theory, this could be eu ⊗ x for any unit vector x. However, it is
more practical to prepare a uniform superposition over the outgoing arcs of
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u:
1√
d
eu ⊗ 1.

Formally, if there is a unit vector x ∈ Cd such that

Uk

(
1√
d
eu ⊗ 1

)
= ev ⊗ x,

then we say X admits perfect state transfer from u to v if u 6= v, and
X is periodic at u if u = v. While this definition does not impose further
condition on the final state, in the arc-reversal walk, the only possible choice
of x is

1√
d
1,

as we show now.

3.2.1 Lemma. Let X be a regular graph. Let U be the transition matrix
of the arc-reversal Grover walk on X. If X admits perfect state transfer
from u to v at time k, then

Uk

(
1√
d
eu ⊗ 1

)
= 1√

d
ev ⊗ 1.

Proof. Suppose

Uk

(
1√
d
eu ⊗ 1

)
= ev ⊗ x.

Since U has real entries, all entries in x are also real. Moreover, as 1⊗ 1 is
an eigenvector for U with eigenvalue 1,〈

1⊗ 1, 1√
d
eu ⊗ 1

〉
=
〈
1⊗ 1, Uk

(
1√
d
eu ⊗ 1

)〉
= 〈1⊗ 1, ev ⊗ x〉.

If X is d-regular, then it follows that

〈1, x〉 =
√
d.

On the other hand, by Cauchy-Schwarz,

|〈1, x〉| ≤ ‖1‖‖x‖ =
√
d,

with equality held if and only if x is a scalar multiple of 1. Therefore x
must be equal to 1.
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Figure 3.2: Initial state
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Figure 3.3: Final state

3.3 Characterization of Perfect State
Transfer

From previous discussion, we notice that if perfect state transfer occurs,
then both the initial state and the final state lie in col(DT

t ). Thus, an
equivalent definition for perfect state transfer from u to v at time k is

UkDT
t eu = DT

t ev.

Our characterization of perfect state transfer relies heavily on this observa-
tion.

3.3.1 Lemma. Let X be a d-regular graph. Let U be the transition matrix
of the arc-reversal Grover walk on X. Let λ = d cos(θ) be an eigenvalue of
X that is neither d nor −d. Let Eλ be the projection onto the λ-eigenspace
of X, and let F± be the projection onto the e±iθ-eigenspace of U . Then

DtF±D
T
t = d

2Eλ.

Proof. By Lemma 3.1.3,

2d sin2(θ)DtF±D
T
t = Dt(Dt − e±iθDh)TEλ(Dt − e∓iθDh)

= (dI − e±iθA)Eλ(dI − e∓iθA)
= d2|1− eiθ cos(θ)|2Eλ
= d2 sin2(θ)Eλ.
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3.3.2 Theorem. Let X be a d-regular graph, with spectral decomposition

A =
∑
λ

λEλ.

Then the arc-reversal Grover walk on X admits perfect state transfer from
u to v at time k if and only if all of the following hold.

(i) For each λ, we have Eλeu = ±Eλev.

(ii) If Eλeu = Eλev 6= 0, then there is an even integer j such that

λ = d cos(jπ/k).

(iii) If Eλeu = −Eλev 6= 0, then there is an odd integer j such that

λ = d cos(jπ/k).

Proof. Let U be the transition matrix of the arc-reversal Grover walk on
X. Consider the spectral decomposition of U :

U =
∑
r

eiθrFr.

There is perfect state transfer from u to v at time k if and only if∑
r

eikθrFrD
T
t eu = DT

t ev,

or equivalently, for each r,

eikθrFrD
T
t eu = FrD

T
t ev. (3.3.1)

We prove that Equation (3.3.1) holds if and only if (i), (ii) and (iii) hold.
Depending on r, there are three cases.

Suppose eiθr = 1. Equation (3.3.1) says that

FrD
T
t eu = FrD

T
t ev.

By Lemma 3.1.4, this holds if and only if

1
nd
Jeu = DT

t Edeu = DT
t Edev = 1

nd
Jev 6= 0,
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if and only if
Edeu = Edev 6= 0.

Clearly d = d cos(0), which satisfies (ii).
Suppose eiθr = −1. By Lemma 3.1.5,

FrD
T
t = 1

d
DT
t E−dDtD

T
t = DT

t Ed.

Thus Equation (3.3.1) holds if and only if

(−1)kFrDT
t eu = FrD

T
t ev,

that is,
(−1)kDT

t E−deu = DT
t E−dev.

If X is not bipartite, then E−d = 0 and

FrD
T
t eu = FrD

T
t ev = 0.

Otherwise,
E−deu = E−dev 6= 0

if u and v are in the same color class, and

E−deu = −E−dev 6= 0

if they are in different color classes. Clearly

−d = d cos
(
kπ

k

)
,

which satisfies (i) and (ii).
Finally suppose eiθr 6= ±1. Equation (3.3.1) says that

eikθrFrD
T
t eu = FrD

T
t ev.

By Lemma 3.3.1,
DtFrD

T
t = d

2Eλ,
so
deikθr

2 (Eλ)uu = eikθr

〈
FrD

T
t eu, D

T
t eu

〉
=
〈
FrD

T
t ev, D

T
t eu

〉
= d

2(Eλ)uv ∈ R.

Therefore Equation (3.3.1) holds if and only if one of the following occurs:
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(a) Eλeu = Eλev = 0;

(b) Eλeu = Eλev 6= 0, and eikθr = 1;

(c) Eλeu = −Eλev 6= 0, and eikθr = −1.

The three conditions in Theorem 3.3.2 are symmetric in u and v. As
a consequence, perfect state transfer is symmetric in the initial and final
state, and it implies periodicity at both vertices.

3.3.3 Corollary. Let X be a regular graph. Consider the arc-reversal
Grover walk on X. If there is perfect state transfer from u to v at time k,
then there is perfect state transfer from v to u at time k, and X is periodic
at both u and v at time 2k.

3.4 Strongly Cospectral Vertices
Let X be a graph with spectral decomposition

A =
∑
λ

λEλ.

In [25], the second author of this book defined the eigenvalue support of a
vertex u to be the set

{λ : Eλeu 6= 0}.

Let φ(t) be the characteristic polynomial of X, and φu(t) the characteristic
polynomial of the vertex-deleted subgraph X\u. Then

((tI − A)−1)a,a =
∑
r

eTuErea
t− θr

and it follows that the eigenvalue support of u consists of roots of the
polynomial:

ψu(t) := φ(t)
gcd(φ(t), φu(t))

.

(The machinery in play here is discussed at greater length in Sections 8.12
and 8.13 of [33].) We see that Theorem 3.3.2 thus gives necessary and
sufficient conditions on ψu(t) for X to be periodic at u.
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3.4.1 Theorem. Suppose ψu(t) has degree `. Then vertex u is periodic at
time k if and only if the polynomial

z`ψu

(
d

2

(
z + 1

z

))

is a factor of zk − 1.

Proof. Setting u = v in Theorem 3.3.2, we see that u is periodic at time k
if and only if each eigenvalue λ in the eigenvalue support of u is of the form

λ = d

2(ejπi/k + e−jπi/k),

for some even integer j, or equivalently,

z`ψu

(
d

2

(
z + 1

z

))

divides zk − 1.
One open problem is to characterize graphs with periodic vertices. Al-

though the condition in Theorem 3.4.1 is local on the eigenvalue support
of a vertex, it is satisfied when the entire graph is periodic, that is, when
all eigenvalues of the graph are d times the real parts of some k-th roots of
unity. Hence, it is useful to study graphs for which

znφ

(
d

2

(
z + 1

z

))

is a factor of zk−1. In [70], Yoshie investigated periodic arc-reversal Grover
walks on distance regular graphs, and found all Hamming graphs and John-
son graphs that are periodic.

Two vertices u and v in X are cospectral if the the vertex-deleted sub-
graphs X\u and X\v have the same characteristic polynomial, that is,

φu(t) = φv(t).

We say two vertices u and v are strongly cospectral if

Eλeu = ±Eλev

for each eigenvalue λ of X. Strongly cospectrality has been thoroughly
studied by Godsil and Smith [34]; we cite a useful characterization below.
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3.4.2 Theorem. Let X be a graph with spectral decomposition

A =
∑
λ

λEλ.

Two vertices u and v in X are strongly cospectral if and only if both

(i) u and v are cospectral; and

(ii) for every eigenvalue λ of X, the vectors Eλeu and Eλev are parallel.

3.5 An Infinite Family
Conditions (ii) and (iii) in Theorem 3.3.2 lead us to consider regular graphs
whose eigenvalues are given by real parts of 2k-th roots of unity. A circulant
graphX = X(Zn, {g1, . . . , gd}) is a Cayley graph over Zn with inverse-closed
connection set

{g1, . . . , gd} ⊆ Zn.

If ψ is a character of Zn, then ψ is also an eigenvector for X with eigenvalue

ψ(g1) + · · ·+ ψ(gd).

Note that this is a sum of real parts of n-th roots of unity. We show that
circulant graphs whose connection sets satisfy a simple condition admit
perfect state transfer. The following can be found in Zhan [71].

3.5.1 Theorem. Let ` be an odd integer. For any distinct integers a and
b such that a + b = `, the arc-reversal Grover walk on the circulant graph
X(Z2`, {a, b,−a,−b}) admits perfect state transfer at time 2` from vertex
0 to vertex `.

Proof. The eigenvalues of X are

λj = eajπ/` + e−ajπ/` + ebjπ/` + e−bjπ/`

= 2 cos
(
ajπ

`

)
+ 2 cos

(
bjπ

`

)
,

for j = 0, 1, · · · , 2n− 1. Since ` is odd and a+ b = `, when j is odd,

λj = 0,
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and when j is even,
λj = 4 cos

(2ajπ
2`

)
.

It suffices to check the parity condition in Theorem 3.3.2 for each eigenvector
of X. Since a+ b = `, vertex u and u+ ` have the same neighbors, so

A(eu − eu+`) = 0.

We see from the multiplicity of 0 that for u = 0, 1, · · · , ` − 1, the vectors
eu − eu+` form an orthogonal basis for ker(A). Thus yu = −yv if y is an
eigenvector forX with eigenvalue 0, and yu = yv if y is any other eigenvector
for X.

The following picture shows two examples with perfect state transfer.
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7 8

9

Figure 3.4: X(Z10, {1, 4, 6, 9})
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7 8
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Figure 3.5: X(Z10, {2, 3, 7, 8})

3.6 Other Coins
The previous sections were devoted to arc-reversal Grover walks. In the
literature, other coins have been studied as well, such as the Fourier coin:

F := 1√
d

(e2jkπi/d)jk.

Note that F 4 = I, so the techniques in Section ?? do not apply. However, for
graphs with special structures, one can still study the arc-reversal Fourier
walk analytically. In [47], Krovi and Brun computed the hitting time of an
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arc-reversal walk on the hypercube Qd, and showed that for some initial
state, the hitting time relative to

U = R(I ⊗ F )

could be infinite. This is in sharp contrast to the polynomial hitting time
relative to

U = R(I ⊗G),
as proved by Kempe [44]. Below we give another example showing how
coins may affect the behavior of a quantum walk.

3.6.1 Theorem. Let X = Km,n. For each vertex u, let fu be a linear order
on its neighbors. Suppose fu = fv whenever u and v are in the same color
class. Let Cn be an m ×m unitary coin of order k, and attach it to each
vertex of degree n. Let Cm an n× n unitary coin of order `, and attach it
to each vertex of degree m. If U is the transition matrix of the arc-reversal
walk on X with coins Cm and Cn, then

U2lcm(k,`) = I.

Proof. Up to permuting the row and the columns, the transition matrix
can be written as

U = R



Cn
. . .

Cn
Cm

. . .
Cm


,

where

R = E12 ⊗

 m∑
i=1

n∑
j=1

Eji ⊗ Eij

+ E21 ⊗

 m∑
i=1

n∑
j=1

Eij ⊗ Eji

 .
Thus,

U = R(E11 ⊗ Im ⊗ Cn + E22 ⊗ In ⊗ Cm)

= E12 ⊗

 m∑
i=1

n∑
j=1

Eji ⊗ EijCm

+ E21 ⊗

 m∑
i=1

n∑
j=1

Eij ⊗ EjiCn

 .
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Therefore,

U2 = E11 ⊗

 n∑
j=1

m∑
t=1

Ejt(Cm)jt

⊗ Cn + E22 ⊗
(

m∑
i=1

n∑
s=1

Eis(Cn)is
)
⊗ Cm

=
(
Cm ⊗ Cn 0

0 Cn ⊗ Cm

)
.

It follows that the order of U2 divides the order of Cm ⊗ Cn, that is,
lcm(k,m).

3.7 Szegedy’s Model
In the previous sections, we thoroughly studied the spectral decomposition
of an arc-reversal walk, in order to give exact analysis on properties such as
perfect state transfer. Effectively, the arc-reversal model is a special case
of Szegedy’s quantization of Markov chains [61], as we explain now.

Let X be a graph with n vertices. Let M be a Markov chain on X. The
quantized walk takes place on Cn⊗Cn: we will construct two reflections τt
and τh, both of size n2 ⊗ n2, and set

U = τtτh.

First, take the square root of every entry in M , and let N denote the
resulting matrix. Next, define two partitions of the ordered pairs:

Qh =
(
e1 ⊗ (Ne1) · · · en ⊗ (Nen)

)
,

Qt =
(
(NT e1)⊗ e1 · · · (NT en)⊗ en

)
.

Since M is doubly stochastic,

QT
t Qt = QT

hQh = I.

In other words, if we view X as a digraph with arcs E(X) × E(X), and
let πt and πh be the partitions of the arcs based on their tails and heads,
respectively, then Qt and Qh are weighted characteristic matrices of πt and
πh, with weights determined by the Markov chain. Thus,

τt = 2QtQ
T
t − I,

τh = 2QhQ
T
h − I
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are two reflections about col(Qt) and col(Qh), respectively. The quantum
walk determined by U = τtτh is called the direct quantization of M .

The arc-reversal model is closely related to the direct quantization of
the simple random walk. For instance, take the following Markov chain on
K3:

M =

1 2 3 1 0 1/2 1/2
2 1/2 0 1/2
3 1/2 1/2 0

.

Then we have

Qh =

1 2 3



11 0 0 0
12 1/

√
2 0 0

13 1/
√

2 0 0
21 0 1/

√
2 0

22 0 0 0
23 0 1/

√
2 0

31 0 0 1/
√

2
32 0 0 1/

√
2

33 0 0 0

, Qt =

1 2 3



11 0 0 0
12 0 1/

√
2 0

13 0 0 1/
√

2
21 1/

√
2 0 0

22 0 0 0
23 0 0 1/

√
2

31 1/
√

2 0 0
32 0 1/

√
2 0

33 0 0 0

.

Note that despite the presence of the loops at vertex 1, 2 and 3, the corre-
sponding rows in Qh and Qt are all zero, so

U = (2QtQ
T
t − I)(2QhQ

T
h − I)

acts as zero on the subspace spanned e(1,1), e(2,2) and e(3,3). Meanwhile, the
restriction of U to the orthogonal complement is precisely

(2
3DtD

T
t − I

)(2
3DhD

T
h − I

)
= R

(2
3DhD

T
h − I

)
R
(2

3DhD
T
h − I

)
,

where R is the arc-reversal matrix defined as before. Hence, one step of the
direct quantization of M is equivalent to two steps of the arc-reversal walk
on K3.
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3.8 Justifying Grover’s Algorithm, Again
We have seen an geometric proof of Grover’s algorithm. In this section, we
provide an algebraic proof, using the machinery in Chapter ??.

Recall the unitary operator in Grover’s algorithm:

U = RS,

where R is the reflection about col(1), and S is the reflection about col(ej).
Let

L = 1√
n
1, K = ej,

and
P = KK∗, Q = LL∗.

Then
U = (2P − I)(2Q− I).

From Chapter ??, we see that the spectral decomposition of U is largely
determined by

S = L∗K = 1
n
.

More specifically, there is only one real eigenvalue, that is, −1, with multi-
plicity n− 2 and eigenspace

ker(P ) ∩ ker(Q) = e⊥j ∩ 1⊥.

There are two conjugate complex eigenvalues e±iθ with

cos(θ) = 2
d
− 1,

and their eigenspaces are given by

col
(

2√
d
1− (e±iθ + 1)ej

)
.

Since the (−1)-eigenspace is orthogonal to the initial state, by the spectral
decomposition,

UN1 = α1 + βej,
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where α is a multiple of

eiNθ + e−iNθ = 2 cos(Nθ).

If d is large, then cos(θ) ≈ −1, and so

cos(θ) ≈ 1
2(π − θ)2 − 1.

Thus, when

N =
⌊
π
√
n

4

⌋
,

we have
cos(Nθ) = ± cos(N(π − θ)) ≈ 0.

Notes
The techniques we use are very similar to those employed in continuous
quantum walks. For an introduction to this topic, see Section 4.6. A thor-
ough treatment of continuous-time perfect state transfer can be found in
Coutinho’s Ph.D. thesis [17].

While there have been numerous results on perfect state transfer in con-
tinuous quantum walks [5, 6, 7, 14, 18, 19, 20, 41, 42, 46], less is known on the
discrete side, as the extra coins make it harder to analyze the transition op-
erator. Most of the examples in discrete quantum walks were sporadic, and
there was no infinite family of k-regular graphs with perfect state transfer,
for any k ≥ 3. Kurzynski and Wojcik [48] showed that perfect state transfer
on cycles can be achieved in discrete quantum walks. In their paper, they
also discussed how to convert the position dependence of couplings into the
position dependence of coins. Barr, Proctor, Allen, and Kendon[9] investi-
gated discrete quantum walks on variants of cycles, and found some families
that admit perfect state transfer with appropriately chosen coins and initial
states. In [69], Yalcnkaya and Gedik proposed a scheme to achieve perfect
state transfer on paths and cycles using a recovery operator. With various
setting of coin flippings, Xiang Zhan et al [72] also showed that an arbitrary
unknown two-qubit state can be perfectly transferred in one-dimensional or
two-dimensional lattices. Recently, Stefanak and Skoupy analyzed perfect
state transfer in perturbed quantum walks on stars [59] and complete bi-
partite graphs [60] between marked vertices: in Kn,n, perfect state transfer

46



3.8. Justifying Grover’s Algorithm, Again

occurs between any two marked vertices, while in Km,n with m 6= n, perfect
state transfer only occurs between two marked vertices on the same side.

The type of perfect state transfer we considered has a special form-the
initial state lives in col(DT

t ). Hence, the final state also lies in col(DT
t ),

and we are able to characterize such phenomenon using graph spectra. In
theory, for any unit vector x,

eu ⊗ x

could serve as the initial state that concentrates on u. We do not know
whether perfect state transfer can happen if x does not lie in col(C).

Thus, the second question is to understand what happens if we relax
the assumption on the initial state.

47





Chapter 4

Averaging

In the last chapter, our quantum walker discovered a simple rule to move
on a d-regular graph: at each step, she pushes her part on arc (u, v) towards
arc (v, w), with “relocation amplitude" 2/d − 1 if w and v are equal, and
2/d otherwise. After exploring for a while, she starts to modify the rule.
First, the arc that receives relocation amplitude 2/d − 1 does not have to
be the inverse of the previous one—she could pick the special arc in her
own way. Second, these amplitudes do not have to be real—she could toss
any complex coin as long as it stays unitary. Finally, the underlying graph
does not have to be regular or undirected—she could assign different coins
to different vertices based on their outdegrees. However, as time goes, she
notices some common phenomena of these quantum walks, due to the nature
of unitarity.

The aim of this chapter is to study the limiting behavior of a quantum
walk while assuming as little as possible. To allow this level of generality,
we suppose the underlying graph X is directed, and U is simply a unitary
matrix indexed by the arcs of X. We will consider the applications to
specific quantum walks in later chapters.

We start by describing the evolution of a quantum walk in the density
matrix formalism, as it cleans up the discussion on various forms of prob-
abilities. Following this, we show that while the instantaneous probability
distribution of a quantum walk does not converge, its Cesàro sum does ex-
ist, and can be expressed using the spectral idempotents of U . We then
explore how fast the time-averaged probability distribution converges to
this limit. In particular, four upper bounds on the mixing time are given,
with tightness determined by our knowledge of the quantum walk. For
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the limiting distribution itself, we study a matrix that encodes the limiting
probabilities over the arcs, called the average mixing matrix. We prove that
it is flat, that is, all entries are of constant modulus, if and only if U has
simple eigenvalues with flat eigenprojections; this is a useful characteriza-
tion as flat average mixing matrix guarantees uniform limiting distribution
over the vertices, regardless of the initial state. Finally, we extend some
results on the average mixing matrix in continuous quantum walks to dis-
crete quantum walks. The majority of this chapter comes from a paper [35]
by the authors of this book.

4.1 Positive semidefinite matrices
We review some of the theory of positive semidefinite matrices. A matrix
M is positive semidefinite if it is Hermitian and x∗MX ≥ 0 for all vectors
x. The identity matrix is positive semidefinite; more generally if P is a
projection, then

x∗Px = x∗P 2x = x∗P ∗Px = ‖Px‖2

and so it is positive semidefinite. We write M < N to denote that M −
N is positive semidefinite. A matrix is positive definite if it is positive
semidefinite and invertible.

4.1.1 Theorem. If M is a Hermitian matrix, the following are equivalent:

(a) M < 0.

(b) The eigenvalues of M are non-negative.

(c) M = C∗C for some matrix C.

We can strengthen (c): if M < 0, there is a positive semidefinite matrix
N such thatM = N2. It also follows from (c) that ifM < 0, then A∗MA <
0 and, from this, it follows that if N is a principal submatrix of M and
M < 0, then N < 0–in particular the diagonal entries of M are non-
negative.

The set of all d × d positive semidefinite matrices is a closed convex
cone. Thus if M,N < 0, then M + N < 0 and, more generally any convex
combination of positive semidefinite matrices is positive semidefinite. The
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positive semidefinite matrices with trace one form a compact convex set; its
extreme points are the positive semidefinite matrices with rank one. This
implies that any positive semidefinite matrix is a convex combination of
positive semidefinite matrices with rank one.

A matrixD is a density matrix ifD < 0 and tr(D) = 1. A density matrix
with rank one is called a pure state; and arbitrary density matrix can be
expressed as a convex combination of pure states, but this expression is far
from being unique. We note that both states and measurements involve
positive semidefinite matrices.

We define an inner product on the space of d× d matrices by

〈A,B〉 := tr(A∗B)

A matrixM is positive semidefinite if and only 〈M,N〉 ≥ 0 for each positive
semidefinite matrix N . (The convex cone of positive semidefinite matrices
is self dual.) We note that

〈zz∗,M〉 = z∗Mz.

If M,N < 0, then 〈M,N〉 = 0 if and only if MN = 0. Hence z∗Mz = 0
if and only if Mz = 0.

If M,N < 0, then M ⊗N < 0.

4.2 Density Matrices
Let X be a digraph with m arcs. A discrete quantum walk on X is de-
termined by some unitary transition matrix U acting on Cm. Given initial
state x0, at step k, the system is in state

xk := Ukx0.

If we perform a measurement in the standard basis, then the quantum
walker is found on arc a with probability

Px0,a(k) := |〈ea, Ukx0〉|2.

We may express the right hand side using the trace inner product, that is,

|〈ea, Ukx0〉|2 = eTa (Uk)∗x0x
∗
0U

kea = 〈(Uk)∗x0x
∗
0U

k, eae
T
a 〉.
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Note that both (Uk)∗x0x
∗
0U

k and eae
T
a are positive semidefinite matrices

with trace one. This motivates us to describe quantum walks in a different
way, using density matrices.

A density matrix is a positive semidefinite matrix ρ with tr(ρ) = 1.
All m ×m density matrices form a convex set, with extreme points being
the rank one projections, that is, ρ = xx∗ for some unit vector x ∈ Cm.
Thus, there is a one-to-one correspondence between the extreme points and
the quantum states we have seen; these states are called pure states. The
remaining density matrices represent probabilistic ensembles of pure states,
also called mixed states. For example, if one is uncertain about the system
state in C2, but knows that it is e1 with probability 50%, and e2 with
probability 50%, then the density matrix is

1
2

(
1 0
0 1

)
= 1

2e1e
T
1 + 1

2e2e
T
2 .

However, we also have

1
2

(
1 0
0 1

)
= 1

2

( 1√
2

0 1√
2

)(
1√
2

1√
2

)
+ 1

2

( 1√
2

− 1√
2

)(
1√
2 −

1√
2

)
,

so a density matrix does not necessarily determine the probabilistic ensem-
ble of pure states. For more discussion on pure states and mixed states, see
[10, 43, 53].

Now let’s revisit the quantum walk on X. Suppose we start with a pure
state, say ρ0 = x0x

∗
0. At step k, the system is in state

ρk := Ukρ0(Uk)∗.

If we perform a measurement in the standard basis, then the system col-
lapses to state eaeTa with probability

Pρ0,a(k) = 〈ρk, eaeTa 〉,

that is, the inner product of the pre-measurement state and post-measurement
state.

As a special case, when ρ0 = ebe
T
b for some arc eb, the probability Pρ0,a(k)

is simply the ab-entry of the following Schur product:

Uk ◦ Uk;
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we will refer to this matrix as the mixing matrix at step k.
What about the probability that the walker is on a vertex u? This

is defined to be the sum of Pρ0,a(k) over all outgoing arcs a of u. More
generally, for any subset S of the arcs of X, the probability that the walker
is on S at time k is

Pρ0,S(k) :=
∑
a∈S

Pρ0,a(k).

If ρS is the uniform mixed state over S, that is,

ρS := 1
|S|

∑
a∈S

eae
T
a ,

then
Px0,S(k) = |S|〈ρk, ρS〉. (4.2.1)

This will be the main formula we use when dealing with the limiting distri-
bution.

4.3 Average States and Average
Probabilities

A well-known fact about classical random walks is that the probability dis-
tribution converges to a stationary distribution, under only mild conditions.
Thus it is natural to ask whether the state or the probability distribution
converges in a quantum walk. Unfortunately, since U preserves the dif-
ference between states at two consecutive steps, neither ρk nor Pρ0,S(k)
converges, unless ρ1 = ρ0. (For a detailed explanation, see Aharonov et al
[1].)

Nonetheless, the Cesàro sums of both {ρk} and {Pρ0,S(k)} exist. The
first Cesàro sum,

lim
K→∞

1
K

K−1∑
k=0

ρk,

is called the average state; it was proposed by von Neumann as a first step
towards thermalization [66]. We will give a formula for the average state
using the spectral idempotents of U , and apply it to find the second Cesàro
sum, the average probability:

lim
K→∞

1
K

K−1∑
k=0

Pρ0,S(k).
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4.3.1 Lemma. Let U be a unitary matrix with spectral decomposition

U =
∑
r

eiθrFr.

We have
1
K

(Uk)ρ0(Uk)∗ =
∑
r

Frρ0Fr + 1
K

∑
r 6=s

(
1− eiK(θr−θs)

1− ei(θr−θs)

)
Frρ0Fs.

Proof. By the spectral decomposition of Uk,

(Uk)ρ0(Uk)∗ =
∑
r,s

eik(θr−θs)Frρ0Fs

=
∑
r

Frρ0Fr +
∑
r 6=s

eik(θr−θs)Frρ0Fs.

Hence
1
K

K−1∑
k=0

Ukρ0(Uk)∗ =
∑
r

Frρ0Fr + 1
K

∑
r 6=s

(
K−1∑
k=0

eik(θr−θs)
)
Frρ0Fs

=
∑
r

Frρ0Fr + 1
K

∑
r 6=s

(
1− eiK(θr−θs)

1− ei(θr−θs)

)
Frρ0Fs.

4.3.2 Theorem. Let U be a unitary matrix with spectral decomposition

U =
∑
r

eiθrFr.

Given initial state ρ0, the average state of the quantum walk with U as the
transition matrix is

lim
K→∞

1
K

K−1∑
k=0

ρk =
∑
r

Frρ0Fr.

Proof. By Lemma 4.3.1, it suffices to prove that each entry in the residual

1
K

K−1∑
k=0

Ukρ0(Uk)∗ −
∑
r

Frρ0Fr

is bounded by some constant independent of K. Indeed, for any K and any
r 6= s,

|1− e
iK(θr−θs)

1− ei(θr−θs) | ≤
2

|1− ei(θr−θs)|
,

which only depends on r and s.
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The map
ρ0 7→

∑
r

Frρ0Fr

is known as the conditional expectation onto the commutant of U . We give
another interpretation of this map from a channel viewpoint. (For back-
gound on quantum channels, see [10, 43, 53].) Since the eigenprojections
satisfy ∑

r

F ∗r Fr = I,

the mapping on density matrices given by

ρ0 7→
∑
r

Frρ0F
∗
r

is a quantum channel. Therefore, the time-averaged state is effectively the
image of the initial state passing through this channel.

The formula for the average probability now follows from Equation
(4.2.1).

4.3.3 Theorem. Let X be a digraph. Let U be a transition matrix of a
quantum walk on X, with spectral decomposition

U =
∑
r

eiθrFr.

Given initial state ρ0 and a subset S of arcs, the average probability of the
quantum walker being on S is

lim
K→∞

1
K

K−1∑
k=0

Pρ0,S(k) = |S|
∑
r

〈Frρ0Fr, ρS〉.

Two questions about the average probability are of our interest: how
fast does the partial sum

1
K

K−1∑
k=0

Pρ0,S(k)

converge, and when is the average probability distribution uniform? We
will investigate these in the next two sections, respectively.
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4.4 Mixing Times
Given ε > 0, the mixing time Mρ0,S(ε) with respect to initial state ρ0 and
target arcs S is the smallest L such that for all K > L,

| 1
K

K−1∑
k=0

Pρ0,S(k)− |S|
∑
r

〈Frρ0Fr, ρS〉| ≤ ε.

There are several variants of this definition. For instance, we may consider
the mixing time conditioned on the initial state being any standard basis
vector:

MS(ε) := sup{Mρ0,S(ε) : ρ0 = eae
T
a for some arc a},

For a more global purpose, we could look at the smallest L such that for
all K > L, the average probability distribution over vertices is ε-close to
the limiting distribution over vertices. In [1], Aharonov et al studied the
mixing time of the last type, and obtained an upper bound for a general
graph. They further showed that the mixing time of a quantum walk on an
n-cycle with the Hadamard coin is bounded above by O(n log n), giving a
quadratic speedup over the classical random walk. We now extend some of
their results on mixing times of the form Mρ0,S(ε).

4.4.1 Theorem. Let X be a digraph. Let U be a transition matrix of a
quantum walk on X, with spectral decomposition

U =
∑
r

eiθrFr.

Given initial state ρ0 and a subset S of arcs, the mixing time Mρ0,S(ε)
satisfies

Mρ0,S(ε) ≤ 2|S|
ε

∑
r 6=s

|〈Frρ0Fs, ρS〉|
|eiθr − eiθs|

(4.4.1)

≤ 2
ε

∑
r 6=s

∑
a∈S

√
(Fr)aa(Fs)aa
|eiθr − eiθs|

(4.4.2)

≤ 2|S|
ε

∑
r 6=s

1
|eiθr − eiθs|

(4.4.3)

≤ 2`|S|
ε∆ , (4.4.4)
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4.4. Mixing Times

where ` is the number of pairs of distinct eigenvalues, and

∆ := min{|eiθr − eiθs| : r 6= s}.

Proof. From Lemma 4.3.1 we see that

| 1
K
Pρ0,S(k)− |S|

∑
r

〈Frρ0Fr, ρS〉| =
|S|
K
|
∑
r 6=s

1− eiK(θr−θs)

1− ei(θr−θs) 〈Frρ0Fs, ρS〉|

≤ |S|
K

∑
r 6=s
|1− e

iK(θr−θs)

1− ei(θr−θs) ||〈Frρ0Fs, ρS〉|

≤ 2|S|
K

∑
r 6=s

|〈Frρ0Fs, ρS〉|
|eiθr − eiθs|

(4.4.5)

= 2|S|
K

∑
r 6=s

|〈ρ0, FrρSFr〉|
|eiθr − eiθs|

≤ 2|S|
K

∑
r 6=s

‖FrρSFs‖
|eiθr − eiθs|

≤ 2
K

∑
r 6=s

∑
a∈S

√
(Fr)aa(Fs)aa
|eiθr − eiθs|

(4.4.6)

≤ 2|S|
K

∑
r 6=s

1
|eiθr − eiθs|

(4.4.7)

≤ 2`|S|
K∆ . (4.4.8)

Thus, for all K such that

K >
2|S|
ε

∑
r 6=s

|〈Frρ0Fs, ρS〉|
|eiθr − eiθs |

,

the right hand side of Inequality (4.4.5) is no more than ε. Similarly, the
other three bounds follow from Inequalities (4.4.6), (4.4.7) and (4.4.8).

The last bound in Theorem 4.4.1 is equivalent to Lemma 4.3 in Aharonov
et al [1]. The other three bounds are stronger, but require more knowledge
of the quantum walk besides the eigenvalues of U .

Below we present some data on the four upper bounds for two models
on the circulant graph X = X(Zn, {1,−1, 2,−2}). Choose an initial state
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4. Averaging

that concentrate on vertex 0, that is,

ρ0 = 1
4E00 ⊗ J.

Let Sv denote the set of outgoing arcs of vertex v. For each upper bound
βρ0,S in (4.4.1) , 4.4.2), (4.4.3), and (4.4.4), we compute

ε

2
∑
v∈Zn

βρ0,Sv ,

and store them in Table 4.1.
The models we consider are the arc-reversal Grover walk, which we in-

troduced in Chapter ??, and the shunt-decomposition Grover walk, which
we will introduce in Chapter 6. Let Uar be the transition matrix of the
arc-reversal Grover walk on X, and Usd the transition matrix of the shunt-
decomposition Grover walk on X. One can verify that if the spectral de-
composition of Uar is

Uar =
∑
r

αrFr,

then the spectral decomposition of Usd is

Usd =
∑
r

−αrF ′r,

where for any r, the eigenprojections Fr and F ′r have the same diagonal.
Thus, the upper bounds 4.4.2), (4.4.3) and (4.4.4) are identical for both
models. However, the last two columns in Table 4.1 indicates a difference
between these two models—the shunt-decomposition Grover walk may have
a lower mixing time than the arc-reversal Grover walk.

4.5 Average Mixing Matrix
Let X be a digraph. Let U be a transition matrix of a quantum walk on
X, with spectral decomposition

U =
∑
r

eiθrFr.

In this section, we pay special attention to the average probability of the
quantum walk from one arc a to another arc b, that is,∑

r

〈FreaeTaFr, ebeTb 〉.

58



4.5. Average Mixing Matrix

n (4.4.4) ar/sd (4.4.3) ar/sd (4.4.2) ar/sd (4.4.1) ar (4.4.1) sd
6 1390.93 598.05 85.19 1.69 0.91
7 4620.05 1516.4 148.57 2.61 1.91
8 17771.88 3408.35 240.94 4.29 2.36
9 24838.95 3991.5 287.33 4.82 1.73
10 14285.23 3687.22 269.22 4.49 2.12
11 95452.33 9092.93 508.32 6.7 2.97
12 23505.04 4678.44 348.8 4.25 2.45
13 79048.14 13277.27 640.52 8.06 3.09
14 148284.47 19895.81 803.94 10.1 3.97
15 225507.28 16355.5 764.76 9.33 2.46
16 371901.16 34910.54 1211.24 13.57 4.96
17 2591443.27 65759.41 2127.89 24.26 5.54
18 330012.11 36141.49 1284.51 13.45 4.39
19 4854951.51 94822.86 2743.75 33.37 6.24
20 518641.81 51235.99 1562.68 15.33 5.37
21 848915.39 70921.92 1994.95 17.94 5.04
22 4443833.25 129338.06 3143.36 28.53 7.97
23 1651611.78 101994.04 2577.25 21.63 6.41
24 887647.03 76568.55 2185.39 18.05 6.69
25 1715366.87 103250.55 2603.42 20.88 5.9

Table 4.1: Upper bounds for the mixing time on X(Zn, {1, 2,−1,−2})

Note that this is precisely the ab-entry of∑r Fr◦Fr. Following the approach
for continuous quantum walks in [26], we let

M̂ :=
∑
r

Fr ◦ Fr,

and call M̂ the average mixing matrix. Theorem 4.3.3 implies that

M̂ = lim
K→∞

1
K

K−1∑
k=0

Uk ◦ Uk.

In [26], several properties of the average mixing for a continuous quantum
walk are derived. Here we extend some of these results to discrete quantum
walks.
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4. Averaging

The first observation is that M̂ is doubly-stochastic. Moreover, since
each Fr is Hermitian, M̂ is symmetric although Uk ◦Uk is not. Thus we can
view either the a-th row or the a-th column of M̂ as the average probability
distribution given initial state eaeTa .

For a continuous quantum walk, the average mixing matrix is proved to
be positive semidefinite with eigenvalues no greater than one [26]. We show
that the same statement holds for the discrete average mixing matrix.

4.5.1 Lemma. The average mixing matrix M̂ of a quantum walk is positive
semidefinite, and its eigenvalues lie in [0, 1].

Proof. Since Fr is positive semidefinite, its complex conjugate Fr is positive
semidefinite as well. Hence Fr ⊗ Fr is positive semidefinite. As a principal
submatrix of Fr ⊗ Fr, the Schur product Fr ◦ Fs must also be positive
semidefinite. Therefore, the eigenvalues of M̂ are non-negative. It follows
from

I = I ◦ I =
(∑

r

Fr

)
◦
(∑

s

Fs

)
= M̂ +

∑
r 6=s

Fr ◦ Fs

and the positive-semidefiniteness of Fr ◦Fs that the eigenvalues of M̂ are at
most 1. On the other hand, since M̂ is doubly stochastic, 1 is an eigenvector
for M̂ with eigenvalue 1.

To measure the flatness of M̂ea, we define its entropy to be the negative
expectation of the logarithm of its entries, that is,

−
∑
b

M̂ab log(M̂ab).

This quantity reaches maximum if and only if the probability distribution
M̂ea is uniform. Likewise, the total entropy of M̂ is

−
∑
a,b

M̂ab log(M̂ab);

it is maximized when the entire average mixing matrix is flat. In [8], Bai,
Rossi, Cui, and Hancock proposed a graph signature based on the total en-
tropy of continuous quantum walks. According to their experimental results,
this entropic measure provides significant information on the properties of
graphs.

A quantum walk with flat M̂ is said to admit uniform average mixing .
According to the definition of M̂ , uniform average mixing means that, in
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4.5. Average Mixing Matrix

the limit, the walker has equal chance of being on any arc, no matter which
arc she started with. In fact, as we will see later, something stronger is true
when M̂ is flat—the average probability distribution is uniform over all the
arcs, regardless of the initial state.

While M̂ contains complete information on the average probabilities
from arcs to arcs, one may be interested in average probabilities on the
vertices as well. We say a quantum walk admits uniform average vertex
mixing if the walker has equal chance of being on any vertex in the limit,
regardless of the initial state.

Our next goal is to establish necessary and sufficient conditions for uni-
form average mixing to occur.

4.5.2 Lemma. Let U be an m×m unitary matrix with spectral decompo-
sition

U =
∑
r

eiθrFr.

If `r is the multiplicity of the r-th eigenvalue of U , then

tr(M̂) ≥ 1
m

∑
r

`2
r.

Further, equality holds if and only if each idempotent Fr has constant di-
agonal.

Proof. Since Fr is positive semidefinite, its diagonal entries are non-negative
and

tr(Fr) = `r.

By Cauchy-Schwarz,

tr(Fr ◦ Fr) ≥
1
m

tr(Fr)2 = 1
m
`2
r.

Hence
tr(M̂) ≥ 1

m

∑
r

`2
r.

Equality holds if and only if each Fr has constant diagonal `r/m.

4.5.3 Corollary. Let U be a unitary matrix, and M̂ the associated average
mixing matrix. Then tr(M̂) ≥ 1, with equality holding if and only if U has
simple eigenvalues with flat eigenprojections.
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Proof. Note that ∑
r

`r = m.

By Lemma 4.5.2 and Cauchy-Schwarz,

tr(M̂) ≥ 1
m

∑
r

`2
r ≥ 1.

Equality holds if and only if for all r, the idempotent Fr is a rank-one
projection with constant diagonal, that is, each eigenvalue is simple with
flat eigenprojections.

With all tools established, we are ready to characterize uniform average
mixing in discrete quantum walks.

4.5.4 Theorem. Let U be a transition matrix of a quantum walk, and
M̂ the associated average mixing matrix. The following statements are
equivalent.

(i) The quantum walk admits uniform average mixing.

(ii) tr(M̂) = 1.

(iii) U has simple eigenvalues with flat eigenprojections.

Proof. If uniform average mixing occurs, then all entries of M̂ are equal
to 1/m, so tr(M̂) = 1. Hence (i) implies (ii). It follows from Corollary
4.5.3 that (ii) implies (iii). Now suppose (iii) holds. Then the spectral
decomposition of U is

U =
m∑
r=1

eiθrFr,

where for each r, all entries in Fr have the same absolute value. Hence

M̂ab =
m∑
r=1

(Fr ◦ Fr)ab =
m∑
r=1
|(Fr)ab|2,

which does not depend on a and b. Therefore (iii) implies (i).
What about average probabilities on vertices, or subsets of arcs? The

following result shows that if M̂ is flat, then the average probability that
the walker is on some subset S of arcs depends only on the size |S|. In
particular, uniform average mixing implies uniform average vertex mixing.
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4.5.5 Theorem. Let X be a digraph. If a quantum walk on X admits
uniform average mixing, then for any initial state ρ0 and any arc set S,

lim
K→∞

1
K

K−1∑
k=0

Pρ0,S(k) = |S|
nd
.

Proof. Suppose uniform average mixing occurs. By Theorem 4.5.4, we can
write the spectral decomposition of U as

U =
m∑
r=1

eiθrFr,

where each Fr is a rank-one flat matrix. By Theorem 4.3.3,

lim
K→∞

1
K

K−1∑
k=0

Pρ0,S(k) = |S|
m∑
r=1
〈Frρ0Fr, ρS〉

= |S|
m∑
r=1
〈ρ0, FrρSFr〉

= |S|
nd

m∑
r=1
〈ρ0, Fr〉

= |S|
nd
〈ρ0, I〉

= |S|
nd

The converse of Theorem 4.5.5 is not true. In fact, neither simple eigen-
values nor flat eigenvectors are necessary for uniform average vertex mixing.
Later in Chapter 6, we will construct an infinite family of quantum walks
that admit uniform average vertex mixing, where the transition matrices do
not have simple eigenvalues; these are quantum walks on circulant digraphs.

To end this section, we prove some algebraic properties of M̂ . They rely
on the well-known fact that a commutative semisimple matrix algebra with
identity has a basis of orthogonal idempotents. In continuous quantum
walks, similar results turn out to be quite useful in determining uniform
mixing; see for example [32]. We hope the analogy in discrete quantum
walks will be of use too.

4.5.6 Theorem. Let U be the transition matrix of a quantum walk, and
M̂ the associated average mixing matrix. If the entries of U are algebraic
over Q, then the entries of M̂ are algebraic over Q.
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Proof. Suppose U has algebraic entries. Then its eigenvalues are all alge-
braic. Let F be the smallest field containing the eigenvalues of U . Let B be
the matrix algebra generated by U over F. To show that B is semisimple,
pick N ∈ B with N2 = 0. Since U is unitary, the algebra B is closed under
conjugate transpose and contains the identity. It follows from (N∗)2 = 0
that

0 = tr((N∗)2N2)
= tr(N∗NN∗N)
= tr((N∗N)∗(N∗N)).

Thus N∗N = 0. Applying the trace again to N∗N , we see that N = 0.
Therefore, the spectral idempotents Fr of U are polynomials in U with
algebraic coefficients. Hence the entries in

M̂ =
∑
r

Fr ◦ Fr

are algebraic over Q.
In continuous quantum walks, the entries of the average mixing matrix

are all rational [26]. We show that the discrete average mixing matrix enjoys
the same property, given that all entries of U are rational.

4.5.7 Theorem. Let U be the transition matrix of a quantum walk, and
M̂ the associated average mixing matrix. If the entries of U are rational,
then the entries of M̂ are rational.

Proof. Let the spectral decomposition of U be

U =
∑
r

αrFr.

Let F be the smallest field containing the eigenvalues of U . Let σ be an
automorphism of F. Since U is rational, we have

U = Uσ =
∑
r

ασrF
σ
r .

Moreover, since ασr is also an eigenvalue of U , the set of idempotents {Fr}
is closed under field automorphisms. Thus

M̂ =
∑
r

Fr ◦ F T
r

is fixed by all automorphisms of F and must be rational.
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4.6 Continuous Quantum Walks
Along side the discrete quantum walks we are studying, there is a second
important class of quantum walks: continuous quantum walks. These are
again based on graphs: if A = A(X) then the transition matrix U(t) for
the continuous walk on X is given by

U(t) := exp(itA), t ∈ R.

Note that U(t) is both symmetric and unitary. We define the mixing matrix
M(t) by

M(t) := U(t) ◦ U(t) = U(t) ◦ U(−t).
If U(t) describes the evolution of a quantum system with state space CV (X),
then (M(t))i,j is the probability that the outcome of a measurement in the
standard basis is j, given that the initial state was i. There are two cases
of particular interwest to us:

(a) Some row of M(t) is a standard basis vector.

(b) A row ofM(t) is constant (necessarily with all entries equal to 1/|V (X)|).

In case (a) we haveM(t)a,b for some pair of vertices a and b. If a = b we say
that the walk is periodic at a; if a 6= b, then we have perfect state transfer
from a to b. In case (b) we say that we have local uniform mixing at the
vertex a.

The simplest non-trivial example, K2, reveals most of the properties of
interest. In this case

A =
(

0 1
1 0

)
and A2m = I and A2m+1 = A. It follows that

U(t) =
(

cos(t) i sin(t)
i sin(t) cos(t)

)

and
M(t) =

(
cos2(t) sin2(t)
sin2(t) cos2(t)

)
.

We see that K2 is periodic at each of its vertices at time π and, at time π/2
we have perfect state transfer from vertex 1 to vertex 2, and vice versa. At
time π/4 we have local uniform mixing from either vertex.
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Although there are many similarities between continuous and discrete
quantum walks, there are also significant differences. First there is a sym-
metry property: if, in a continuous walk, there is perfect state transfer from
vertex a to vertex b at time t, then there will also be perfect state transfer
from b to a at time t. For suppose

Da = eae
T
a , Db = ebe

T
b .

We have perfect state transfer from a to b at time t if

Db = U(t)DaU(−t)

and, if this holds, then
Da = U(−t)DbU(t).

Noting that Da and Db are real and taking the complex conjugates of both
sides of this equation, we obtain

Da = U(t)DbU(−t).

This proves our claim; it also show that if we have perfect state transfer as
described, then

Da = U(2t)DaU(−2t)
whence X is periodic at a at time 2t (and similarly periodic at b). Compare
this with discrete walk with transition matrix U . If

UkDaU
−k = Db

then
Da = U−kDbU

k

but, since U = UT (and U is not necessarily symmetric) we find only that

Da = (UT )kDb(UT )−k = (UT )kUkDaU
−k(UT )−k.

At this point we are stuck.
If X � Y denotes the Cartesian product of graphs X and Y , then

A(X � Y ) = A(X)⊗ I + I ⊗ A(Y )

(which can serve as a definition of this product). It follows that

UX�Y = UX(t)⊗ UY (t).
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Using this we may show, for example, that the d-cube, the d-th Cartesian
power of K2, admits perfect state transfer between vertices at distance d at
time π/2, and uniform mixing at time π/4.

However the transition matrix for an arc-reversal walk on X�Y has no
useful expression in terms of the transition matrices of the factors.

Finally we discuss the average mixing matrix of a continuous quantum
walk, referring the reader to [26] for missing details. We define the average
mixing matrix M̂ for a continuous quantum walk with mixing matrix M(t)
by

M̂ = lim
T→∞

1
T

∫ T

0
M(t) dt.

Since

M(t) = U(t) ◦ U(−t)
=
∑
r,s

eit(θr−θs)Er ◦ Es

=
∑
r

E◦2r + 2
∑
r<s

cos((θr − θs)t)Er ◦ Es,

it is not hard to show that

M̂ =
∑
r

E◦2r .

The spectral idempotents Er are positive semidefinite and so, by a theorem
of Schur, the matrices E◦2r are positive semidefinite. It follows that M̂ is
positive semidefinite. As the matrices M(t) are doubly stochastic and as
M̂ is a weighted average of the matrices M(t), it follows that M̂ is doubly
stochastic.

Notes
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Chapter 5

Covers and Embeddings

We introduce some of the theory of graph covers and graph embeddings.

5.1 Covers of Graphs
We will work with simple directed graphs, with no loops, and with each
pair of vertices joined by at most one arc. If (u, v) and (v, u) are both arcs
in X, we say that {u, v} is an edge. Conversely each edge gives rise to a
pair of arcs. If X and Y are directed graphs a map ψ : V (X) → V (Y )
is a homomorphism if the image in Y of an arc of X is an arc in Y . We
write Y → X to denote that there is a homomorphism from Y to X. The
preimage ψ−1(u) in Y of a vertex u in X is the fibre of the cover at u. If
there are no loops on u (as will alwys be the case), then the vertices in a
fibre form a coclique in Y .

By wat of example, there is a homomorphism X → Km if and only of
X is m-colourable.

A homomorphism ψ is a local bijection if, for each vertex x inX, the map
from the out-neighbours of x to the out-neighbours of ψ(x) is a bijection.
We say that Y covers X if there is a surjective graph homomorphism ψ
from Y to X that is locallly bijective. We refer to the pair (Y, ψ) as a cover
of X. (There may be more than one covering map from Y to X.) Note
that if ψ is surjective on vertices and locally bijective, it is also surjective
on edges. When we say that two covers (Y1, ψ1) and (Y2, ψ2) are isomorphic,
we mean that there is a graph isomorphism from Y1 to Y2 that maps each
fibre of ψ1 (bijectively) to a fibre of ψ2.
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5.1.1 Lemma. Assume (Y, ψ) is a cover of X. If u and v are adjacent
vertices in X, then the subgraph of Y induced by

ψ−1(u) ∪ ψ−1(v)

is a matching that pairs each vertex in ψ−1(u) with a vertex in ψ−1(v).

Proof. Let x ∈ ψ−1(u). By the local bijection between neighbors of u
and neighbors of x, there is exactly one neighbor y of x such that ψ(y) =
v. Similarly, every vertex in ψ−1(v) is adjacent to exactly one vertex in
ψ−1(u).

5.1.2 Corollary. If X is connected and (Y, ψ) is a cover of X, all fibres of
the cover have same size. Each connected component of Y is a cover of X;
its covering map is the restriction of ψ to the component.

Proof. If X is connected, then for each pair of vertices u and v, there is a
path from u to v. By the above lemma, ψ−1(u) and ψ−1(v) have the same
size. Let Z be a connected component of Y . Note that for each vertex z of
Z, the map ψ restricted to Z is a local bijection between the neighbors of
z and the neighbors of ψ(z).

We define the covering group of a cover Y to be the set of automorphisms
of Y that map each fibre to itself.

5.1.3 Lemma. Let Y be a connected cover of X. An automorphism of Y
that maps each fibre to itself and fixes a vertex must be the identity.

Proof. Let γ be an automorphism of Y that maps each fibre to itself.
Suppose γ fixes the vertex u. Then γ permutes the neighbors of u. On the
other hand, in each fibre, there is at most one neighbor v of u, so h(v) = u.
Hence, h acts as the identity on the component of Y containing u. Since Y
is connected, h must the identity.

This lemma implies that the covering group acts fixed-point freely, whence
all its orbits have the same length and this length is the order of the cover-
ing group. Consequently the order of the covering group divides the index
of the cover. A cover is said to be regular if the order of its covering group
is equal to the index of the cover.

Any cover of index two is regular.
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0

1

23

Figure 5.1: K4

(0,0) (2,1)

(1,0)(3,1)

(1,1) (3,0)

(0,1)(2,0)

Figure 5.2: A double cover of K4

5.2 Constructing Covers
By virtue of Lemma 5.1.1, we may specify a cover of X by an arc function.
We define this to be a map ψ from the arcs of X in some group such that
if ab is an arc in X, we have

ψ(a, b)ψ(b, a) = 1.

Since a matching between two copies of {1, . . . , r} defines a permutation, we
see that each cover of index r of a graph X corresponds to an arc function
on X taking values in Sym(r).

This provides us with a simple way to construct all possible covers of a
graph, which we describe now.

Let X be a graph and let ψ be an arc function on X taking values in
the symmetric group Sym(r). Let Xψ denote the graph with vertex set

V (X)× {1, . . . , r},

where there is an edge from (u, i) to (v, j) if (u, v) is an arc of X and ψ(u, v)
maps i to j.

The reader might verify that the map that sends a vertex (u, i) in Xψ

to u is a locally bijective graph homomorphism, and therefore Xψ covers
X.

As an example, we can let ψ be the constant arc-function that sends
every arc to (1, 2) ∈ Sym(2). Then the double cover Kψ

4 is isomorphic to
the cube, as shown in Figure 5.2.

If f maps each arc of X to the identity, then Xf consists of r vertex-
disjoint copies of X.
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5.3 Equivalence of Arc Functions
If f is an arc function of X with index r and

w = (w0, . . . , wm)

is a walk on X, we define

f(w) = f(u0, u1) · · · f(um−1, um).

Hence we have extended f from a function on arcs (walks of length one) to
a function on walks.

Assume f is an arc function of index r on X and for each vertex u of
X, let σu be an element of Sym(r). Let g be the function on the arcs of X
whose value on the arc (v, w) is given by

g(v, w) = σwf(v, w)σv−1

Then g is an arc function in our usual sense. We call the function that
assigns the permutation σu to the vertex u a switching. The set of all
switchings form a group, isomorphic to the direct product of |V (X)| copies
of Sym(r). Two arc functions are switching equivalent if we can derive one
from the other by applying a sequence of switchings.

5.3.1 Lemma. If f and g are equivalent arc functions, they take the same
values on each closed walk.

5.3.2 Theorem. If f and g are switching equivalent arc functions on X,
then Xf and Xg are isomorphic as covers.

Proof. Since f and g are switching equivalent, for each u there is a switching
σu such that, for each arc (v, w),

g(v, w) = σwf(v, w)σ−1
v .

Define γ : V (Xf ) → V (Xg) by γ((u, i)) = (u, σu(i)). Then for each arc
(v, w) of Y and each i,

g(u, v)σv(i) = σwf(v, w)(i).

Hence f is a homomorphism that maps each fibre of Xf bijectively to each
fibre of Xg.
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Now assume X is connected and choose a vertex u of X and spanning
tree T . Let f be an arc function on X. If v ∈ V (X), there is a unique path
in T from u to v, let σv be the value of f on the associated walk and set σu
equal to 1. This defines a switching determined by the pair (T, u).

5.3.3 Lemma. Let X be connected and let u be a vertex and T be a
spanning tree in X. Let f be an arc function on X. Then the image of f
under the switching associated with (T, u) is an arc function that takes the
value 1 on each arc of T .

We say that the image of f under (T, u) switching is normalized relative
to T . We note that the normalization does not depend on the choice of root
u.

5.3.4 Lemma. If T is a tree, any connected cover of T is isomorphic to T .

5.4 Reduced Walks
We work with strongly connected directed graphs. Note that, viewed as a
directed graph, a graph is connected if and only if it is strongly connected.
A closed walk in D is reduced if it does not contain a subsequence of the
form xyx. If a closed walk does contain such a subsequence, we can shorten
the walk by replacing xyx with x. We call this an elementary reduction
and a reduction is a sequence of elementary reductions.

5.4.1 Lemma. If X is a directed graph, each walk has a unique reduction.

Proof. Let z be a walk in X and let x and y be walks each obtained from x
by an elementary reduction. Then it is an easy exercise to verify that there
is a walk w that can be obtain from both x and y by elementary reductions.

Now we proceed by induction on the length of z. Suppose z reduces to
the walks w1 and w2, and let x1 and y1 respectively be the walks produced
in the step of these two reductions. By the first paragraph x1 and y1 have
a common elementary reduction, which we denote by u and, by induction
u the unique reduced walk derived from x1 and from x2. It follows that u
is the unique reduced walk derived from z.

Say that two walks are elementarily equivalent if one can be obtained
from the other by an elementary reduction; this is an equivalence relation
on walks and we refer to its transitive closure as equivalence.
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5.4.2 Corollary. Each equivalence class of closed walks in a directed graph
X contains a unique reduced walk.

We define a directed graph on the reduced walks in X that start at
a given vertex v by defined a pair of reduced walks (x, y) to be an arc if
y = xa for some vertex a. Denote this graph by T (X, v). Note that if
reduced walks α and β are adjacent in T (X, v), then the lengthd of α and
β differ by 1, from which is follows that T (X, v) is bipartite

5.4.3 Lemma. If X is a directed graph and v ∈ V (X), then T (X, v) is
tree.

Proof. If α is a reduced walk of length k starting at v and k ≥ 1, there is a
unique reduced walk β of length k − 1 adjacent to α in T (X, v).

Let τ(w) denote the last vertex in the walk w. If

w0, . . . , wm

is a sequence of reduced walks starting at v such that (wi, wi + 1) is an arc
in T (X, v) for each i, then the sequence of vertices

τ(w0), . . . , τ(wm)

determines the sequence of walks, and the reduction of this sequence of
vertices is a reduced walk that is equal to wm.

We prove by contradiction that T (X, v) has no directed cycles of length
greater than two. Suppose

C = (α0, α1, . . . , α0)

is a cycle in T (X, v), and choose i so that the length ` of αi is maximal.
Then the walks αi−1 and αi+1 must have length `− 1, whence we find that
τ(αi−1) = τ(αi+1). Consequently αi−1 = αi+1, contradicting the fact that
C is a cycle.

We extend the definition of covers to directed graphs: a map f from
V (Y ) to V (X) is a homomorphism if the image of an arc is an arc. We
define a homomorphism from Y to X to be a local isomorphism if, for each
vertex y in Y , it is a bijection from the out-neighbours of y to the out
neighbpurs of f(y).

5.4.4 Lemma. The map that takes a reduced walk starting at v to its last
vertex is a covering map from T (X, v) to X.
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5.5 Products and Universal Covers
We will use the direct product of graphs to define a product of covers. We
recall that the direct product Y × Z has vertex set V (Y ) × V (Z), and
vertices (y1, z1) and (y2, z2) in Y ×Z are adjacent if and only if y1y2 is edge
in Y and z1z2 is an edge of Z. So

A(Y × Z) = A(Y )⊗ A(Z)

There are two coordinate projections, mapping (y, z) to y and z; We denote
them respectively by ρ1 and ρ2. The diagonal of the direct square X×X is
the subgraph induced by the vertices (x, x) for x in V (X); it is isomorphic
to X.

5.5.1 Lemma. The coordinate projections on the direct product are graph
homomorphisms.

Now suppose (Y, f) and (Z, g) are covers of X. Then the map from
Y × Z to X ×X that sends (y, z) in V (Y × Z) to (f(y), g(z)) in X ×X is
a graph homomorphism. We define the product of the two covers to be the
preimage in Y × Z of the diagonal of X ×X, that is, it is the subgraph of
Y × Z induced by the vertices in the set

P = {(y, z) : f(y) = g(z)}.

We see that ρ1(P ) = V (Y ) and ρ2(P ) = V (Z). We will call the subgraph
of Y × Z induced by P the product of the two covers.

5.5.2 Lemma. Assume (Y, f) and (Z, g) are covers of X and let P be the
preimage of the diagonal of X ×X under the map from Y × Z to X ×X.
Then the restrictions to P of the projections π1 and π2 are covering maps to
Y and Z, and the composition of these restrictions with f and g are equal,
and are covering maps of X.

We have seen that if X is connected and u ∈ V (X), the tree T (X, u) on
reduced walks in X starting at u covers X.

5.5.3 Theorem. Assume X is connected and u ∈ V (X). If (Y, f) covers
X, then T (X, u) covers Y .

Proof. Let Z denote the product of the two covers (Y, f) and T (u, v). Then
Z covers Y and T (u, v) and, since T (X, u) is a tree, each component of Z
is isomorphic to T (X, u). Therefore T (X, u) covers Y .
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The composition of the covering map from T (X, u) to Y with f is the
canonical map from T (X, u) to X; we leave this as an exercize. It is because
of this theorem that T (X, u) is called the universal cover of X.

The theory of covers we have outlined above can be extended to directed
graphs. For convenenience we assume that directed graphs are simple—no
loops and at most one arc between any pair of vertices. Such a graph has an
associated undirected graph, with the same vertex set, and with two vertices
adjacent in the graph if and only if they are joined by an arc in the directed
graph. This graph is often referred to as the underlying graph (although
strictly speaking it is overlying). Assume D is a simple directed graph with
associated graph X. If ψ is an arc function on D, it is straightforward to
extend ψ to an arc function on X, and then the cover Dψ of D is a simple
directed graph with associated graph Xψ.

5.6 Graph Embeddings
A cellular embedding of a graph X in a surface is a drawing of a graph on
the surface, such that edges only meet at vertices and, if we delete from the
surface all points on vertices and edges of X, each connected component is
topologically a disc. We will use embedding to denote cellular embedding.
A drawing of a disconnected graph in the plane is not cellular, even if no
edges cross. The regions into which the surface is divided by the vertex and
edges of an embedded graph are the faces of the embedding. The boundary
of each face determines two (oppositely directed) closed walks in X; we
call these boundary walks. We would prefer that these boundary walks be
cycles, which they often are. However any drawing of a tree in the plane
without crossings is cellular, with one face, and the boundary walk is not
a cycle. If each face is bounded by a cycle, we say that the embedding is
cyclic.

A ribbon graph is a structure we derive from an embedding. Suppose
we have an embedding of X in some surface. We enlarge each vertex into
a small disc, and each edge into a rectangular strip.

We now construct an edge 3-coloured cubic graph from a ribbon graph.
The vertices of the new graph are the corners of the rectangles corresponding
to the edges, and the four sides of a rectangle provide four edges, two long
and two short. The disc corresponding to a vertex of degree k determines
a cycle of length 2k, where every second edge of the cycle is the short edge

76



5.6. Graph Embeddings

of a vertex rectangle, we refer (for now) to the other edges on the disc as
open. If we label the long edges with 0, the short edges with 2 and the open
edges with 1, we arrive at an edge 3-coloured cubic graph, with edge labels
coming from {0, 1, 2}.

Note that our edge 3-coloured cubic graph determines the ribbon graph
we derived it from and that this graph, in turn, determines the embedding
of X in the surface.

An edge-colouring of a cubic graph consists of three perfect matchings,
which we may view as permutations of the vertices. If our graphs arise
from an embedding, its vertices are the corners of the ribbon graph. We
can define the corners in another way, as follows. A flag of a map is a triple

(vertex, edge, face)

where the vertex is contained in the edge, and the edge in the face. Clearly
the topological concept of a corner corresponds to the combinatorial concept
of a flag.

Figure 5.3 gives the planar embedding of C3, where each dot represents
a flag.

Figure 5.3: Planar embedding of C3 and the flags

For each flag (u, e, f), let u′ be the other endpoint of e, let e′ be the other
edge in f that is incident to u, and let f ′ be the other face that contains e.
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Define three functions

τ0 :(u, e, f) 7→ (u′, e, f),
τ1 :(u, e, f) 7→ (u, e′, f),
τ2 :(u, e, f) 7→ (u, e, f ′).

We have the following observations.

(i) τ0, τ1, τ2 are fixed-point-free involutions.

(ii) τ0τ2 = τ2τ0, and τ0τ2 is fixed-point-free.

(iii) The group 〈τ0, τ1, τ2〉 acts transitively on the flags.

If we join two flags in Figure 5.3 by an edge whenever they are swapped
by one of τ0, τ1 and τ2, then we obtain a cubic graph with a 3-edge-coloring,
as shown in Figure 5.4.

Figure 5.4: Planar embedding of C3 and the gem

In general, for an embedding M, a graph-encoded map, or gem, is a
cubic graph with a 3-edge coloring, where the vertices are the flags, and
the 3-edge coloring is induced by the three involutions τ0, τ1 and τ2, as
described above. The concept of gem was first introduced by Lins in [50],
where he also proved the following characterization of orientability.
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5.6.1 Theorem. An embedding is orientable if and only if the gem is bi-
partite.

Note that an embedding M with ` edges has 4` flags. Thus, if M is
orientable, then there are two components in the distance-2 graph of the
gem, each with 2` vertices. Let Y be one such component. We claim that
the vertex-face walk for M is equivalent to a two-reflection walk on Y .
Let π1 be the partition of the vertices (u, e, f) of Y based on their third
coordinates f . It is not hard to see that the size of each cell in π1 is the
degree of some face. Similarly, let π2 be the partition of V (Y ) based on
their first coordinates u. Let M̂ and N̂ be the normalized characteristic
matrices for π1 and π2, respectively. Then

(2M̂M̂T − I)(2N̂N̂T − I)

is precisely the vertex-face walk forM relative to one consistent orientation
of the faces.

5.7 Rotation Systems and Regular
Embeddings

We have seen how to describe graph embeddings using ribbon graphs or
gems. There is an alternative approach which provides a more compact
representation. (A disadvantage is that it is less convenient if we are dealing
with embeddings in non-orientable surfaces.)

A rotation system on a set F is a pair (σ, τ) of permutations of F such
that

(a) σ is a fixed-point free involution.

(b) 〈σ, τ〉 acts transitively on F .

From (a) we see that |F | must be even. We can construct a rotation system
from an embedding of a graph X in an orientable surface. Define F to be
the set of arcs of X and let σ be the permutation of F that maps each arc
(u, v) to (v, u). Define τ to be the permutation that maps an arc (u, v) to
the arc (u,w) that follows (u, v) in the clockwise ordering of the arcs on u.
Then (σ, τ) is a rotation system.

79



5. Covers and Embeddings

If (σ, τ) is a rotation system, we may view the cycles of τ as vertices, and
declare to cycles to be adjacent if one contains an arc (u, v) and the other
the arc (v, u). su We introduce some basic concepts on rotation systems.
For more background, see Gross and Tucker [36]. A rotation system is a set
{πu : u ∈ V (X)} where each πu is a cyclic permutation on the neighbors of
the vertex u. For any arc (u1, u2), consider the walk

(u1, u2), (u2, u3), (u3, u4), · · · , (uk−1, uk), · · ·

where
uj+1 = πuj

(uj−1).

Since the graph is finite, eventually this walk will meet an arc that is already
taken. Moreover, the first arc that is used twice must be (u1, u2), as the
preimage π−1

u (v) is uniquely determined for each u. Therefore this walk is
closed with no repeated arc. All closed walks arising in this way partition
the arcs of X; they are precisely the facial walks, as we have seen. For each
facial walk of length k, we associated it with a polygon with k sides, labeled
by the arcs in the same order as they appear in the walk. We then “glue"
each two sides of these polygons labeled by the same edge. This results in
an embedding of the graph onto an orientable surface.

An embeddingM of a graph X is graph self-dual if the dual graph X∗ is
isomorphic to X. For the complete graph Kn, the dual graph is regular on n
vertices if and only ifM is graph self-dual. If this embedding is circular, in
addition to being graph self-dual, then the vertex-face incidence structure
is the complement of a trivial design, that is, C can be obtained from J − I
by permuting the rows and columns.

Using Euler’s formula, one can show that Kn has a graph self-dual em-
bedding only if n ≡ 0, 1 (mod 4). The other direction requires clever con-
structions, and has been proved several times independently. For one of
these treatments, see White [68].

5.7.1 Theorem. The complete graph Kn has a graph self-dual orientable
embedding if and only if n ≡ 0, 1 (mod 4).

However, not all graph self-dual embeddings of Kn are circular. In fact,
such constructions are only known forKn with n a prime power, and are due
to Biggs [11]. We describe his rotation systems in the following theorem.
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5.7.2 Theorem. Let n = pk for some prime p. Let g be a primitive gen-
erator of the finite field F of order n. For each element u in F, define the
cyclic permutation

πu := (v + g0, v + g1, · · · , v + gn−2).

Then the rotation system {πu : u ∈ V (Kn)} gives a circular embedding of
Kn.

Proof. The complete graph Kn can be viewed as as Cayley graph over F.
Clearly, πu is a permutation on the neighbors of u. Further, the facial walk
containing arc (v, v + g0) visits vertices in the following order

v, v + g0, v + g0 − g1, v + g0 − g1 + g2, · · ·

Since
m−1∑
j=0

(−g)j = 1− (−g)m
1 + g

is distinct for m = 0, 1, · · · , n− 2, this facial walk has length n− 1 with no
vertex repeated. Therefore the embedding is circular and graph self-dual.

An automorphism of an embedding M is an incidence-preserving per-
mutation of the sets of vertices, edges and faces. If the automorphism group
ofM acts regularly on the flags, thenM is said to be regular.

If M is an orientable embedding, we may also be interested in its
orientation-preserving automorphisms, that is, automorphisms that pre-
serve the cyclic rotation at each vertex. We call M orientably regular
if its group of orientation-preserving automorphism acts regularly on the
arcs.

Biggs showed thatKn has a regular embedding if and only if n is a prime
power, and every regular embedding of Kn must arise from the rotation
system described above [11].

Given an orientable embeddingMX of X, and a covering map ψ from
a connected graph Y to X, we define an orientable embeddingMY of Y by
specifying its facial walks; such an embedding will be called the embedding
induced by (MX , ψ), or the embedding induced by (MX , φ) if φ is the
corresponding arc-function. Let W be a facial walk of MX starting at
vertex u. Clearly, the preimage ψ−1(W ) consists of walks starting and
ending in the fiber ψ−1(u), and each arc of Y appears in at most one of
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these walks. Then, the facial walks of MY are exactly the closed walks
in the preimages of the facial walks ofMX . In the previous example, the
planar embedding of K4 gives rise to an embedding of the cube on the torus,
with 4 faces, each of length 6.

We will focus on a special type of cover, known as the voltage graphs.
A voltage graph of X is an r-fold cover Y = Xφ, where the image of the
arc-function φ is a subgroup Γ ≤ Sym(r) of order r, and

V (Y ) = V (X)× Γ, E(Y ) = E(X)× Γ.

Voltage graphs correspond to normal covers [38], and have been extensively
studied. We only state one property that voltage graphs satisfy; for more
background, see Gross and Tucker [36].

5.7.3 Theorem. Let X be a graph. Let Z be a k-cycle in X. Let Y = Xφ

be a voltage graph of order r. If φ(Z) has order `, then the components of
F (Z) consists of r/` cycles, each of length k`.

5.8 Cayley Maps
A Cayley map for a group Γ is an embedding whose automorphism contains
a subgroup isomorphic to Γ acting regularly on the vertices. In this case,
the underlying graph is a Cayley graph over Γ, and for each vertex u and
each element g in the connection set, the rotation system satisfies

πu(gu) = π0(g)u.

The following are two characterization for a finite group Γ to have a
regular Cayley map. We refer the readers to Richter et al [57] and Conder
et al [16] for more details.

5.8.1 Theorem (Conder et al). The finite group Γ has a regular Cayley
map if and only if there is a finite group G = 〈ρ, λ〉, with λ2 = 1, such
that G has a complementary factorization as Γ〈ρ〉 with A∩ 〈ρ〉 = {1}. The
underlying group has multiple edges if and only if 〈ρ〉 contains a non-trivial
normal subgroup of G.

5.8.2 Theorem (Conder et al). The finite group Γ has a regular Cayley
map if and only if there is a skew morphism f for Γ and an element g of Γ,
such that the orbit of g under f generates Γ and contains g−1.
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5.9 Quantum Rotation Systems
Consider a rotation system (σ, τ). Let R and Q be the permutation matrices
associated with σ and τ , respectively. Define T = RQ. Then the orbits of T
are precisely the faces of the orientable embedding. By Burnside’s lemma,
the number of faces is

1
|〈T 〉|

|〈T 〉|−1∑
k=0

tr(T k) = lim
K→∞

1
K

K−1∑
k=0

tr(T k ◦ T k).

Now suppose the underlying graph X is d-regular. Under some basis,
we can write Q = P ⊗ I where P is a cyclic permutation of order d. Let C
be a d× d circulant unitary matrix, that is,

C =
d−1∑
j=0

ajP
j,

and assume that aj = 0 whenever j is coprime with d. Then

U = R(C ⊗ I)

defines an arc-reversal walk with coin C. On the other hand, U is a linear
combination of

{RQj : gcd(j, d) = 1, j = 0, 1, · · · , d− 1},

which determines a set of rotation systems for X. Thus, we may think of
(R,C ⊗ I) as a quantum rotation system, and view the trace of the average
mixing matrix

tr(M̂) = lim
K→∞

1
K

K−1∑
k=0

tr(Uk ◦ Uk)

as the number of quantum faces.
We cay say more when the rotation system is a Cayley map. In this

case, we may now order the rows and columns such that Q = P ⊗ I and R
is a block permutation matrix with the shunts of X as the blocks.

5.9.1 Lemma. Let `r be the multiplicity of the r-th eigenvalue of U . As-
sume the graph has m arcs. If (σ, τ) is an orientably-regular embedding,
then tr(M̂) = ∑

r `
2
r/m. Hence, M̂ has rational trace regardless of the coin.
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Proof. Let the spectral decomposition of U be

U =
∑
r

αrFr.

Since (σ, τ) acts on the arcs regularly, it generates a homogeneous coherent
algebra. Thus each Fr has constant diagonal. By Lemma 4.5.2, tr(M̂)
attains the lower bound, which is ∑r `

2
r/m.

5.9.2 Lemma. The set of orientation-preserving automorphisms is isomor-
phic to the centralizer of the group generated by σ and τ . Hence, the
embedding (σ, τ) is orientably-regular if and only if the group 〈σ, τ〉 acts
regularly on the arcs.

5.9.3 Theorem. Let (σ, τ) be an orientably-regular embedding. Suppose
〈σ, τ〉 can be decomposed into s inequivalent irreducible representations
with dimensionsm1, . . . ,ms. Then for any unitary coin C and U = R(C⊗I),
we have

tr(M̂) ≥
∑
im

3
i∑

im
2
i

.

5.9.4 Corollary. For any regular embedding of Kn and any unitary coin
C, the transition matrix U = R(C ⊗ I) satisfies

tr(M̂) ≥ n− 2.
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Chapter 6

Shunts

In Section 1.7, we showed that Grover’s walk could be expressed using a
unitary matrix U = R(I ⊗ G). Here R is the permutation matrix that
swaps each arc with its reverse, while I ⊗ G is a direct sum of copies of
a (unitary) operation that maps the complex span of the arc starting at a
vertex to itself. (The diagonal blocks are the coins, in this case the Grover
coin.) In this chapter we study a second class of walks on the arcs of a
d-regular directed graph (which means that each vertex has exactly d out-
neighbours and d in-neighbours). The idea is to allow a range of choices of
permutations matrices to replace R.

A shunt on a directed graph X is a permutation of its vertices that
maps each vertex of the graph to one of its out-neighbours. A shunt de-
composition is a collection of shunts that partition the arcs of X. Since X
is d-regular, a shunt decomposition consists of exactly d shunts. A shunt
decomposition of a d-regular graph can be specified by a set of permutation
matrices P1, . . . , Pd such that

A = P1 + · · ·+ Pd.

Given such a shunt decomposition, we define a permutation matrix S by

S =


P−1

1
P−1

2
. . .

P−1
d

 .
If n = |V (X)|, each permutation matrix Pi is n× n and thus S is nd× nd.
Next we choose a unitary coin C of order d× d, and the transition matrix
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of our shunt decomposition walk is

U = S(C ⊗ In).

Such walks were first defined by Aharonov et. al.[1].
Our dihedral machinery from Chapter 2 can only be applied if S2 = I,

which generally does not hold. So in this chapter we focus on the case where
the permutation matrices in the shunt decomposition commute; equiva-
lently, when X is a Cayley digraph over an abelian group Γ. Given that
every vertex receives the same coin, the spectral decomposition of U is now
determined by the coin and the characters of Γ; as was originally observed
by Aharonov et al [1]. We apply their results to shunt-decomposition Grover
walks, and obtain explicit formulas for the eigenvalues and eigenvectors.

As pointed out in [1], a shunt-decomposition walk admits uniform aver-
age vertex mixing if U has distinct eigenvalues. With Grover coins, however,
U will always have −1 as a non-simple eigenvalue unless d = 2. Therefore,
previous studies on uniform average vertex mixing concentrated on cycles
with more complicated coins. We show that for a shunt-decomposition
Grover walk, the simple-eigenvalue condition is unnecessary, thus opening
up possibilities for more examples with higher degrees. Using tools from
algebraic number theory, we prove that for any prime p, a 3-regular circu-
lant digraph over Zp admits uniform average vertex mixing if and only if
its connection set has trivial stabilizer in Aut(Zp). This provides the first
infinite family of digraphs, other than cycles, that admit uniform average
mixing.

Finally, we give an overview of a different approach to shunt-decomposition
walks on infinite graphs, due to Ambainis et al [2]. This was the first paper
on shunt-decomposition models where exact analysis was carried out.

6.1 Shunt-Decomposition Walks
If a digraph admits a shunt-decomposition, then it must be regular. Using
standard results in graph theory, we show that the converse is also true.

6.1.1 Lemma. Let X be a d-regular digraph. Then X admits a shunt-
decomposition.
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6.1. Shunt-Decomposition Walks

Proof. Let A be the adjacency matrix of X. Define

B :=
(

0 A
AT 0

)
.

Then B is the adjacency matrix of a d-regular bipartite graph. It is a well-
known fact that every regular bipartite graph has a 1-factorization, whence

B =
(

0 P1
P T

1 0

)
+ · · ·+

(
0 Pd
P T
d 0

)
,

where P1, . . . , Pd are permutation matrices. Therefore,

A(X) = P1 + · · ·+ Pd.

In the rest of this chapter, assume X is a d-regular digraph. Let C be
a d× d unitary coin. As with the arc-reversal C-walk (see Section 1.7), for
each vertex u, we need to specify a linear order on the neighbors of u:

fu : {1, 2, · · · , deg(u)} → {v : u ∼ v},

in order to construct the coin matrix. One way to do this is to choose the
linear order fu according to a shunt-decomposition of X:

A(X) = P1 + · · ·+ Pd;

that is, for j = 1, 2, · · · , d, set fu(j) = ev where v is the unique vertex such
that

P−1
j eu = ev.

Given linear orders
{fu : u ∈ V (X)},

the coin C sends (u, fu(j)) to a superposition of all outgoing arcs of u, in
which the amplitudes come from the j-th column of C:

Cej =
d∑

k=1
(eTkCej)ek.

Now let
A(X) = P1 + · · ·+ Pd
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be a shunt-decomposition of X, and let

S =


P−1

1
P−1

2
. . .

P−1
d

 .

The ordering of the rows and columns of S defines a set of linear orders
{fu : u ∈ V (X)}. Choose a d × d unitary coin C, and assign it to each
vertex u according to fu. Then the coin matrix can be written as C ⊗ I,
and the transition matrix as

U = S(C ⊗ I).

Note that Sn = I. In general, S and C ⊗ I do not commute, and
the spectral decomposition of U could be very hard to derive. However, if
P1, . . . , Pd have a common eigenvector χ, then we can use χ to construct
an eigenvector for U . This observation is due to Aharonov et al [1].

6.1.2 Lemma. Let X be a digraph with shunt-decomposition

A(X) = P1 + · · ·+ Pd.

Let U be the transition matrix of a shunt-decomposition C-walk on X.
Let χ be a common eigenvector for the shunts P1, . . . , Pd with eigenvalues
λ1, . . . , λd, respectively. Then y⊗χ is an eigenvector for U with eigenvalue
α if and only if y is an eigenvector for


λ−1

1
λ−1

2
. . .

λ−1
d

C

with eigenvalue α.
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Proof. We have

U(y ⊗ χ) =


P−1

1
P−1

2
. . .

P−1
d

 (Cy ⊗ χ)

=
d∑
j=1

(EjjCy)⊗ (P−1
j χ)

=
 d∑

j=1
λ−1
j Ejj

Cy
⊗ χ

=



λ−1

1
λ−1

2
. . .

λ−1
d

Cy
⊗ χ.

Thus
U(y ⊗ χ) = α(y ⊗ χ)

if and only if 
λ−1

1
λ−1

2
. . .

λ−1
d

Cy = αy.

6.2 Commuting Shunts and Grover coins
In this section, we study the spectrum of a shunt-decomposition walk where
all the shunts commute. A complete characterization follows from Lemma
6.1.2. We then look into the case where each vertex receives the Grover coin,
and obtain more explicit formulas for the eigenvalues and eigenvectors of
U .

Suppose X has shunt-decomposition

A(X) = P1 + · · ·+ Pd,

where PjPk = PkPj for all j and k. Then P1, . . . , Pd generate an abelian
group Γ, which acts regularly on the vertices of X. Thus, X is isomorphic
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to a Cayley digraph over Γ with connection set {P1, . . . , Pd}. Since the
characters of Γ are eigenvectors for the regular representation of Γ, and
distinct characters are orthogonal, by Lemma 6.1.2, they give rise to a
basis of eigenvectors for U .

From now on, let Γ be a finite abelian group, and let X be a Cayley
digraph over Γ with connection set {g1, . . . , gd}, denoted

X(Γ, {g1, . . . , gd}).

Since Γ is abelian, the images of the connection set under the regular repre-
sentation of Γ are the shunts P1, . . . , Pd in a shunt-decomposition of X. If
χ is an character of Γ, then

Pjχ = χ(gj)χ.

Define

Λχ :=


χ(g−1

1 )
χ(g−1

2 )
. . .

χ(g−1
d )

 .
The following result, as a consequence of Lemma 6.1.2, is again due to
Aharonov et al [1].

6.2.1 Theorem. Let Γ be a finite abelian group. LetX be a Cayley digraph
over Γ with connection set {g1, . . . , gd}. Let U be the transition matrix of
a shunt-decomposition C-walk on X. The eigenvalues of U consists of
eigenvalues of ΛχC, where χ ranges over all characters of Γ.

Note that when χ is the trivial character, we have ΛχC = C. Hence the
eigenvalues of the coin are always eigenvalues of U .

Let G be the d×d Grover coin. Consider a shunt-decomposition Grover
walk. We derive explicit formulas for the eigenvalues of U , in terms of the
characters. While the following theorem only states what the eigenvalues
of U are, the proof also provides a construction for all the eigenvectors.

6.2.2 Theorem. Let Γ be a finite abelian group. LetX be a Cayley digraph
over Γ with connection set {g1, . . . , gd}. Let U be the transition matrix of
a shunt-decomposition Grover walk on X. Let χ be a non-trivial character
of Γ. Each eigenvalue α of ΛχG is either
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(i) a zero of
1

αχ(g1) + 1 + · · ·+ 1
αχ(gd) + 1 −

d

2 ,

with multiplicity 1, or,

(ii) −χ(g−1
j ), with multiplicity one less than the number of k’s such that

χ(gk) = χ(gj).

Proof. Let y be an eigenvector for ΛχG with eigenvalue α. Since

G = 2
d
J − I,

we need to solve
2
d
Jy = (αΛ−1

χ + I)y,

that is,

2
d
〈1, y〉1 =


(αχ(g1) + 1)y1

...
(αχ(gd) + 1)yd

 . (6.2.1)

Consider two cases.

(i) Suppose 〈1, y〉 6= 0. Then the right hand side in Equation (6.2.1) is a
vector with no zero entry. Without loss of generality we may assume
〈1, y〉 = 1. Thus,

1
αχ(g1) + 1 + · · ·+ 1

αχ(gd) + 1 = d

2 , (6.2.2)

and each solution α to the above uniquely determines an eigenvector
y with 〈1, y〉 = 1. Therefore the distinct zeros of Equation (6.2.2) are
eigenvalues of ΛχG. Further, if any of them has multiplicity greater
than one, then it must have an eigenvector y such that 〈y,1〉 = 0,
which implies one of

α(χ(g1) + 1), · · · , α(χ(gd) + 1)

is equal to zero, a contradiction.
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(ii) Suppose 〈1, y〉 = 0. Since y 6= 0, there must exists some j such that

αχ(gj) + 1 = 0,

that is, α = −χ(g−1
j ). Then for any k such that χ(gj) 6= χ(gk), we

have yk = 0. Hence y is orthogonal to 1 if and only if∑
k:χ(gk)=χ(gj)

yj = 0,

from which the multiplicity of α follows.

6.3 Uniform Average Vertex Mixing
One topic in the limiting behavior of quantum walks is uniform average
vertex mixing. We saw in Section 4.5 that this is guaranteed whenever
the average mixing matrix M̂ is flat, or equivalently, when U has simple
eigenvalues and flat eigenvectors. However, uniform average vertex mixing
does not imply uniform average mixing. The following two results are due
to Aharonov et al [1].

6.3.1 Theorem. Let Γ be a finite abelian group. LetX be a Cayley digraph
over Γ with connection set {g1, . . . , gd}. Let U be the transition matrix of
a shunt-decomposition C-walk on X, with spectral decomposition

U =
∑
r

eiθrFr.

If U has simple eigenvalues, and for each r, 〈Fr, ρS〉 = 1 whenever S is is
the set of outgoing arcs of a vertex, then U admits uniform average vertex
mixing.

6.3.2 Corollary. Let Γ be a finite abelian group. Let X be a Cayley
digraph over Γ with connection set {g1, . . . , gd}. Let U be the transition
matrix of a shunt-decomposition C-walk on X. If U has simple eigenvalues,
then the quantum walk admits uniform average vertex mixing.

Proof. This follows immediately from the structure of eigenvectors for U ,
as described in Lemma 6.1.2.
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Using these results, Aharonov et al [1] showed that on every odd cycle,
the shunt-decomposition Hadamard walk admits uniform average mixing.
We wish to construct more examples with Grover coins.

Let X be a d-regular Cayley digraph over an abelian group Γ, and let
U be the transition matrix of a shunt-decomposition Grover walk on X.
The first difficulty we face is that when d > 2, the coin G itself contributes
−1 to the spectrum of U at least twice. Hence the above corollary no
longer applies. Fortunately, simple eigenvalues are not necessary for uniform
average vertex mixing to occur; a slightly weaker condition also works.

6.3.3 Theorem. Let Γ be a finite abelian group. LetX be a Cayley digraph
over Γ with connection set {g1, . . . , gd}. Let U be the transition matrix of a
shunt-decomposition Grover walk on X. If the only non-simple eigenvalue
of U is −1 with multiplicity d − 1, then U admits uniform average vertex
mixing.

Proof. Suppose X has n vertices. Since −1 is an eigenvalue of U with
multiplicity d− 1, by Lemma 6.1.2 and Theorem 6.2.2, the eigenprojection
of −1 must be

F−1 =
(
I − 1

d
J
)
⊗ 1
n
J.

Let u be any vertex of X, and S the set of outgoing arcs of X. Then

F−1ρSF−1 = 1
d

((
I − 1

d
J
)
⊗ 1
n
J
)

(I ⊗ Euu)
((
I − 1

d
J
)
⊗ 1
n
J
)

= 1
n2d

(
I − 1

d
J
)
⊗ (JEuuJ)

= 1
nd
F−1.

On the other hand, since the remaining eigenvalues are all simple, we have

FrρSFr = 1
nd
Fr
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for all r 6= −1. Thus by Theorem 4.3.3,

lim
K→∞

1
K

K−1∑
k=0

Pρ0,S(k) = d
m∑
r=1
〈Frρ0Fr, ρS〉

= d
∑
r

〈ρ0, FrρSFr〉

= 1
n

∑
r

〈ρ0, Fr〉

= 1
n
.

Combining this with Theorem 6.2.2, we need a Cayley digraph where

χ(g1), χ(g2), · · · , χ(gd)

are pairwise distinct, for every non-trivial character χ. This is satisfied
when Γ is a cyclic group of prime order.

In the rest of this section, let us assume X = X(Zp, {g1, . . . , gd}) for
some prime p. Let

ζ := e2πi/p.

We wish to characterize circulant digraphs over Zp that admit uniform
average vertex mixing. To begin, we prove the following easier direction.

6.3.4 Lemma. Let p be a prime. Let X be a circulant digraph over Zp
with connection set {g1, . . . , gd}. Let U be the transition matrix of a shunt-
decomposition Grover walk onX. If the connection set ofX is fixed by some
non-trivial automorphism of Zp, then there is an initial state for which the
average probability distribution is not uniform over the vertices.

Proof. Suppose the connection set is invariant under multiplication by k,
for some k ∈ {2, 3, · · · , p − 1}. Let χ be the character of Zp that sends
vertex u to ζu, and let φ be the character that sends u to ζku. Then there
is a permutation P such that

PΛχP
T = Λφ.

If y is an eigenvector for ΛχG with eigenvalue α, then Py is an eigenvector
for ΛφG with eigenvalue α. By Lemma 6.1.2, both y ⊗ χ and Py ⊗ φ are
eigenvectors for U with eigenvalue α. Choose y such that

(y ⊗ χ+ Py ⊗ φ)(y ⊗ χ+ Py ⊗ φ)∗
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has trace one; denote this state by ρ0.
Now let S be the set of outgoing arcs of some vertex u. By Theorem

4.3.3, the average probability on S, given initial state ρ0, is

d
∑
r

〈Frρ0Fr, ρS〉 = d〈ρ0, ρS〉

= (y ⊗ χ+ Py ⊗ φ)∗(I ⊗ Euu)(y ⊗ χ+ Py ⊗ φ)
= 2|y|2 + 2Re

(
〈y, Py〉e2πi(k−1)u/p

)
Since p is a prime, the last line cannot be the same for all vertices u.

What about the converse? While we are not able to answer this question
in general, we do have the characterization for d = 2 and d = 3. Some of
our techniques may be generalized to circulant digraphs with larger valency.

For k = 1, 2, · · · p− 1, define

fk(x) := 1
x− ζkg1

+ · · ·+ 1
x− ζkgd

− d

2x.

6.3.5 Theorem. Let p be a prime. Let X be a circulant digraph over Zp
with connection set {g1, . . . , gd}. Let U be the transition matrix of a shunt-
decomposition Grover walk on X. The eigenvalues of U are 1, −1, and the
set of α such that fk(−α−1) = 0 for some k = 1, 2, · · · , p− 1.

Proof. We apply Theorem 6.2.2 to find the eigenvalues of U . Fix a non-
trivial character χ of Zp. Then χ(gj) = ζkgj for some k = 1, 2, · · · , p − 1.
Since p is a prime, χ(gj) is distinct over the connection set, so all eigenvalues
of ΛχG are of the first type in Theorem 6.2.2. The relation between these
eigenvalues and the roots of fk(x) follows from a simple transformation.

6.3.6 Corollary. Let p be a prime. Let X be a circulant digraph over Zp
with connection set {g1, . . . , gd}. Let U be the transition matrix of a shunt-
decomposition Grover walk on X. For k = 1, 2, · · · , p−1, the function fk(x)
has d distinct roots.

By manipulating fk(x), we find an algebraic relation between the eigen-
values of U and those of X. That is, each eigenvalue of U , other than ±1,
satisfies a polynomial whose coefficients are the eigenvalues of X.
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6.3.7 Theorem. Let p be a prime. Let X be a circulant digraph over Zp
with connection set {g1, . . . , gd}. Let U be the transition matrix of a shunt-
decomposition Grover walk on X. Let θ0, . . . , θp−1 be the eigenvalues of X.
The eigenvalues of U are 1, −1, and the set of α such that

d

2 =
θσk

0 + θσk
1 (−α) + · · ·+ θσk

p−1(−α)p−1

1− (−α)p ,

for some σk in the Galois group Aut(Q(ζ)/Q).

Proof. Let α /∈ {−1, 1} be an eigenvalue of U . Let β = −α. By Theorem
6.3.5, we have fk(β) = 0 for some k = 1, 2, · · · , p− 1. Thus,

d

2 =
d∑
j=1

1
1− ζkgjβ

=
d∑
j=1

(1 + (ζkgjβ) + (ζkgjβ)2 + · · · )

=
d∑
j=1

1 + ζkgjβ + · · ·+ (ζkgjβ)p−1

1− βp

= 1
1− βp

p− 1 +
 d∑
j=1

ζgj

σk

β + · · ·+
 d∑
j=1

ζ(p−1)gj

σk

βp−1

 .
Note that for ` = 0, 1, 2 · · · , p− 1,

d∑
j=1

ζ`gj

is precisely the `-th eigenvalue θ` of X.
Both Theorem 6.3.5 and Theorem 6.3.7 give formulas for the eigenvalues

of U . Our next goal is to derive a sufficient condition, based on Theorem
6.3.5, for uniform average vertex mixing to happen. Define

qk(x) := (x− ζkg1) · · · (x− ζkgd).

Note that x is a root of fk(x) if and only if it is a root of

hk(x) := dqk(x)− 2xq′k(x).

The following is a sufficient condition for uniform average vertex mixing to
occur.
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6.3.8 Lemma. Let p be a prime. Let X be a circulant digraph over Zp
with connection set {g1, . . . , gd}. Let U be the transition matrix of a shunt-
decomposition Grover walk on X. If for any k = 2, 3, · · · , p−1, the polyno-
mials h1(x)and hk(x) are coprime over C[x], then U admits uniform average
vertex mixing.

Proof. Recall from Corollary 6.3.6 that each of h1(x), · · · , hp−1(x) has d
distinct roots. Thus, if h1(x), · · · , hp−1(x) are pairwise coprime over C[x],
then the only non-simple eigenvalue of U is −1 with multiplicity d− 1, and
so uniform average vertex mixing occurs. Since the set

{h1(x), · · · , hp−1(x)}

is closed under the action of the Galois group Aut(Q(ζ)/Q), it suffices to
assume that h1(x) and hk(x) are coprime over C[x], for k = 2, 3, · · · , d.

We apply the above criterion to X with d = 2. This is not the most
exciting quantum walk, as the 2 × 2 Grover coin is simply a permutation
matrix. However, the result gives some hint on the condition we should
impose on the connection set.

6.3.9 Theorem. Let p be a prime and X a 2-regular circulant digraph
over Zp. Let U be the transition matrix of a shunt-decomposition Grover
walk on X.Then U admits uniform average vertex mixing if and only if the
connection set is not inverse closed, that is, X is not a graph.

Proof. Let X = X(Zp, {g1, g2}). Note that

2qk(x)− 2xq′k(x) = 0

if and only if
x2 = ζk(g1+g2).

Hence f1(x) = fk(x) if and only if g1 + g2 = p.

6.4 3-Regular Circulants
We generalize our last theorem to 3-regular circulant digraphs on p vertices,
for any prime p ≥ 5. The analysis becomes much more complicated now.
To start, we need the following result on cyclotomic integers.
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6.4.1 Lemma. Let m ∈ Z and let p ≥ 5 be a prime. If m divides a
cyclotomic integer

p−1∑
j=0

ajζ
j,

then
a0 ≡ a1 ≡ · · · ≡ ap−1 (mod m).

Proof. The expression
p−1∑
j=0

ajζ
j

of an element in Z[ζ] is unique up to summing integer multiples of

1 + ζ + · · ·+ ζp−1.

Next, note that when d = 3,

h1(x) = 3x3 − s1x
2 − s2x+ 3s3,

where s1, s2, and s3 are elementary symmetric functions in ζg1 , ζg2 and ζg3 :

s1 =
3∑
j=1

ζgj , s2 =
∑

1≤j<`≤3
ζgj+g` , s3 = ζg1+g2+g3 .

Similarly, fixing some k ∈ {2, 3, · · · , p− 1}, we can write

hk(x) = 3x3 − t1x2 − t2x+ 3t3,

where t1, t2, and t3 are elementary symmetric functions in ζkg1 , ζkg2 and
ζkg3 .

The resultant of two polynomials is the determinant of their Sylvester
matrix. Given two polynomials over an integral domain, their resultant is
zero if and only if they have a common root.

6.4.2 Lemma. Let p ≥ 5 be a prime. Let g1, g2 and g3 be three distinct
elements in Zp. Let s1, s2 and s3 be the elementary symmetric functions
in ζg1 , ζg2 and ζg3 . For any k ∈ {2, 3, · · · , p − 1}, let t1, t2 and t3 be the
elementary symmetric functions in ζkg1 , ζkg2 and ζkg3 . Let

h1(x) = 3x3 − s1x
2 − s2x+ 3s3,
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and
hk(x) = 3x3 − t1x2 − t2x+ 3t3.

If h1(x) and hk(x) share a root, then we have the equality

s1t2 = s2t1

in Z3[ζ].

Proof. The resultant of h1(x) and hk(x) is an integer multiple of

s3t3(s1 − t1)(s1 − t1)(s1t2 − s2t1) + 3γ

for some γ ∈ Z[ζ]. If h1(x) and hk(x) share a root, then their resultant is
zero and so 3 divides

(s1 − t1)(s1 − t1)(s1t2 − s2t1)

in Z[ζ]. By Lemma 6.4.1, the expression (s1 − t1)(s1 − t1)(s1t2 − s2t1) is
a polynomial in ζ whose coefficients are congruent to each other modulo 3.
Suppose

s1t2 − s2t1 =
p−1∑
j=0

ajζ
j.

Let a be the vector of the coefficients, that is,

a =


a0
a1
...

ap−1

 .

We derive conditions a needs to satisfy.
Let P be the p× p circulant permutation matrix

P :=


0 1 0 · · · 0
0 0 1 · · · 0
· · · · · · · · · · · · · · ·
0 0 0 · · · 1
1 0 0 · · · 0

 .

Define
Q = P g1 + P g2 + P g3 − P kg1 − P kg2 − P kg3 .

99



6. Shunts

Then
(s1 − t1)(s1 − t1)(s1t2 − s2t1)

is a polynomial in ζ with entries of QTQa as coefficients. Thus QTQa is a
constant vector over Z3. On the other hand, both the rows and the columns
of Q generate the same cyclic code over Z3 with dimension p − 1, whose
dual code is generated by 1. Therefore,

QTQa ≡ 0 (mod 3).

It follows that Qa ≡ 0 (mod 3), and so a must be a constant vector over Z3.
Note that there are no more than 18 non-zero entries in a, so for p ≥ 19,
we must have a ≡ 0 (mod 3). The cases where p < 19 can be easily verified
by computation.

6.4.3 Lemma. Let p ≥ 5 be a prime. Let g1, g2 and g3 be three distinct
elements in Zp. Let s1, s2 and s3 be the elementary symmetric functions
in ζg1 , ζg2 and ζg3 . For any k ∈ {2, 3, · · · , p − 1}, let t1, t2 and t3 be the
elementary symmetric functions in ζkg1 , ζkg2 and ζkg3 . Let

h1(x) = 3x3 − s1x
2 − s2x+ 3s3,

and
hk(x) = 3x3 − t1x2 − t2x+ 3t3.

If h1(x) and h2(x) share a root, then the set {g1, g2, g3} is fixed by some
non-trivial automorphism of Zp.

Proof. The case where p = 5 can be easily verified. Let p ≥ 7. Suppose
h1(x) and h2(x) share a root. By Lemma 6.4.2,

s1t2 − s2t1

is a polynomial ψ(ζ) in ζ whose coefficients are all divisible by 3. For
notational ease, let

zj := ζgj .

We expand s1t2 and s2t1:

s1t2 =z1z
k
2z

k
3 + zk1z2z

k
3 + zk1z

k
2z3 (6.4.1)

+ zk+1
1 zk2 + zk+1

2 zk3 + zk1z
k+1
3 (6.4.2)

+ zk+1
1 zk3 + zk1z

k+1
2 + zk2z

k+1
3 . (6.4.3)
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s2t1 =z1z2z
k
3 + z1z

k
2z3 + zk1z2z3 (6.4.4)

+ zk+1
1 z2 + zk+1

2 z3 + z1z
k+1
3 (6.4.5)

+ zk+1
1 z3 + z1z

k+1
2 + z2z

k+1
3 . (6.4.6)

Consider two cases.

(i) All coefficients in ψ(ζ) are zero. Then there is a bijection between
the nine terms in Lines (6.4.1), (6.4.2), (6.4.3) and the nine terms in
Lines (6.4.4), (6.4.5), (6.4.6). In particular, both sets of terms have
the same product. Thus,

s3k+6
3 = s6k+3

3 ,

and so k = p − 1. Combining this with s1t2 = s2t1, we have s2
1 = s2

2.
Clearly, s1 6= −s2 for p ≥ 7. If s1 = s2, playing the same product trick
shows that s3 = 1. Now ,

s1 = s2s3 = s1,

which is impossible.

(ii) Some coefficient in ψ(ζ) is at least 3. Then at least three of the nine
terms in Lines (6.4.1), (6.4.2), (6.4.3) are equal to some value β.

a) One of the three terms in Line (6.4.1), say z1z
k
2z

k
3 , is equal to β.

Clearly,

β /∈ {zk1z2z
k
3 , z

k
1z

k
2z3, z

k+1
1 zk2 , z

k+1
2 zk3 , z

k+1
1 zk3 , z

k
2z

k+1
3 }.

Hence we must have

β = z1z
k
2z

k
3 = zk1z

k+1
2 = zk1z

k+1
3 . (6.4.7)

The last equality implies k = p − 1, while the second equality
implies z3

1 = s3. Now

s1t2 = 3z1 + z1z2z3 + z1z2z3 + 2z2 + 2z3.

It is not hard to verify that

z1z2z3, z1z2z3, z2, z3
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6. Shunts

are pairwise distinct. Thus the last four terms on the right hand
side of Equation 6.4.7 cannot survive in s1t2− s2t1, and from the
expansion of s2t1, we must have

z1z2z3 + z1z2z3 + 2z2 + 2z3 = z1z2z3 + z1z2z3 + 2z2 + 2z3.

Since p ≥ 7 is a prime, this can only happen when

{z1z2z3, z1z2z3, z2, z3} = {z1z2z3, z1z2z3, z2, z3}.

As a result, both sets have the same product, and so z1 = s3,
which contradicts z3

1 = s3.
b) No term in Line (6.4.1) is equal to β. Suppose without loss of

generality that β = zk+1
1 zk2 . Clearly,

β /∈ {zk+1
1 zk3 , z

k
1z

k+1
2 }.

Also, since
zk2z

k+1
3 /∈ {zk+1

2 zk3 , z
k
1z

k+1
3 },

for β to appear at least three times in Line (6.4.2) and Line
(6.4.3), it must be that

β = zk+1
1 zk2 = zk+1

2 zk3 = zk1z
k+1
3 . (6.4.8)

It is not hard to verify that the remaining six terms in Line (6.4.1)
and Line (6.4.3) are pairwise distinct, given Equation 6.4.8. Thus
they have to vanish in s1t2 − s2t1. Meanwhile,

s2t1 =zk1z2z3 + z1z
k
2z3 + z1z2z

k
3

+ zk+1
1 z2 + zk+1

2 z3 + z1z
k+1
3

+ 3zk+1
1 z3.

Thus,

z1z
k
2z

k
3 + zk1z2z

k
3 + zk1z

k
2z3 + zk+1

1 zk2 + zk+1
2 zk3 + zk1z

k+1
3

=zk1z2z3 + z1z
k
2z + z1z2z

k
3 + zk+1

1 z2 + zk+1
2 z3 + z1z

k+1
3 .

Again, since p ≥ 7 is a prime, this implies that the products of
terms on both sides are equal. Therefore s3 = 1. It follows from
Equation (6.4.8) that

zk+2
1 = zk−1

3 , zk+2
2 = zk−1

3 , zk+2
3 = zk−1

2 . (6.4.9)
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Since k − 1 is coprime to p, there exists an integer ` such that

(k − 1)` ≡ 1 (mod p).

Therefore Equation 6.4.9 shows that the connection set is invari-
ant under multiplication by ` in Zp.

We are now ready to characterize 3-regular circulant digraphs on a prime
number of vertices that admit uniform average vertex mixing.

6.4.4 Theorem. Let p be a prime. Let X be a 3-regular circulant digraph
over Zp. Then the shunt-decomposition Grover walk on X admits uniform
average vertex mixing if and only if its connection set has trivial stabilizer
in Aut(Zp).

Proof. Let X be a 3-regular circulant digraph on p vertices. Let U be
the transition matrix of the shunt-decomposition Grover walk on X. If the
connection set is not fixed by any non-trivial automorphism of Zp, then by
Lemma 6.4.3,

gcd(h1(x), hk(x)) = 1
for all k = 2, 3, · · · , p− 1. On the other hand, since

{h1(x), · · · , hp−1(x)}

is closed under the action of Aut(Q[ζ]/Q), any rational root x0 of one
polynomial must be a common root of the remaining p − 2 polynomials.
Therefore none of h1(x), · · · , hp−1(x) has 1 or −1 as a root. The result then
follows from Theorem 6.3.3.

6.5 Unitary Covers
When a particular model does not exhibit the desired property, our quantum
walker seeks alternatives by changing the coins, the shunt-decompositions,
or even the operator itself. One thing she has not tried, though, is to enlarge
the state space she lives in.

We now introduce quantum walks on unitary covers of digraphs; they
can be seen as quantum walks on the base digraphs with enlarged state
spaces. Our model generalizes the shunt-decomposition walks [1], as well
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6. Shunts

as the Möbius quantum walks [52]. In the Möbius walk, the walker can
rotate around the axis of movement while walking on the cycle, and the
extra rotation space allows uniform average vertex mixing to occur with
optimized mixing time [52].

For a digraph X, an r-fold unitary arc-function is a map φ from the arcs
ofX to the unitary group of degree r. Given a shunt-decomposition ofX, we
define what it means for φ to be “compatible with" the shunt-decomposition;
such a unitary arc-function is called a shunt-function. Finally, for a digraph
X with shunt-function φ, we construct a quantum walk on Xφ, and study
the spectral decomposition of its transition matrix. Numerical experiments
show that such a walk allows uniform average vertex mixing to occur on X,
even if it is impossible on the usual shunt-decomposition walk.

We have seen how covers give rise to interesting walks in Chapter 8.
There are two parts in the definition of a cover that we can generalize: the
underlying graph, and the arc-function.

Let X be a connected digraph. A unitary arc-function of index r of X
is a map φ from the arcs of X to U(r), the unitary group of degree r, such
that φ(u, v) = φ(v, u)−1. Let A(X)φ be the matrix obtained from A(X) by
replacing Auv with φ(u, v) if (u, v) is an arc of X, and with an r × r block
of zeros otherwise. The weighted digraph Xφ underlying A(X)φ is called a
unitary r-fold cover.

When the image of φ consists of only permutation matrices, we omit the
word “unitary" and call φ an r-fold cover. If in addition X is undirected,
then we are back to the special case in Section ??. Recall that Xφ can be
built as follows: replace each vertex u of X by its fiber:

{(u, j) : i = 0, 1, · · · , r − 1},

and join (u, j) to (v, k) whenever φ(u, v)(j) = k. Alternatively, a digraph
Y covers X if there is a homomorphism ψ from Y to X, such that for any
vertex y of Y and x = ψ(y), the homomorphism restricted to the outgoing
arcs of y in Y is a bijection onto the outgoing arcs of x in X.

As shown in Figure 8.2 and Figure 6.2, the hypercube Q3 is a double
cover of the complete graph K4, with covering map ψ given by the vertex
coloring. The arc-function φ sends every arc of K4 to (1, 2) ∈ Sym(2). We
attach their adjacency matrices to illustrate the construction from φ.

Most discussion of covers focuses on voltage graphs, see for example [36].
The orthogonal covers, for which the image of φ consists of only orthogonal
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0

1

23

A(K4) =


0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0



Figure 6.1: K4 and its adjacency matrix

(0,0) (2,1)

(1,0)(3,1)

(1,1) (3,0)

(0,1)(2,0)

A(Q3) =



0 0 0 1 0 1 0 1
0 0 1 0 1 0 1 0
0 1 0 0 0 1 0 1
1 0 0 0 1 0 1 0
0 1 0 1 0 0 0 1
1 0 1 0 0 0 1 0
0 1 0 1 0 1 0 0
1 0 1 0 1 0 0 0


Figure 6.2: Q3 and its adjacency matrix

matrices, have also been studied in [31]. In this chapter, we will consider
unitary covers that respect shunt-decompositions, for they may preserve
nice properties that the underlying digraphs admit.

6.6 Shunt-Functions
When a particular model does not exhibit the desired property, our quantum
walker seeks alternatives by changing the coins, the shunt-decompositions,
or even the operator itself. One thing she has not tried, though, is to
enlarge the state space she lives in. She does this by using quantum walks
on unitary covers of digraphs; they can be seen as quantum walks on the
base digraphs with enlarged state spaces. This model generalizes the shunt-
decomposition walks [1], as well as the Möbius quantum walks [52]. In the
Möbius walk, the walker can rotate around the axis of movement while

105



6. Shunts

walking on the cycle, and the extra rotation space allows uniform average
vertex mixing to occur with optimized mixing time [52].

Let X be a d-regular digraph on n vertices, with shunt-decomposition

A(X) = P1 + · · ·+ Pd.

We are interested in unitary arc-functions φ that are “compatible with" the
shunt-decomposition, that is,

(i) for each arc (u, v), the value φ(u, v) depends only on the shunt (u, v)
belongs to;

(ii) whenever Pj and P T
j both appear as shunts, we have

φ(Pj)−1 = φ(P T
j ).

A unitary arc-function φ satisfying (i) and (ii) is called a shunt-function.
Given a shunt-function φ, we define a quantum walk on Xφ as follows.

Pick a d×d unitary coin C. The shift matrix S is a dnr×dnr block diagonal
matrix:

S =


P1 ⊗ φ(P1)

P2 ⊗ φ(P2)
. . .

Pd ⊗ φ(Pd)

 ,
and the coin matrix is a dnr × dnr unitary matrix of the form

C ⊗ In ⊗ Ir.

Our new quantum walk on Xφ, called the shunt-function walk, is then
determined by the transition matrix

U := S(C ⊗ In ⊗ Ir).

We explain the connection between this walk and the ones in [1] and
[52]. If r = 1 and φ is the identity map, then Xφ = X and the shift matrix
is simply

S =


P1

P2
. . .

Pd

 .
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Thus U coincides with the transition matrix of a shunt-decomposition walk
onX. On the other hand, ifX is the n-cycle Cn, there is a shunt-decomposition

A(Cn) = P + P−1

where P is cyclic of order n. Suppose in addition that

φ(P ) =
 cos

(
θ
2

)
i sin

(
θ
2

)
i sin

(
θ
2

)
cos

(
θ
2

) 
and

φ(P−1) =
 cos

(
− θ

2

)
i sin

(
− θ

2

)
i sin

(
− θ

2

)
cos

(
− θ

2

)  ,
then our walk is precisely the Möbius walk defined in [52].

6.7 Spectral Decomposition
To simplify our analysis, we assume all shunts commute, and

φ(Pj)φ(Pk) = φ(Pk)φ(Pj).

The following lemma shows how to obtain the spectral decomposition of a
shunt-function walk.

6.7.1 Lemma. LetX be a d-regular graph on n vertices with shunt-decomposition

A(X) = P1 + · · ·+ Pd.

Let φ be a shunt-function of index r. Let

U = S(C ⊗ In ⊗ Ir)

be the transition matrix of a shunt-function walk onXφ. Let y be a common
eigenvector of the shunts, with

Pjy = λjy.

Let z be a common eigenvector of φ(P1), φ(P2), · · · , φ(Pd), with

φ(Pj)z = µjz.
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Let x be a vector of length d. Then x⊗ y⊗ z is an eigenvector of U for the
eigenvalue α if and only if x is an eigenvector of

λ1µ1
. . .

λdµd

C
for the eigenvalue α.

Proof. Rewrite
S =

∑
j

Ejj ⊗ Pj ⊗ φ(Pj).

Then
U =

∑
j

EjjC ⊗ Pj ⊗ φ(Pj).

Let

D :=


λ1µ1

. . .
λdµd

 .
We have

U(x⊗ y ⊗ z) =
∑
j

EjjCx⊗ Pjy ⊗ φ(Pj)z

=
∑

j

λjµjEjj

Cx⊗ y ⊗ z
= DCx⊗ y ⊗ z.

Thus x⊗ y ⊗ z is an eigenvector of U for the eigenvalue α if and only if x
is an eigenvector of DC for the eigenvalue α.

Using an argument similar to the proof of Theorem 3.6 in [1], we see
that simple eigenvalues of U guarantees uniform average vertex mixing.

6.7.2 Lemma. Let X be a Cayley digraph over an abelian group, with
shunt-decomposition

A(X) = P1 + · · ·+ Pd.

Let φ be a shunt-function of index r, such that for all j and k, we have
φ(Pj) = φ(Pk). Let

U = S(C ⊗ In ⊗ Ir)
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be the transition matrix of a shunt-function walk on Xφ. If U has simple
eigenvalues, then U admits uniform average vertex mixing.

Notes
Compared to the arc-reversal walk, the shunt-decomposition walk has better
mixing properties, but less search capacity.

A 3-regular circulant digraph over Zp admits uniform average vertex
mixing if and only if its connection set has trivial stabilizer in Aut(Zp).
This provides the first infinite family of digraphs, other than cycles, that
admit uniform average mixing. We believe a similar characterization works
when the degree is greater than three.

(i) Conjecture. Let p be a prime. A circulant digraph on p vertices
admits uniform average vertex mixing if and only if its connection set
has trivial stabilizer in Aut(Zp).

(ii) Find an example with arc-state transfer at time k, with Uk 6= ±I.

(iii) Does uniform average vertex mixing occur on irregular graphs?
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Chapter 7

1-Dimensional Walks

7.1 Infinite Paths
At the end of this chapter, we briefly discuss another approach to shunt-
decomposition walks on infinite graphs, based on the paper by Ambainis,
Bach, Nayak, Vishwanath, and Watrous [2].

While a lot has been done since Aharonov et al [1] introduced the shunt-
decomposition model, most work focused on presenting numerical results.
The first paper with exact analysis was due to Ambainis et al [2], who
studied the limiting behavior of a shunt-decomposition Hadamard walk on
the infinite path P∞.

As usual, the quantum walker moves on the arcs of P∞. The state space
can be identified as CZ ⊗ C2 (more formally, `2(CZ)⊗ C2). Let

H := 1√
2

(
1 1
1 −1

)

be the Hadamard coin. Let S be the linear operator such that

S(eu ⊗ e1) = eu+1 ⊗ e1

and
S(eu ⊗ e2) = eu−1 ⊗ e2.

Then the transition operator is

U = S(H ⊗ I).
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Given initial state e0 ⊗ e1, let Ψ(u, k) be the coin state on vertex u at
time k. Ambainis et al [2] derived a recurrence relation for Ψ(u, k):

Ψ(u, k + 1) = 1√
2

(
0 0
1 1

)
Ψ(u− 1, k) + 1√

2

(
−1 1
0 0

)
Ψ(u+ 1, k),

with initial conditions
Ψ(0, 0) =

(
0
1

)
and

Ψ(u, 0) =
(

0
0

)
,

for all u 6= 0. Using this recurrence, they proved several properties of the
probability distribution, all strikingly different from the classical random
walk on P∞. For example, after k steps, the probability distribution of this
Hadamard walk is nearly uniform over the vertices between −k/

√
2 and

k/
√

2, while a classical random walker tends to stay at distance O(
√
k) from

the origin with high probability. In the presence of absorbing boundaries,
the exit probabilities are also in sharp contrast to those of the classical
random walk. With one absorbing boundary at vertex 0, the probability
that the walker exits to the left is 2/π, and with an additional absorbing
boundary at vertex u, this probability increases, and approaches 1/

√
2 as

u goes to infinity. Both probabilities in the classical random walk are 1.

7.2 Coupling Walks
Our goal to is analyse the Hadamard walk on the infinite path. To do this
we will view the infinite path as the limit of the finite cycles Cn as n→∞
but, before considering walks on cycles we introduce a more class of walks.

Let U0 and U1 be two n× n unitary matrices. Observe that Cn ⊗ C2 is
the direct sum of the subspaces

Cn ⊗ e0, Cn ⊗ e1;

if we view U0 as acting on the first of these subspaces and U1 as acting on
the second, then the direct sum of operators(

U0 0
0 U1

)
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is a unitary operator on Cn⊗C2 that fixes the two summands above. Hence
it determines a discrete walk on Cn ⊗C2, which we may view as the direct
sum of the walks given by U0 and U1.

Now set
H = 1√

2

(
1 1
1 −1

)

and define
U :=

(
U0 0
0 U1

)
H = 1√

2

(
U0 U0
U1 −U1

)
.

We say that U is a coupling of the walks determined by U0 and U1. (Note
that we could replace H by any 2× 2 unitary matrix.)

If we assume that U0 and U1 commute, we can determine the eigenval-
ues and eigenvectors of U in terms of the eigenvalues and eigenvectors of U0
and U1. The first step is to note that, since U0 and U1 are normal and com-
mute, there is an orthonormal basis z1, . . . , zn of Cn consisting of common
eigenvectors for U0 and U1.

7.2.1 Lemma. Let U0 and U1 be commuting n× n unitary matrices, let z
be a common eigenvector for these matrices and assume

U0z = θ0z, U1z = θ1z.

Then the two roots of

t2 − 1√
2

(θ1 − θ0)t− θ0θ1

are eigenvalues of U .

Proof. Since the entries in

tI − U =
(
tI − 1√

2U0 − 1√
2U0

− 1√
2U1 tI + 1√

2U1

)

commute

det
(
tI − 1√

2U0 − 1√
2U0

− 1√
2U1 tI + 1√

2U1

)
= det

((
tI − 1√

2
U0

)(
tI + 1√

2
U1

)
− 1

2U0U1

)
.
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Suppose z is a common eigenvector for U0 and U1 and the associated eigen-
values are θ0 and θ1. Then the eigenvalues of(

tI − 1√
2
U0

)(
tI + 1√

2
U1

)
− 1

2U0U1

are the roots of
t2 − 1√

2
(θ1 − θ0)t− θ0θ1.

7.3 Spectral Decomposition
In the only cases of interest to us, U1 = U−1

0 and hence if θ is an eigenvalue
of U0, then θ−1 is the corresponding eigenvalue of θ1. Under this assumption,
we compute the spectral decomposition of U .

7.3.1 Lemma. Assume U1 = U−1
0 and let θ be an eigenvalue of U0, If

θ = eiϕ, then the two associated eigenvalues of U are

1√
2

(−i sinϕ±
√

cos2 ϕ+ 1).

Proof. The roots of
t2 − 1√

2
(θ−1 − θ)− 1

are
1
2

θ−1 − θ√
2
±
√

(θ − θ−1)2

2 + 4


which we can rewrite as

1√
2

−θ − θ−1

2 ±
√

(θ + θ−1)2

2 + 1


Next we determine the eigenvectors of U .

7.3.2 Lemma. Assume

U = 1√
2

(
U0 U0
U−1

0 −U−1
0

)
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and let z be an eigenvector for U0 with norm one and eigenvalue θ. If

λ := 1
2θ
(
−θ − θ−1 ±

√
θ + θ−1 + 6

)
,

then (
z
λz

)
is an eigenvector for U with eigenvalue

1√
2

−θ − θ−1

2 ±
√

(θ + θ−1)2

2 + 1
 .

Proof. We have (
U0 U0
U−1

0 −U−1
0

)(
z
λz

)
=
(
θ(1 + λ)z
θ−1(1− λ)z

)
and therefore (

z
λz

)
is an eigenvector if

θ−2 (1− λ)
(1 + λ) = λ;

solving this for λ yields the stated formula.
The projection onto the subspace spanned by the the eigenvector(

z
λz

)
is

1
1 + λλ

(
1 λ
λ λλ

)
⊗ zz∗.

For later use, we compute λλ explicitly. Note that θ = θ−1 and, as

λ = 1
2θ
(
−θ − θ−1 ±

√
θ + θ−1 + 6

)
,

we have
λ = θ

2
(
−θ − θ−1 ±

√
θ + θ−1 + 6

)
.

Therefore

λλ = 1
4((θ + θ−1)2 ∓ 2(θ + θ−1)

√
θ + θ−1 + 6 + θ + θ−1 + 6)
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7.4 Computing Powers
We derive an expression for Uk, in terms of generating functions. View U as
a 2×2 block matrix and let Φ1,1(k) denote (Uk)1,1; define Φ2,1 etc. similarly.
Then (

Φ1,1(k + 1)
Φ2,1(k + 1)

)
= U

(
Φ1,1(k)
Φ2,1(k)

)
(7.4.1)

Note that Φ1,1(0) = I and Φ2,1(0) = 0. Define generating functions

Ψ1,1(t) =
∑
k≥0

tkΦ1,1(k), Ψ2,1(t) =
∑
k≥0

tkΦ2,1(k).

If we multiply both sides of (7.4.1) by tk+1 and sum over k, we get(
Φ1,1(t)
Φ2,1(t)

)
−
(
I
0

)
= U

(
Φ1,1(t)
Φ2,1(t)

)

and therefore (
Φ1,1(t)
Φ2,1(t)

)
=
(
I − tU

)−1
(
I
0

)
.

We now compute (I − tU)−1. We have
(
I − 1√

2tU0 − 1√
2tU0

− 1√
2tU1 I + 1√

2tU1

)(
I + 1√

2tU1
1√
2tU0

1√
2tU1 I − 1√

2tU0

)

=
(
I − 1√

2t(U0 − U1)− t2U0U1 0
0 I − 1√

2t(U0 − U1)− t2U0U1

)
,

from which it follows that

Ψ1,1(t) =
(
I − t(U0 − U1)− 2t2U0U1

)−1
(
I + 1√

2
tU1

)

and
Ψ2,1(t) =

(
I − t(U0 − U1)− 2t2U0U1

)−1 1√
2
tU1.

If we make the additional assumption that U1 = U−1
0 , then

Ψ1,1(t) =
(

(1− t2)I − 1√
2
t(U0 − U−1

0 )
)−1

(I + tU1).
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If U0 has the spectral decomposition
U0 =

∑
θ

θEθ,

then Ψ1,1(t) has the spectral decomposition
∑
θ

1 + tθ−1/
√

2
1− (θ − θ−1)t/

√
2− t2

Eθ (7.4.2)

7.5 Extracting Coefficients
We derive an explicit expression for the coefficient of tk in Ψ1,1(t).

If F (t) is a power series in t over ring (e.g., the ring of n× n matrices)
we use [tk, F (t)] to denote the coefficient of tk in F (t).

7.5.1 Theorem. If α is a root of

t2 − 1√
2

(θ−1 − θ)t− 1,

then [
tk,Ψ1,1(t)

]
=
∑
θ

(
α−1 + θ−1/

√
2

α−1 + α
α−k + α− θ−1/

√
2

α−1 + α
(−α)k

)
Eθ

Proof. If α denotes a root corresponding to the eigenvalue θ of U0, then

1 + 1√
2

(θ−1 − θ)t− t2 = (1− α−1t)(1 + αt)

Thus
1

1 + (θ−1 − θ)t/
√

2− t2
= 1

(1− α−1t)(1 + αt)

= 1
1 + α2

1
1− α−1t

+ α2

1 + α2
1

1 + αt

Therefore[
tk,

1
1 + (θ−1 − θ)t/

√
2− t2

]
= 1

1 + α2 (α−1)k + α2

1 + α2 (−α)k

and[
tk,

θ−1t/
√

2
1 + (θ−1 − θ)t/

√
2− t2

]
= θ−1/

√
2

1 + α2 (α−1)k−1 + θ−1α2/
√

2
1 + α2 (−α)k−1

from which the result follows.
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7. 1-Dimensional Walks

We can compute [tk,Ψ2,1(t)] similarly. The following lemma gives [tk,Ψ1,2(t)]
and [tk,Ψ2,2(t)].

7.5.2 Lemma. We have

φ1,2(k) = φ2,1(k), φ2,2(k) = −φ1,1(k)

Proof. View U as a 2×2 matrix over the ring of complex polynomials in U0
and U1 (which commute) and note that det(U) = −1. Any 2 × 2 unitary
matrix over C with determinant 1 has the form(

a b
−b a

)
.

Multiplication (on the left) by the matrix(
1 0
0 −1

)

maps 2× 2 unitaries with determinant 1 to unitaries with determinant −1.
Hence a 2× 2 unitary with determinant −1 has the form(

a b
b −a

)

and therefore
Uk =

(
Ψ1,1(k) Ψ2,1(k)
Ψ2,1(k) −Ψ1,1(k)

)
.

Now specialize to the case where U0 is P , the permutation matrix rep-
resenting an n-cycle. If we set λ = e2πi/n, the eigenvalues of U0 are the
distinct powers λj of λ and if Ej is the idempotent corresponding to the
eigenvalue λj, we have

(Ej)`,m = 1
2nλ

j(`−m).

Accordingly, if αj is the root with positive real part of

t2 − 1√
2

(λ−j − λj)t− 1

then[
tk,Ψ1,1(t)

]
`,m

= 1
2n

∑
j

(
α−1
j + λ−j/

√
2

α−1
j + αj

α−kj + αj − λ−j/
√

2
α−1
j + αj

(−αj)k
)
λj(`−m)

118



7.5. Extracting Coefficients

If we allow n to tend to infinity and let α denote the root with positive
real part of

t2 − 1√
2

(η−1 − η)t− 1,

the above sum converges to an integral over the unit circle in the complex
plane

1
2π

∮ (
α−1 + η−1/

√
2

α−1 + α
α−k + α− η−1/

√
2

α−1 + α
(−α)k

)
η`−m dη. (7.5.1)

By Lemma 7.2.1, α is an eigenvalue of U , so |α| = 1. We may assume
α = eiβ and η = eiθ. Then

α− α−1 = 1√
2

(η−1 − η).

Hence,
sin β = − 1√

2
sin θ

Now suppose α has positive real part. We have

cos β = 1√
2
√

1 + cos2 θ.

So
α−1 + 1√

2
η−1 = 1√

2
(√

1 + cos2 θ + cos θ
)

and
α−1 + η−1/

√
2

α−1 + α
= 1

2

(
1 + cos θ√

1 + cos2 θ

)
It follows that∮ (

α−1 + η−1/
√

2
α−1 + α

α−k
)
η`−mdη = i

2

∫ 2π

0

(
1 + cos θ√

1 + cos2 θ

)
ei((`−m+1)θ−kβ)dθ

and∮ (
α−1 − η−1/

√
2

α−1 + α
α−k

)
η`−mdη = i

2

∫ 2π

0

(
1− cos θ√

1 + cos2 θ

)
ei((`−m+1)θ−kβ)dθ

= i

2

∫ π

−π

1− cos(θ + π)√
1 + cos2(θ + π)

 ei((`−m+1)(θ+π)−k(β+π))dθ

= (−1)`−m+1−k i

2

∫ π

−π

1 + cos(θ)√
1 + cos2(θ)

 ei((`−m+1)θ−kβ)dθ
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7. 1-Dimensional Walks

Hence Equation 7.5.1 reduces to

i

2π (1 + (−1)`−m+1−k)
∫ π

−π

(
1 + cos θ√

1 + cos2 θ

)
ei((`−m+1)θ−kβ)dθ

This agrees with the second formula in Lemma 7 of [2, Lemma 7]; the
readers are invited to derive the first formula, using a similar argument.
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Chapter 8

Vertex-Face Walks

8.1 Introduction

In this chapter, we construct a new discrete quantum walk from an ori-
entable embedding of a graph. Roughly speaking, the walk is defined by
two partitions of the arcs: one based on the faces, and one on the vertices.
To illustrate the idea, we take the planar embedding of K4 as an example.
As shown in Figure 8.1, since the surface is orientable, we can choose a
consistent orientation of the face boundaries. This partitions the arcs of
K4 into four groups {f0, f1, f2, f3}, called the facial walks. Meanwhile, the
arcs can be partitioned into another four groups, each having the same tail.
We represent these two partitions by the incidence matrices in Equation
(8.1.1).

0

1

23

��

�

�

Facial walks:

f0 = {(0, 1), (1, 2), (2, 0)}
f1 = {(1, 3), (3, 2), (2, 1)}
f2 = {(0, 2), (2, 3), (3, 0)}
f3 = {(0, 3), (3, 1), (1, 0)}

Figure 8.1: A Planar Embedding of K4
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8. Vertex-Face Walks

M =

f0 f1 f2 f3



(0, 1) 1 0 0 0
(0, 2) 0 0 1 0
(0, 3) 0 0 0 1
(1, 0) 0 0 0 1
(1, 2) 1 0 0 0
(1, 3) 0 1 0 0
(2, 0) 1 0 0 0
(2, 1) 0 1 0 0
(2, 3) 0 0 1 0
(3, 0) 0 0 1 0
(3, 1) 0 0 0 1
(3, 2) 0 1 0 0

N =

0 1 2 3



(0, 1) 1 0 0 0
(0, 2) 1 0 0 0
(0, 3) 1 0 0 0
(1, 0) 0 1 0 0
(1, 2) 0 1 0 0
(1, 3) 0 1 0 0
(2, 0) 0 0 1 0
(2, 1) 0 0 1 0
(2, 3) 0 0 1 0
(3, 0) 0 0 0 1
(3, 1) 0 0 0 1
(3, 2) 0 0 0 1

(8.1.1)
If M̂ is the matrix obtained from M by scaling each column to a unit

vector, then M̂M̂T is the orthogonal projection onto col(M), and so

2M̂M̂T − I

is the reflection about col(M). Similarly, if N̂ is the normalized arc-tail
incidence matrix, then

2N̂N̂T − I

is the reflection about col(N). Now

U := (2M̂M̂T − I)(2N̂N̂T − I)

is a unitary matrix, which serves as the transition matrix of our discrete
quantum walk.

We can easily generalize the above construction to any orientable em-
bedding of a graph X; such a walk will be called a vertex-face walk. While
this model has never been studied, there are search algorithms that effec-
tively use the vertex-face walk of a toroidal embedding of Cn�Cn [54, 23, 4].
Section 8.8 will discuss this connection in more detail.

The transition matrix U of the previous example has an interesting
expression: U = exp(tS) where t ∈ R and S is the skew-adjacency matrix
of an oriented graph, as shown in Figure 8.2. Thus, U can be seen as the
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8.2. Model

transition matrix of a continuous quantum walk, evaluated at time t. We
would like to characterize vertex-face walks that are connected to continuous
quantum walks in this way.

Figure 8.2: H-digraph of the planar embedding of K4

Our approach is spectral. We first list some basic properties of the
transition matrix of a vertex-face walk. Then we establish a spectral cor-
respondence between the transition matrix and the vertex-face incidence
matrix. Using the incidence graph, we derive a formula for the principal
logarithm of U2. We then explore necessary conditions and sufficient condi-
tions for the underlying digraph of this logarithm to be an oriented graph,
and find interesting connections to partial geometric designs. We also in-
vestigate properties of vertex-face walks on the covers of a graph. Finally,
we note that some vertex-face walks are reluctant to leave its initial state,
which is in sharp contrast to classical random walks.

8.2 Model
An embedding is circular if every face is bounded by a cycle. In this section,
we generalize the example in Section 8.1 to a vertex-face walk on any circular
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8. Vertex-Face Walks

orientable embedding.
Let X be a graph, andM an embedding of X on some orientable sur-

face. Consider a consistent orientation of the faces, that is, for each edge
e shared by two faces f and h, the direction e receives in f is opposite to
the direction it receives in h. Given such an orientation, every arc belongs
to exactly one face; let M be the associated arc-face incidence matrix. We
also partition the arcs according to their tails, and let N be the associated
arc-tail incidence matrix. Denote the normalized versions of M and N by
M̂ and N̂ . The unitary matrix

U := (2M̂M̂T − I)(2N̂N̂T − I)

is the transition matrix of a vertex-face walk forM.
Although U depends on the consistent orientation, there are only two

choices—reversing all the arcs in the facial walks of one orientation produces
the other. Let R be the permutation matrix that swaps arc (u, v) with arc
(v, u). If

(2M̂M̂T − I)(2N̂N̂T − I)

is the transition matrix relative to the “clockwise" orientation, then

R(2M̂M̂T − I)R(2N̂N̂T − I)

is the transition matrix relative to the “counterclockwise" orientation. In
this paper, we will not specify the orientation when proving properties of
U , as our results are independent of the choice.

The following observation on duality is immediate.

8.2.1 Lemma. If U is the vertex-face transition matrix forM, then UT is
the vertex-face transition matrix for the dual embedding ofM.

Define two matrices

P := M̂M̂T , Q := N̂N̂T .

Note that P is the projection onto vectors that are constant on each facial
walk, and Q is the projection onto vectors that are constant on arcs leaving
each vertex. Let 1 denote the all-ones vector. The projections P and Q
satisfy the following properties.
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8.2. Model

8.2.2 Lemma. For any arc (u, v), let fuv denote the facial walk using (u, v).
For any two faces f and h, let f ∩ h denote the set of vertices used by both
f and h.

(i) The projections P and Q are doubly stochastic, and so

U1 = UT1 = 1.

(ii) For two arcs (a, b) and (u, v),

P(a,b),(u,v) =


1

deg(fuv)
, if fab = fuv.

0, otherwise.
,

and

Q(a,b),(u,v) =


1

deg(u) , if a = u.

0, otherwise.

(iii) For two arcs (a, b) and (u, v),

(PQ)(a,b),(u,v) = (QP )(u,v),(a,b) =


1

deg(u) deg(fab)
, if u ∈ fab.

0, otherwise.

(iv) For two faces f and h,

(M̂TQM̂)f,h = 1√
deg(f) deg(h)

∑
u∈f∩h

1
deg(u) .

For two vertice u and v,

(N̂TPN̂)u,v = 1√
deg(u) deg(v)

∑
f :u,v∈f

1
deg(f) .

Proof. We prove the first parts of (iii) and (iv); the other statements follow
similarly. Note that M(a,b),f 6= 0 if and only if f = fab, (MTN)f,w 6= 0 if
and only if w is contained in f , and NT

w,(u,v) 6= 0 if and only if w = u. Hence
(PQ)(a,b),(u,v) 6= 0 if and only if u ∈ fab. This proves (iii). For (iv), simply
note that (MTNNTM)f,h counts the vertices that appear in both faces f
and h.
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8. Vertex-Face Walks

The above lemma allows us to write out the entries of U explicitly. More-
over, if either X or its dual graph is regular, we have a simple expression
for tr(U).

8.2.3 Lemma. Suppose the circular orientable embedding of X has n ver-
tices, ` edges and s faces. If either X or its dual graph is regular, then

tr(U) = 2
(
ns

`
− (n+ s− `)

)
.

Proof. We have
U = (2P − I)(2Q− I).

where P and Q are projections. From (iii) in Lemma 8.2.2 we see that

tr(PQ) =
∑
(u,v)

1
deg(u)

1
deg(fuv)

=
∑
f

1
deg(f)

∑
u∈f

1
deg(u) .

If X is d-regular, then
tr(PQ) = s

d
= ns

2` .

Hence

tr(U) = 4 tr(PQ)− 2 tr(P )− 2 tr(Q)− tr(I)

= 2ns
`
− 2(rk(P ) + rk(Q)− 2`)

= 2
(
ns

`
− (n+ s− `)

)
.

The case where the dual graph is regular follows from tr(U) = tr(UT ).
A quantum walk is called reducible if U is permutation similar to some

block-diagonal matrix, and irreducible otherwise. The following result shows
that for a connected graph, any vertex-face walk is irreducible, regardless
of the embedding.

8.2.4 Lemma. Let M be an orientable embedding of a connected graph
X. Let π1 and π2 be the arc-face partition and the arc-tail partition ofM.
Then π1 ∧ π2 is the discrete partition, and π1 ∨ π2 is the trivial partition.
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Proof. First of all, since every face is bounded by a cycle, no two arcs
sharing the tail are contained in the same facial walk, so π1 ∧ π2 is the
discrete partition. Next, since X is connected, between any two vertices v0
and vk there is a path, say

v0, . . . , v1k.

Consider the first two arcs (v0, v1) and (v1, v2). If they belong to the same
facial walk, then they are in the same class of π1 ∨ π2. Otherwise, there is
an arc (v1, w1) that is in the same facial walk as (v0, v1). Thus, all outgoing
arcs of v1, including (v1, v2), are in the same class of π1 ∨ π2 as (v0, v1).
Proceeding in this fashion, we see that all arcs in the path belong to the
same class of π1 ∨ π2.

8.3 Spectral Decomposition
Since the transition matrix U is a product of two reflections, we can apply
the results in Chapter 2 to compute its spectral decomposition. Suppose
the embeddingM has n vertices, ` edges and s faces. Let g be the genus
of the orientable surface. The readers may verify the following theorems on
the eigenspaces of U .

8.3.1 Theorem. The 1-eigenspace of U is

(col(M) ∩ col(N))⊕ (ker(MT ) ∩ ker(NT ))

with dimension `+ 2g. Moreover, the first subspace is simply

col(M) ∩ col(N) = span{1}.

To characterize the remaining eigenspaces for U , we introduce a few
more incidence matrices. A vertex is incident to a face if it is incident
to an edge that is contained in the face. Let B, C and D be the vertex-
edge incidence matrix, the vertex-face incidence matrix, and the face-edge
incidence matrix, respectively. Since every face is bounded by a cycle, we
have the following two expressions for C.

8.3.2 Lemma. The vertex-face incidence matrix C satisfies

C = 1
2BD

T = NTM.
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8. Vertex-Face Walks

We also define
Ĉ := N̂TM̂,

and call it the normalized vertex-face incidence matrix. All other eigenspaces
for U are determined by Ĉ.

8.3.3 Theorem. The (−1)-eigenspace for U is

M̂ ker(Ĉ)⊕ N̂T ker(ĈT )

with dimension
n+ s− 2 rk(C).

By interlacing, the eigenvalues of ĈĈT lie in [0, 1]. The following theo-
rem shows how the eigenspaces for ĈĈT with eigenvalues in (0, 1) give rise
to eigenspaces for U with non-real eigenvalues.

8.3.4 Theorem. The multiplicities of the non-real eigenvalues of U sum to
2 rk(C)− 2. Let µ ∈ (0, 1) be an eigenvalue of ĈĈT . Choose θ with

cos(θ) = 2µ− 1.

The map
y 7→ (cos(θ) + 1)N̂y − (eiθ + 1)M̂ĈTy

is an isomorphism from the µ-eigenspace of ĈĈT to the eiθ-eigenspace of U ,
and the map

y 7→ (cos(θ) + 1)N̂y − (e−iθ + 1)M̂ĈTy

is an isomorphism from the µ-eigenspace of ĈĈT to the e−iθ-eigenspace of
U .

After normalization, we obtain an explicit formula for the eigenprojec-
tion of each non-real eigenvalue of U .

8.3.5 Corollary. Let µ ∈ (0, 1) be an eigenvalue of ĈĈT . Choose θ such
that cos(θ) = 2µ − 1. Let Eµ be the orthogonal projection onto the µ-
eigenspace of ĈĈT . Set

W := N̂EµN̂
T .

Then the eiθ-eigenprojection of U is

1
sin2(θ)

(
(cos(θ) + 1)W − (eiθ + 1)PW − (e−iθ + 1)WP + 2PWP

)
,
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and the e−iθ-eigenprojection of U is

1
sin2(θ)

(
(cos(θ) + 1)W − (e−iθ + 1)PW − (eiθ + 1)WP + 2PWP

)
.

8.4 Hamiltonian
A Hamiltonian of a unitary matrix V is a Hermitian matrix H such that
V = exp(iH). Given the spectral decomposition

V =
∑
r

αrFr,

any Hamiltonian H can be written as

H = −i
∑
r

log(αr)Fr,

for some value of log(αr). If in addition, for each r, the angle satisfies

−π < −i log(αr) ≤ π,

then H is called the principal Hamiltonian of V . In this sense, every unitary
matrix can be viewed as the transition matrix of a continuous quantum walk
on the underlying digraph of its principal Hamiltonian.

We study the principal Hamiltonian of U2, where U is the transition
matrix of a vertex-face walk. The spectral machinery we developed in the
last section reveals a close connection between H and the bipartite vertex-
face incidence graph. For simplicity, we will focus on circular orientable
embeddings where both X and the dual graph are regular; if each vertex
has d neighbors and each face uses k vertices, we say the embedding has
type (k, d).

8.4.1 Theorem. LetM be a circular orientable embedding of type (k, d).
Let M and N be the arc-face incidence matrix and the arc-tail incidence
matrix, respectively. Let U be the transition matrix of a vertex-face walk
forM. Let A be the adjacency matrix of the vertex-face incidence graph,
with spectral decomposition

A =
∑
λ

λGλ.
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Then each eigenvalue λ of A gives rise to some eigenvalue e±iθ of U in the
following way:

|λ|√
dk

= cos
(
θ

2

)
.

Moreover, U2 = exp(iH), where

H = 4
(
N iM

) ∑
λ/∈{0,±

√
dk}

λ arccos(|λ|/
√
dk)

|λ|
√
dk − λ2

Gr

( NT

−iMT

)
.

Proof. As before, let C be the vertex-face incidence matrix. Then

A =
(

0 C
CT 0

)
.

Note that the eigenvalues of A are symmetric about zero, and bounded in
absolute value by

√
dk. By Theorems 8.3.1, 8.3.3 and 8.3.4, each eigenvalue

λ of A determines the real part of some eigenvalue e±iθ of U :

cos(θ) = 2λ2

dk
− 1,

that is,
|λ|√
dk

= cos
(
θ

2

)
.

Moreover, for λ 6= 0, the λ-eigenprojection for A is

Gλ = 1
2

(
Eλ2

1
λ
Eλ2C

1
λ
CTEλ2

1
λ2C

TEλ2C

)
,

where Eλ2 is the λ2-eigenprojection for CCT . Since U has real entries, its
spectrum is closed under complex conjugation. Hence by Corollary 8.3.5,

H = −4i
∑

0<λ<
√
dk

arccos(λ/
√
dk)

λ
√
dk − λ2

(NEλ2CMT −MCTEλ2NT ).

Combining this with the fact that

Gλ −G−λ =
(

0 1
λ
Eλ2C

1
λ
CTEλ2 0

)

yields the formula for H.
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The above result implies that H is the block sum of(
N 0
0 iM

)
φ(A)

(
NT 0
0 −iMT

)

for some odd polynomial φ.

8.5 H-digraph
Given an embedding M and the vertex-face transition matrix U , we will
refer to the underlying digraph of the principal Hamiltonian H of U2 as
the H-digraph of M. By Theorem 8.4.1, iH is skew-symmetric, so the
H-digraph is a weighted oriented graph.

An embeddingM is orientably-regular if its orientation-preserving au-
tomorphism group acts regularly on the arcs. Using the decomposition

C = 1
2BD

T = NTM,

where B, C, D, M , N are the vertex-edge, vertex-face, face-edge, arc-face,
and arc-tail incidence matrices, we obtain the following.

8.5.1 Theorem. LetM be a circular orientable embedding of type (k, d).
If M is orientably-regular, then the vertex-face incidence graph is edge-
transitive, and the H-digraph is vertex-transitive.

In general, we should expect the H-digraph to be dense with many
different weights; however, there are cases where it is sparse and unweighted
(up to scaling). An example was given in Figure 8.2. In this section, we
study circular orientable embeddings of type (k, d) whose H-digraphs are
oriented graphs. We first give a necessary condition on the eigenvalues of
the vertex-face incidence graph. This is a direct consequence of a result by
the first author on real state transfer [27], which we summarize below.

8.5.2 Theorem. Let H be a Hermitian matrix with algebraic entries. Sup-
pose for some real number t the entries of exp(itH) are algebraic. Then
the ratio of any two non-zero eigenvalues of H are rational. Moreover, if
iH has integer entries, then there is a square-free integer ∆ such that all
eigenvalues of H are in Z[

√
∆].
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The ratio condition in Theorem 8.5.2 is particularly useful in characteriz-
ing state transfer in continuous quantum walks on graphs (see for example
[25]) and oriented graphs ([27, 49]). Here, we present its application to
discrete quantum walks.

8.5.3 Theorem. Let U be a vertex-face transition matrix for a circular
orientable embedding of type (k, d). Let A be the adjacency matrix of the
vertex-face incidence graph. Suppose U2 = exp(tS) for some real number t
and skew-adjacency matrix S. Then the following hold.

(i) There is a square-free integer ∆ such that all eigenvalues of S are in
Z[
√
−∆].

(ii) If λr and λs are two eigenvalues of A that are distinct from {0,±
√
dk},

then
arccos(|λr|/

√
dk)

arccos(|λs|/
√
dk)
∈ Q.

Proof. (i) follows from Theorem 8.4.1 since U has rational entries and S has
integer entries. For (ii), recall that λr and λs determine non-real eigenvalues
e±iθr and e±iθs of U by

|λr|√
dk

= cos
(
θr
2

)
,
|λs|√
dk

= cos
(
θs
2

)
.

If 0 < θr, θs < π, then θr/θs equals the ratio of two eigenvalues of S, which
must be rational.

The above condition is satisfied when U2 has exactly three eigenvalues.
In fact, the H digraph of such U2 is guaranteed to be an oriented graph.

8.5.4 Theorem. LetM be a circular orientable embedding of type (k, d)
of a graph X. Let U be a vertex-face transition matrix forM. Then

U2 = exp(γ(U − UT ))

for some real number γ if and only if the vertex-face incidence graph has
four or five distinct eigenvalues. Moreover,

dk

4 (UT − U)
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8.5. H-digraph

is the skew-adjacency matrix of some oriented graph on the arcs of X, and
the degree of (a, b) is

dk −
∑
u∈fab

β(a, u),

where fab denotes the unique face using the arc (a, b), and β(a, u) denotes
the number of faces containing both a and u.

Proof. Let
U =

∑
r

αrFr

be the spectral decomposition of U . Then

U2 = exp(γ(U − UT ))

holds if and only if ∑
r

α2
rFr =

∑
r

eγ(αr−α−1
r )Fr,

that is, for each non-real eigenvalue αr = eiθr of U ,

e2iθ = e2γ sin(θ).

Since sin(x)/x is monotone when 0 < x < π, the above holds for some γ if
and only if U2 has exactly three eigenvalues, or equivalently, the vertex-face
incidence graph has exactly four or five eigenvalues.

LetM andN be the arc-face and arc-tail incidence matrices, respectively.
Recall that

U =
(2
k
MMT − I

)(2
d
NNT − I

)
.

Thus
U − UT = 4

dk
(MMTNNT −NNTMMT ).

Let S = MMTNNT −NNTMMT . By Lemma 8.2.2 (iii),

S(a,b),(u,v) =


1, if u ∈ fab and a /∈ fuv,
−1, if a ∈ fuv and u /∈ fab,
0, otherwise.

Therefore S is the skew-adjacency matrix of some oriented graph. Moreover,
for each u ∈ fab, there is a bijection between the neighbors of v such that
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8. Vertex-Face Walks

a ∈ fuv and the faces containing both a and u. Hence the degree of the
oriented graph is ∑

u∈fab

(d− β(a, u)) = dk −
∑
u∈fab

β(a, u).

Let C be the vertex-face incidence matrix of the embedding in Theorem
8.5.4. We see that U2 = exp(γ(U − UT )) if and only if C has exactly two
non-zero singular values. Combinatorial designs with two non-zero singular
eigenvalues were studied by van Dam and Spence [64, 65]. In particular,
they showed that a point-d-regular and block-k-regular design with two non-
zero singular values is a partial geometric design with parameters (d, k, t, c),
originally introduced by Bose et al [12], where for each point-block pair
(p,B), the number of incident point-block pairs

|{(p′, B′) : p′ 6= p,B′ 6= B, p′ ∈ B, p ∈ B′}|

equals c or t, depending on whether p is in B or not. Below we include a
proof.

8.5.5 Theorem. Let C be an incidence matrix with C1 = d1 and CT1 =
k1. Suppose C has exactly two non-zero singular values. Then C is the
incidence matrix of a partial geometric design.

Proof. Clearly, dk is an eigenvalue of CCT with eigenprojection J/n. Let
µ be the other non-zero eigenvalue of CCT . Let E0 be the projection onto
the kernel of CCT . We have

CCT = dk
( 1
n
J
)

+ µ
(
I − 1

n
J − E0

)
= µI + dk − µ

n
J − µE0.

Thus
CCTC = µC + k(dk − µ)

n
J.

Note that (CCTC)p,B counts all pairs (p′, B′) with p′ ∈ B and p ∈ B′.
Hence the incidence structure is a(

d, k,
k(dk − µ)

n
,
k(dk − µ)

n
+ µ+ 1− d− k

)

partial geometric design.
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We briefly discuss embeddings that realize partial geometric designs.
If CCT is invertible, then a trace argument shows that the vertex-face

incidence structure is a balanced incomplete block design (BIBD), or a 2-
design, with parameters (n, k, d(k−1)/(n−1)), that is, a point-regular and
block-regular design where every two distinct points lie in d(k − 1)/(n− 1)
blocks.

The study of connections between 2-designs and graph embeddings dates
back to 1897 [39], when Heffter constructed 2-(n, 3, 2) designs using certain
triangular embeddings of Kn. However, building these triangular embed-
dings themselves remained a challenging task, until Ringel [58], Gustin
[37] and Terry et al [62] provided solutions to all admissible n, that is,
n ≡ 0, 3, 4, 7 (mod 12).

The self-dual circular embeddings of Kn, on the other hand, yield a
family of 2-(n, n − 1, n − 2) designs. While self-dual embeddings of Kn

exists if and only if n ≡ 0, 1 (mod 4) [68], the circular ones are only known
when n is a prime power. For the constructions, see Biggs [11]; we remark
that these are all orientably-regular embeddings.

Embeddings with singular CCT and CTC may be related to other de-
signs. A two-class partially balanced incomplete block design (PBIBD)
with parameters (n, k;λ1, λ2) is a point-regular, block-regular design whose
incidence matrix C satisfies

CCT = dI + λ1A+ λ2(J − I − A),

where A is the adjacency matrix of a strongly regular graph. A PBIBD has
at most three non-zero singular values; those with two non-zero singular
values are precisely partial geometric PBIBDs, and they are usually referred
to as special PBIBDs [13].

Every triangular embedding of a strongly regular graph on n vertices
determines a (n, 3; 2, 0)-PBIBD. In [55], Petroelje gave a construction for
orientable triangular embeddings of Kn,n,n, which yield (3n, 3; 2, 0)-special
PBIBDs.

8.6 Covers
In this section, we consider a covering construction that preserves nice prop-
erties of vertex-face walks. For a detailed discussion on covers, see Chapter
5.
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Given an orientable embeddingMX of X, and a covering map ψ from
a connected graph Y to X, we define an orientable embeddingMY of Y by
specifying its facial walks. Let W be a facial walk ofMX starting at vertex
u. Clearly, the preimage ψ−1(W ) consists of walks starting and ending in
the fiber ψ−1(u), and each arc of Y appears in at most one of these walks.
Then, the facial walks ofMY are exactly the closed walks in the preimages
of the facial walks ofMX . In the previous example, the planar embedding
of K4 gives rise to an embedding of the cube on the torus, with 4 faces each
of length 6.

We will focus on a special type of cover, known as the voltage graphs.
A voltage graph of X is an r-fold cover Y = Xφ, where the image of the
arc-function φ is a subgroup Γ ≤ Sym(r) of order r, and

V (Y ) = V (X)× Γ, E(Y ) = E(X)× Γ.

Voltage graphs correspond to normal covers [38], and have been extensively
studied. We only state one property that voltage graphs satisfy; for more
background, see Gross and Tucker [36].

8.6.1 Theorem. Let C be a k-cycle in X. Let Y = Xφ be a voltage graph
of order r. If φ(C) has order `, then C lifts to r/` cycles in Y , each of length
k`.

We callMY a voltage embedding if Y is a voltage graph of X, andMY

is obtained fromMX by the above lifting method.
The next result shows that the transition matrix ofMX is a block sum

of the transition matrix of MY , and consequently, the H-digraph of MX

is a quotient digraph ofMY . To prove it, we need the concept of row and
column equitable partitions, which were introduced by the first author [24,
Ch 12]. Let A be a matrix over C. Let σ and ρ be the partition of the
columns and rows of A, and let K and L be their respective characteristic
matrices. The pair (ρ, σ) is column equitable if col(AK) ⊆ col(L), row
equitable if col(A∗L) ⊆ col(K), and equitable if it is both column and row
equitable.

8.6.2 Theorem. LetMX be a circular orientable embedding of X. Let Y
be a voltage graph of X, andMY the associated voltage embedding. Let ρ
be the partition of the arcs of Y , where each class is the preimage of some
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arc of X. Let L̂ be its normalized incidence matrix of ρ. If UX and UY are
the vertex-face transition matrices forMX andMY , then

UX = L̂TUY L̂.

Consequently, the H-digraph ofMX is a quotient digraph of the H-digraph
ofMY .

Proof. Let M̂X , M̂Y , N̂X , N̂Y be the arc-face incidence matrices and arc-tail
incidence matrices of the embeddings of X and Y , respectively. We have

UY = (2M̂Y M̂
T
Y − I)(2N̂Y N̂

T
Y − I).

Let σ be the partition of the vertices of Y into fibers, with normalized
incidence matrix K̂. It is not hard to verify that

N̂Y K̂ = L̂N̂X

and
N̂T
Y L̂ = K̂N̂T

X .

Thus (ρ, σ) is an equitable partition of N̂Y . It follows that

N̂Y K̂K̂
T = L̂L̂T N̂Y . (8.6.1)

Since
N̂X = L̂T N̂Y K̂,

the projection onto col(N̂X) can be written as

N̂XN̂
T
X = L̂T (N̂Y K̂K̂

T )N̂T
Y L̂

= L̂T (L̂L̂T N̂Y )N̂T
Y L̂

= L̂T N̂Y N̂
T
Y L̂.

Applying a similar argument to the preimages of facial walks, we can show
that

M̂XM̂
T
X = L̂TM̂Y M̂

T
Y L̂.

Thus,
UX = L̂T (2M̂Y M̂

T
Y − I)L̂L̂T (2N̂Y N̂

T
Y − I)L̂. (8.6.2)
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Finally, from Equation (8.6.1) we see that

L̂L̂T N̂Y N̂
T
Y = N̂Y K̂K̂

T N̂T
Y ,

which is a symmetric matrix, so L̂L̂T commutes with N̂Y N̂
T
Y . Therefore,

Equation (8.6.2) reduces to

UX = L̂TUY L̂.

Conversely, we may “lift” nice properties ofMX when taking a voltage
embedding, using the following simple technique. Let C be the incidence
matrix of a design. Construct a new design with incidence matrix C ⊗ 1
by duplicating the points and preserving the incidence relation. If C is a
partial geometric design, then so is C ⊗ 1.

8.6.3 Theorem. LetMX a circular orientable embedding of X. Suppose
its vertex-face incidence structure is a partial geometric design. Let Y = Xφ

be a voltage graph of order r, and MY the associated voltage embedding.
Suppose for each facial cycle C of MX , the order of φ(C) is r. Then the
vertex-face incidence structure ofMY is also a partial geometric design.

Proof. Let ψ be the covering map. By Theorem 8.6.1, each facial cycle fab
ofMX lifts to a unique facial cycle ψ−1(fab) ofMY . Moreover, all arcs in
ψ−1((a, b)) are contained in ψ−1(fab).

This construction yields many new embeddings whose H-digraphs are
oriented graphs. For example, we have the following family based on the
circular self-dual embeddings of Kn.

8.6.4 Corollary. Let n be a power of 2. LetMKn be a circular self-dual
embedding of Kn. Let Y = Kφ

n be the double cover of Kn with φ sending
every arc to the involution. LetMY be the voltage embedding. Then the
H-digraph ofMY is an oriented graph.

8.7 Sedentary Walks
One counterintuitive phenomenon in quantum walks is that the walker may
be reluctant to leave its initial state. This was first observed in continuous
quantum walks on Kn: for any time t, the mixing matrix

UKn(t) ◦ UKn(t)
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converges to I as n goes to infinity. In [28], the first author investigated
quantum walks on complete graphs, some cones and some strongly regular
graphs that enjoy the same property. Following his paper, we say a sequence
of discrete quantum walks, determined by transition matrices {U1, U2, · · · },
is sedentary if for any step t, the mixing matrices U t

n ◦U t
n converges to I as

n goes to infinity.

8.7.1 Lemma. Let M be a circular orientable embedding of type (k, d).
Suppose the vertex-face incidence structure is a 2-design. Then

tr(U t) = nd− 2(1− cos(tθ))(n− 1),

where
cos(θ) = 2(n− k)

k(n− 1) − 1.

Proof. Let C be the vertex-face incidence matrix. We have

CCT = d(n− k)
n− 1 I + d(k − 1)

n− 1 J.

The eigenvalues of CCT are dk with multiplicity 1, and d(n − k)/(n − 1)
with multiplicity n − 1. By Theorem 8.3.4, the non-real eigenvalues of U
are e±iθ, each with multiplicity n− 1, where

cos(θ) = 2(n− k)
k(n− 1) − 1.

Hence 1 is an eigenvalue of U with multiplicity nd− 2(n− 1). Therefore,

tr(U t) = (eitθ + e−itθ)(n− 1) + nd− 2(n− 1),

from which the result follows.
We found one family of sedentary walks from embeddings we visited

before.

8.7.2 Corollary. For each prime power n, let Un be the vertex-face transi-
tion matrix for a self-dual orientably-regular embedding of Kn. The quan-
tum walks determined by

{Un : n is a prime power}

form a sedentary family.
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Proof. Since the embedding is orientably-regular, U t has constant diagonal.
By Theorem 8.7.1, each diagonal entry of U t ◦ U t is(

1− 2(1− cos(tθ))
n

)2

,

which converges to 1 as n goes to infinity.

8.8 Search
We mention a potential application of the vertex-face walks. First, let us
revisit a quantum walk based algorithm due to Patel et al [54] and Falk [23];
its performance was proved to match the best known quantum algorithms
for searching a marked item on a 2-dimensional grid [4] .

We will view the 2-dimensional grid as a Cartesian square of a cycle:

X := Cn�Cn.

Consider two partitions of V (X), illustrated by the blue squares and the red
squares in Figure 8.3. Let Uo and Ue be the reflections about the column
spaces of the characteristic matrices of these two partitions, respectively. If
we remove the oracle from the search algorithm proposed by [54, 23], then
it is equivalent to a quantum walk with transition matrix

U = UoUe.

Notice that Figure 8.3 represents a self-dual embedding of Cn�Cn on
the torus. In fact, it gives rise to a toroidal embedding of another graph Y ,
obtained by truncating the edges of X and joining the new vertices by blue
and red edges, as shown in Figure 8.4.

Clearly, Y is isomorphic to C2n�C2n, and the blue and red squares
partition V (Y ) the same way they do in Figure 8.3. Thus based on [4],
we can construct a transition matrix U from these two partitions. On the
other hand, we may think of the vertices of Y as arcs of X—the one closer
to u on edge {u, v} is the arc (u, v), with tail u. Thus, the blue squares
partition the arcs based on their tails, while the red squares partition the
arcs based on the faces they lie in. Therefor U is a vertex-face transition
matrix for the toroidal embedding of X.
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Figure 8.3: Two partitions of the vertices of Cn�Cn

Figure 8.4: Two partitions of the arcs of Cn�Cn

In general, given a quantum walk with transition matrix U on the arcs
of a graph, we may search for a marked vertex u in the following way. Let
O be the matrix that maps ea to −ea if a is an outgoing arc of u, and
fixes ea otherwise; this is called the oracle. Initialize the system to 1/

√
m,

where m is the number of arcs. Apply OU to the initial state t times. The
probability of finding u after t steps is given by∑

a has tail u
|
〈

(OU)t 1√
m
1, ea

〉
|2.

We remark that each step of a vertex-face walk is equivalent to two
steps of the arc-reversal walk, one on the original graph and one on the
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dual graph. Our computation shows that search using a vertex-face walk
has a higher success probability than search using the arc-reversal walk. Of
course, one reason is that the walker may move to non-adjacent arcs during
each iteration of the vertex-face walk.

8.9 Future Work
The definition of vertex-face walks can be extended to non-orientable em-
beddings through graph-encoded maps. Note that an embeddingM with `
edges has 4` flags. Thus, ifM is orientable, then there are two components
in the distance-2 graph of the gem, each with 2` vertices. Let Y be one
such component. We claim that the vertex-face walk forM is equivalent to
a quantum walk on the vertices of Y . Let π1 be the partition of the vertices
(u, e, f) of Y based on their third coordinates f . It is not hard to see that
the size of each cell in π1 is the degree of some face. Similarly, let π2 be the
partition of V (Y ) based on their first coordinates u. Let M̂ and N̂ be the
normalized characteristic matrices for π1 and π2, respectively. Then

(2M̂M̂T − I)(2N̂N̂T − I)

is precisely the vertex-face walk forM relative to one consistent orientation
of the faces.

In general, let π1 be coarsest partition of the flags for some circular
embeddingM, such that in each cell, all flags share an face, while no two
flags share an edge. Similarly, let π2 be the coarsest partition of the flags,
such that in each cell, all flags share a vertex, while no two flags share an
edge. Let M̂ and N̂ be the normalized characteristic matrices for π1 and
π2, respectively. Then

U = (2M̂M̂T − I)(2N̂N̂T − I)

defines a quantum walk, which is reducible if and only if M is orientable.
Now, each arc (u, v) in the underlying graph X is paired with two flags
(u, e, f) and (u, e, f ′), and the probability that the walker is on the arc (u, v)
can be computed by summing the probabilities of her being on (u, e, f) and
(u, e, f ′). There are many questions we may ask about this new definition
of vertex-face walks; for example, one may study the relation between the
original graph X and the H-digraph, or compare the dynamics of vertex-
face walks between orientable and non-orientable embeddings.
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