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Preface

A discrete quantum walk is determined by a unitary matrix U, the tran-
sition matrix of the walk. If the initial state of the system is given by a
vector z, then the state of the system at time k is U*z. The problem is to
choose U and z so that we can do something useful, and indeed we can—
Grover showed how an implementation of this setup could be used to enable
quantum computers to search a database faster than any known classical
algorithm.

The framework we have just described is impossibly general, a quantum
computer can conveniently implement only a small subset of the set of
unitary matrices. There is also a mathematical difficulty, in that it may be
impossible to derive useful predictions of the behaviour of the walk without
imposing some structure on U

As we have described it, the transition matrix U is an operator on the
complex inner product space C?. However, for the reasons just given, much
of the work on discrete quantum walks considers the case where U is an
operator on the space of complex functions on the arcs (ordered pairs of
adjacent vertices) of a graph X. Physically meaningful questions must be
expressed in terms of the absolute values of the entries of the powers U*.
Thus we might ask if, for a given initial state z, is there an integer k such
that the absolute values of the entries of U* are close to being equal?

Then goal of our work on this topic has been to attempt to relate the
properties of the walk to the properties of the underlying graph, and this
book is both an introduction to the topic and a report on our progress.

We start our treatment with the most famous topic, Grover’s search
algorithm. We offer two approaches, but in both cases we find that the
transition matrix arises as a product U = RC', where R and C are unitary
matrices with simple structure and are defined in terms of an underlying
graph. In fact R and C' are both involutions, and the algebra they generate
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is a matrix representation of the dihedral group. We make us of the fact
to determine the spectral decomposition of U, in terms of the underlying
graph. (If the graph is k-regular on n vertices, U is of order nk x nk, so we
have reduced the scale of the problem.) We then apply the resulting theory
to the study of properties of our walks, and determine useful parameters.
Of course, each time we identify a parameter of a walk, we have introduced
a possibly new graph parameter, and many interesting questions raise their
heads.

In the second part of the book we relax our assumptions that R and
C are involutions. We find that, to properly specify the resulting walks,
we must specify a linear ordering on the arcs leaving a vertex. As any
graph theorist is aware, embeddings of graphs in an orientable surface are
specified by cyclic orderings of the arcs leaving a vertex. Hence we offer
a detailed treatment of graph embeddings and graph covers. Following
this we consider walks based on shunts and walks on the line. We close
the book with a treatment of what we call vertex-face walks, which are
explicitly derived from embeddings of graphs in orientable surfaces.

We note that this book is based on the Ph.D. thesis of the second author
https://uwspace.uwaterloo.ca/handle/10012/13952. The intended au-
dience is mathematicians, particularly those who might be interested in new
graph theoretical problems arising from the study of discrete quantum walks.
The book by Portugal [56] provides a complementary view. We do not think
any knowledge of physics is required to profit from this work; the required
background is linear algebra (spectral decomposition) and some field the-
ory. We have tried to keep things self-contained, but G&R [33] may prove
a useful backup.


https://uwspace.uwaterloo.ca/handle/10012/13952
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Preface

A discrete quantum walk is determined by a unitary matrix U, the tran-
sition matrix of the walk. If the initial state of the system is given by a
vector z, then the state of the system at time k is U*z. The problem is to
choose U and z so that we can do something useful, and indeed we can—
Grover showed how an implementation of this setup could be used to enable
quantum computers to search a database faster than any known classical
algorithm.

The framework we have just described is impossibly general, a quantum
computer can conveniently implement only a small subset of the set of
unitary matrices. There is also a mathematical difficulty, in that it may be
impossible to derive useful predictions of the behaviour of the walk without
imposing some structure on U

As we have described it, the transition matrix U is an operator on the
complex inner product space C?. However, for the reasons just given, much
of the work on discrete quantum walks considers the case where U is an
operator on the space of complex functions on the arcs (ordered pairs of
adjacent vertices) of a graph X. Physically meaningful questions must be
expressed in terms of the absolute values of the entries of the powers U*.
Thus we might ask if, for a given initial state z, is there an integer k such
that the absolute values of the entries of U* are close to being equal?

Then goal of our work on this topic has been to attempt to relate the
properties of the walk to the properties of the underlying graph, and this
book is both an introduction to the topic and a report on our progress.

We start our treatment with the most famous topic, Grover’s search
algorithm. We offer two approaches, but in both cases we find that the
transition matrix arises as a product U = RC', where R and C are unitary
matrices with simple structure and are defined in terms of an underlying
graph. In fact R and C' are both involutions, and the algebra they generate
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is a matrix representation of the dihedral group. We make us of the fact
to determine the spectral decomposition of U, in terms of the underlying
graph. (If the graph is k-regular on n vertices, U is of order nk x nk, so we
have reduced the scale of the problem.) We then apply the resulting theory
to the study of properties of our walks, and determine useful parameters.
Of course, each time we identify a parameter of a walk, we have introduced
a possibly new graph parameter, and many interesting questions raise their
heads.

In the second part of the book we relax our assumptions that R and
C are involutions. We find that, to properly specify the resulting walks,
we must specify a linear ordering on the arcs leaving a vertex. As any
graph theorist is aware, embeddings of graphs in an orientable surface are
specified by cyclic orderings of the arcs leaving a vertex. Hence we offer
a detailed treatment of graph embeddings and graph covers. Following
this we consider walks based on shunts and walks on the line. We close
the book with a treatment of what we call vertex-face walks, which are
explicitly derived from embeddings of graphs in orientable surfaces.

We note that this book is based on the Ph.D. thesis of the second author
https://uwspace.uwaterloo.ca/handle/10012/13952. The intended au-
dience is mathematicians, particularly those who might be interested in new
graph theoretical problems arising from the study of discrete quantum walks.
The book by Portugal [56] provides a complementary view. We do not think
any knowledge of physics is required to profit from this work; the required
background is linear algebra (spectral decomposition) and some field the-
ory. We have tried to keep things self-contained, but G&R [33] may prove
a useful backup.


https://uwspace.uwaterloo.ca/handle/10012/13952

Chapter 1

Grover Search

1.1 States

Any quantum system has a state space, which is a complex inner product
space. For us, this will usually be finite dimensional, just C? for some d.
The actual states are the 1-dimensional subspaces of this vector space. We
could specify a subspace U of the complex inner product space V' by giving
an orthonormal basis uq,...,u;, but it is often more convenient to define
U in terms of the orthogonal projection P onto U—this is the idempotent
Hermitian matrix with image equal to U. In fact

P= Zuzuf,
i

but, despite appearances, P is independent of the choice of orthonormal
basis for U.

Operations on the state space correspond to unitary matrices. If U is
unitary and the state of our system is given by a unit vector z, then the
vector Uz defines the new state. If we choose to work with projections, our
initial state is given by zz*, and the state after we apply U is Uzz*U*.

The outcome of a measurement of a quantum system modelled by C?
can be taken to be an element of {1, ..., d}. However the result is actually a
random variable: there are probabilities py, ..., ps summing to 1, such that
we observe outcome ¢ with probability p;. In other words, the outcome of a
measurement is a probability density. This probability density will depend
on the initial state of our system, the operations we apply to the system,
and the choice of measurement.
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Mathematically, a measurement is represented by a sequence M, ..., M,
of positive semidefinite matrices such that Y, M; = I. The simplest case is
when e = d and M, = eieiT, which we describe as “measurement relative to
the standard basis”. If the state of the system is zz*, then the probability
that we observe the i-th outcome is

(M;, z2") = tr(M;z2") = 2" M, z;
if we are measuring relative to the standard basis, the probability is
el 2 = |z, e;)|?

Thus it is the square of the absolute value of the i-th entry of z.

1.2 Discrete Walks

For our purposes, a discrete quantum walk is specified by a unitary matrix
U. We call it the transition matrix of the walk. If U is d x d, we view it
as acting on a quantum system with state space C?. The system evolves
under repeated applications of U, thus if the initial state of the system
is represented by the unit vector z then after m steps, the state of the
system would be U™z. If we measure the system after k steps relative to
the standard basis, the outcome will be e; with probability

e, U™2)|%.

Our view of a discrete quantum walk is more general than taken by physi-
cists. We find the generality useful, but there are two problems. The first
is mathematical: at this level of generality, we may lack the mathematical
tools needed to determine interesting properties of parameters of the walk.
The second is physical: some unitary matrices decribe operations that are
not easily implemented in practice; thus we will see that U will be usually
defined as a product of simple unitary matrices, often sparse.

One common feature of nearly all discrete walks in this book will be
that the state space is the set of complex functions on the arcs of a graph.
Here an arc of a graph is an ordered pair of adjacent vertices. Thus if X is
an undirected graph with m edges, then it has 2m arcs, and the associated
state space will have dimension 2m.



1.3. Grover Search

1.3 Grover Search

We present one of the most important applications of quantum walks, Grover’s
search algorithm. Basically we have a system with state space C? and two
unitary operators R and S. The operators have a special form, they are
reflections. We explain what this means.

If P is a projection, then

(2P —I1)> =4P> 4P +1=1

and it follows that 2P — [ is unitary with order two. It fixes each vector in
im(P) and maps a vector v in ker(P) = U+ to —v. Thus 2P — I represents
reflection in im(P).

The simplest case is when im(P) is 1-dimensional, i.e., tk(P) = 1. If
im(P) is spanned by a, then

and ker(P) = a*. We say that 2P —I represents reflection in the hyperplane
at.

The operator R is supplied to us, and represents reflection in the sub-
space ejL. We do not know what the value of j is, and we want to determine
it. (This is our search problem.) The second operator S represents reflection

in the orthogonal complement of the vector

1
y=—=1.

Vd

Grover’s strategy is very easy to describe. We initialize our system so
that its state is y, we apply the operator U = RS exactly m times, and
then we measure relative to the standard basis. If we choose m correctly,
the result of the measurement is 7, with probability very close to 1.

In quantum computing there is a standard procedure for encoding 01-
valued functions as unitary operators. The operator R is the encoding of
a function f that takes the value 1 on j, and is zero on 7 if ¢ # j. Clearly
given f we can determine j by trying each input in turn, and on average
this will take %d tries.
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1.4 Justifying Grover’s algorithm

We use a geometric argument to show that Grover’s algorithm will work. A
real matrix () represents an orthogonal mapping if QTQ = I. As

1 = det(QQ") = det(Q)?

the determinant of an orthogonal mapping is +1. A rotation is an orthog-
onal mapping with determinant 1.

Reflections form an important class of orthogonal mappings (which we
will be making much use of). If W is a subspace of V', a reflection in W
is the linear mapping that fixes each element in W and acts as —I on U~.
Thus the square of a reflection is the identity, as expected. For our use,
the most important case will be reflection in a hyperplane, which can be
described as follows. If a # 0, then the map 7, defined by

(@, 2)
(a,a)

is reflection in the hyperplane a*. It is easy to see that 72 = I and 7,(a) =
—a, hence 7, is a reflection by definition. (You may find it worthwhile to
verify that it is an orthogonal mapping.) Since the eigenvalues of 7, are
—1 (with multiplicity one) and 1 with multiplicity dim(V') — 1, we see that
det(r,) = —1.

Npw assume that a and b are linearly independent unit vectors with
cos(f) = (a,b). The product U = 7,7, has determinant one. Assume that
dim(V) = n and let W be the subspace a*Nb* of V. Then dim(W) = n—2
and W+ is the 2-dimensional subspace of V spanned by @ and b. The
restriction of U to W is an orthogonal mapping with determinant 1, and
hence it is a rotation.

We claim the restriction of U to W+ represents rotation by an angle
of 26. Since the restriction is a rotation, it suffices to compute the angle
between x and Uz for one vector x, and we may take x to be b. Then

TaT(D) = Ta(—b) = —b+ 2(a, b)

and so

(b,Ub) = —1 4+ 2{a,b)* = 2cos(f)* — 1 = cos(20).

10
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Now we specialize to the case of interest. Assume

1
a:=—=1

N4
and that b is a standard basis vector. Then

(@) = =

and therefore 9
cos(20) = — — 1.
n

Hence, when d is large, U is rotation through an angle a bit less than =,
and —U represents a rotation through a small positive angle, ¢ say. As

) =1 16

we have

Accordingly, if
N TTL/EJ ’

then UNa is very close to b or —b. Consequently the result of a measurement
in the standard basis after N applications of U will identify which standard
basis vector is equal to b.

1.5 Composite Quantum Systems

A composite quantum system is a system whose state space is the tensor
product U ® V', where U and V' are the state spaces of two “smaller” quan-
tum systems. A system with state space of this form is said to be bipartite.
The state space of a system of d qubits is the tensor product of d copies
of C2. We could view this state space as the tensor product of C? with
(C?)®@=1 A bipartite system models the situation where we have two
physicists, traditionally Alice and Bob, each with their own quantum sys-
tems. The complete system is described by a tensor product, but Alice and
Bob work independently.

11
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Given a bipartite system, we can operate on the individual parts sepa-
rately, such operations are said to be local. More precisely, if R; and R,
are unitary operations on state spaces U; and U, respectively, then R; ® Ry
is a local unitary operation on U; ® Us,.

Measurements become more complicated, or more interesting, because
a measurement carried out on one part is not a measurement on the entire
system. If Alice’s measurement is specified by positive definite matrices M,
(with 3=, M, = I) and Bob’s by positive semidefinite matrices N, (with sum
> s Ng = I), then the Kronecker products

M, @ Ng

define a measurement on the composite system.

We give an example. Consider the system with state space C" @ C".
We think of C™ as the space of complex functions on the vertices of the
complete graph K, hence we may view C" @ C" as the space of complex
functions on the arcs of the graph we get by adding a loop to each vertex
of K,. (So e, ® e, represents loop on vertex u.)

We introduce three operators on our state space. The first, denoted R
is the permutation operator given by

R(Gi ® ej) = €j (9 €

this is not a local operator.
Let 7; be the operator on C" corresponding to reflection about e; and
let 71 be reflection in 1+. Then 7; ® I and I ® 1 are local operators.
We note that
R(Tj (029 T())R =170 X Tj

and it is not hard to see that, for any integer k,
(R(m; ® 10))™ = (r0m3)" ® (7570)".

Thus, the action of
U := R(1; ® 79)

on C" ® C" is completely determined by the actions of 747; and 7,79 on C".
(We note that 770 = (107;)"".)

Since 7¢7; is the operator used in Grover’s algorithm, it is possible to
implement Grover’s algorithm using the quantum walk (given by U) on the
arcs and loops of K,,. This was first noted Ambainis, Kempe and Rivosh
[3]. We present the details in the following section

12
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1.6 Grover via a Quantum Walk on Arcs

Assume U := R(7; ® 79), as in the previous section. If we start with the
uniform superposition

1
To ® xg = 51@1,

then
Uk(.%’[) X 5170) ~ €; X ((TjTo)k.CE())

and measuring the first register at step k (relative to the standard basis)
yields e; with high probability.

Let X denote the complete graph on n vertices, with one loop on each
vertex. (So its adjacency matrix is the all-ones matrix J.) The state space
of the above walk is spanned by the characteristic vectors e, ® e, of the arcs
(u,v) of X. Thus, each state can be seen as a complex-valued function on
the arcs of X. As an example, the initial state in Grover’s search is

1
1'0@560:25%@6@7

u~v

the constant function that maps each arc to % Since U acts linearly on

C" ® C, it suffices to investigate its effect on the basis
{ew ® ey, :u~ v}

The matrix 5
Tj R T = (26]‘6?—]) &® (nJ—[>

is usually referred to as the coin operator, for it acts as if one flips a quantum
coin to determine which arc to move to, given current position. Since

ew® ( Sunutn), U,

(15 @ 10)(ew ®ey) = .
’ €u®(_%2w~uew>7 u =1y,

the result of a coin flip is some superposition of outgoing arcs of current
tail u. The matrix R is called the arc-reversal operator, as it maps the
characteristic vector of (u,v) to the characteristic vector of (v,u). These
describe how a quantum walker moves on X: in each step, she flips the coin
to redistribute her amplitudes over the outgoing arcs, and then reverses all
the arcs she is on.

13
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1.7 Arc-Reversal Grover Walk

Rewrite the unitary matrix of Grover’s search as

U= R(Tj ®7'0)
= R([@T@)(Tj ®I),

and define
UO = R(I@Tg), Uj ZITJ'®[.

The first matrix Uy defines a quantum walk on X, where the coin operator
I ® 1y treats all vertices equally. The second matrix U; makes a difference
between the marked and unmarked vertices: on outgoing arcs of j, it acts
as —I, while on other arcs it acts as the identity.

The main focus of this book will be quantum walks on graphs with no
marked vertices. In this section, we generalize the walk defined by Uj to
an arc-reversal Grover walk on any graph; this model was first studied by
Watrous [67], and later formalized by Kendon [45].

Let X be a d-regular graph on n vertices. Consider the space C" @ C?
spanned by all complex functions on the arcs of X. To each vertex we assign
the same Grover coin

2
=—-J 1.
G dJ

Thus for vertex u, the amplitude transfered between two outgoings arcs of
wis 2/d — 1 if they are equal, and 2/d otherwise. The coin matrix, acting
on C"® C4, is then a direct sum of n Grover coins. Since G commutes with
all permutations, we can write the coin matrix as I ® G under any basis of
C" ® C%. Let R be the matrix that reverses all arcs, and set

U:=RI®G).

The quantum walk with U as the transition matrix is an arc-reversal Grover
walk on X. It is not hard to extend this definition to an irregular graph:
simply assign the Grover coin with d = deg(u) to vertex u.

Notes

In general, the coins of a quantum walk do not have to be identical. If we
assign —G to a special vertex and G elsewhere, then we have effectively

14
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introduced an oracle. This walk was proposed by Ambainis, Kempe and
Rivosh [3], as a quantum algorithm that generalizes Grover’s search.

More flexibly, we may assign any deg(u) x deg(u) unitary matrix C,, to a
vertex u. However, unless it commutes with all permutations, we will need
to specify a linear order on the neighbors of u:

fu:{1,2,--- deg(u)} = {v:u~ v}

in order to explain what C, does. Let us refer to the vertex f,(j) as the
j-th neighbor of u, and the arc (u, f,(7)) as the j-th arc of u. Then, C,
sends the j-th arc of u to a superposition of all outgoing arcs of u, in which
the amplitudes come from the j-th column of C:

deg(u)
Cuej = Y (e} Cuej)er.

k=1

Thus, under the ordering of arcs:

{{(U, fu(])) j = 17 e adeg<u)} Tue V(X)}v

the transition matrix of our quantum walk is

Ch
Cy

Ch

The Fourier coin ]
F = ﬁ(e%k’”/d)jk

has been frequently studied in the literature. It induces many non-classical
behaviors of quantum walks; for example, on the infinite path, the probabil-
ity distribution is asymmetric about the center [2]. We will visit this model
in Chapter

Some coins can be associated with combinatorial structures. If we con-
vert the linear order f, into a cyclic permutation, then we obtain a rotation
system, which determines an orientable embedding of a graph (this will be
explained in Chapter . The readers are invited to show that a unitary
circulant matrix commutes with all cyclic permutations if and only if it has

15
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simple eigenvalues; this allows us to define, given a fixed d x d coin, a unique
arc-reversal quantum walk for each rotation system of a d-regular graph. In
[35], we studied arc-reversal walks on cubic graphs with different rotation
systems, and find some interesting connections between properties of the
walk and properties of the embedding.

16



Chapter 2

Two Reflections

There are two major differences between a quantum walk and a classical
random walk: first, the evolution is unitary rather than stochastic; second,
the transition matrix U does not depend on the graph X only, but also on
the coins. In general little can be said about the relation between U and
X. However, the situation for an arc-reversal walk is a bit special, as its
transition matrix U is a product of two reflections related to the graph X.

In this chapter, we develop some machinery that applies to any unitary
matrix U that can be as a product of two reflections. A complete character-
ization of the eigenvalues and eigenspaces of U is given, by “lifting" those
of a smaller Hermitian matrix constructed from the two reflections. This
extends Szegedy’s work on direct quantization of Markov chains [61]. The
main applications of our machinery occur in the following chapter and in

Chapter

2.1 A Subspace Decomposition

Although our ultimate focus is on products of two reflections, it proves more
convenient to work with projections. (We explained the connection between
reflections and projections in Section )

Let P and @ be two projections acting on C™. Define

U:=(2P—-1(2Q-1I).

Then U lives in the matrix algebra generated by P and @, denoted (P, Q).
We will use the following well-known fact to diagonalize U.

17
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2.1.1 Lemma. Let P and () be two projections acting on C™. Then C™ is
a direct sum of 1- and 2-dimensional (P, Q)-invariant subspaces.

Proof. Since P and @ are Hermitian, a subspace of C™ is (P, Q))-invariant
if and only if its orthogonal complement is (P, @)-invariant. Hence C™ can
be decomposed into a direct sum of (P, Q)-invariant subspaces. Let W be
one such subspace.

If dim(W) = 1, then W is spanned by common eigenvectors of P and
@, and we are done. So assume dim(W) > 2. Since QPQ is also Hermitian,
W is a direct sum of eigenspaces for QP(Q). Depending on how Q)P acts
on W, we have two cases. Suppose first that QQ P() is not zero on W. Then
there is z € C™ and p # 0 such that

QPQz = pz.

Since
pQz = Q(QPQ)z = QPQz = pz,

the vector z must be an eigenvector for () as well, so

Qz =z,

and
QPz=QPQz = uz.

It follows that the subspace spanned by {z, Pz} is (P, Q)-invariant. Now
suppose QPQ is zero on W. If @) is also zero on W, then P commutes
with QP on W, and so W is spanned by common eigenvectors of P and
Q. If @ is not zero on W, then it has an eigenvector z € W with non-zero
eigenvalue, that is,

Qz = z.
Since
QPz=QPQz =0,
the subspace spanned by {z, Pz} is (P, Q))-invariant. O

18
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2.2 Real Eigenvalues

To find the spectral decomposition of U, we first decompose C™ into a
direct sum of 1- and 2-dimensional (P, ))-invariant subspaces, and then di-
agonalize U restricted to each of them. The 1-dimensional (P, Q))-invariant
subspaces are common eigenspaces for P and (). In fact, they are precisely
the eigenspaces for U with real eigenvalues, that is, 1 and —1.

2.2.1 Lemma. Let P and () be two projections on C™. Let
U=02P—-1)2Q —1I).
The 1-eigenspace for U is the direct sum
(col(P) Ncol(Q)) ® (ker(P) Nker(Q)),
and the (—1)-eigenspace for U is the direct sum
(col(P) Nker(Q)) & (ker(P) Ncol(Q)).

Proof. We prove the first statement. The second statement follows by
replacing () with I — Q).
If z is in col(P) Ncol(@), then Pz = z and Qz = z, so

Uy=02P-1)(2Q - Iy =y.
If z is in ker(P) Nker(Q), then Pz =0 and Qz = 0, so
Uz=(2P-1)(2Q -y =—(~y) =y.
By linearity, every vector in
(col(P) Ncol(Q)) & (ker(P) Nker(Q))

is an eigenvector for U with eigenvalue 1. Now suppose Uz = z for some
z € C™. Then
(2Q —1)z= (2P —I)z.

Thus Pz = Qz and (I — P)z = (I — @Q)z. From the decomposition
z=Pz+ (I - P)z,
we see that z lies in

(col(P) Ncol(Q)) & (ker(P) Nker(Q)). O
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2.3 Complex Eigenvalues

It remains to construct eigenvectors for U with non-real eigenvalues. As
indicated in the proof of Lemmal[2.1.1] the eigenspaces of PQP play a crucial
rule in providing the 2-dimensional U-invariant subspaces. In practice, we
will work with the eigenspaces of a smaller Hermitian matrix that is related
to PQP, as we describe now.

Let L be a matrix whose columns for an orthonormal basis for im(Q).

Then L*L = I and so LL* represents orthogonal projection onto im Q).
Therefore () = LL*. Note that

QPQz = pz

if and only if
L*PL(L*z) = p(L*z).

Consequently, for any p # 0, the map z — L*z is an isomorphism from the
u-eigenspace of QPQ to the u-eigenspace of L*PL, with inverse given by
y — Ly. We claim that the eigenspaces for L*PL with non-zero eigenvalues
provide all eigenvectors for U with non-real eigenvalues. Our proof uses the
following standard result on eigenvalue interlacing; for a reference, see Horn
and Johnson [40), Ch 4].

2.3.1 Theorem. Let A be a Hermitian matrix. Let L be a matrix with
L*L =1. If B= L*AL, the eigenvalues of B interlace those of A. O

2.3.2 Lemma. Let P and () be projections on C™. Let
U=Q2P—-1)(2Q —1I).

Suppose () = LL* for some matrix L with orthonormal columns. The
eigenvalues of L*PL lie in [0,1]. Let y be an eigenvector for L*PL. Let
z = Ly. We have the following correspondence between eigenvectors for
L*PL and eigenvectors for U.

(i) If y is an eigenvector for L*PL with eigenvalue 1, then
z € col(P) Ncol(Q).

(ii) If y is an eigenvector for L*PL with eigenvalue 0, then
z € ker(P) Ncol(Q).
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2.3. Complex Eigenvalues

(iii) If y is an eigenvector for L* PL with eigenvalue u € (0,1), and § € R
satisfies that 2u — 1 = cos(#), then

(cos(f) + 1)z — (" 4+ 1) Pz
is an eigenvector for U with eigenvalue €%, and

(cos(f) + 1)z — (¢ + 1) Pz
is an eigenvector for U with eigenvalue e,

Proof. Since the columns of L are orthonormal, the eigenvalues of L*PL
interlace those of P, which are 0 and 1. If

L*PLy =y,

then
yL*(I — P)Ly =0,

and it follows from the positive-definiteness of I — P that Ly € col(P).
Similarly, if
L*PLy =0,

then Ly € ker(P).
Finally, suppose
L*PLy = py

for some p € (0,1). Then the subspace spanned by {z, Pz} is U-invariant:

U(z Pz)=(z P2) (‘21 4;2_“1).

To find linear combinations of z and Pz that are eigenvectors of U, we

diagonalize the matrix
-1 —2u
2 Ap—1)°

It has two eigenvalues: e with eigenvector

—cos(f) — 1
(e0-1).
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2. TwoO REFLECTIONS

and e~ with eigenvector

(- o 1) |

Since 0 < pu < 1, these two eigenvalues are distinct, and

cos(f) +1

. I1—-P
ei10+1

is invertible, so '
(cos(f) + 1)z — (¥ + 1) Pz

is indeed an eigenvector for U with eigenvalue e*%. O

The above construction preserves orthogonality—eigenvectors for U ob-
tained from orthogonal eigenvectors for L*PL are also orthogonal. In the
following section, we summarize information on all eigenspaces for U we
have seen so far, including their multiplicities. As a consequence, their
direct sum is precisely C™.

2.4 Multiplicities

Let
P=KK*

for some matrix K with orthonormal columns. Define
S:=L"K.
This matrix largely determines the spectrum of U.
2.4.1 Lemma. Let P and () be projections on C™. Let
U=02P-1(2Q —1).
The 1-eigenspace of U is the direct sum
(col(P) Ncol(Q)) @ (ker(P) Nker(Q)),

which has dimension

m — rk(P) — rk(Q) + 2 dim(col(P) N col(Q)).
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2.4. Multiplicities

Moreover, if K*K = L*LI and
P=KK* Q=LL"

and
S=L"K,

. then the map y — Ly is an isomorphism from the 1-eigenspace of SS* to
col(P) N col(Q).

Proof. For the multiplicity, note that

dim(ker(P) M ker(Q)) = dim (ker <g>>

=m —r1k (P Q)

= m — dim(col (P Q))

= m — dim(col(P) + col(Q))

=m — (rk(P) + rk(Q) — dim(col(P) N col(Q))).

The isomorphism follows from Lemma [2.3.2| and the previous discussion. 0O

2.4.2 Lemma. Let P and @) be projections on C™, with K*K = L*L =1
and
P=KK* Q=LL"

Let
S=L"K.

Let
U=02P—-1)2Q —1I).

The (—1)-eigenspace of U is the direct sum
(col(P) Mker(Q)) & (ker(P) N col(Q),
which has dimension
rk(P) +rk(Q) — 21k(S5).

Moreover, the map y — Ky is an isomorphism from ker(S) to col(P) N
ker(@), and the map y — Ly is an isomorphism from ker(S*) to ker(P) N

col(Q).
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Proof. We prove the last part of the statement, from which the dimension
follows. If

then
QKy= LSy =0.

Hence
Ky € col(P) Nker(Q).

Further, since K has full column rank, this map is injective. On the other
hand, for any z € col(P) Nker(Q), there is some y such that

z= Ky
and
0=Qz=LSy=L"LSy =Sy,

which implies that
y € ker(S).

The argument for the second linear map is similar. ]

2.4.3 Lemma. Let P and Q be projections on C™ such that

P=KK* Q=LL"
with K*K = L*L = 1. Let

S=L"K.

Let

U=02P-1(2Q —1).
The dimensions of the eigenspaces for U with non-real eigenvalues sum to

21k(S) — 2dim(col(P) N col(Q)).

Let € (0,1) be an eigenvalue of SS*. Let 0 be such that cos(0) = 2u — 1.
The map '

y — ((cos(9) + 1)1 — (¢” +1)P)Ly
is an isomorphism from the p-eigenspace of SS* to the e*-eigenspace of U,
and the map '

y — ((cos(d) + 1)1 — (e7* +1)P) Ly
is an isomorphism from the p-eigenspace of SS* to the e~
U.

#_eigenspace of
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Proof. By Lemma [2.3.2] and Lemma [2.4.1] the eigenspaces for SS* with
eigenvalues in (0, 1) provide

2(rk(SS*) — dim(col(P) Ncol(Q)))

orthogonal eigenvectors for U. Combining this with Lemma [2.4.2] we see
that they span the orthogonal complement of the (+1)-eigenspaces. The
isomophisms now follow from Lemma [2.3.2] O

For normalization purposes, note that
1((cos(8) + 1) = (e** + 1) P) Ly||* = sin®*(8)(cos(6) + 1) ly|".
This will become useful when we compute the orthogonal projection onto

the e**-cigenspace.

Notes

With the theory developed in this chapter, we can derive the spectral de-
composition of any matrix in the algebra generated by two reflections P and
Q. By comparison, Szegedy [61] computed the eigenvalues and eigenvectors
specifically for the matrix (2P — I)(2Q — I).
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Chapter 3

Applications

Here we present applications of the machinery we develped in the previous
chapter. We show that the spectrum of the transition matrix for the arc-
reversal walk on a graph X is determined by the spectrum of X. We
construct examples of arc-reversal walks that admit perfect state transfer
and we explain the connection with Szegedy’s model. Finally we offer a
second proof that Grover’s algorithm works.

3.1 Graph Spectra vs Walk Spectra

Let X be a connected d-regular graph on n vertices, and U the transition
matrix of the arc-reversal walk on X. In this section, we show that the
spectrum of X determines the spectrum of U. More specifically, eigenvalues
of X provide the real parts of eigenvalues of U, and eigenvectors of X can
be lifted to eigenvectors of U by two incidence matrices.

Recall that

U=R(I®G),
where R is the arc-reversal matrix, and GG the d x d Grover coin. Since
RP=(I®G)?*=1,

all observations in the previous section apply. To see what R and I ® G
reflect about, we introduce four incidence matrices: the tail-arc incidence
matrix Dy, the head-arc incidence matrix Dy, the arc-edge incidence matrix
M, and the vertex-edge incidence matrix B.
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3. APPLICATIONS

The tail-arc incidence matrix D;, and the head-arc incidence matrix Dy,
are two matrices with rows indexed by the vertices, and columns by the
arcs. If u is a vertex and a is an arc, then (D;),, = 1 if u is the initial
vertex of a, and (Dp,)y, = 1 if a ends on u, and 0 otherwise.

The arc-edge incidence matrix M is a matrix with rows indexed by the
arcs and columns by the edges. If a is an arc and e is an edge, then M, . =1
if a is one direction of e, and 0 otherwise.

The vertex-edge incidence matrix B is a matrix with rows indexed by
the vertices and columns by the edges. If u is a vertex and e is an edge,
then B, . =1 if u is one endpoints of e, and 0 otherwise.

As an example, the following are the four incidence matrices associated
with K3 with vertices {0, 1, 2}.

Figure 3.1: K3

(0,1) (0,2) (1,0) (1,2) (2,0) (2,1)
0 1 1 0 0 0 0
1 ( 0 0 1 1 0 0 )
2 1

0 0 0 0

o
I

(0,1) (0,2) (1,0) (1,2) (2,0) (2,1)
0 0 0 1 0 1 0
Dp= 1 ( 1 0 0 0 0 1 )
2 0 0

0 1 1
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3.1.

Graph Spectra vs Walk Spectra

_ o N O N

AN N AN AN N N
NN~ = OO
N’ N S e S N

0
B=1 (
2

{0,1} {0,2} {1,2}

1

S OO = O

1
1

0

0 0
1 0
0 0
0 1
1 0
0 1

{0,1} {0,2} {1,2}

0
1 )
1

Next, we list some useful identities about these incidence matrices.

3.1.1 Lemma. Let X be a d-regular graph. Let A be the adjacency matrix
of X. Let D, and D; be the tail-arc incidence matrix and the head-arc
incidence matrix, respectively. Let M be the arc-edge incidence matrix.
Let B be the vertex-edge incidence matrix. Let GG be the d x d Grover coin.

The following identities hold.
(i) DI'D, = DI' D), = dI.
(ii) MTM = 2I.

(iii) D;D} = D, DI = A.
(iv) BBT = A +dlI.

(v) DyM = D,M = B.
(vi) DiR = Dy,
(vii) R=MMT — 1.

(viii) I® G=2D{D, — I ® I.
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3. APPLICATIONS

Proof. We give a proof for (iii). Let u and v be two vertices of X. We have

(DD uw = (Dy €, Dy ex)
= |{(a,b) : {a,b} € E(X),a =u,b=v}|
B {1, {u,v} € E(X

10, {u,v} ¢ E(X).

Therefore D, D! = A. Since A is symmetric, we also have Dy D! = A. The
remaining identities can be verified in a similar manner. ]

As a consequence, R is a reflection about col(M), while I ® G is a
reflection about col(DI). We now prove the spectral relation between U
and A. The following theorem shows that all eigenspaces of U with non-
real eigenvalues are completely determined by the eigenspaces of X with
eigenvalues in (—d,d). It also gives a concrete description on how to “lift"
eigenvalues and eigenvectors of X to those of U.

3.1.2 Theorem. Let X be a d-regular graph. Let D, and D}, be the tail-
arc incidence matrix and the head-arc incidence matrix, respectively. Let
U be the transition matrix of the arc-reversal Grover walk on X. The
multiplicities of the non-real eigenvalues of U sum to 2n—4 if X is bipartite,

and 2n — 2 otherwise. Let y be an eigenvector for X with eigenvalue A\ €
(—d,d). Let 6 € R be such that A = dcos(). Then

Df'y —e”Diy

is an eigenvector for U with eigenvalue ¢, and

Dl'y — e Dly

is an eigenvector for U with eigenvalue e,

Proof. Let . .
K:=—M, L:=-—D §:=LK.
V2 vd
Let B be the vertex-edge incidence matrix of X. According to Lemma
the eigenspaces for U with non-real eigenvalues are determined by
eigenspaces for
1 1
SS8* = —BB" = —

=54 _Qd(A+d[)'
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Let

A +d
=0
Then 0 < u < 1 and 2u — 1 = cos(f). Moreover,
Ay =y
if and only if
SS*y = ny.
Thus, using identities in Lemma [3.1.1], we obtain two eigenvectors for U as
stated. ]

After normalization, we obtain the eigenprojections for non-real eigen-
values of U.

3.1.3 Corollary. Let X be a d-regular graph. Let D, and Dy, be the tail-
arc incidence matrix and the head-arc incidence matrix, respectively. Let
U be the transition matrix of the arc-reversal Grover walk on X. Let \
be an eigenvalue of X that is neither d nor —d. Let E) be the orthogonal
projection onto the \-eigenspace of X. Suppose A = d cos(6) for some 6 € R.
Then the e*-eigenprojection of U is

1

— (D, —“D)NTE\(D, — e D
2dsin2(9)( ¢ =" Dp) EX(Dy — 77 Dn),

and the e~"-eigenprojection of U is

1

— (D, — e “DNTE\(D, — €YD,).
2dsin2(9)( ¢ = e D0 BA(Dr = €7 D) .

We also characterize the (£1)-eigenspaces of U. In particular, their
multiplicities depend on parameters of X.

3.1.4 Lemma. Let X be a d-regular graph. Let D, be the tail-arc incidence
matrix. Let M be the arc-edge incidence matrix. Let U be the transition
matrix of the arc-reversal Grover walk on X. The 1-eigenspace of U is

(col(M) Ncol(D])) @ (ker(M™) Nker(Dy))

with dimension
nd P
——n )
2
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Moreover, the projection onto col(M) N col(D}) is given by

1 1
~DTE,D, = —
g P Fabe =20,

where E; is the projection onto the d-eigenspace of X.
Proof. By Lemma [2.4.1], the 1-eigenspace is the direct sum:
(col(M) Ncol(D])) @ (ker(MT) Nker(Dy)),

where
col(M) Ncol(D]) = Dy col(Ey).

Note that col(D}) consists of vectors that are constant over the outgoing
arcs of each vertex, and col(M) consists of vectors that are constant over

each pair of opposite arcs. Since X is connected,

col(M) Ncol(D]') = span{1}.

The multiplicity follows from the fact that rk(M) = nd/2 and rk(D;) = n. D

3.1.5 Lemma. Let X be a d-regular graph. Let D; be the tail-arc incidence
matrix. Let M be the arc-edge incidence matrix. Let B be the vertex-edge
incidence matrix. Let U be the transition matrix of the arc-reversal Grover

walk on X. If X is bipartite, the (—1)-eigenspace of U is
M ker(B) @ D! ker(BT)

with dimension
nd )
——n .
2

Moreover, the projection onto DI ker(B™) is given by

1
thT E_,Dy.

where E_,; is the projection onto the (—d)-eigenspace of X. If X is not

bipartite, the (—1)-eigenspace of U is

M ker(B),
with dimension
nd
— —n.
2
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3.2. Perfect State Transfer

Proof. By Lemma [2.4.2] the (—1)-eigenspace of U is
M ker(B) @ D] ker(B"),

where
ker(BT) = col(E_y).

Note that rk(B) = n — 1 if X is bipartite, and rk(B) = n otherwise. m

The spectra of variants of U are also of interest for producing graph
isomorphism algorithms. In [21 22], Emms, Severini, Wilson and Han-
cock proposed a scheme to distinguish non-isomorphic graphs, based on the
spectrum of the positive support of U?. Godsil and Guo [29] then studied
the relation between the spectra of positive supports of U, U? and U? in
greater detail. Later in [30], Godsil, Guo and Myklebust found two non-
isomorphic strongly regular graphs whose positive supports of U? have the
same spectrum.

3.2 Perfect State Transfer

Quantum walks were shown to be universal for quantum computation [15]
51, [63]. An important ingredient, in implementing the universal quantum
gates using quantum walks, is perfect state transfer. Loosely speaking, a
graph admits perfect state transfer from vertex u to vertex v if for some
real number ¢, measuring the system at step ¢ yields vertex v with certainty,
given that the system “concentrated” on vertex u at the beginning. For
discrete quantum walks, this is equivalent to requiring the initial state to
be a superposition over the outgoing arcs of u, and the final state to be
a superposition over the outgoing arcs of v. Sometimes there are more
restrictions on the initial and final states; we will give a formal definition
later.

In the following four sections, we derive necessary and sufficient condi-
tions for perfect state transfer to occur, and provide an infinite family of
circulant graphs that admit antipodal perfect state transfer.

Let X be a d-regular graph on n vertices. An arc-reversal quantum walk
takes place in C" ® C?. Suppose we start with a state that “concentrates
on" u. In theory, this could be e, ® x for any unit vector z. However, it is
more practical to prepare a uniform superposition over the outgoing arcs of
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1
—e, ® 1.

Vd

Formally, if there is a unit vector € C? such that

1
U | e, ®1| =e, @,
(JZZ )

then we say X admits perfect state transfer from u to v if u # v, and
X is periodic at uw if w = v. While this definition does not impose further
condition on the final state, in the arc-reversal walk, the only possible choice
of z is

1y

Vd
as we show now.

3.2.1 Lemma. Let X be a regular graph. Let U be the transition matrix
of the arc-reversal Grover walk on X. If X admits perfect state transfer
from u to v at time k, then

1 1
Uk (\/E€u®1> — WGU@)]_.

Proof. Suppose

1
Uk <\/C_leu®1> =€y X .

Since U has real entries, all entries in x are also real. Moreover, as 1 ® 1 is
an eigenvector for U with eigenvalue 1,

<1®1 L. ®1>—<1®1 Uk<1e ®1>>—<1®1 )
7\/3’[14 - ) \/EU - ) U .

If X is d-regular, then it follows that
(1,2) = V4.
On the other hand, by Cauchy-Schwarz,
(1,2)] < (|11 [l2]| = V4,

with equality held if and only if z is a scalar multiple of 1. Therefore z
must be equal to 1. O
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3.3. Characterization of Perfect State Transfer

Figure 3.2: Initial state Figure 3.3: Final state

3.3 Characterization of Perfect State
Transfer
From previous discussion, we notice that if perfect state transfer occurs,

then both the initial state and the final state lie in col(D!). Thus, an
equivalent definition for perfect state transfer from u to v at time k is

U*Dle, = Dfe,.

Our characterization of perfect state transfer relies heavily on this observa-
tion.

3.3.1 Lemma. Let X be a d-regular graph. Let U be the transition matrix
of the arc-reversal Grover walk on X. Let A\ = dcos(f) be an eigenvalue of
X that is neither d nor —d. Let E) be the projection onto the A-eigenspace
of X, and let F. be the projection onto the e*"-eigenspace of U. Then

d
DFyDF = 7B

Proof. By Lemma [3.1.3]

2dsin?(0) Dy F. DI = D,(Dy — e D},)" Ex(D, — €7 D},)
= (dI — e* A)Ey\(dI — T A)
= |1 — € cos(0)|*Ey
= d*sin’*(0) E). O
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3.3.2 Theorem. Let X be a d-regular graph, with spectral decomposition
A=Y AE,.
A
Then the arc-reversal Grover walk on X admits perfect state transfer from
u to v at time k if and only if all of the following hold.
(i) For each \, we have Eye, = £FE\e,.
(ii) If Exe, = Exe, # 0, then there is an even integer j such that

A =dcos(jm/k).

(iii) If Exe, = —FE\e, # 0, then there is an odd integer j such that

A =dcos(jm/k).

Proof. Let U be the transition matrix of the arc-reversal Grover walk on
X. Consider the spectral decomposition of U:

U= Z e F.

There is perfect state transfer from u to v at time k if and only if

> e*F.Dle, = Dfe,,

T

or equivalently, for each r,
e* F.Dle, = F.D!e,. (3.3.1)

We prove that Equation (3.3.1)) holds if and only if (i), (ii) and (iii) hold.
Depending on r, there are three cases.

Suppose er = 1. Equation (3.3.1)) says that
F.D/e, = F.Dle,.
By Lemma [3.1.4] this holds if and only if

1

1
—Je, = DI'E e, = D' Ege, = —
ndjeu , Eaey , Eae, ndJevséO,
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if and only if
Edeu = Edev # 0.
Clearly d = dcos(0), which satisfies (ii).
Suppose e = —1. By Lemma [3.1.5]

1
F.DI = thT E_4D,DI = DI'E,.

Thus Equation (3.3.1)) holds if and only if
(-=1)*F.De, = F,De,,

that is,
(-1)*DI'E_4e, = DI'E_ge,.

If X is not bipartite, then E_; = 0 and
F.D!e, = F.Dle, = 0.

Otherwise,
E,deu = E,dev 7é 0

if v and v are in the same color class, and
E_deu == —E_dev 7é 0

if they are in different color classes. Clearly

km
—d = d cos <k> ,

which satisfies (i) and (ii).
Finally suppose e # 41. Equation (3.3.1)) says that

e*r F.Dre, = F.DIe,.

By Lemma [3.3.],

d
D,F.DF = 5EA,
SO
de’r ik, T T T T d
5 (B =¢ (F,D{e,, Dl es) = (F.D}e,, Dl e,) = 5 (B w ER.

Therefore Equation (3.3.1]) holds if and only if one of the following occurs:
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(a) Eye, = FEye, = O;

b) Exe, = Exe, # 0, and e = 1;

(b) #0, ,

(¢) Exe, = —Eje, # 0, and e*r = —1. .

The three conditions in Theorem are symmetric in v and v. As
a consequence, perfect state transfer is symmetric in the initial and final
state, and it implies periodicity at both vertices.

3.3.3 Corollary. Let X be a regular graph. Consider the arc-reversal
Grover walk on X. If there is perfect state transfer from u to v at time k,
then there is perfect state transfer from v to u at time k, and X is periodic
at both u and v at time 2k. ]

3.4 Strongly Cospectral Vertices

Let X be a graph with spectral decomposition

A=Y )E,.
A

In [25], the second author of this book defined the eigenvalue support of a
vertex u to be the set

{\: Eye, # 0}.

Let ¢(t) be the characteristic polynomial of X, and ¢, (t) the characteristic
polynomial of the vertex-deleted subgraph X\u. Then

T
e, Ereq

O

r

and it follows that the eigenvalue support of u consists of roots of the

s
vl = 000, a0

(The machinery in play here is discussed at greater length in Sections 8.12

and 8.13 of [33].) We see that Theorem thus gives necessary and
sufficient conditions on 1, (t) for X to be periodic at u.

polynomial:
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3.4.1 Theorem. Suppose 1, (t) has degree ¢. Then vertex u is periodic at
time k if and only if the polynomial

o 46+1)

Proof. Setting v = v in Theorem [3.3.2] we see that w is periodic at time k
if and only if each eigenvalue A in the eigenvalue support of u is of the form

is a factor of zF — 1.

A\ = 5(ejm/lc + 6—]7rz/k:)7

for some even integer j, or equivalently,

o 46+1)

divides zF — 1. O

One open problem is to characterize graphs with periodic vertices. Al-
though the condition in Theorem [3.4.1] is local on the eigenvalue support
of a vertex, it is satisfied when the entire graph is periodic, that is, when
all eigenvalues of the graph are d times the real parts of some k-th roots of
unity. Hence, it is useful to study graphs for which

(i)

is a factor of 2z —1. In [70], Yoshie investigated periodic arc-reversal Grover
walks on distance regular graphs, and found all Hamming graphs and John-
son graphs that are periodic.

Two vertices u and v in X are cospectral if the the vertex-deleted sub-
graphs X \u and X\v have the same characteristic polynomial, that is,

¢U(t) = ¢v(t)-
We say two vertices u and v are strongly cospectral if
E,\eu == :EE)\GU

for each eigenvalue A of X. Strongly cospectrality has been thoroughly
studied by Godsil and Smith [34]; we cite a useful characterization below.
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3.4.2 Theorem. Let X be a graph with spectral decomposition

A=Y AE,.
A

Two vertices u and v in X are strongly cospectral if and only if both
(i) u and v are cospectral; and

(ii) for every eigenvalue \ of X, the vectors Eye, and Eye, are parallel. O

3.5 An Infinite Family

Conditions (ii) and (iii) in Theorem lead us to consider regular graphs
whose eigenvalues are given by real parts of 2k-th roots of unity. A circulant
graph X = X (Zn,{g1,--.,9a4}) is a Cayley graph over Z,, with inverse-closed
connection set

{g1,---, 94} € Zy.

If ¢ is a character of Z,,, then 1 is also an eigenvector for X with eigenvalue

Y(g1) + -+ P(gq)-

Note that this is a sum of real parts of n-th roots of unity. We show that
circulant graphs whose connection sets satisfy a simple condition admit
perfect state transfer. The following can be found in Zhan [71].

3.5.1 Theorem. Let ¢ be an odd integer. For any distinct integers a and
b such that a + b = {, the arc-reversal Grover walk on the circulant graph
X (Zop, {a,b, —a,—b}) admits perfect state transfer at time 2¢ from vertex
0 to vertex /.

Proof. The eigenvalues of X are

)\j _ eajﬂ/Z + e—aj7r/€ + ebjﬂ'/ﬁ + e—bjﬂ'/f

. bi
= 2cos <a‘7;> + 2 cos (‘?) ,

for j=0,1,---,2n — 1. Since ¢ is odd and a + b = ¢, when j is odd,
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3.6. Other Coins

and when j is even,

9
Aj = 4005( CL]?T) .

20

It suffices to check the parity condition in Theorem for each eigenvector
of X. Since a 4+ b =/, vertex u and u + ¢ have the same neighbors, so

Aley, — eyre) = 0.

We see from the multiplicity of 0 that for u = 0,1,--- ,¢ — 1, the vectors

€y — €yre form an orthogonal basis for ker(A). Thus y, = —y, if y is an
eigenvector for X with eigenvalue 0, and y,, = y, if y is any other eigenvector
for X. O

The following picture shows two examples with perfect state transfer.

Figure 3.4: X (Z10,{1,4,6,9}) Figure 3.5: X (Z10,{2,3,7,8})

3.6 Other Coins

The previous sections were devoted to arc-reversal Grover walks. In the
literature, other coins have been studied as well, such as the Fourier coin:

po L,

Vd -

Note that F'* = I, so the techniques in Section ?? do not apply. However, for
graphs with special structures, one can still study the arc-reversal Fourier
walk analytically. In [47], Krovi and Brun computed the hitting time of an
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3. APPLICATIONS

arc-reversal walk on the hypercube ()4, and showed that for some initial
state, the hitting time relative to

U=R(I®F)

could be infinite. This is in sharp contrast to the polynomial hitting time
relative to

U=R(I®G),
as proved by Kempe [44]. Below we give another example showing how
coins may affect the behavior of a quantum walk.

3.6.1 Theorem. Let X = K, ,,. For each vertex u, let f, be a linear order
on its neighbors. Suppose f, = f, whenever u and v are in the same color
class. Let C,, be an m X m unitary coin of order k, and attach it to each
vertex of degree n. Let C,, an n X n unitary coin of order ¢, and attach it
to each vertex of degree m. If U is the transition matrix of the arc-reversal
walk on X with coins C,,, and C,,, then

UZICm(k,Z) — I

Proof. Up to permuting the row and the columns, the transition matrix
can be written as

Ch
Ch
U=R c ,
Chn
where
R=FEup® (> Y E;iQ@FE;|+En® (Y>> E;®E;]|.
i=1j=1 i=1j=1
Thus,

U:R(E11®Im®cn+E22®[n®Cm)

=Ep® (Z Y E;i® Eijcm) + B2 @ (

i=1j=1

Ms

Y E;® Ejion) :

=1 j5=1
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3.7. Szegedy’s Model

Therefore,
U2 = Ell ® (Z Z Ejt(cm)jt> ® Cn + E22 ® (Z Z Eis(cn)is> ® Om
j=1t=1 i=1s=1

_(C.®0C, 0
- 0 C,2C,]"

It follows that the order of U? divides the order of C,, ® C,, that is,
lem(k, m). O

3.7 Szegedy’s Model

In the previous sections, we thoroughly studied the spectral decomposition
of an arc-reversal walk, in order to give exact analysis on properties such as
perfect state transfer. Effectively, the arc-reversal model is a special case
of Szegedy’s quantization of Markov chains [61], as we explain now.

Let X be a graph with n vertices. Let M be a Markov chain on X. The
quantized walk takes place on C" ® C": we will construct two reflections 7
and 7, both of size n? ® n?, and set

U=m7nm.

First, take the square root of every entry in M, and let N denote the
resulting matrix. Next, define two partitions of the ordered pairs:

Qn = (61 @ (Ney) -+ e, ® (Nen)) ,
Q; = ((NTel) ®e; -+ (NTe,)® en) .
Since M is doubly stochastic,
QiQi=QrQn=1.

In other words, if we view X as a digraph with arcs F(X) x E(X), and
let m; and 7, be the partitions of the arcs based on their tails and heads,
respectively, then @QQ; and ()}, are weighted characteristic matrices of m; and
7, with weights determined by the Markov chain. Thus,

Ty = QQtQ;T - [7
™ o=2Q5QF — 1
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3. APPLICATIONS

are two reflections about col(Q;) and col(Qp), respectively. The quantum
walk determined by U = 737, is called the direct quantization of M.

The arc-reversal model is closely related to the direct quantization of
the simple random walk. For instance, take the following Markov chain on
Kgi

1 2 3
1,0 1/2 1/2
M= 2 (1/2 0 1/2).
3\1/2 1/2 0
Then we have
1 2 3 1 2 3
11/ 0 0 0 11/ 0 0 0
12(1/v/2 0 0 21 0 1/V/2 0
13(1/vV2 0 0 131 0 0 1/Vv2
211 0  1/vV2 0 21 |1/v/2 0 0
Qn= 22| 0 0 0 [, Q= 22| 0 0 0 |
23 0 1/v2 0 23 [ 0 0 1/V2
31 0 0 1/v2 31(1/vV2 0 0
321 0 0 1/V2 321 0 1/V/2 0
33\ 0 0 0 33\ 0 0 0

Note that despite the presence of the loops at vertex 1, 2 and 3, the corre-
sponding rows in ), and @); are all zero, so

U=(2Q:Qf — 1)(2QuQ} — 1)

acts as zero on the subspace spanned €11, €22y and e(33). Meanwhile, the
restriction of U to the orthogonal complement is precisely

2 2 2 2
<3Dth — 1) <3DhDZ — I> =R <3DhD,Z“ - 1) R <3DhDZ — 1) :

where R is the arc-reversal matrix defined as before. Hence, one step of the
direct quantization of M is equivalent to two steps of the arc-reversal walk
on Kg.
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3.8. Justifying Grover’s Algorithm, Again

3.8 Justifying Grover’s Algorithm, Again

We have seen an geometric proof of Grover’s algorithm. In this section, we
provide an algebraic proof, using the machinery in Chapter ?7.
Recall the unitary operator in Grover’s algorithm:

U=RS,

where R is the reflection about col(1), and S is the reflection about col(e;).
Let

1
L: ﬁl, Kzej,
and
P=KK* @Q=LL".
Then

U= (2P - I)20Q - I).

From Chapter 7?7, we see that the spectral decomposition of U is largely

determined by

1
S=LK=—.

n

More specifically, there is only one real eigenvalue, that is, —1, with multi-
plicity n — 2 and eigenspace

ker(P) Nker(Q) = ejL N1+
There are two conjugate complex eigenvalues e with

2

cos(f) = i 1

)

and their eigenspaces are given by

2 +i A
col (\/31 — (e*? 4 1)e]> :

Since the (—1)-eigenspace is orthogonal to the initial state, by the spectral
decomposition,
UMl =oal+ pe;,
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3. APPLICATIONS

where « is a multiple of
N0 4 e7 N0 — 9 cos(NB).

If d is large, then cos(f) ~ —1, and so

cos(f) ~ ;(7? —0)* 1.

Thus, when
)
4
we have
cos(N@) = £ cos(N(m —0)) =~ 0.
Notes

The techniques we use are very similar to those employed in continuous
quantum walks. For an introduction to this topic, see Section [4.6] A thor-
ough treatment of continuous-time perfect state transfer can be found in
Coutinho’s Ph.D. thesis [17].

While there have been numerous results on perfect state transfer in con-
tinuous quantum walks [5, [6] [7), [14], (18], 19, 20, 411, 42, [46], less is known on the
discrete side, as the extra coins make it harder to analyze the transition op-
erator. Most of the examples in discrete quantum walks were sporadic, and
there was no infinite family of k-regular graphs with perfect state transfer,
for any k > 3. Kurzynski and Wojcik [48] showed that perfect state transfer
on cycles can be achieved in discrete quantum walks. In their paper, they
also discussed how to convert the position dependence of couplings into the
position dependence of coins. Barr, Proctor, Allen, and Kendon[9] investi-
gated discrete quantum walks on variants of cycles, and found some families
that admit perfect state transfer with appropriately chosen coins and initial
states. In [69], Yalenkaya and Gedik proposed a scheme to achieve perfect
state transfer on paths and cycles using a recovery operator. With various
setting of coin flippings, Xiang Zhan et al [72] also showed that an arbitrary
unknown two-qubit state can be perfectly transferred in one-dimensional or
two-dimensional lattices. Recently, Stefanak and Skoupy analyzed perfect
state transfer in perturbed quantum walks on stars [59] and complete bi-
partite graphs [60] between marked vertices: in K, ,, perfect state transfer
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3.8. Justifying Grover’s Algorithm, Again

occurs between any two marked vertices, while in K, , with m # n, perfect
state transfer only occurs between two marked vertices on the same side.
The type of perfect state transfer we considered has a special form-the
initial state lives in col(DI!). Hence, the final state also lies in col(D}]),
and we are able to characterize such phenomenon using graph spectra. In
theory, for any unit vector x,
e, R

could serve as the initial state that concentrates on u. We do not know
whether perfect state transfer can happen if x does not lie in col(C).

Thus, the second question is to understand what happens if we relax
the assumption on the initial state.
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Chapter 4
Averaging

In the last chapter, our quantum walker discovered a simple rule to move
on a d-regular graph: at each step, she pushes her part on arc (u, v) towards
arc (v,w), with “relocation amplitude" 2/d — 1 if w and v are equal, and
2/d otherwise. After exploring for a while, she starts to modify the rule.
First, the arc that receives relocation amplitude 2/d — 1 does not have to
be the inverse of the previous one—she could pick the special arc in her
own way. Second, these amplitudes do not have to be real—she could toss
any complex coin as long as it stays unitary. Finally, the underlying graph
does not have to be regular or undirected—she could assign different coins
to different vertices based on their outdegrees. However, as time goes, she
notices some common phenomena of these quantum walks, due to the nature
of unitarity.

The aim of this chapter is to study the limiting behavior of a quantum
walk while assuming as little as possible. To allow this level of generality,
we suppose the underlying graph X is directed, and U is simply a unitary
matrix indexed by the arcs of X. We will consider the applications to
specific quantum walks in later chapters.

We start by describing the evolution of a quantum walk in the density
matrix formalism, as it cleans up the discussion on various forms of prob-
abilities. Following this, we show that while the instantaneous probability
distribution of a quantum walk does not converge, its Cesaro sum does ex-
ist, and can be expressed using the spectral idempotents of U. We then
explore how fast the time-averaged probability distribution converges to
this limit. In particular, four upper bounds on the mixing time are given,
with tightness determined by our knowledge of the quantum walk. For
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4. AVERAGING

the limiting distribution itself, we study a matrix that encodes the limiting
probabilities over the arcs, called the average mixing matrix. We prove that
it is flat, that is, all entries are of constant modulus, if and only if U has
simple eigenvalues with flat eigenprojections; this is a useful characteriza-
tion as flat average mixing matrix guarantees uniform limiting distribution
over the vertices, regardless of the initial state. Finally, we extend some
results on the average mixing matrix in continuous quantum walks to dis-
crete quantum walks. The majority of this chapter comes from a paper [35]
by the authors of this book.

4.1 Positive semidefinite matrices

We review some of the theory of positive semidefinite matrices. A matrix
M is positive semidefinite if it is Hermitian and z*MX > 0 for all vectors
x. The identity matrix is positive semidefinite; more generally if P is a
projection, then

t*Pr = a*P*x = 2* P*Px = | Px|

and so it is positive semidefinite. We write M = N to denote that M —
N is positive semidefinite. A matrix is positive definite if it is positive
semidefinite and invertible.

4.1.1 Theorem. If M is a Hermitian matrix, the following are equivalent:
(a) M = 0.
(b) The eigenvalues of M are non-negative.

(¢) M = C*C for some matrix C.

We can strengthen (c): if M »= 0, there is a positive semidefinite matrix
N such that M = N?. Tt also follows from (c) that if M 3= 0, then A*M A =
0 and, from this, it follows that if NV is a principal submatrix of M and
M = 0, then N = 0-in particular the diagonal entries of M are non-
negative.

The set of all d x d positive semidefinite matrices is a closed convex
cone. Thus if M, N = 0, then M + N = 0 and, more generally any convex
combination of positive semidefinite matrices is positive semidefinite. The
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4.2. Density Matrices

positive semidefinite matrices with trace one form a compact convex set; its
extreme points are the positive semidefinite matrices with rank one. This
implies that any positive semidefinite matrix is a convex combination of
positive semidefinite matrices with rank one.

A matrix D is a density matrix if D = 0 and tr(D) = 1. A density matrix
with rank one is called a pure state; and arbitrary density matrix can be
expressed as a convex combination of pure states, but this expression is far
from being unique. We note that both states and measurements involve
positive semidefinite matrices.

We define an inner product on the space of d X d matrices by

(A, B) :=tr(A*B)

A matrix M is positive semidefinite if and only (M, N') > 0 for each positive
semidefinite matrix N. (The convex cone of positive semidefinite matrices
is self dual.) We note that

(22", M) = z"M .
If M,N =0, then (M, N) =0 if and only if MN = 0. Hence z*Mz =0

if and only if Mz = 0.
If M,N »= 0, then M ® N »= 0.

4.2 Density Matrices

Let X be a digraph with m arcs. A discrete quantum walk on X is de-
termined by some unitary transition matrix U acting on C™. Given initial
state g, at step k, the system is in state

xp = UPay.

If we perform a measurement in the standard basis, then the quantum
walker is found on arc a with probability

Pa(k) = |<ea,ka0>|2.
We may express the right hand side using the trace inner product, that is,
[(ea, Urzo) | = e (U wgztUre, = (U*) zoxiU*, eqel).
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4. AVERAGING

Note that both (U*)*zeziU* and e.el are positive semidefinite matrices
with trace one. This motivates us to describe quantum walks in a different
way, using density matrices.

A density matrix is a positive semidefinite matrix p with tr(p) = 1.
All m x m density matrices form a convex set, with extreme points being
the rank one projections, that is, p = za* for some unit vector x € C™.
Thus, there is a one-to-one correspondence between the extreme points and
the quantum states we have seen; these states are called pure states. The
remaining density matrices represent probabilistic ensembles of pure states,
also called mixed states. For example, if one is uncertain about the system
state in C2, but knows that it is e; with probability 50%, and e, with
probability 50%, then the density matrix is

1/10 1 1
5 (0 1) = 5616? + 56265.

However, we also have
110\ (%o oy, (5N o
2(0 1>_2<0\}§ (V5 v5)+3 -5 (s %)

so a density matrix does not necessarily determine the probabilistic ensem-
ble of pure states. For more discussion on pure states and mixed states, see
[10], 43, [53].

Now let’s revisit the quantum walk on X. Suppose we start with a pure
state, say po = xoxj. At step k, the system is in state

P = Ukpo(Uk)*.

If we perform a measurement in the standard basis, then the system col-
lapses to state e,el with probability

Ppo,a<k) = <pka eaeg%

that is, the inner product of the pre-measurement state and post-measurement
state.

As a special case, when py = epe] for some arc e, the probability P, (k)
is simply the ab-entry of the following Schur product:

Uk o UF:
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we will refer to this matrix as the mixing matrix at step k.

What about the probability that the walker is on a vertex u? This
is defined to be the sum of P, ,(k) over all outgoing arcs a of u. More
generally, for any subset S of the arcs of X, the probability that the walker
is on S at time k£ is

PO, Z P0,a

a€s
If pg is the uniform mixed state over S, that is,

ps = Z €q€ a7
’S| a€eS
then
Pay,s(k) = |S|(pr: ps)- (4.2.1)

This will be the main formula we use when dealing with the limiting distri-
bution.

4.3 Average States and Average
Probabilities

A well-known fact about classical random walks is that the probability dis-
tribution converges to a stationary distribution, under only mild conditions.
Thus it is natural to ask whether the state or the probability distribution
converges in a quantum walk. Unfortunately, since U preserves the dif-
ference between states at two consecutive steps, neither p, nor P, s(k)
converges, unless p; = po. (For a detailed explanation, see Aharonov et al
up)

Nonetheless, the Cesaro sums of both {p} and {P,, s(k)} exist. The

first Cesaro sum,
1 K-1

Am e 2 e
is called the average state; it was proposed by von Neumann as a first step
towards thermalization [66]. We will give a formula for the average state

using the spectral idempotents of U, and apply it to find the second Cesaro
sum, the average probability:

1K1

I}gnoo K Z Po,S
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4.3.1 Lemma. Let U be a unitary matrix with spectral decomposition
U= Z e .
We have

_ K (0:-0,)

(Uk ZFTPOF + = Z ((M) FrpoFs.

Proof. By the spectral decomposition of U*,

(Uk Zezk (6-—05) rpOF
= ZFrpoF + 3OO gy .
r#s
Hence
1 K-1
EZ "po(UF)* ZFrPOF + == Z(Ze ) FrpoFs
k=0 r;és =

_ZFTPOF+ Z

r;és

4.3.2 Theorem. Let U be a unitary matrix with spectral decomposition

U= Z e .

_ ¢iK(0:—0,)
(L) .

Given initial state pgy, the average state of the quantum walk with U as the

transition matrix is
1 K-1

Aim - Z P = ZFrpOF

Proof. By Lemma [4.3.1], it suffices to prove that each entry in the residual

1 K-1 .
? Z Ukpo(Uk) — ZFTPOFT
k=0 T

is bounded by some constant independent of K. Indeed, for any K and any

r#s,

1 — iK(GT—GS) 9
| 1 — ei(0r—bs) | S ‘1 — ei(0r—0s)|’

which only depends on r and s.
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The map
po— > FrpoF,

is known as the conditional expectation onto the commutant of U. We give
another interpretation of this map from a channel viewpoint. (For back-
gound on quantum channels, see [10, 43, [53].) Since the eigenprojections
satisfy

N FF, =1,
the mapping on density matrices given by

po = Y EpoF}

is a quantum channel. Therefore, the time-averaged state is effectively the
image of the initial state passing through this channel.

The formula for the average probability now follows from Equation
(4.2.1).

4.3.3 Theorem. Let X be a digraph. Let U be a transition matrix of a
quantum walk on X, with spectral decomposition

U= Z e .

Given initial state pg and a subset S of arcs, the average probability of the
quantum walker being on S is

] 1 K-1
lim K Z PP0,5<k) = ‘S‘ Z(FTPOFT7PS>' ]
k=0 r

K—oo

Two questions about the average probability are of our interest: how

fast does the partial sum
1 K-1

? Z Pﬂo,S(k>

k=0

converge, and when is the average probability distribution uniform? We
will investigate these in the next two sections, respectively.
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4.4 Mixing Times

Given € > 0, the mixing time M, s(€) with respect to initial state p, and
target arcs S is the smallest L such that for all K > L,

1Kl

Z £0,S - |S| Z(FTIOOFT‘apS>| <e.

There are several variants of this definition. For instance, we may consider
the mixing time conditioned on the initial state being any standard basis
vector:

Ms(€) == sup{M,, s(€) : po = eqe for some arc a},

For a more global purpose, we could look at the smallest L such that for
all K > L, the average probability distribution over vertices is e-close to
the limiting distribution over vertices. In [I], Aharonov et al studied the
mixing time of the last type, and obtained an upper bound for a general
graph. They further showed that the mixing time of a quantum walk on an
n-cycle with the Hadamard coin is bounded above by O(nlogn), giving a
quadratic speedup over the classical random walk. We now extend some of
their results on mixing times of the form M, s(e).

4.4.1 Theorem. Let X be a digraph. Let U be a transition matrix of a
quantum walk on X, with spectral decomposition

U= Z e .

Given initial state p, and a subset S of arcs, the mixing time M,, s(€)
satisfies

2|5| [(FrpoFs, ps)|
Mpo, Z PR (4.4.1)
e eis|
7’ F aa
<2y y Vb (1.42)
r;és acsS ‘6
2[5 1
< - - 4.4.3
— 72 ’ezﬁr _ 6295 ( )
2@\5|
< 4.4.4
— GA 7 ( )
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4.4. Mixing Times

where { is the number of pairs of distinct eigenvalues, and

A := min{[e" — | . r # s}.
Proof. From Lemma [4.3.1] we see that
1 IS g 1 = €K1
|§Ppo,8( |S‘ Z FpOFT7pS>| |Z —&_(,)(FrﬂoFs,psH
7‘7&5
’Sl 1— ezK (6-—0s)
< Z‘ — ¢i(0:—05) H< rPOFg,PS>|
r;ﬁs
25| < [{Frpols, ps)l
< 4.4.5
- 7%33 ’67’9 6265 ( )
_ Q\SI Z' Po; rpsF>|
oy ‘619
2|5| | F-psFs
< 4 :
- é |ez0T _ 6193
<ZYY w— (4.4.6)
r;és acsS
2|8 1
< | | Y (4.4.7)
r#s |€
2z|5|
< —. 4.4.8
S TA (4.4.8)

Thus, for all K such that

2’5‘ Zl rpOFsvaH
= ‘619

Y

the right hand side of Inequality (4.4.5) is no more than e. Similarly, the
other three bounds follow from Inequalities (4.4.6)), (4.4.7) and (4.4.8). ©

The last bound in Theorem 4.4.1|is equivalent to Lemma 4.3 in Aharonov
et al [I]. The other three bounds are stronger, but require more knowledge
of the quantum walk besides the eigenvalues of U.

Below we present some data on the four upper bounds for two models
on the circulant graph X = X(Z,, {1, —1,2,—2}). Choose an initial state
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that concentrate on vertex 0, that is,

1
po = ZEoo ® J.

Let S, denote the set of outgoing arcs of vertex v. For each upper bound

Bpo,s in (4.4.1) ,[4.4.2), (4.4.3), and (4.4.4]), we compute
€
5 Z Bpo,sva

’UEZn

and store them in Table [4.1]

The models we consider are the arc-reversal Grover walk, which we in-
troduced in Chapter 77, and the shunt-decomposition Grover walk, which
we will introduce in Chapter [l Let U, be the transition matrix of the
arc-reversal Grover walk on X, and Uy, the transition matrix of the shunt-
decomposition Grover walk on X. One can verify that if the spectral de-
composition of U,, is

Uar - Z arF'r;
T

then the spectral decomposition of Uy is

Usa = Z _O[rFr/a

where for any r, the eigenprojections F, and F have the same diagonal.

Thus, the upper bounds [4.4.2)), (4.4.3) and (4.4.4]) are identical for both

models. However, the last two columns in Table [£.1] indicates a difference
between these two models—the shunt-decomposition Grover walk may have
a lower mixing time than the arc-reversal Grover walk.

4.5 Average Mixing Matrix

Let X be a digraph. Let U be a transition matrix of a quantum walk on
X, with spectral decomposition

U= Z e .

In this section, we pay special attention to the average probability of the
quantum walk from one arc a to another arc b, that is,

> (Freqel Frenel).

T
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| n | (44.4) ar/sd || (4.4.3) ar/sd || (4.4.2) ar/sd || (4.4.1) ar | (4.4.1) sd |
6 1390.93 598.05 85.19 1.69 0.91
7 4620.05 1516.4 148.57 2.61 1.91
8 || 17771.88 3408.35 240.94 4.29 2.36
9 || 24838.95 3991.5 287.33 4.82 1.73
10 || 14285.23 3687.22 269.22 4.49 2.12
11 [ 95452.33 9092.93 508.32 6.7 2.97
12 || 23505.04 4678.44 348.8 4.25 2.45
13 || 79048.14 13277.27 640.52 8.06 3.09
14 || 148284.47 19895.81 803.94 10.1 3.97
15 || 225507.28 16355.5 764.76 9.33 2.46
16 || 371901.16 34910.54 1211.24 13.57 4.96
17 || 2591443.27 65759.41 2127.89 24.26 5.54
18 || 330012.11 36141.49 1284.51 13.45 4.39
19 || 4854951.51 94822.86 2743.75 33.37 6.24
20 || 518641.81 51235.99 1562.68 15.33 5.37
21 || 848915.39 70921.92 1994.95 17.94 5.04
22 || 444383325 | 129338.06 3143.36 28.53 7.97
23 || 1651611.78 || 101994.04 2577.25 21.63 6.41
24 || 887647.03 76568.55 2185.39 18.05 6.69
25 || 1715366.87 [ 103250.55 2603.42 20.88 5.9

Table 4.1: Upper bounds for the mixing time on X(Z,,{1,2,—1,—2})

Note that this is precisely the ab-entry of 3°,. F, o F,.. Following the approach
for continuous quantum walks in [26], we let

]/\Z = Z Fr o Fijr’
and call M the average mixing matrix. Theorem implies that

— 1 K=l _
M= lim — > U"oUN

K—oo =0

In [26], several properties of the average mixing for a continuous quantum
walk are derived. Here we extend some of these results to discrete quantum
walks.
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4. AVERAGING

The first observation is that M is doubly-stochastic. Moreover, since
each F; is Hermitian, M is symmetric although U ko U¥ is not. Thus we can
view either the a-th row or the a-th column of M as the average probability
distribution given initial state e,el.

For a continuous quantum walk, the average mixing matrix is proved to
be positive semidefinite with eigenvalues no greater than one [26]. We show

that the same statement holds for the discrete average mixing matrix.

4.5.1 Lemma. The average mixing matrix M of a quantum walk is positive
semidefinite, and its eigenvalues lie in [0, 1].

Proof. Since F, is positive semidefinite, its complex conjugate F, is positive
semidefinite as well. Hence F, ® F, is positive semidefinite. As a principal
submatrix of F,. ® F,, the Schur product F, o F, must also be positive
semidefinite. Therefore, the eigenvalues of M are non-negative. It follows

from
[=Iol= (ZF) o (ZF) =M+ FoF,
r s r#s
and the positive-semidefiniteness oAf F, o F, that the eigenvalues of M are at
most 1. On the other hand, since M is doubly stochastic, 1 is an eigenvector
for M with eigenvalue 1. O

To measure the flatness of M €q, we define its entropy to be the negative
expectation of the logarithm of its entries, that is,

— Z Mab 10g(]/\jab).
b

This quantity reaches maximum if and only if the probability distribution
Me, is uniform. Likewise, the total entropy of M is

— Z Mab 1Og(]/w\ab);
a,b

it is maximized when the entire average mixing matrix is flat. In [§], Bai,
Rossi, Cui, and Hancock proposed a graph signature based on the total en-
tropy of continuous quantum walks. According to their experimental results,
this entropic measure provides significant information on the properties of
graphs.

A quantum walk with flat ]\?\ is said to admit uniform average mixing.
According to the definition of M, uniform average mixing means that, in

60



4.5. Average Mixing Matrix

the limit, the walker has equal chance of being on any arc, no matter which
arc she started with. In fact, as we will see later, something stronger is true
when M is flat—the average probability distribution is uniform over all the
arcs, regardless of the initial state.

While M contains complete information on the average probabilities
from arcs to arcs, one may be interested in average probabilities on the
vertices as well. We say a quantum walk admits uniform average vertex
mixing if the walker has equal chance of being on any vertex in the limit,
regardless of the initial state.

Our next goal is to establish necessary and sufficient conditions for uni-
form average mixing to occur.

4.5.2 Lemma. Let U be an m X m unitary matrix with spectral decompo-
sition

U= Z e .

If ¢, is the multiplicity of the r-th eigenvalue of U, then
— 1
tr(M) > — 3 /2
LI W&

Further, equality holds if and only if each idempotent F, has constant di-
agonal.

Proof. Since F, is positive semidefinite, its diagonal entries are non-negative
and

By Cauchy-Schwarz,

— 1
tr(F, o F,) > —tr(F,)* = —(2.
(FoF)> (R =
Hence 1
tr(M) > — S 2.
() =
Equality holds if and only if each F, has constant diagonal ¢, /m. ]

4.5.3 Corollary. Let U be a unitary matrix, and M the associated average

mixing matrix. Then tr(M) > 1, with equality holding if and only if U has
simple eigenvalues with flat eigenprojections.
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4. AVERAGING

Proof. Note that

ZET =m.

By Lemma and Cauchy-Schwarz,
— 1
tr(M) > —> 2 >1.
m T

Equality holds if and only if for all r, the idempotent F, is a rank-one
projection with constant diagonal, that is, each eigenvalue is simple with
flat eigenprojections. O

With all tools established, we are ready to characterize uniform average
mixing in discrete quantum walks.

4.5.4 Theorem. Let U be a transition matrix of a quantum walk, and
M the associated average mixing matrix. The following statements are
equivalent.

(i) The quantum walk admits uniform average mixing.
(i) tr(M) = 1.
(iii) U has simple eigenvalues with flat eigenprojections.

Proof. If uniform average mixing occurs, then all entries of M are equal
to 1/m, so tr(M) = 1. Hence (i) implies (ii). It follows from Corollary
that (ii) implies (iii). Now suppose (iii) holds. Then the spectral
decomposition of U is
U= Z ¢ F,,
r=1

where for each r, all entries in F, have the same absolute value. Hence

Mab - Z(Fr o E)ab - Z‘(F )ab|2>
r=1 r=1
which does not depend on a and b. Therefore (iii) implies (i). m

What about average probabilities on vertices, or subsets of arcs? The
following result shows that if M is flat, then the average probability that
the walker is on some subset S of arcs depends only on the size |S|. In
particular, uniform average mixing implies uniform average vertex mixing.
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4.5. Average Mixing Matrix

4.5.5 Theorem. Let X be a digraph. If a quantum walk on X admits
uniform average mixing, then for any initial state py and any arc set S,

i 3" Ps(h) =
Koo K = oSN nd

Proof. Suppose uniform average mixing occurs. By Theorem |4.5.4] we can
write the spectral decomposition of U as

U= Z e F,,

r=1
where each F, is a rank-one flat matrix. By Theorem [4.3.3]

) 1 K-1 m
lim i > Pus(k) = |S]> _(FrpoFy, ps)
k=0

K—oo
r=1

= |SI> o0, Fops )

r=1

5] &
el F
nd ;(PO; 7”>

_ 15l
- nd<p0’]>
IS

nd

The converse of Theorem is not true. In fact, neither simple eigen-
values nor flat eigenvectors are necessary for uniform average vertex mixing.
Later in Chapter [0 we will construct an infinite family of quantum walks
that admit uniform average vertex mixing, where the transition matrices do
not have simple eigenvalues; these are quantum walks on circulant digraphs.

To end this section, we prove some algebraic properties of M. They rely
on the well-known fact that a commutative semisimple matrix algebra with
identity has a basis of orthogonal idempotents. In continuous quantum
walks, similar results turn out to be quite useful in determining uniform
mixing; see for example [32]. We hope the analogy in discrete quantum
walks will be of use too.

O

4.5.6 Theorem. Let U be the transition matrix of a quantum walk, and
M the associated average mixing matrix. If the entries of U are algebraic
over Q, then the entries of M are algebraic over QQ.
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4. AVERAGING

Proof. Suppose U has algebraic entries. Then its eigenvalues are all alge-
braic. Let IF be the smallest field containing the eigenvalues of U. Let B be
the matrix algebra generated by U over F. To show that B is semisimple,
pick N € B with N? = 0. Since U is unitary, the algebra B is closed under
conjugate transpose and contains the identity. It follows from (N*)? = 0
that

0 = tr((N*)*N?)
=tr(N*NN*N)
=tr((N*N)*(N*N)).
Thus N*N = 0. Applying the trace again to N*N, we see that N = 0.

Therefore, the spectral idempotents F, of U are polynomials in U with
algebraic coefficients. Hence the entries in

M:ZFTOE

are algebraic over Q. m)

In continuous quantum walks, the entries of the average mixing matrix
are all rational [26]. We show that the discrete average mixing matrix enjoys
the same property, given that all entries of U are rational.

4.5.7 Theorem. Let U be the transition matrix of a quantum walk, and
M the associated average mixing matrix. If the entries of U are rational,
then the entries of M are rational.

Proof. Let the spectral decomposition of U be
U= Z o, F,.

Let F be the smallest field containing the eigenvalues of U. Let o be an
automorphism of . Since U is rational, we have

U=U"=Y alF?.

Moreover, since af is also an eigenvalue of U, the set of idempotents {F, }
is closed under field automorphisms. Thus

]/\Z:ZFTOFTT

is fixed by all automorphisms of F and must be rational. O

64



4.6. Continuous Quantum Walks

4.6 Continuous Quantum Walks

Along side the discrete quantum walks we are studying, there is a second
important class of quantum walks: continuous quantum walks. These are
again based on graphs: if A = A(X) then the transition matrix U(t) for
the continuous walk on X is given by

U(t) := exp(itA), teR.

Note that U(t) is both symmetric and unitary. We define the mixing matrix
M(t) by

M(t) :=U(t) 0 U(t) = U(t) o U(—1).

If U(t) describes the evolution of a quantum system with state space CV%),
then (M (t));; is the probability that the outcome of a measurement in the
standard basis is j, given that the initial state was 7. There are two cases
of particular interwest to us:

(a) Some row of M(t) is a standard basis vector.
(b) A row of M(t) is constant (necessarily with all entries equal to 1/|V (X)]).

In case (a) we have M (t),,;, for some pair of vertices a and b. If a = b we say
that the walk is periodic at a; if a # b, then we have perfect state transfer
from a to b. In case (b) we say that we have local uniform mixing at the
vertex a.

The simplest non-trivial example, K5, reveals most of the properties of

interest. In this case
A 01
~\1 0

and A%?™ = [ and A*™+1 = A. Tt follows that
U(t) = <Cos(t) zsm(t))

isin(t) cos(t)
and

sin?(t) cos®(t)

M (1) = <c0s2(t) sin2(t)> |

We see that K5 is periodic at each of its vertices at time 7 and, at time /2
we have perfect state transfer from vertex 1 to vertex 2, and vice versa. At
time 7/4 we have local uniform mixing from either vertex.
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4. AVERAGING

Although there are many similarities between continuous and discrete
quantum walks, there are also significant differences. First there is a sym-
metry property: if, in a continuous walk, there is perfect state transfer from
vertex a to vertex b at time ¢, then there will also be perfect state transfer
from b to a at time t. For suppose

T

T
D, =eqe,, Dy=epe,.

We have perfect state transfer from a to b at time ¢ if
Dy, =U(t)D,U(—t)

and, if this holds, then
D, =U(—t)DyU(t).

Noting that D, and D, are real and taking the complex conjugates of both
sides of this equation, we obtain

Do = U(t)DyU(—1).

This proves our claim; it also show that if we have perfect state transfer as
described, then
D, =U(2t)D,U(-2t)

whence X is periodic at a at time 2¢ (and similarly periodic at b). Compare
this with discrete walk with transition matrix U. If

UkD,U* = D,

then
D, =U"*D,U*

but, since U = UT (and U is not necessarily symmetric) we find only that
Da — (UT)ka<UT>fk — (UT)kUkDank(UT)fk.

At this point we are stuck.
If X OOY denotes the Cartesian product of graphs X and Y, then

AXOY)=AX)@ 1+ 1® AY)
(which can serve as a definition of this product). It follows that

UXDY = Ux(t) & Uy(t).
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4.6. Continuous Quantum Walks

Using this we may show, for example, that the d-cube, the d-th Cartesian
power of K5, admits perfect state transfer between vertices at distance d at
time 7/2, and uniform mixing at time 7 /4.

However the transition matrix for an arc-reversal walk on X (1Y has no
useful expression in terms of the transition matrices of the factors.

Finally we discuss the average mixing matrix of a continuous quantum
walk, referring the reader to [26] for missing details. We define the average
mixing matrix M for a continuous quantum walk with mixing matrix M (t)
by

—~ 1 (/T
M:hm—/]wwﬁ
T Jo

Since

M(t)=U(t) oU(-1)
= Y0, o B,
=> E?*+2 cos((6, — 0,)t) E, o Ej,
r r<s

it is not hard to show that
M= E*
T

The spectral idempotents FE, are positive semidefinite and so, by a theorem
of Schur, the matrices E2? are positive semidefinite. It follows that M is
positive semidefinite. As the matrices M(t) are doubly stochastic and as
M is a weighted average of the matrices M (t), it follows that M is doubly
stochastic.

Notes
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Chapter 5

Covers and Embeddings

We introduce some of the theory of graph covers and graph embeddings.

5.1 Covers of Graphs

We will work with simple directed graphs, with no loops, and with each
pair of vertices joined by at most one arc. If (u,v) and (v, u) are both arcs
in X, we say that {u,v} is an edge. Conversely each edge gives rise to a
pair of arcs. If X and Y are directed graphs a map ¢ : V(X) — V(Y)
is a homomorphism if the image in Y of an arc of X is an arc in Y. We
write Y — X to denote that there is a homomorphism from Y to X. The
preimage ¥ ' (u) in Y of a vertex u in X is the fibre of the cover at u. If
there are no loops on u (as will alwys be the case), then the vertices in a
fibre form a coclique in Y.

By wat of example, there is a homomorphism X — K, if and only of
X is m~colourable.

A homomorphism v is a local bijection if, for each vertex z in X, the map
from the out-neighbours of x to the out-neighbours of ¢ (z) is a bijection.
We say that Y covers X if there is a surjective graph homomorphism v
from Y to X that is locallly bijective. We refer to the pair (Y1) as a cover
of X. (There may be more than one covering map from Y to X.) Note
that if 1 is surjective on vertices and locally bijective, it is also surjective
on edges. When we say that two covers (Y7,11) and (Y, 1)) are isomorphic,
we mean that there is a graph isomorphism from Y; to Y5 that maps each
fibre of 11 (bijectively) to a fibre of 1),.
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5. COVERS AND EMBEDDINGS

5.1.1 Lemma. Assume (Y,1) is a cover of X. If uw and v are adjacent
vertices in X, then the subgraph of Y induced by

Y ) Uy ()
is a matching that pairs each vertex in v~ (u) with a vertex in ¢~ (v).

Proof. Let x € ¢ '(u). By the local bijection between neighbors of u
and neighbors of z, there is exactly one neighbor y of x such that (y) =
v. Similarly, every vertex in ¢~!(v) is adjacent to exactly one vertex in

7 (u). D

5.1.2 Corollary. If X is connected and (Y, ) is a cover of X, all fibres of
the cover have same size. Fach connected component of Y is a cover of X;
its covering map is the restriction of i) to the component.

Proof. If X is connected, then for each pair of vertices u and v, there is a
path from u to v. By the above lemma, 1)~!(u) and 1)~ (v) have the same
size. Let Z be a connected component of Y. Note that for each vertex z of
7, the map 1 restricted to Z is a local bijection between the neighbors of
z and the neighbors of ¢(z). O

We define the covering group of a cover Y to be the set of automorphisms
of Y that map each fibre to itself.

5.1.3 Lemma. Let Y be a connected cover of X. An automorphism of Y
that maps each fibre to itself and fixes a vertex must be the identity.

Proof. Let v be an automorphism of Y that maps each fibre to itself.
Suppose 7 fixes the vertex u. Then v permutes the neighbors of u. On the
other hand, in each fibre, there is at most one neighbor v of u, so h(v) = w.
Hence, h acts as the identity on the component of Y containing u. Since Y
is connected, h must the identity. ]

This lemma implies that the covering group acts fixed-point freely, whence
all its orbits have the same length and this length is the order of the cover-
ing group. Consequently the order of the covering group divides the index
of the cover. A cover is said to be regular if the order of its covering group
is equal to the index of the cover.

Any cover of index two is regular.
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(1,1) (3,0)

(1) 0.0)—I@1)
0 (3,1) (1,0)

3 2 (2,0) (0,1)

Figure 5.1: K4 Figure 5.2: A double cover of K,

5.2 Constructing Covers

By virtue of Lemma [5.1.1], we may specify a cover of X by an arc function.
We define this to be a map v from the arcs of X in some group such that
if ab is an arc in X, we have

¥(a,b)(b,a) = 1.

Since a matching between two copies of {1, ..., r} defines a permutation, we
see that each cover of index r of a graph X corresponds to an arc function
on X taking values in Sym(r).

This provides us with a simple way to construct all possible covers of a
graph, which we describe now.

Let X be a graph and let ¥ be an arc function on X taking values in
the symmetric group Sym(r). Let X% denote the graph with vertex set

VX)) x {1,...,r},

where there is an edge from (u, %) to (v, j) if (u,v) is an arc of X and ¥ (u,v)
maps ¢ to 7.

The reader might verify that the map that sends a vertex (u,i) in XV
to u is a locally bijective graph homomorphism, and therefore X% covers
X.

As an example, we can let ¥ be the constant arc-function that sends
every arc to (1,2) € Sym(2). Then the double cover K. is isomorphic to
the cube, as shown in Figure [5.2]

If f maps each arc of X to the identity, then X/ consists of  vertex-
disjoint copies of X.
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5.3 Equivalence of Arc Functions

If f is an arc function of X with index r and
w = (Wo, ..., Wn)
is a walk on X, we define

f(w) = f(uo,ur) -+ f(Um—1, Um)-

Hence we have extended f from a function on arcs (walks of length one) to
a function on walks.

Assume f is an arc function of index r on X and for each vertex u of
X, let 0, be an element of Sym(r). Let ¢g be the function on the arcs of X
whose value on the arc (v, w) is given by

9(v,w) = oy f(v,w)o, ™

Then g is an arc function in our usual sense. We call the function that
assigns the permutation o, to the vertex w a switching. The set of all
switchings form a group, isomorphic to the direct product of |V (X)| copies
of Sym(r). Two arc functions are switching equivalent if we can derive one
from the other by applying a sequence of switchings.

5.3.1 Lemma. If f and g are equivalent arc functions, they take the same
values on each closed walk. O
5.3.2 Theorem. If f and g are switching equivalent arc functions on X,

then X/ and X9 are isomorphic as covers.

Proof. Since f and g are switching equivalent, for each u there is a switching
o, such that, for each arc (v, w),

g(v,w) = oy f(v,w)o "

Define v : V(X7) — V(X9) by ((u,)) = (u,0,(i)). Then for each arc
(v,w) of Y and each 1,

9(u, 0)oy (1) = 0w f (v, w)(i).

Hence f is a homomorphism that maps each fibre of X/ bijectively to each
fibre of X9. O
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Now assume X is connected and choose a vertex u of X and spanning
tree T'. Let f be an arc function on X. If v € V(X), there is a unique path
in T" from u to v, let o, be the value of f on the associated walk and set o,
equal to 1. This defines a switching determined by the pair (T, u).

5.3.3 Lemma. Let X be connected and let u be a vertex and T be a
spanning tree in X. Let f be an arc function on X. Then the image of f
under the switching associated with (T, u) is an arc function that takes the
value 1 on each arc of T'. O

We say that the image of f under (7', u) switching is normalized relative
to T'. We note that the normalization does not depend on the choice of root
u.

5.3.4 Lemma. IfT is a tree, any connected cover of T' is isomorphic to T.

5.4 Reduced Walks

We work with strongly connected directed graphs. Note that, viewed as a
directed graph, a graph is connected if and only if it is strongly connected.
A closed walk in D is reduced if it does not contain a subsequence of the
form zyx. If a closed walk does contain such a subsequence, we can shorten
the walk by replacing xyx with x. We call this an elementary reduction
and a reduction is a sequence of elementary reductions.

5.4.1 Lemma. If X is a directed graph, each walk has a unique reduction.

Proof. Let z be a walk in X and let x and y be walks each obtained from z
by an elementary reduction. Then it is an easy exercise to verify that there
is a walk w that can be obtain from both x and y by elementary reductions.

Now we proceed by induction on the length of z. Suppose z reduces to
the walks w; and ws, and let x; and y; respectively be the walks produced
in the step of these two reductions. By the first paragraph x; and y; have
a common elementary reduction, which we denote by u and, by induction
u the unique reduced walk derived from z; and from x,. It follows that u
is the unique reduced walk derived from z. O

Say that two walks are elementarily equivalent if one can be obtained
from the other by an elementary reduction; this is an equivalence relation
on walks and we refer to its transitive closure as equivalence.
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5.4.2 Corollary. Fach equivalence class of closed walks in a directed graph
X contains a unique reduced walk. O

We define a directed graph on the reduced walks in X that start at
a given vertex v by defined a pair of reduced walks (z,y) to be an arc if
y = za for some vertex a. Denote this graph by T'(X,v). Note that if
reduced walks o and 8 are adjacent in T'(X,v), then the lengthd of a and
§ differ by 1, from which is follows that T'(X, v) is bipartite

5.4.3 Lemma. If X is a directed graph and v € V(X), then T(X,v) is
tree.

Proof. If « is a reduced walk of length £ starting at v and k > 1, there is a
unique reduced walk § of length k£ — 1 adjacent to v in T'(X, v).
Let 7(w) denote the last vertex in the walk w. If

Woy -« -y Wiy

is a sequence of reduced walks starting at v such that (w;, w; + 1) is an arc
in T'(X,v) for each 4, then the sequence of vertices

T(wo), ., T(Wi)

determines the sequence of walks, and the reduction of this sequence of
vertices is a reduced walk that is equal to w,,.

We prove by contradiction that 7(X, v) has no directed cycles of length
greater than two. Suppose

C:(Q{(),Oél,...,()éo)

is a cycle in T'(X,v), and choose i so that the length ¢ of «; is maximal.
Then the walks «;_; and a;;; must have length ¢ — 1, whence we find that
T(i—1) = T(a+1). Consequently a;_1 = «a;41, contradicting the fact that
C'is a cycle. ]

We extend the definition of covers to directed graphs: a map f from
V(Y) to V(X) is a homomorphism if the image of an arc is an arc. We
define a homomorphism from Y to X to be a local isomorphism if, for each
vertex y in Y, it is a bijection from the out-neighbours of y to the out
neighbpurs of f(y).

5.4.4 Lemma. The map that takes a reduced walk starting at v to its last
vertex is a covering map from T'(X,v) to X. O
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5.5 Products and Universal Covers

We will use the direct product of graphs to define a product of covers. We
recall that the direct product Y x Z has vertex set V(YY) x V(Z), and
vertices (yi, 21) and (ya, 22) in Y x Z are adjacent if and only if 1,9, is edge
in Y and z;2, is an edge of Z. So

A(Y x Z) = A(Y) ® A(Z)

There are two coordinate projections, mapping (y, z) to y and z; We denote
them respectively by p; and py. The diagonal of the direct square X x X is
the subgraph induced by the vertices (z, z) for x in V(X); it is isomorphic
to X.

5.5.1 Lemma. The coordinate projections on the direct product are graph
homomorphisms. O

Now suppose (Y, f) and (Z,g) are covers of X. Then the map from
Y x Z to X x X that sends (y,z) in V(Y x Z) to (f(y),g9(2)) in X x X is
a graph homomorphism. We define the product of the two covers to be the
preimage in Y x Z of the diagonal of X x X, that is, it is the subgraph of
Y X Z induced by the vertices in the set

P={(y,2): fly) = g(2)}.

We see that pi(P) = V(Y) and po(P) = V(Z). We will call the subgraph
of Y x Z induced by P the product of the two covers.

5.5.2 Lemma. Assume (Y, f) and (Z, g) are covers of X and let P be the
preimage of the diagonal of X x X under the map fromY x Z to X x X.
Then the restrictions to P of the projections m; and 7y are covering maps to
Y and Z, and the composition of these restrictions with f and g are equal,
and are covering maps of X.

We have seen that if X is connected and u € V(X), the tree T'(X, u) on
reduced walks in X starting at u covers X.

5.5.3 Theorem. Assume X is connected and u € V(X). If (Y, f) covers
X, then T(X,u) covers Y.

Proof. Let Z denote the product of the two covers (Y, f) and T'(u,v). Then
Z covers Y and T'(u,v) and, since T'(X,u) is a tree, each component of Z
is isomorphic to T'(X, u). Therefore T'(X, u) covers Y. O
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The composition of the covering map from 7'(X,u) to Y with f is the
canonical map from T'(X, u) to X; we leave this as an exercize. It is because
of this theorem that T'(X, u) is called the universal cover of X.

The theory of covers we have outlined above can be extended to directed
graphs. For convenenience we assume that directed graphs are simple—mno
loops and at most one arc between any pair of vertices. Such a graph has an
associated undirected graph, with the same vertex set, and with two vertices
adjacent in the graph if and only if they are joined by an arc in the directed
graph. This graph is often referred to as the underlying graph (although
strictly speaking it is overlying). Assume D is a simple directed graph with
associated graph X. If ¢ is an arc function on D, it is straightforward to
extend 1) to an arc function on X, and then the cover D¥ of D is a simple
directed graph with associated graph X?.

5.6 Graph Embeddings

A cellular embedding of a graph X in a surface is a drawing of a graph on
the surface, such that edges only meet at vertices and, if we delete from the
surface all points on vertices and edges of X, each connected component is
topologically a disc. We will use embedding to denote cellular embedding.
A drawing of a disconnected graph in the plane is not cellular, even if no
edges cross. The regions into which the surface is divided by the vertex and
edges of an embedded graph are the faces of the embedding. The boundary
of each face determines two (oppositely directed) closed walks in X; we
call these boundary walks. We would prefer that these boundary walks be
cycles, which they often are. However any drawing of a tree in the plane
without crossings is cellular, with one face, and the boundary walk is not
a cycle. If each face is bounded by a cycle, we say that the embedding is
cyclic.

A ribbon graph is a structure we derive from an embedding. Suppose
we have an embedding of X in some surface. We enlarge each vertex into
a small disc, and each edge into a rectangular strip.

We now construct an edge 3-coloured cubic graph from a ribbon graph.
The vertices of the new graph are the corners of the rectangles corresponding
to the edges, and the four sides of a rectangle provide four edges, two long
and two short. The disc corresponding to a vertex of degree k determines
a cycle of length 2k, where every second edge of the cycle is the short edge
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of a vertex rectangle, we refer (for now) to the other edges on the disc as
open. If we label the long edges with 0, the short edges with 2 and the open
edges with 1, we arrive at an edge 3-coloured cubic graph, with edge labels
coming from {0, 1, 2}.

Note that our edge 3-coloured cubic graph determines the ribbon graph
we derived it from and that this graph, in turn, determines the embedding
of X in the surface.

An edge-colouring of a cubic graph consists of three perfect matchings,
which we may view as permutations of the vertices. If our graphs arise
from an embedding, its vertices are the corners of the ribbon graph. We
can define the corners in another way, as follows. A flag of a map is a triple

(vertex, edge, face)

where the vertex is contained in the edge, and the edge in the face. Clearly
the topological concept of a corner corresponds to the combinatorial concept
of a flag.

Figure |5.3| gives the planar embedding of ('3, where each dot represents
a flag.

Figure 5.3: Planar embedding of C3 and the flags

For each flag (u, e, f), let «’ be the other endpoint of e, let ¢’ be the other
edge in f that is incident to u, and let f’ be the other face that contains e.
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5. COVERS AND EMBEDDINGS

Define three functions

To :('LL,@, f) — (ulaeaf)>
7 (u, e, f) = (u, €, f),

7 (u, e, f) — (u,e, f).
We have the following observations.
(i) 70,71, T2 are fixed-point-free involutions.
(ii) ToT2 = ToT0, and TyTy is fixed-point-free.
(iii) The group (79, 71, 72) acts transitively on the flags.

If we join two flags in Figure by an edge whenever they are swapped
by one of 79, 71 and 75, then we obtain a cubic graph with a 3-edge-coloring,
as shown in Figure [5.4]

Figure 5.4: Planar embedding of C3 and the gem

In general, for an embedding M, a graph-encoded map, or gem, is a
cubic graph with a 3-edge coloring, where the vertices are the flags, and
the 3-edge coloring is induced by the three involutions 7y, 71 and 7, as
described above. The concept of gem was first introduced by Lins in [50],
where he also proved the following characterization of orientability.
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5.6.1 Theorem. An embedding is orientable if and only if the gem is bi-
partite. O

Note that an embedding M with ¢ edges has 4¢ flags. Thus, if M is
orientable, then there are two components in the distance-2 graph of the
gem, each with 2¢ vertices. Let Y be one such component. We claim that
the vertex-face walk for M is equivalent to a two-reflection walk on Y.
Let m; be the partition of the vertices (u,e, f) of Y based on their third
coordinates f. It is not hard to see that the size of each cell in 7 is the
degree of some face. Similarly, let my be the partition of V(Y) based on
their first coordinates u. Let M and N be the normalized characteristic
matrices for 7 and my, respectively. Then

(2MM" — I)(2NNT —I)

is precisely the vertex-face walk for M relative to one consistent orientation
of the faces.

5.7 Rotation Systems and Regular
Embeddings

We have seen how to describe graph embeddings using ribbon graphs or
gems. There is an alternative approach which provides a more compact
representation. (A disadvantage is that it is less convenient if we are dealing
with embeddings in non-orientable surfaces.)

A rotation system on a set F'is a pair (o, 7) of permutations of F' such
that

(a) o is a fixed-point free involution.
(b) (o, 7) acts transitively on F.

From (a) we see that |F| must be even. We can construct a rotation system
from an embedding of a graph X in an orientable surface. Define F' to be
the set of arcs of X and let o be the permutation of F' that maps each arc
(u,v) to (v,u). Define 7 to be the permutation that maps an arc (u,v) to
the arc (u,w) that follows (u,v) in the clockwise ordering of the arcs on w.
Then (o, 7) is a rotation system.
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5. COVERS AND EMBEDDINGS

If (o, 7) is a rotation system, we may view the cycles of 7 as vertices, and
declare to cycles to be adjacent if one contains an arc (u,v) and the other
the arc (v,u). su We introduce some basic concepts on rotation systems.
For more background, see Gross and Tucker [36]. A rotation system is a set
{my 1w € V(X)} where each 7, is a cyclic permutation on the neighbors of
the vertex u. For any arc (uy,uz), consider the walk

(U1,U2)> (U27U3), (U37U4)7 T (uk—lauk)a T

where
Ujyr = Ty (Uj-1)-

Since the graph is finite, eventually this walk will meet an arc that is already
taken. Moreover, the first arc that is used twice must be (u1,us), as the
preimage 7, ! (v) is uniquely determined for each u. Therefore this walk is
closed with no repeated arc. All closed walks arising in this way partition
the arcs of X; they are precisely the facial walks, as we have seen. For each
facial walk of length k, we associated it with a polygon with k sides, labeled
by the arcs in the same order as they appear in the walk. We then “glue'
each two sides of these polygons labeled by the same edge. This results in
an embedding of the graph onto an orientable surface.

An embedding M of a graph X is graph self-dual if the dual graph X* is
isomorphic to X. For the complete graph K, the dual graph is regular on n
vertices if and only if M is graph self-dual. If this embedding is circular, in
addition to being graph self-dual, then the vertex-face incidence structure
is the complement of a trivial design, that is, C' can be obtained from J — I
by permuting the rows and columns.

Using Euler’s formula, one can show that K, has a graph self-dual em-
bedding only if n = 0,1 (mod 4). The other direction requires clever con-
structions, and has been proved several times independently. For one of
these treatments, see White [68].

5.7.1 Theorem. The complete graph K, has a graph self-dual orientable
embedding if and only if n = 0,1 (mod 4). O

However, not all graph self-dual embeddings of K, are circular. In fact,
such constructions are only known for K,, with n a prime power, and are due
to Biggs [11]. We describe his rotation systems in the following theorem.
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5.7.2 Theorem. Let n = p* for some prime p. Let g be a primitive gen-
erator of the finite field F of order n. For each element u in F, define the
cyclic permutation

T = (04 g% v+gl - v gt ).
Then the rotation system {m, : u € V(K,)} gives a circular embedding of
K,.

Proof. The complete graph K, can be viewed as as Cayley graph over F.
Clearly, 7, is a permutation on the neighbors of u. Further, the facial walk
containing arc (v, v + ¢°) visits vertices in the following order

v+t v+ —gho+g® —g + g%

Since .
m— ) 1— —q m
(—9)j = 1(+>
g

7=0
is distinct for m = 0,1,--- ,n — 2, this facial walk has length n — 1 with no
vertex repeated. Therefore the embedding is circular and graph self-dual. o

An automorphism of an embedding M is an incidence-preserving per-
mutation of the sets of vertices, edges and faces. If the automorphism group
of M acts regularly on the flags, then M is said to be regular.

If M is an orientable embedding, we may also be interested in its
orientation-preserving automorphisms, that is, automorphisms that pre-
serve the cyclic rotation at each vertex. We call M orientably regular
if its group of orientation-preserving automorphism acts regularly on the
arcs.

Biggs showed that K, has a regular embedding if and only if n is a prime
power, and every regular embedding of K, must arise from the rotation
system described above [11].

Given an orientable embedding Mx of X, and a covering map ¢ from
a connected graph Y to X, we define an orientable embedding My of Y by
specifying its facial walks; such an embedding will be called the embedding
induced by (Mx,), or the embedding induced by (Mx, ) if ¢ is the
corresponding arc-function. Let W be a facial walk of My starting at
vertex u. Clearly, the preimage ¥ ~'(WW) consists of walks starting and
ending in the fiber )~!(u), and each arc of Y appears in at most one of
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5. COVERS AND EMBEDDINGS

these walks. Then, the facial walks of My are exactly the closed walks
in the preimages of the facial walks of Mx. In the previous example, the
planar embedding of K, gives rise to an embedding of the cube on the torus,
with 4 faces, each of length 6.

We will focus on a special type of cover, known as the voltage graphs.
A voltage graph of X is an r-fold cover Y = X?, where the image of the
arc-function ¢ is a subgroup I' < Sym(r) of order r, and

V(Y)=V(X)xT, EY)=FEX)xT.

Voltage graphs correspond to normal covers [38], and have been extensively
studied. We only state one property that voltage graphs satisfy; for more
background, see Gross and Tucker [36].

5.7.3 Theorem. Let X be a graph. Let Z be a k-cyclein X. Let Y = X?
be a voltage graph of order r. If ¢(Z) has order ¢, then the components of
F(Z) consists of r /¢ cycles, each of length k(. O

5.8 Cayley Maps

A Cayley map for a group I' is an embedding whose automorphism contains
a subgroup isomorphic to I' acting regularly on the vertices. In this case,
the underlying graph is a Cayley graph over I'; and for each vertex u and
each element ¢ in the connection set, the rotation system satisfies

mu(gu) = mo(g)u.

The following are two characterization for a finite group I' to have a
regular Cayley map. We refer the readers to Richter et al [57] and Conder
et al [16] for more details.

5.8.1 Theorem (Conder et al). The finite group I' has a regular Cayley
map if and only if there is a finite group G = {p, \), with \*> = 1, such
that G has a complementary factorization as I'(p) with AN {p) = {1}. The
underlying group has multiple edges if and only if (p) contains a non-trivial
normal subgroup of G. ]

5.8.2 Theorem (Conder et al). The finite group I' has a regular Cayley
map if and only if there is a skew morphism f for I" and an element g of T,
such that the orbit of g under f generates I' and contains g—*. O
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5.9 Quantum Rotation Systems

Consider a rotation system (o, 7). Let R and @ be the permutation matrices
associated with o and 7, respectively. Define T' = R(@). Then the orbits of T’
are precisely the faces of the orientable embedding. By Burnside’s lemma,
the number of faces is

1 KT |- . 1 K1 .
r(T%) = lim — tr( ).
Z_: A o ;;) r(T% o T%)
Now suppose the underlying graph X is d-regular. Under some basis,
we can write () = P ® [ where P is a cyclic permutation of order d. Let C
be a d x d circulant unitary matrix, that is,

d—1

C:ZCL]‘Pj,

7=0
and assume that a; = 0 whenever j is coprime with d. Then
U=R(C®I)

defines an arc-reversal walk with coin C'. On the other hand, U is a linear
combination of

{RQ’ : ged(j,d) =1, =0,1,--- ,d— 1},

which determines a set of rotation systems for X. Thus, we may think of
(R,C®1I) as a quantum rotation system, and view the trace of the average
mixing matrix
M) = lim — Uk
tr( Am - Z tr(U" o UF)
as the number of quantum faces.
We cay say more when the rotation system is a Cayley map. In this
case, we may now order the rows and columns such that Q = P® I and R
is a block permutation matrix with the shunts of X as the blocks.

5.9.1 Lemma. Let ¢, be the multiplicity of the r-th eigenvalue of U. As-
sume the graph has m arcs. If (cr T) is an orientably-regular embedding,
then tr(M) = X, (2/m. Hence, M has rational trace regardless of the coin.
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5. COVERS AND EMBEDDINGS

Proof. Let the spectral decomposition of U be
U= Z o, F..

Since (o, T) acts on the arcs regularly, it generates a homogeneous coherent
algebra. Thus each F, has constant diagonal. By Lemma m, tr(M)
attains the lower bound, which is 3>, 2 /m. O

5.9.2 Lemma. The set of orientation-preserving automorphisms is isomor-
phic to the centralizer of the group generated by o and tT. Hence, the
embedding (o, T) is orientably-regular if and only if the group (o, T) acts
regularly on the arcs.

5.9.3 Theorem. Let (o, 7) be an orientably-regular embedding. Suppose
(o,7) can be decomposed into s inequivalent irreducible representations
with dimensions my, ..., ms. Then for any unitary coin C' and U = R(C®]I),

we have
tr(M) > =

i

5.9.4 Corollary. For any regular embedding of K,, and any unitary coin
C, the transition matrix U = R(C' ® I) satisfies

—

tr(M) >n—2.
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Chapter 6

Shunts

In Section [I.7, we showed that Grover’s walk could be expressed using a
unitary matrix U = R(I ® G). Here R is the permutation matrix that
swaps each arc with its reverse, while I ® GG is a direct sum of copies of
a (unitary) operation that maps the complex span of the arc starting at a
vertex to itself. (The diagonal blocks are the coins, in this case the Grover
coin.) In this chapter we study a second class of walks on the arcs of a
d-regular directed graph (which means that each vertex has exactly d out-
neighbours and d in-neighbours). The idea is to allow a range of choices of
permutations matrices to replace R.

A shunt on a directed graph X is a permutation of its vertices that
maps each vertex of the graph to one of its out-neighbours. A shunt de-
composition is a collection of shunts that partition the arcs of X. Since X
is d-regular, a shunt decomposition consists of exactly d shunts. A shunt
decomposition of a d-regular graph can be specified by a set of permutation
matrices P, ..., P; such that

A=P +- -+ P,
Given such a shunt decomposition, we define a permutation matrix S by

Pt
S = i
Pt

If n = |V(X)], each permutation matrix P; is n x n and thus S is nd x nd.
Next we choose a unitary coin C' of order d x d, and the transition matrix
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of our shunt decomposition walk is

Such walks were first defined by Aharonov et. al.[I].

Our dihedral machinery from Chapter [2| can only be applied if S? = I,
which generally does not hold. So in this chapter we focus on the case where
the permutation matrices in the shunt decomposition commute; equiva-
lently, when X is a Cayley digraph over an abelian group I'. Given that
every vertex receives the same coin, the spectral decomposition of U is now
determined by the coin and the characters of I'; as was originally observed
by Aharonov et al [I]. We apply their results to shunt-decomposition Grover
walks, and obtain explicit formulas for the eigenvalues and eigenvectors.

As pointed out in [I], a shunt-decomposition walk admits uniform aver-
age vertex mixing if U has distinct eigenvalues. With Grover coins, however,
U will always have —1 as a non-simple eigenvalue unless d = 2. Therefore,
previous studies on uniform average vertex mixing concentrated on cycles
with more complicated coins. We show that for a shunt-decomposition
Grover walk, the simple-eigenvalue condition is unnecessary, thus opening
up possibilities for more examples with higher degrees. Using tools from
algebraic number theory, we prove that for any prime p, a 3-regular circu-
lant digraph over Z, admits uniform average vertex mixing if and only if
its connection set has trivial stabilizer in Aut(Z,). This provides the first
infinite family of digraphs, other than cycles, that admit uniform average
mixing.

Finally, we give an overview of a different approach to shunt-decomposition
walks on infinite graphs, due to Ambainis et al [2]. This was the first paper
on shunt-decomposition models where exact analysis was carried out.

6.1 Shunt-Decomposition Walks

If a digraph admits a shunt-decomposition, then it must be regular. Using
standard results in graph theory, we show that the converse is also true.

6.1.1 Lemma. Let X be a d-regular digraph. Then X admits a shunt-
decomposition.
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Proof. Let A be the adjacency matrix of X. Define

0 A
b (U 4)

Then B is the adjacency matrix of a d-regular bipartite graph. It is a well-
known fact that every regular bipartite graph has a 1-factorization, whence

(0 P 0 P
B‘(Pf o)* *(PJ o>’

where Py, ..., P; are permutation matrices. Therefore,
AX)=P +---+ Py O

In the rest of this chapter, assume X is a d-regular digraph. Let C' be
a d X d unitary coin. As with the arc-reversal C-walk (see Section [1.7)), for
each vertex u, we need to specify a linear order on the neighbors of u:

fu:{1,2,-+ ;deg(u)} = {v:u~ v}

in order to construct the coin matrix. One way to do this is to choose the
linear order f, according to a shunt-decomposition of X:

AX) =P+ + Py

that is, for j =1,2,--- ,d, set f,(j) = e, where v is the unique vertex such
that
Pj_leu = €,.

Given linear orders

{fu uc V(X)}a

the coin C' sends (u, f,(j)) to a superposition of all outgoing arcs of u, in
which the amplitudes come from the j-th column of C":

d
Ce;j = (e Ce;)ey.
k=1
Now let
AX)=P+---+ P
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be a shunt-decomposition of X, and let

Pt
Pyt

Pt

The ordering of the rows and columns of S defines a set of linear orders
{fu:u € V(X)}. Choose a d x d unitary coin C, and assign it to each
vertex u according to f,. Then the coin matrix can be written as C' ® I,
and the transition matrix as

U=S(Cw®I).

Note that S™ = I. In general, S and C' ® I do not commute, and
the spectral decomposition of U could be very hard to derive. However, if
Py, ..., P; have a common eigenvector y, then we can use x to construct
an eigenvector for U. This observation is due to Aharonov et al [1].

6.1.2 Lemma. Let X be a digraph with shunt-decomposition
AX)=P +---+ Py

Let U be the transition matrix of a shunt-decomposition C-walk on X.
Let x be a common eigenvector for the shunts Py, ..., P; with eigenvalues
A, ..., Ag, Tespectively. Then y ® x is an eigenvector for U with eigenvalue
« if and only if y is an eigenvector for

At
Ayt

with eigenvalue .
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Proof. We have

Pt
Pyt
Uly®x) = . (Cy®x)
Pt
d
=Y (E;Cy) ® (P 'x)
j=1

At
At
— Cyl ®x
At
Thus
Uly®x) =aly®@x)
if and only if
A
Ayt
Cy=ay O

At

6.2 Commuting Shunts and Grover coins

In this section, we study the spectrum of a shunt-decomposition walk where
all the shunts commute. A complete characterization follows from Lemma
[6.1.2] We then look into the case where each vertex receives the Grover coin,
and obtain more explicit formulas for the eigenvalues and eigenvectors of
U.

Suppose X has shunt-decomposition

AX)=Pi+--+ Py,

where P;P, = P, FP; for all j and k. Then P, ..., P; generate an abelian
group ', which acts regularly on the vertices of X. Thus, X is isomorphic
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to a Cayley digraph over I' with connection set {Pj,..., P;}. Since the
characters of I' are eigenvectors for the regular representation of I', and
distinct characters are orthogonal, by Lemma [6.1.2] they give rise to a
basis of eigenvectors for U.

From now on, let I' be a finite abelian group, and let X be a Cayley
digraph over I" with connection set {¢1, ..., g4}, denoted

X(T,{g1,---,94})-

Since I' is abelian, the images of the connection set under the regular repre-
sentation of I' are the shunts Py, ..., P; in a shunt-decomposition of X. If
X is an character of I, then

Pix = x(9j)x-

Define )
x(917) )
x(92 ")

x(9z")

The following result, as a consequence of Lemma [6.1.2] is again due to
Aharonov et al [1].

6.2.1 Theorem. Let I" be a finite abelian group. Let X be a Cayley digraph
over I" with connection set {g1,...,g4}. Let U be the transition matrix of
a shunt-decomposition C-walk on X. The eigenvalues of U consists of
eigenvalues of A, C, where x ranges over all characters of I'. ]

Note that when  is the trivial character, we have A, C = C. Hence the
eigenvalues of the coin are always eigenvalues of U.

Let G be the d x d Grover coin. Consider a shunt-decomposition Grover
walk. We derive explicit formulas for the eigenvalues of U, in terms of the
characters. While the following theorem only states what the eigenvalues
of U are, the proof also provides a construction for all the eigenvectors.

6.2.2 Theorem. Let I" be a finite abelian group. Let X be a Cayley digraph
over I' with connection set {gi,...,ga}. Let U be the transition matrix of
a shunt-decomposition Grover walk on X. Let x be a non-trivial character
of I'. Fach eigenvalue v of A\ G is either
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(i) a zero of
1 1 d

- + . o + - ,
ax(g1) +1 ax(gs) +1 2
with multiplicity 1, or,

(ii) —X(gj’l), with multiplicity one less than the number of k’s such that
X(g) = x(g5)-

Proof. Let y be an eigenvector for A, G with eigenvalue . Since

2
G=2J-1
d 9

we need to solve

2 _
gJy = (ozAX1 + Iy,

that is,

—(L,yl= : . (6.2.1)

Counsider two cases.

(i) Suppose (1,y) # 0. Then the right hand side in Equation (6.2.1]) is a
vector with no zero entry. Without loss of generality we may assume
(1,y) = 1. Thus,

1 1 d

+ “ e + PE— s 622
ax(g) +1 ax(gqe) +1 2 (6.22)

and each solution a to the above uniquely determines an eigenvector
y with (1,y) = 1. Therefore the distinct zeros of Equation are
eigenvalues of A, G. Further, if any of them has multiplicity greater
than one, then it must have an eigenvector y such that (y,1) = 0,
which implies one of

a(X(gl) + 1)7 e ’Q(X(gd) + 1)

is equal to zero, a contradiction.
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(ii) Suppose (1,y) = 0. Since y # 0, there must exists some j such that

ax(g;) +1=0,

that is, a = —X(gj_l). Then for any k such that x(g;) # x(gx), we
have y, = 0. Hence y is orthogonal to 1 if and only if

>y =0,

k:x(g1)=x(95)

from which the multiplicity of « follows. ]

6.3 Uniform Average Vertex Mixing

One topic in the limiting behavior of quantum walks is uniform average
vertex mixing. We saw in Section that this is guaranteed whenever
the average mixing matrix M is flat, or equivalently, when U has simple
eigenvalues and flat eigenvectors. However, uniform average vertex mixing
does not imply uniform average mixing. The following two results are due
to Aharonov et al [1].

6.3.1 Theorem. Let I" be a finite abelian group. Let X be a Cayley digraph

over I" with connection set {g1,...,g4}. Let U be the transition matrix of
a shunt-decomposition C-walk on X, with spectral decomposition
U= Z e F.
T

If U has simple eigenvalues, and for each r, (F,, ps) = 1 whenever S is is
the set of outgoing arcs of a vertex, then U admits uniform average vertex
mixing. O

6.3.2 Corollary. Let I' be a finite abelian group. Let X be a Cayley
digraph over T' with connection set {g1,...,gq4}. Let U be the transition
matrix of a shunt-decomposition C'-walk on X . If U has simple eigenvalues,
then the quantum walk admits uniform average vertex mixing.

Proof. This follows immediately from the structure of eigenvectors for U,
as described in Lemma [6.1.2 O
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Using these results, Aharonov et al [I] showed that on every odd cycle,
the shunt-decomposition Hadamard walk admits uniform average mixing.
We wish to construct more examples with Grover coins.

Let X be a d-regular Cayley digraph over an abelian group I', and let
U be the transition matrix of a shunt-decomposition Grover walk on X.
The first difficulty we face is that when d > 2, the coin G itself contributes
—1 to the spectrum of U at least twice. Hence the above corollary no
longer applies. Fortunately, simple eigenvalues are not necessary for uniform
average vertex mixing to occur; a slightly weaker condition also works.

6.3.3 Theorem. Let I" be a finite abelian group. Let X be a Cayley digraph
over I' with connection set {gi,...,ga}. Let U be the transition matrix of a
shunt-decomposition Grover walk on X. If the only non-simple eigenvalue
of U is —1 with multiplicity d — 1, then U admits uniform average vertex
mixing.

Proof. Suppose X has n vertices. Since —1 is an eigenvalue of U with
multiplicity d — 1, by Lemma and Theorem [6.2.2 the eigenprojection
of —1 must be

1 1
P = (I _ J) ©—J.
d n

Let u be any vertex of X, and S the set of outgoing arcs of X. Then

1 1 1 1 1
Fopstoy =4 ((I‘ dJ> ®nJ> (12 Bu) ((I‘ dJ) © nJ)
1 1
= (1-= E
n2d< dJ> @ (JEuw )
1
—F 4.
nd !

On the other hand, since the remaining eigenvalues are all simple, we have

1
F?"pSFT’ = 7Fr
nd
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for all » # —1. Thus by Theorem {4.3.3

' 1 K-1 m
lim e Y P,s(k)=dd (F.poF,, ps)
k=0

K—o0 —1

= dz<p07 FrpSFr>

= iZ<p07FT>

1
= —. O
n

Combining this with Theorem [6.2.2] we need a Cayley digraph where

x(g1), x(92), -+ » x(ga)

are pairwise distinct, for every non-trivial character y. This is satisfied
when I' is a cyclic group of prime order.
In the rest of this section, let us assume X = X(Z,,{g1,...,94}) for
some prime p. Let
C — e27ri/p.
We wish to characterize circulant digraphs over Z, that admit uniform
average vertex mixing. To begin, we prove the following easier direction.

6.3.4 Lemma. Let p be a prime. Let X be a circulant digraph over 7Z,
with connection set {g1,...,ga}. Let U be the transition matrix of a shunt-
decomposition Grover walk on X . If the connection set of X is fixed by some
non-trivial automorphism of Z,, then there is an initial state for which the
average probability distribution is not uniform over the vertices.

Proof. Suppose the connection set is invariant under multiplication by &,
for some k € {2,3,--- ,p — 1}. Let x be the character of Z, that sends
vertex u to (%, and let ¢ be the character that sends u to ¢**. Then there
is a permutation P such that

PA, PT = Ay

If y is an eigenvector for A, G with eigenvalue «, then Py is an eigenvector
for A,G with eigenvalue o. By Lemma [6.1.2] both y ® x and Py ® ¢ are
eigenvectors for U with eigenvalue a. Choose y such that

(Yyox+Py®d)(y®@x+ Py o)
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has trace one; denote this state by po.
Now let S be the set of outgoing arcs of some vertex u. By Theorem
[4.3.3] the average probability on S, given initial state po, is

dY (F.poF,, ps) = d{po, ps)

=Y x+Py®¢) (I ® Eu.)(y®x+ Py® ¢)
= 2ly|” + 2Re ((y, Py)e>mik-1/r)

Since p is a prime, the last line cannot be the same for all vertices w. O

What about the converse?” While we are not able to answer this question
in general, we do have the characterization for d = 2 and d = 3. Some of
our techniques may be generalized to circulant digraphs with larger valency.

For k=1,2,---p—1, define

1 1 d
fk(x):m—i‘—’—m—%

6.3.5 Theorem. Let p be a prime. Let X be a circulant digraph over 7Z,
with connection set {g1,...,ga}. Let U be the transition matrix of a shunt-
decomposition Grover walk on X. The eigenvalues of U are 1, —1, and the
set of a such that fi(—a™') =0 for some k=1,2,--- ;p—1.

Proof. We apply Theorem to find the eigenvalues of U. Fix a non-
trivial character x of Z,. Then x(g;) = ¢*% for some k = 1,2,--- ,p — 1.
Since p is a prime, x(g;) is distinct over the connection set, so all eigenvalues
of A\G are of the first type in Theorem [6.2.2] The relation between these
eigenvalues and the roots of fi(x) follows from a simple transformation. O

6.3.6 Corollary. Let p be a prime. Let X be a circulant digraph over Z,

with connection set {g1,...,ga}. Let U be the transition matrix of a shunt-
decomposition Grover walk on X. Fork =1,2,---  p—1, the function fy(x)
has d distinct roots. ]

By manipulating fi(z), we find an algebraic relation between the eigen-
values of U and those of X. That is, each eigenvalue of U, other than 41,
satisfies a polynomial whose coefficients are the eigenvalues of X.
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6.3.7 Theorem. Let p be a prime. Let X be a circulant digraph over 7Z,
with connection set {gi,...,ga}. Let U be the transition matrix of a shunt-
decomposition Grover walk on X. Let 0, ...,0,_1 be the eigenvalues of X.
The eigenvalues of U are 1, —1, and the set of « such that

d_0F + 07 (—a) + -+ 0 (—a)Pt

2 1—(—a)
for some oy, in the Galois group Aut(Q(¢)/Q).

Proof. Let a ¢ {—1,1} be an eigenvalue of U. Let § = —a. By Theorem
6.3.5, we have fi(f) =0 for some k =1,2,--- ,p— 1. Thus,

Y

d_s~ 1
2 —j:1 1—¢haip
d
=2 (1 (CB) + ("8 + )
j=1

14+ ¢+ .o+ (Choip)Pt
=1 1-p»

d Tk d Ok
= L p—1+ Z Y B4+ Z C(p—l)gj Bp—l _
1-p j=1 =1

Note that for £ =0,1,2--- ,p—1,
d
nggj
j=1

is precisely the /-th eigenvalue 6, of X. O

Both Theorem and Theorem give formulas for the eigenvalues
of U. Our next goal is to derive a sufficient condition, based on Theorem
[6.3.5] for uniform average vertex mixing to happen. Define

() == (1 — ) -z — ()
Note that x is a root of fi(x) if and only if it is a root of
hi(x) := dgp(z) — 2xq,(x).

The following is a sufficient condition for uniform average vertex mixing to
occur.
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6.3.8 Lemma. Let p be a prime. Let X be a circulant digraph over 7Z,
with connection set {gi,...,ga}. Let U be the transition matrix of a shunt-
decomposition Grover walk on X. If for any k = 2,3,--- ,p—1, the polyno-
mials hy(z)and hy(z) are coprime over Clz|, then U admits uniform average
vertex mixing.

Proof. Recall from Corollary that each of hy(z), -+, h,—1(z) has d
distinct roots. Thus, if hy(x),--- , hy_1(x) are pairwise coprime over C|z],
then the only non-simple eigenvalue of U is —1 with multiplicity d — 1, and
so uniform average vertex mixing occurs. Since the set

{h(x), -+ hypa(2)}
is closed under the action of the Galois group Aut(Q(¢)/Q), it suffices to
assume that hy(z) and hy(x) are coprime over Clz], for k =2,3,--- ,d. O

We apply the above criterion to X with d = 2. This is not the most
exciting quantum walk, as the 2 x 2 Grover coin is simply a permutation
matrix. However, the result gives some hint on the condition we should
impose on the connection set.

6.3.9 Theorem. Let p be a prime and X a 2-regular circulant digraph
over Z,. Let U be the transition matrix of a shunt-decomposition Grover
walk on X.Then U admits uniform average vertex mixing if and only if the
connection set is not inverse closed, that is, X is not a graph.

Proof. Let X = X(Z,,{91,92}). Note that
2qx(z) — 2xq(x) =0

if and only if
2 = Ck(gﬁgz).

Hence fi(z) = fx(z) if and only if g; + g2 = p. o

6.4 3-Regular Circulants

We generalize our last theorem to 3-regular circulant digraphs on p vertices,
for any prime p > 5. The analysis becomes much more complicated now.
To start, we need the following result on cyclotomic integers.
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6.4.1 Lemma. Let m € 7Z and let p > 5 be a prime. If m divides a
cyclotomic integer

p—1 '

Z ajC]7

§=0
then

aw=a=--=a,1 (modm).

Proof. The expression

p—1

> a;¢

§=0

of an element in Z[(] is unique up to summing integer multiples of
T+ C4 -+ O
Next, note that when d = 3,

hi(x) = 32° — 512 — 59w + 33,

where s1, so, and s3 are elementary symmetric functions in (9, (92 and (9:
3
e ZCQ Sg = Z ggﬁge’ S3 = Cg1+gz+gs_
j=1 1<j<t<3

Similarly, fixing some k € {2,3,--+ ,p — 1}, we can write

hi(z) = 32 — t,2° — tyx + 3t3,

where t1, ty, and t3 are elementary symmetric functions in (%9, (%92 and
Ckgs'

The resultant of two polynomials is the determinant of their Sylvester
matrix. Given two polynomials over an integral domain, their resultant is
zero if and only if they have a common root.

6.4.2 Lemma. Let p > 5 be a prime. Let g1, go and g3 be three distinct
elements in Z,. Let s, so and s3 be the elementary symmetric functions
in (9, (92 and (%. For any k € {2,3,--- ,p— 1}, let 11, ty and t3 be the
elementary symmetric functions in (¥, (%92 and (*93. Let

hi(x) = 32° — 512 — sy + 33,
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6.4. 3-Regular Circulants

and
hi(z) = 32° — t12® — tox + 3ts.

If hy(x) and hy(x) share a root, then we have the equality
Sltg = Sgtl

in Zg[g]

Proof. The resultant of hy(z) and hg(z) is an integer multiple of

83t3(81 — tl)(Sl — tl)(Sth — Sgtl) + 3’}/

for some v € Z[(]. If hy(z) and hy(x) share a root, then their resultant is
zero and so 3 divides

(s1 —t1)(s1 — t1)(s1t2 — sat1)

in Z[¢]. By Lemma [6.4.1, the expression (s; — t1)(s1 — t1)(s1t2 — Sat1) is
a polynomial in ¢ whose coefficients are congruent to each other modulo 3.

Suppose
p—1 '
Sltg — SQtl = Z &jC].
§=0

Let a be the vector of the coefficients, that is,

We derive conditions a needs to satistfy.
Let P be the p X p circulant permutation matrix

o 1 0 --- 0

o o 1 - 0
P =

0 0 O 1

1 0 0

Define
Q = P9 4 P9 4 p9 — ptor _ pke _ phos,
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Then

(81 — t1)<81 — tl)(Sth — Sgtl)

is a polynomial in ¢ with entries of Q7 Qa as coefficients. Thus Q7 Qa is a
constant vector over Zs. On the other hand, both the rows and the columns
of () generate the same cyclic code over Zs with dimension p — 1, whose
dual code is generated by 1. Therefore,

QTQa =0 (mod 3).

It follows that Qa = 0 (mod 3), and so @ must be a constant vector over Zs.
Note that there are no more than 18 non-zero entries in a, so for p > 19,
we must have a = 0 (mod 3). The cases where p < 19 can be easily verified
by computation. ]

6.4.3 Lemma. Let p > 5 be a prime. Let g, go and g3 be three distinct
elements in 7Z,. Let s, s, and s3 be the elementary symmetric functions
in (9, (92 and (%. For any k € {2,3,--- ,p— 1}, let 1, ty and t3 be the
elementary symmetric functions in (*9t, (%92 and (*9. Let

hi(x) = 32° — 512 — 59 + 33,

and
hi(z) = 32% — t12? — tyx + 3ts.

If hy(z) and ho(z) share a root, then the set {gi,ge, g3} is fixed by some
non-trivial automorphism of Z,.

Proof. The case where p = 5 can be easily verified. Let p > 7. Suppose
hi(z) and ho(z) share a root. By Lemma [6.4.2]

S1te — Satq

is a polynomial ¥ (¢) in ¢ whose coefficients are all divisible by 3. For
notational ease, let

zj = (%,
We expand s1t9 and soty:
Sity =21 2628 + 2202k + 28282 (6.4.1)
R R A . (6.4.2)
o TE R R b (6.4.3)
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6.4. 3-Regular Circulants

Sotq :zlzgz§ + zlzgzg + ZleQZg (6.4.4)
2y 2 g o2 2T (6.4.5)
4 2P g 2 2T 22T (6.4.6)

Consider two cases.

(i) All coefficients in 1(() are zero. Then there is a bijection between
the nine terms in Lines (6.4.1)), (6.4.2)), (6.4.3) and the nine terms in
Lines (6.4.4)), (6.4.5)), (6.4.6). In particular, both sets of terms have
the same product. Thus,

3k:+6 6k+3
S3 S3 ’

and so k = p — 1. Combining this with s;ty = syt;, we have s = s2.
Clearly, s1 # —sg for p > 7. If 51 = s9, playing the same product trick
shows that s3 = 1. Now ,

which is impossible.

(ii) Some coefficient in ¢ (() is at least 3. Then at least three of the nine
terms in Lines (6.4.1), (6.4.2)), (6.4.3]) are equal to some value f.

a) One of the three terms in Line , say 212525, is equal to 3.
Clearly,

k_k k+1_k _k+1_k _k+1_k k41
5¢{212’2Z37312233721 R9yRg " R3,% 23,2223 }
Hence we must have

B = 212828 = 2T = ok (6.4.7)

The last equality implies & = p — 1, while the second equality

implies 2z} = s3. Now

Sity = 371 + Z12973 + 2172223 + 225 + 273.
It is not hard to verify that
EZZZT’)’ E@Zi’n 57 ’%
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are pairwise distinct. Thus the last four terms on the right hand
side of Equation [6.4.7] cannot survive in sits — sot, and from the
expansion of sot;, we must have

Z12923 + 212323 + 275 + 2723 = 212923 + 212923 + 229 + 223.
Since p > 7 is a prime, this can only happen when

{52257 Z%Z;}, 57 '%} = {21523, 21222737 22, 23}'
As a result, both sets have the same product, and so z; = s3,

which contradicts 2} = s3.

No term in Line (6.4.1]) is equal to 5. Suppose without loss of
generality that 8 = 27725, Clearly,

B¢ {hrik SRk
Also, since
for § to appear at least three times in Line (6.4.2)) and Line
(6.4.3)), it must be that

_ o kHlk k1l k _ k k41
B=2""2y =25 23 =225 . (6.4.8)

It is not hard to verify that the remaining six terms in Line ((6.4.1))
and Line (6.4.3) are pairwise distinct, given Equation[6.4.8f Thus
they have to vanish in sty — sot;. Meanwhile,

k k k
Sot1 =21 2223 + 212923 + 212223

k41 k+1 k+1

+ 27 2+ 2y Ty + 2zt

+ 328 4

Thus,

kk k., k k k k+1 k k+1_k ki k+1
212925 + 212025 + 212923 + 22y + 25t z3 + zlz3+

=20z + 222+ 22k Ty 2 gy 4 2 AT
Again, since p > 7 is a prime, this implies that the products of
terms on both sides are equal. Therefore s3 = 1. It follows from

Equation (6.4.8)) that

k42 _ k-1 k42 _ k-1 k2 _ k-1
20 =125 0, 2Z5 't =25 , 23 =25 . (6.4.9)
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Since k — 1 is coprime to p, there exists an integer ¢ such that
(k—1)¢=1 (mod p).

Therefore Equation shows that the connection set is invari-
ant under multiplication by ¢ in Z,,. ]

We are now ready to characterize 3-regular circulant digraphs on a prime
number of vertices that admit uniform average vertex mixing.

6.4.4 Theorem. Let p be a prime. Let X be a 3-regular circulant digraph
over Z,. Then the shunt-decomposition Grover walk on X admits uniform
average vertex mixing if and only if its connection set has trivial stabilizer

in Aut(Z,).

Proof. Let X be a 3-regular circulant digraph on p vertices. Let U be
the transition matrix of the shunt-decomposition Grover walk on X. If the
connection set is not fixed by any non-trivial automorphism of Z,, then by
Lemma [6.4.3],

ged (b (), hu()) = 1

forall k=2,3,--- ,p— 1. On the other hand, since

{ha(2), - hpa ()}

is closed under the action of Aut(Q[(]/Q), any rational root z of one
polynomial must be a common root of the remaining p — 2 polynomials.
Therefore none of hy(z), -, hy—1(x) has 1 or —1 as a root. The result then

follows from Theorem [6.3.3] O

6.5 Unitary Covers

When a particular model does not exhibit the desired property, our quantum
walker seeks alternatives by changing the coins, the shunt-decompositions,
or even the operator itself. One thing she has not tried, though, is to enlarge
the state space she lives in.

We now introduce quantum walks on unitary covers of digraphs; they
can be seen as quantum walks on the base digraphs with enlarged state
spaces. Our model generalizes the shunt-decomposition walks [I], as well
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as the Mobius quantum walks [52]. In the Mobius walk, the walker can
rotate around the axis of movement while walking on the cycle, and the
extra rotation space allows uniform average vertex mixing to occur with
optimized mixing time [52].

For a digraph X, an r-fold unitary arc-function is a map ¢ from the arcs
of X to the unitary group of degree r. Given a shunt-decomposition of X, we
define what it means for ¢ to be “compatible with" the shunt-decomposition;
such a unitary arc-function is called a shunt-function. Finally, for a digraph
X with shunt-function ¢, we construct a quantum walk on X, and study
the spectral decomposition of its transition matrix. Numerical experiments
show that such a walk allows uniform average vertex mixing to occur on X,
even if it is impossible on the usual shunt-decomposition walk.

We have seen how covers give rise to interesting walks in Chapter [§]
There are two parts in the definition of a cover that we can generalize: the
underlying graph, and the arc-function.

Let X be a connected digraph. A unitary arc-function of index r of X
is a map ¢ from the arcs of X to U(r), the unitary group of degree r, such
that ¢(u,v) = ¢(v,u)~t. Let A(X)? be the matrix obtained from A(X) by
replacing A, with ¢(u,v) if (u,v) is an arc of X, and with an r x r block
of zeros otherwise. The weighted digraph X¢ underlying A(X)? is called a
unitary r-fold cover.

When the image of ¢ consists of only permutation matrices, we omit the
word “unitary" and call ¢ an r-fold cover. If in addition X is undirected,
then we are back to the special case in Section ??. Recall that X¢ can be
built as follows: replace each vertex u of X by its fiber:

{(u,7) :i=0,1,--- ,r—1},

and join (u,j) to (v,k) whenever ¢(u,v)(j) = k. Alternatively, a digraph
Y covers X if there is a homomorphism ¢ from Y to X, such that for any
vertex y of Y and x = ¢(y), the homomorphism restricted to the outgoing
arcs of y in Y is a bijection onto the outgoing arcs of x in X.

As shown in Figure [8.2] and Figure [6.2] the hypercube @3 is a double
cover of the complete graph Ky, with covering map v given by the vertex
coloring. The arc-function ¢ sends every arc of Ky to (1,2) € Sym(2). We
attach their adjacency matrices to illustrate the construction from ¢.

Most discussion of covers focuses on voltage graphs, see for example [36].
The orthogonal covers, for which the image of ¢ consists of only orthogonal
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N

—

=

N—

|
=)
— = O
—_ O =
O == =

Figure 6.1: K, and its adjacency matrix

(1,1) (3,0)
0 0lo 1]0 1]0 1
(0,0) (2,1) 0 01 0j1 01 O
0 1/0 0l0 1]0 1
1 0/00[1 0|1 0
Al@s) = 0 1/0 10 0]0 1
(3,1) (1,0) 1 0/1 0[0 0|1 0
0 1/0 1/0 1]0 0
(2,0) (0,1) 1 0/1 0[10/0 0

Figure 6.2: ()3 and its adjacency matrix

matrices, have also been studied in [3I]. In this chapter, we will consider
unitary covers that respect shunt-decompositions, for they may preserve
nice properties that the underlying digraphs admit.

6.6 Shunt-Functions

When a particular model does not exhibit the desired property, our quantum
walker seeks alternatives by changing the coins, the shunt-decompositions,
or even the operator itself. One thing she has not tried, though, is to
enlarge the state space she lives in. She does this by using quantum walks
on unitary covers of digraphs; they can be seen as quantum walks on the
base digraphs with enlarged state spaces. This model generalizes the shunt-
decomposition walks [I], as well as the Mobius quantum walks [52]. In the
Mobius walk, the walker can rotate around the axis of movement while
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walking on the cycle, and the extra rotation space allows uniform average
vertex mixing to occur with optimized mixing time [52].
Let X be a d-regular digraph on n vertices, with shunt-decomposition

AX)=P +-+ Py

We are interested in unitary arc-functions ¢ that are “compatible with" the
shunt-decomposition, that is,

(i) for each arc (u,v), the value ¢(u,v) depends only on the shunt (u,v)
belongs to;

(ii) whenever P; and PjT both appear as shunts, we have
¢(P) = o(P]).

A unitary arc-function ¢ satisfying (i) and (ii) is called a shunt-function.

Given a shunt-function ¢, we define a quantum walk on X¢ as follows.
Pick a d x d unitary coin C. The shift matrix S'is a dnr x dnr block diagonal
matrix:

P ® ¢(P)
P, @ ¢(P,)

5= : ,
Py @ ¢(Pa)
and the coin matrix is a dnr X dnr unitary matrix of the form

C®lI,®I,.

Our new quantum walk on X?, called the shunt-function walk, is then
determined by the transition matrix

U=5C®I,®I,).

We explain the connection between this walk and the ones in [I] and
[52]. If r = 1 and ¢ is the identity map, then X? = X and the shift matrix
is simply

P
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Thus U coincides with the transition matrix of a shunt-decomposition walk
on X. On the other hand, if X is the n-cycle C,,, there is a shunt-decomposition

AC,) =P+ P!

where P is cyclic of order n. Suppose in addition that

S (choli ((Sg)) o ((23)))

= () 208

then our walk is precisely the Mobius walk defined in [52].

and

6.7 Spectral Decomposition
To simplify our analysis, we assume all shunts commute, and
O(P)o(Fr) = o(Pr)o(F).

The following lemma shows how to obtain the spectral decomposition of a
shunt-function walk.

6.7.1 Lemma. Let X be a d-regular graph on n vertices with shunt-decomposition
AX)=P +---+ Py
Let ¢ be a shunt-function of index r. Let
U=S(C®I,®1,)

be the transition matrix of a shunt-function walk on X?. Let y be a common
eigenvector of the shunts, with

Piy = Ajy.
Let z be a common eigenvector of ¢(Py), p(Py),- -, ¢(Py), with
¢(Pj)z = p;z.
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Let x be a vector of length d. Then x ® y ® z is an eigenvector of U for the
eigenvalue « if and only if x is an eigenvector of

A1
C

Adfhd

for the eigenvalue .

Proof. Rewrite

S=) Ej;®P®¢(F)
j

Then

U=3 E;C®P; (P

J
Let
A
D =
Adfhd

We have

Ulz@y®z)=> FE;Ct® Py ¢(P))z
J

= (Z )\jHjEjj) Cx X Yy X z

J
=DCrR®y® z.

Thus z ® y ® z is an eigenvector of U for the eigenvalue « if and only if z
is an eigenvector of DC for the eigenvalue a. ]

Using an argument similar to the proof of Theorem 3.6 in [1], we see
that simple eigenvalues of U guarantees uniform average vertex mixing.

6.7.2 Lemma. Let X be a Cayley digraph over an abelian group, with
shunt-decomposition
AX)=P +---+ P,

Let ¢ be a shunt-function of index r, such that for all j and k, we have
¢(Pj) = ¢(Py). Let
U=SC®I,®1,)
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be the transition matrix of a shunt-function walk on X?. If U has simple
eigenvalues, then U admits uniform average vertex mixing. O

Notes

Compared to the arc-reversal walk, the shunt-decomposition walk has better
mixing properties, but less search capacity.

A 3-regular circulant digraph over Z, admits uniform average vertex
mixing if and only if its connection set has trivial stabilizer in Aut(Z,).
This provides the first infinite family of digraphs, other than cycles, that
admit uniform average mixing. We believe a similar characterization works
when the degree is greater than three.

(i) Conjecture. Let p be a prime. A circulant digraph on p vertices
admits uniform average vertex mixing if and only if its connection set
has trivial stabilizer in Aut(Z,).

(ii) Find an example with arc-state transfer at time k, with U* # £1.

(iii) Does uniform average vertex mixing occur on irregular graphs?
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Chapter 7

1-Dimensional Walks

7.1 Infinite Paths

At the end of this chapter, we briefly discuss another approach to shunt-
decomposition walks on infinite graphs, based on the paper by Ambainis,
Bach, Nayak, Vishwanath, and Watrous [2].

While a lot has been done since Aharonov et al [I] introduced the shunt-
decomposition model, most work focused on presenting numerical results.
The first paper with exact analysis was due to Ambainis et al [2], who
studied the limiting behavior of a shunt-decomposition Hadamard walk on
the infinite path P...

As usual, the quantum walker moves on the arcs of P,,. The state space
can be identified as C* ® C? (more formally, ¢,(C%) @ C?). Let

-l

be the Hadamard coin. Let S be the linear operator such that
Sle, ®e1) =eur1 ® ey

and
S(eu X 62) = ey—1 X €.

Then the transition operator is
U=SH®I).

111
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Given initial state ey ® e, let ¥(u, k) be the coin state on vertex u at
time k. Ambainis et al [2] derived a recurrence relation for ¥ (u, k):

\If(u,k:+1):\}§ <(1) ?) xp(u—1,k)+\}§ <_01 é) U(u+1,k),

with initial conditions
v(0,0) = <§)>

W(u, 0) = (8) ,

for all u # 0. Using this recurrence, they proved several properties of the
probability distribution, all strikingly different from the classical random
walk on P,,. For example, after k steps, the probability distribution of this
Hadamard walk is nearly uniform over the vertices between —k/v/2 and
k/+/2, while a classical random walker tends to stay at distance O(v/k) from
the origin with high probability. In the presence of absorbing boundaries,
the exit probabilities are also in sharp contrast to those of the classical
random walk. With one absorbing boundary at vertex 0, the probability
that the walker exits to the left is 2/7, and with an additional absorbing
boundary at vertex wu, this probability increases, and approaches 1/y/2 as
u goes to infinity. Both probabilities in the classical random walk are 1.

and

7.2 Coupling Walks

Our goal to is analyse the Hadamard walk on the infinite path. To do this
we will view the infinite path as the limit of the finite cycles C), as n — oo
but, before considering walks on cycles we introduce a more class of walks.

Let Uy and U; be two n x n unitary matrices. Observe that C* @ C? is
the direct sum of the subspaces

C"®ey, C"®@e;

if we view Uy as acting on the first of these subspaces and U; as acting on
the second, then the direct sum of operators

Uy 0
0 Uy
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is a unitary operator on C*® C? that fixes the two summands above. Hence
it determines a discrete walk on C* ® C?, which we may view as the direct
sum of the walks given by Uy and Uj.

Now set
1 /1 1
n=55 0 )

Uy 0 L (Uy U
= (0 )=l )
We say that U is a coupling of the walks determined by U, and U;. (Note
that we could replace H by any 2 x 2 unitary matrix.)

If we assume that Uy and U; commute, we can determine the eigenval-
ues and eigenvectors of U in terms of the eigenvalues and eigenvectors of Uy
and U;. The first step is to note that, since Uy and U; are normal and com-
mute, there is an orthonormal basis 2, ..., z, of C" consisting of common
eigenvectors for Uy and Us;.

and define

7.2.1 Lemma. Let Uy and U; be commuting n X n unitary matrices, let z
be a common eigenvector for these matrices and assume

UQZ = (902, Ulz = 912.
Then the two roots of

t? — —= (01 — 0o)t — 006,

N

are eigenvalues of U.

Proof. Since the entries in

V2

- SU I+ 550,

tI —Lu, —Lyu
H—Uz( 0 0)

commute

tI —Lu, —--L1U, 1 1 1
det V2 V2 =det [ |t] — — 7 — - - .
(] ( —%Ul t[—|— \}§U1> (] (( \/§UO> ( —l— \/§Ul> 2UOU1>
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Suppose z is a common eigenvector for Uy and U; and the associated eigen-
values are 6y and ;. Then the eigenvalues of

1 1 1
tl — —U, tl + —=U, | — zUU
( \/§ 0>< \/§ 1) 9 oY1

1

V2

are the roots of

t2 (91 — Qo)t — 9091. 0O

7.3 Spectral Decomposition

In the only cases of interest to us, U; = Uy ' and hence if 6 is an eigenvalue
of Uy, then 87! is the corresponding eigenvalue of 6;. Under this assumption,
we compute the spectral decomposition of U.

7.3.1 Lemma. Assume U, = Uy ' and let § be an eigenvalue of Uy, If
0 = €', then the two associated eigenvalues of U are

(—ising £ y/cos? p + 1).

Sl

Proof. The roots of |

7

1(61—6 , [(6—061)
(2500 T

Rl o ) R |

are

which we can rewrite as

L[ 0—6" [(0+06-1)
\/i(_ 5 i\/zﬂ)

Next we determine the eigenvectors of U.

7.3.2 Lemma. Assume

I Us U0>

1
- ﬁ <U0—1 _Uo—l
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7.3. Spectral Decomposition

and let z be an eigenvector for Uy with norm one and eigenvalue 6. If

A (~0-07"£Vo+67+56),

()

is an eigenvector for U with eigenvalue

\}5 (—6 _26_1 + \/(9 +29_1)2 + 1) .
(i o) ()= (")

()

L=
Ty

solving this for A yields the stated formula. O

then

Proof. We have

and therefore

is an eigenvector if

The projection onto the subspace spanned by the the eigenvector
z
Az

1 X —
T+ \A AN '
For later use, we compute A\ explicitly. Note that § = §~! and, as

A= 210(—9—9—1 +VO+0T+6),

is

we have 9
N = 5(—9—9*1 i\/0+6*1+6).

Therefore

- 1
M= (0 + O F20+0H)VO+0 1 +6+0+60"+6)
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7. 1-DIMENSIONAL WALKS

7.4 Computing Powers

We derive an expression for U¥, in terms of generating functions. View U as
a 2 X 2 block matrix and let ®; ;(k) denote (U*); 1; define ®5; etc. similarly.

Then ( ) "
b (k+1 Dy 1(k
’ =U ' 7.4.1
(qm(k; + 1)) (@zl(k)) (7:4.1)
Note that ®,;(0) = I and ®5,(0) = 0. Define generating functions

Upa(t) =Y t"®14(k), War(t) = 5Dy (k).

k>0 k>0

If we multiply both sides of (7.4.1) by #**! and sum over k, we get

(o) - (0) =7 (anaf)

and therefore

We now compute (I —tU)~'. We have

1 1 1 1
(I—f/itUo _T%tUO ) (I‘Fl\/QtUl ﬁtlUO >

(1= Z5t(Uo — Uh) = 20Uy 0
0 I — S5t(Uo = Uh) = £2UsU,
from which it follows that
W (t) = (1= t(Us— Uh) — 2t2U0U1)_1 [+,
’ V2
and
9 -1 1
o (t) = (1 = t(Uy — Uy) — 262Ul ) ﬁtUl.

If we make the additional assumption that U; = Uy ™!, then
1 -1
Ua(t)= (1=t — —=t(Uy — Uy I +tUy).
)= (=20 = W0 (1)

116



7.5. Extracting Coeflicients

If Uy has the spectral decomposition

UO = ZQEQ,
0

then Wy () has the spectral decomposition

1+t /2
21 0 —0-1)t/2 -2 Fo

(7.4.2)

7.5 Extracting Coefficients

We derive an explicit expression for the coefficient of t* in Wy 4 (¢).
If F(t) is a power series in t over ring (e.g., the ring of n x n matrices)
we use [tF, F(t)] to denote the coefficient of t* in F(t).

7.5.1 Theorem. If « is a root of

1
t* — ﬁ(e—l — )t — 1,

then

0] = (al 1 efl/ﬁa—k 4 a_el/\/i(_a)k) £,

7 a4+« a4+ a

Proof. If a denotes a root corresponding to the eigenvalue 6 of Uy, then

1+ L(9—1 Ot —t*=(1—-a ') (1 + at)

V2
Thus
1 B 1
1+ —0t/vV2—12 (1—at)(1+at)
1 1 a? 1
B 1—{—a21—0f1t+ l14+a?2l+at
Therefore
k 1 1 —1\k a’ k
lt (0 —G)t/\/ﬁ—ﬁ] "1 e @ ) et
and
ltk7 0='t/\/2 ] _ 071/\/5(&71>k71 n w(_a)kq
14+ (071 —0)t//2 — t2 1+ a? 1+ a2
from which the result follows. O



7. 1-DIMENSIONAL WALKS

We can compute [t*, Uy 1 (¢)] similarly. The following lemma gives [t*, Uy 5(¢)]

and {tk, \11272(15)].
7.5.2 Lemma. We have

¢1,2(k:) = 2,1(k)7 ¢2,2(k> = _¢1,1<k)

Proof. View U as a 2 x 2 matrix over the ring of complex polynomials in U
and U; (which commute) and note that det(U) = —1. Any 2 X 2 unitary
matrix over C with determinant 1 has the form

(5 3)

Multiplication (on the left) by the matrix

o 5

maps 2 X 2 unitaries with determinant 1 to unitaries with determinant —1.
Hence a 2 x 2 unitary with determinant —1 has the form

=

[k _ (‘1’1,1(%) W1 (K) ) .
\11271(]{3) —qllvl(kf)

Now specialize to the case where Uy is P, the permutation matrix rep-
resenting an n-cycle. If we set A = e?™/" the eigenvalues of U, are the
distinct powers N of X and if F; is the idempotent corresponding to the
eigenvalue M, we have

>

and therefore

O

1 .
(Ej>f,m = TAJ(Z_m)-
n
Accordingly, if a; is the root with positive real part of
1 . .
22— =\ =Mt -1
\/5( )
then
-1 o o
[t wa(8)], = RN i ]/\/Ea,—kJrM(_a)k \d(e=m)
o Lm 2 al+ . J o+ o j
J J J J



7.5. Extracting Coeflicients

If we allow n to tend to infinity and let a denote the root with positive
real part of

2 — t—1,

Lo
\/5(?7 1)
the above sum converges to an integral over the unit circle in the complex
plane

e =t A LU PP X R)
2m al+a a4+« ' e

By Lemma « is an eigenvalue of U, so |a| = 1. We may assume
a=¢e" and n=e”. Then

Hence,
1
sin § = ———=sin 6

V2

Now suppose a has positive real part. We have

1
cos 8 = ﬁ\/l + cos? 6.

1
o-!
+— — (V1+cos?6 + cosb

V2 ﬁ( )

oz_1+77_1/\/§_1<1 cos 6 )

So

and

— +7
V14 cos?f

al+a 2
It follows that

% o'+t /V2 a k) iy = / cos 0 Si(E=m+1)0—kB) 79
a1+ a V1 + cos20

and

j{ -0t V2 a ) ptmdn = / cos ¢ (il(t=m+1)0-kB) 79
_1 + V1+cos2f

/ cos(6 + ) H(=m+1)(0+m)—k(B+7)) 79
\/1 + cos?(0 + )

T 14 cos(0) i ((E=m+1)0-k8) 79
2J-n 1 + cos?(0)

_ (_l)z—m+1—kf
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7. 1-DIMENSIONAL WALKS

Hence Equation reduces to

" <1+ cos 6 >ei((é—m+1)9—k5)d9

V14 cos?6

This agrees with the second formula in Lemma 7 of [2, Lemma 7]; the
readers are invited to derive the first formula, using a similar argument.

L (e [

27 _
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Chapter 8

Vertex-Face Walks

8.1 Introduction

In this chapter, we construct a new discrete quantum walk from an ori-
entable embedding of a graph. Roughly speaking, the walk is defined by
two partitions of the arcs: one based on the faces, and one on the vertices.
To illustrate the idea, we take the planar embedding of K4 as an example.
As shown in Figure [8.1] since the surface is orientable, we can choose a
consistent orientation of the face boundaries. This partitions the arcs of
K, into four groups {fo, f1, fo, f3}, called the facial walks. Meanwhile, the
arcs can be partitioned into another four groups, each having the same tail.
We represent these two partitions by the incidence matrices in Equation

®.1.1).

Facial walks:

Figure 8.1: A Planar Embedding of K,
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8. VERTEX-FACE WALKS
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(8.1.1)
If M is the matrix obtained from M by scaling each column to a unit
vector, then M M7 is the orthogonal projection onto col(M), and so

IMMT — T

is the reflection about col(M). Similarly, if N is the normalized arc-tail
incidence matrix, then

2NN — 1
is the reflection about col(N). Now

U:=@2MM" —I)(2NN" — 1)

is a unitary matrix, which serves as the transition matrix of our discrete
quantum walk.

We can easily generalize the above construction to any orientable em-
bedding of a graph X; such a walk will be called a vertex-face walk. While
this model has never been studied, there are search algorithms that effec-
tively use the vertex-face walk of a toroidal embedding of C,[0C,, [54] 23, 4].
Section [8.8 will discuss this connection in more detail.

The transition matrix U of the previous example has an interesting
expression: U = exp(tS) where t € R and S is the skew-adjacency matrix
of an oriented graph, as shown in Figure Thus, U can be seen as the
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8.2. Model

transition matrix of a continuous quantum walk, evaluated at time t. We
would like to characterize vertex-face walks that are connected to continuous
quantum walks in this way.

Figure 8.2: H-digraph of the planar embedding of K4

Our approach is spectral. We first list some basic properties of the
transition matrix of a vertex-face walk. Then we establish a spectral cor-
respondence between the transition matrix and the vertex-face incidence
matrix. Using the incidence graph, we derive a formula for the principal
logarithm of U?. We then explore necessary conditions and sufficient condi-
tions for the underlying digraph of this logarithm to be an oriented graph,
and find interesting connections to partial geometric designs. We also in-
vestigate properties of vertex-face walks on the covers of a graph. Finally,
we note that some vertex-face walks are reluctant to leave its initial state,
which is in sharp contrast to classical random walks.

8.2 Model

An embedding is circular if every face is bounded by a cycle. In this section,
we generalize the example in Section[8.1/to a vertex-face walk on any circular
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8. VERTEX-FACE WALKS

orientable embedding.

Let X be a graph, and M an embedding of X on some orientable sur-
face. Consider a consistent orientation of the faces, that is, for each edge
e shared by two faces f and h, the direction e receives in f is opposite to
the direction it receives in h. Given such an orientation, every arc belongs
to exactly one face; let M be the associated arc-face incidence matrix. We
also partition the arcs according to their tails, and let N be the associated
arc-tail incidence matrix. Denote the normalized versions of M and N by
M and N. The unitary matrix

U:=@2MM" —I)(2NN" — 1)

is the transition matrix of a vertex-face walk for M.

Although U depends on the consistent orientation, there are only two
choices—reversing all the arcs in the facial walks of one orientation produces
the other. Let R be the permutation matrix that swaps arc (u,v) with arc
(v,u). If

(2MM" — )(2NN” — 1)

is the transition matrix relative to the “clockwise" orientation, then
RMM" —I)R2NNT — 1)

is the transition matrix relative to the “counterclockwise" orientation. In
this paper, we will not specify the orientation when proving properties of
U, as our results are independent of the choice.

The following observation on duality is immediate.

8.2.1 Lemma. If U is the vertex-face transition matrix for M, then UT is
the vertex-face transition matrix for the dual embedding of M. O

Define two matrices
P .= MMT, Q= NNT.

Note that P is the projection onto vectors that are constant on each facial
walk, and @) is the projection onto vectors that are constant on arcs leaving
each vertex. Let 1 denote the all-ones vector. The projections P and @)
satisfy the following properties.
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8.2. Model

8.2.2 Lemma. For any arc (u,v), let f,, denote the facial walk using (u,v).
For any two faces f and h, let f N h denote the set of vertices used by both
f and h.

(i) The projections P and ) are doubly stochastic, and so

Ul=U"1=1.

(ii) For two arcs (a,b) and (u,v),

1
Aao( £ )’ lf fab = fuv-
P(a,b),(u,v) = {deg(fuv) ’

0, otherwise.
and
1 .
, Ifa=u.
Qo) (uw) = { deg(u)
0, otherwise.

(iii) For two arcs (a,b) and (u,v),
1
(PQ)(ab).(wv) = (QP) ) (ab) = {deg(U) deg(fas)’

Y

ifue fab-

otherwise.

(iv) For two faces f and h,
1 Z 1
deg(f) deg(h) urn des(u)

(M"QM) s, =

For two vertice u and v,
1 Z 1
deg(u) deg(v) ries dealf)

(NTPN),, =

Proof. We prove the first parts of (iii) and (iv); the other statements follow
similarly. Note that M s # 0 if and only if f = fa, (MTN)sw # 0 if
and only if w is contained in f, and Nfa(w) # 0 if and only if w = u. Hence
(PQ)(ap),(uw) # 0 if and only if u € fq. This proves (iii). For (iv), simply
note that (MTNNTM);, counts the vertices that appear in both faces f
and h. O

125



8. VERTEX-FACE WALKS

The above lemma allows us to write out the entries of U explicitly. More-
over, if either X or its dual graph is regular, we have a simple expression
for tr(U).

8.2.3 Lemma. Suppose the circular orientable embedding of X has n ver-
tices, ¢ edges and s faces. If either X or its dual graph is regular, then

Proof. We have
U=02P-1(2Q —1).

where P and @) are projections. From (iii) in Lemma we see that

1 1
P = 2. Goafu) dealfun)
1 1
=2 dep() 2 deglu)
If X is d-regular, then
s ns

Hence

tr(U) = 4tr(PQ) — 2tr(P) — 2tr(Q) — tr(1)

- 2% — 2(ek(P) + rk(Q) — 20)

ns

= (é—(n+s—£)).

The case where the dual graph is regular follows from tr(U) = tr(U7). ©

A quantum walk is called reducible if U is permutation similar to some
block-diagonal matrix, and irreducible otherwise. The following result shows
that for a connected graph, any vertex-face walk is irreducible, regardless
of the embedding.

8.2.4 Lemma. Let M be an orientable embedding of a connected graph
X. Let m; and w9 be the arc-face partition and the arc-tail partition of M.
Then 7 A wy is the discrete partition, and m, V my is the trivial partition.
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8.3. Spectral Decomposition

Proof. First of all, since every face is bounded by a cycle, no two arcs
sharing the tail are contained in the same facial walk, so m A ms is the
discrete partition. Next, since X is connected, between any two vertices vy
and vy there is a path, say

Voy ey Ulk’.

Consider the first two arcs (vg, v1) and (v1,v2). If they belong to the same
facial walk, then they are in the same class of 7 V my. Otherwise, there is
an arc (vy,w;) that is in the same facial walk as (vg,v1). Thus, all outgoing
arcs of vy, including (vq,v3), are in the same class of m V my as (vg,v1).
Proceeding in this fashion, we see that all arcs in the path belong to the
same class of m V ms. O

8.3 Spectral Decomposition

Since the transition matrix U is a product of two reflections, we can apply
the results in Chapter [2| to compute its spectral decomposition. Suppose
the embedding M has n vertices, ¢ edges and s faces. Let g be the genus
of the orientable surface. The readers may verify the following theorems on
the eigenspaces of U.

8.3.1 Theorem. The 1-eigenspace of U is
(col(M) N col(N)) @ (ker(MT) Nker(N™))
with dimension { + 2g. Moreover, the first subspace is simply
col(M) Ncol(N) = span{1}. O

To characterize the remaining eigenspaces for U, we introduce a few
more incidence matrices. A vertex is incident to a face if it is incident
to an edge that is contained in the face. Let B, C' and D be the vertex-
edge incidence matrix, the vertex-face incidence matrix, and the face-edge
incidence matrix, respectively. Since every face is bounded by a cycle, we
have the following two expressions for C'.

8.3.2 Lemma. The vertex-face incidence matrix C satisfies

1
C = 5BDT = NTM. 0
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8. VERTEX-FACE WALKS

We also define ~ N
C:=N"M ,

and call it the normalized vertex-face incidence matrix. All other eigenspaces
for U are determined by C.

8.3.3 Theorem. The (—1)-eigenspace for U is
Mker(C) @ N” ker(CT)
with dimension
n+s—2rk(C). m

By interlacing, the eigenvalues of QA’@T lie in [0, 1]. The following theo-
rem shows how the eigenspaces for CCT with eigenvalues in (0,1) give rise
to eigenspaces for U with non-real eigenvalues.

8.3.4 Theorem. The multiplicities of the non-real eigenvalues of U sum to
21k(C) — 2. Let p € (0,1) be an eigenvalue of CCT. Choose 6 with

cos(f) =2u — 1.

The map - A L

y — (cos(0) + 1)Ny — (e + 1)MC"y
is an isomorphism from the p-eigenspace of CCT to the e'-eigenspace of U,
and the map . ’ .

y > (cos(f) + 1)Ny — (e ™ + 1)MCTy
is an isomorphism from the p-eigenspace of CCT to the e~ 9_eigenspace of
U. O

1

After normalization, we obtain an explicit formula for the eigenprojec-
tion of each non-real eigenvalue of U.

8.3.5 Corollary. Let 1 € (0,1) be an eigenvalue of CCT. Choose 6 such
that cos(#) = 2u — 1. Let E, be the orthogonal projection onto the p-
eigenspace of CCT. Set N

W .= NE,N”.

Then the e?-eigenprojection of U is

20 ((cos(0) + DW — (e + 1)PW — (e7 + 1)WP +2PWP),



8.4. Hamiltonian

and the e~*-eigenprojection of U is

1
sin?(0)

((cos(0) + YW = (e + 1)PW — (¢ + )WP +2PWP). O

8.4 Hamiltonian

A Hamiltonian of a unitary matrix V' is a Hermitian matrix H such that
V =exp(iH). Given the spectral decomposition

V= ZarFra

any Hamiltonian H can be written as
H = —i) log(a,)F,,

for some value of log(a,.). If in addition, for each r, the angle satisfies
—m < —ilog(a,) <,

then H is called the principal Hamiltonian of V. In this sense, every unitary
matrix can be viewed as the transition matrix of a continuous quantum walk
on the underlying digraph of its principal Hamiltonian.

We study the principal Hamiltonian of U?, where U is the transition
matrix of a vertex-face walk. The spectral machinery we developed in the
last section reveals a close connection between H and the bipartite vertex-
face incidence graph. For simplicity, we will focus on circular orientable
embeddings where both X and the dual graph are regular; if each vertex
has d neighbors and each face uses k vertices, we say the embedding has

type (k,d).

8.4.1 Theorem. Let M be a circular orientable embedding of type (k,d).
Let M and N be the arc-face incidence matrix and the arc-tail incidence
matrix, respectively. Let U be the transition matrix of a vertex-face walk
for M. Let A be the adjacency matrix of the vertex-face incidence graph,
with spectral decomposition

A=Y AG..
A
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8. VERTEX-FACE WALKS

Then each eigenvalue X\ of A gives rise to some eigenvalue e*™® of U in the
following way:

=

Moreover, U? = exp(iH ), where

H:4(N ZM) 3 Aarccos(\)d/@)Gr ( NT >

_iNT
A0 TR} INVdk — N2 M

Proof. As before, let C' be the vertex-face incidence matrix. Then

0 C
A= ( O 0) |
Note that the eigenvalues of A are symmetric about zero, and bounded in
absolute value by v dk. By Theorems 8.3.1]18.3.3| and [8.3.4] each eigenvalue
A of A determines the real part of some eigenvalue e** of U:
2\
dk

cos(f) = -1,

that is,

fy-e ()

Moreover, for A # 0, the A-eigenprojection for A is

YT \LCTEe LCTERC)’

where E)2 is the A\2-eigenprojection for CCT. Since U has real entries, its
spectrum is closed under complex conjugation. Hence by Corollary [8.3.5]

He—4i Y arccos()\/\/ci_k)
ocrevar MV AR = A

Combining this with the fact that

(NEx2CMT — MCTE\.N").

yields the formula for H. ]
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8.5. H-digraph

The above result implies that H is the block sum of

(5 ar)o (V)

for some odd polynomial ¢.

8.5 H-digraph

Given an embedding M and the vertex-face transition matrix U, we will
refer to the underlying digraph of the principal Hamiltonian H of U? as
the H-digraph of M. By Theorem [B.4.1] iH is skew-symmetric, so the
H-digraph is a weighted oriented graph.

An embedding M is orientably-regular if its orientation-preserving au-
tomorphism group acts regularly on the arcs. Using the decomposition

1
C = 5BDT = NTM,

where B, C', D, M, N are the vertex-edge, vertex-face, face-edge, arc-face,
and arc-tail incidence matrices, we obtain the following.

8.5.1 Theorem. Let M be a circular orientable embedding of type (k,d).
If M is orientably-regular, then the vertex-face incidence graph is edge-
transitive, and the H-digraph is vertex-transitive. ]

In general, we should expect the H-digraph to be dense with many
different weights; however, there are cases where it is sparse and unweighted
(up to scaling). An example was given in Figure . In this section, we
study circular orientable embeddings of type (k,d) whose H-digraphs are
oriented graphs. We first give a necessary condition on the eigenvalues of
the vertex-face incidence graph. This is a direct consequence of a result by
the first author on real state transfer [27], which we summarize below.

8.5.2 Theorem. Let H be a Hermitian matrix with algebraic entries. Sup-
pose for some real number t the entries of exp(itH) are algebraic. Then
the ratio of any two non-zero eigenvalues of H are rational. Moreover, if
1H has integer entries, then there is a square-free integer A such that all
eigenvalues of H are in Z[v/A]. O
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8. VERTEX-FACE WALKS

The ratio condition in Theorem [8.5.2]is particularly useful in characteriz-
ing state transfer in continuous quantum walks on graphs (see for example
[25]) and oriented graphs ([27, [49]). Here, we present its application to
discrete quantum walks.

8.5.3 Theorem. Let U be a vertex-face transition matrix for a circular
orientable embedding of type (k,d). Let A be the adjacency matrix of the
vertex-face incidence graph. Suppose U? = exp(tS) for some real number t
and skew-adjacency matrix S. Then the following hold.

(i) There is a square-free integer A such that all eigenvalues of S are in

Z[\V/—-A].

(ii) If A\, and As are two eigenvalues of A that are distinct from {0, £V dk},
then

arccos(|\| /V/dk)
arccos(|\|/V/dk)

Proof. (i) follows from Theorem since U has rational entries and S has
integer entries. For (ii), recall that A, and A, determine non-real eigenvalues
e and et of U by

c Q.

Al _ cos <6T> Al _ Ccos <95>
Vdk 2) Vdk 2)
If 0 <6,,0s <, then 6, /60, equals the ratio of two eigenvalues of S, which

must be rational. O

The above condition is satisfied when U? has exactly three eigenvalues.
In fact, the H digraph of such U? is guaranteed to be an oriented graph.

8.5.4 Theorem. Let M be a circular orientable embedding of type (k,d)
of a graph X. Let U be a vertex-face transition matrix for M. Then

U? = exp(y(U — UT))

for some real number v if and only if the vertex-face incidence graph has
four or five distinct eigenvalues. Moreover,

dk
Z(UT —U)
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8.5. H-digraph

is the skew-adjacency matrix of some oriented graph on the arcs of X, and
the degree of (a,b) is
dk — Z B((l, U),

uefab

where f,, denotes the unique face using the arc (a,b), and [(a,u) denotes
the number of faces containing both a and wu.

Proof. Let
U= Z o, F,

be the spectral decomposition of U. Then
U? = exp(y(U = U"))

holds if and only if
S alF =Y el R,

that is, for each non-real eigenvalue o, = e’ of U,

€2z0 — 627 sin(0) .

Since sin(z)/x is monotone when 0 < z < 7, the above holds for some 7 if
and only if U? has exactly three eigenvalues, or equivalently, the vertex-face
incidence graph has exactly four or five eigenvalues.

Let M and N be the arc-face and arc-tail incidence matrices, respectively.
Recall that

2 2
=(=MMT - [) (NNT — 1) .
o (1) 3

Thus

U-U"= C;{;(MMTNNT — NNTMMT).

Let S = MMTNNT — NNTMM?. By Lemma 8.2.2 (iii),
1, ifué€ fpandaé¢ fu,

S(a,b),(u,v) = —1, ifae€ fuv and u ¢ fab,
0, otherwise.

Therefore S is the skew-adjacency matrix of some oriented graph. Moreover,
for each u € fy, there is a bijection between the neighbors of v such that
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8. VERTEX-FACE WALKS

a € fu and the faces containing both @ and u. Hence the degree of the
oriented graph is

> o (d—Bla,u) =dk— > Bla,u). 0

Uefab uefa,b

Let C' be the vertex-face incidence matrix of the embedding in Theorem
B.5.4 We see that U? = exp(y(U — UT)) if and only if C has exactly two
non-zero singular values. Combinatorial designs with two non-zero singular
eigenvalues were studied by van Dam and Spence [64], 65]. In particular,
they showed that a point-d-regular and block-k-regular design with two non-
zero singular values is a partial geometric design with parameters (d, k, ¢, ¢),
originally introduced by Bose et al [12], where for each point-block pair
(p, B), the number of incident point-block pairs

{@,B'):p'#p, B # B,p' € B,pe B}

equals ¢ or t, depending on whether p is in B or not. Below we include a
proof.

8.5.5 Theorem. Let C' be an incidence matrix with C1 = d1 and CT1 =
k1. Suppose C has exactly two non-zero singular values. Then C' is the
incidence matrix of a partial geometric design.

Proof. Clearly, dk is an eigenvalue of CCT with eigenprojection J/n. Let
i be the other non-zero eigenvalue of CCT. Let Ey be the projection onto
the kernel of CCT. We have

! ! dk —
CCT:dk<J>+u(I—J—EO:qd+ "7 LE,.
n n n
Thus

dk — p)

e = uo+ M J.

Note that (CCTC), p counts all pairs (p/, B') with p’ € B and p € B'.
Hence the incidence structure is a

k(dk — 1) k(dk —
(&h (dk —p) k( ‘O+u+1—d—k>
n n

partial geometric design. O

134



8.6. Covers

We briefly discuss embeddings that realize partial geometric designs.

If COT is invertible, then a trace argument shows that the vertex-face
incidence structure is a balanced incomplete block design (BIBD), or a 2-
design, with parameters (n, k,d(k—1)/(n— 1)), that is, a point-regular and
block-regular design where every two distinct points lie in d(k —1)/(n — 1)
blocks.

The study of connections between 2-designs and graph embeddings dates
back to 1897 [39], when Heffter constructed 2-(n, 3, 2) designs using certain
triangular embeddings of K,. However, building these triangular embed-
dings themselves remained a challenging task, until Ringel [58], Gustin
[37] and Terry et al [62] provided solutions to all admissible n, that is,
n=0,3,4,7 (mod 12).

The self-dual circular embeddings of K, on the other hand, yield a
family of 2-(n,n — 1,n — 2) designs. While self-dual embeddings of K,
exists if and only if n = 0,1 (mod 4) [68], the circular ones are only known
when n is a prime power. For the constructions, see Biggs [11]; we remark
that these are all orientably-regular embeddings.

Embeddings with singular CCT and CTC may be related to other de-
signs. A two-class partially balanced incomplete block design (PBIBD)
with parameters (n, k; A, A2) is a point-regular, block-regular design whose
incidence matrix C' satisfies

COT =dl + MA+ \o(J — T — A),

where A is the adjacency matrix of a strongly regular graph. A PBIBD has
at most three non-zero singular values; those with two non-zero singular
values are precisely partial geometric PBIBDs, and they are usually referred
to as special PBIBDs [13].

Every triangular embedding of a strongly regular graph on n vertices
determines a (n,3;2,0)-PBIBD. In [55], Petroelje gave a construction for
orientable triangular embeddings of K, ,, ,, which yield (3n, 3;2, 0)-special
PBIBDs.

8.6 Covers

In this section, we consider a covering construction that preserves nice prop-
erties of vertex-face walks. For a detailed discussion on covers, see Chapter
Bl
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8. VERTEX-FACE WALKS

Given an orientable embedding Mx of X, and a covering map ¢ from
a connected graph Y to X, we define an orientable embedding My of Y by
specifying its facial walks. Let W be a facial walk of M x starting at vertex
u. Clearly, the preimage 1 (W) consists of walks starting and ending in
the fiber ¢~!(u), and each arc of Y appears in at most one of these walks.
Then, the facial walks of My are exactly the closed walks in the preimages
of the facial walks of Mx. In the previous example, the planar embedding
of K, gives rise to an embedding of the cube on the torus, with 4 faces each
of length 6.

We will focus on a special type of cover, known as the voltage graphs.
A voltage graph of X is an r-fold cover Y = X?, where the image of the
arc-function ¢ is a subgroup I' < Sym(r) of order r, and

V(Y)=V(X)xT, E(Y)=E(X)xT.

Voltage graphs correspond to normal covers [38], and have been extensively
studied. We only state one property that voltage graphs satisfy; for more
background, see Gross and Tucker [36].

8.6.1 Theorem. Let C be a k-cycle in X. Let Y = X? be a voltage graph
of order r. If $(C') has order ¢, then C' lifts tor/{ cycles in Y, each of length
kL. O

We call My a voltage embedding if Y is a voltage graph of X, and My
is obtained from M x by the above lifting method.

The next result shows that the transition matrix of M x is a block sum
of the transition matrix of My, and consequently, the H-digraph of M x
is a quotient digraph of My. To prove it, we need the concept of row and
column equitable partitions, which were introduced by the first author [24]
Ch 12]. Let A be a matrix over C. Let o and p be the partition of the
columns and rows of A, and let K and L be their respective characteristic
matrices. The pair (p,o) is column equitable if col(AK) C col(L), row
equitable if col(A*L) C col(K), and equitable if it is both column and row
equitable.

8.6.2 Theorem. Let M x be a circular orientable embedding of X. Let Y
be a voltage graph of X, and My the associated voltage embedding. Let p
be the partition of the arcs of Y, where each class is the preimage of some
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8.6. Covers

arc of X. Let L be its normalized incidence matrix of p. If Ux and Uy are
the vertex-face transition matrices for Mx and My, then

Ux = LTUy L.

Consequently, the H-digraph of M x is a quotient digraph of the H-digraph
of ./\/ly.

Proof. Let M X, M\y, N. X, ]/V\y be the arc-face incidence matrices and arc-tail
incidence matrices of the embeddings of X and Y, respectively. We have

Uy = (2My M{ — I)(2Ny N — I).

Let o be the partition of the vertices of Y into fibers, with normalized
incidence matrix K. It is not hard to verify that

NyK = LNy
and
NT T ToNT
Ny L = KNx.
Thus (p, o) is an equitable partition of Ny. Tt follows that
NyKK" = LL" Ny. (8.6.1)
Since
Ny = LNy K,
the projection onto Col(]/V\X) can be written as
N NT — 1T (N RRT)NL
= L"(LL"Ny)NLL
_ [N, WL
Applying a similar argument to the preimages of facial walks, we can show
that
MxM¥ = L My M]L.
Thus,
Ux = LT(2My MF — I)LL" (2Ny N — I)L. (8.6.2)
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8. VERTEX-FACE WALKS

Finally, from Equation (8.6.1)) we see that
LL"Ny N} = NyKK'NE,

which is a symmetric matrix, so LLT commutes with ﬁyﬁ; . Therefore,

Equation (8.6.2) reduces to
U X = ZTUyE. OJ

Conversely, we may “lift” nice properties of M x when taking a voltage
embedding, using the following simple technique. Let C' be the incidence
matrix of a design. Construct a new design with incidence matrix C' ® 1
by duplicating the points and preserving the incidence relation. If C' is a
partial geometric design, then so is C'® 1.

8.6.3 Theorem. Let Mx a circular orientable embedding of X. Suppose
its vertex-face incidence structure is a partial geometric design. Let Y = X¢
be a voltage graph of order r, and My the associated voltage embedding.
Suppose for each facial cycle C' of Mx, the order of ¢(C') is r. Then the
vertex-face incidence structure of My is also a partial geometric design.

Proof. Let 1 be the covering map. By Theorem [8.6.1], each facial cycle f,,
of Mx lifts to a unique facial cycle ¢ 7'(fu) of My. Moreover, all arcs in
¥~((a,b)) are contained in ¥=1(fup). O

This construction yields many new embeddings whose H-digraphs are
oriented graphs. For example, we have the following family based on the
circular self-dual embeddings of K.

8.6.4 Corollary. Let n be a power of 2. Let My, be a circular self-dual
embedding of K,. Let Y = K? be the double cover of K,, with ¢ sending
every arc to the involution. Let My be the voltage embedding. Then the
H-digraph of My is an oriented graph. O

8.7 Sedentary Walks

One counterintuitive phenomenon in quantum walks is that the walker may
be reluctant to leave its initial state. This was first observed in continuous
quantum walks on K,,: for any time ¢, the mixing matrix

Uk, (t) o Ug, (t)
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converges to I as n goes to infinity. In [2§], the first author investigated
quantum walks on complete graphs, some cones and some strongly regular
graphs that enjoy the same property. Following his paper, we say a sequence
of discrete quantum walks, determined by transition matrices {Uy, Us, - - - },
is sedentary if for any step ¢, the mixing matrices UL o UL converges to I as
n goes to infinity.

8.7.1 Lemma. Let M be a circular orientable embedding of type (k,d).
Suppose the vertex-face incidence structure is a 2-design. Then

tr(U") = nd — 2(1 — cos(t0))(n — 1),

where 2 k)
n —
f) = ——= — 1.
cos(0) R = 1)
Proof. Let C be the vertex-face incidence matrix. We have
din —k dlk —1
cer = Un=hy  dh= 1),
n—1 n—1

The eigenvalues of CC7T are dk with multiplicity 1, and d(n — k)/(n — 1)
with multiplicity n — 1. By Theorem the non-real eigenvalues of U

are e each with multiplicity n — 1, where
2(n — k)

)= — — 1.
cos(0) En—1)

Hence 1 is an eigenvalue of U with multiplicity nd — 2(n — 1). Therefore,
tr(U') = (™ + e ™) (n — 1) + nd — 2(n — 1),
from which the result follows. O

We found one family of sedentary walks from embeddings we visited
before.

8.7.2 Corollary. For each prime power n, let U,, be the vertex-face transi-
tion matrix for a self-dual orientably-regular embedding of K,. The quan-
tum walks determined by

{U, : n is a prime power}

form a sedentary family.
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8. VERTEX-FACE WALKS

Proof. Since the embedding is orientably-regular, U! has constant diagonal.
By Theorem [8.7.1} each diagonal entry of Ut o U" is

(1 21— cos(t@)))i

n

which converges to 1 as n goes to infinity. O

8.8 Search

We mention a potential application of the vertex-face walks. First, let us
revisit a quantum walk based algorithm due to Patel et al [54] and Falk [23];
its performance was proved to match the best known quantum algorithms
for searching a marked item on a 2-dimensional grid [4] .

We will view the 2-dimensional grid as a Cartesian square of a cycle:

X =C,0a0,.

Consider two partitions of V' (X), illustrated by the blue squares and the red
squares in Figure [8.3] Let U, and U, be the reflections about the column
spaces of the characteristic matrices of these two partitions, respectively. If
we remove the oracle from the search algorithm proposed by [54) 23], then
it is equivalent to a quantum walk with transition matrix

U=0,U..

Notice that Figure 8.3 represents a self-dual embedding of C,[JC,, on
the torus. In fact, it gives rise to a toroidal embedding of another graph Y,
obtained by truncating the edges of X and joining the new vertices by blue
and red edges, as shown in Figure 8.4]

Clearly, Y is isomorphic to C5,[0C5,, and the blue and red squares
partition V(Y) the same way they do in Figure Thus based on [4],
we can construct a transition matrix U from these two partitions. On the
other hand, we may think of the vertices of Y as arcs of X—the one closer
to u on edge {u,v} is the arc (u,v), with tail u. Thus, the blue squares
partition the arcs based on their tails, while the red squares partition the
arcs based on the faces they lie in. Therefor U is a vertex-face transition
matrix for the toroidal embedding of X.

140



8.8. Search

03 13 23 33
02 12 22 32
01 1 21 31
00 10 20 30

Figure 8.3: Two partitions of the vertices of C,L1C,

Figure 8.4: Two partitions of the arcs of C,,[JC,

In general, given a quantum walk with transition matrix U on the arcs
of a graph, we may search for a marked vertex u in the following way. Let
O be the matrix that maps e, to —e, if a is an outgoing arc of u, and
fixes e, otherwise; this is called the oracle. Initialize the system to 1/y/m,
where m is the number of arcs. Apply OU to the initial state ¢ times. The
probability of finding u after t steps is given by

1
ovy L)
ahaszt:ail u|<( ) m ‘

We remark that each step of a vertex-face walk is equivalent to two
steps of the arc-reversal walk, one on the original graph and one on the
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8. VERTEX-FACE WALKS

dual graph. Our computation shows that search using a vertex-face walk
has a higher success probability than search using the arc-reversal walk. Of
course, one reason is that the walker may move to non-adjacent arcs during
each iteration of the vertex-face walk.

8.9 Future Work

The definition of vertex-face walks can be extended to non-orientable em-
beddings through graph-encoded maps. Note that an embedding M with ¢
edges has 4/ flags. Thus, if M is orientable, then there are two components
in the distance-2 graph of the gem, each with 2¢ vertices. Let Y be one
such component. We claim that the vertex-face walk for M is equivalent to
a quantum walk on the vertices of Y. Let 7 be the partition of the vertices
(u,e, f) of Y based on their third coordinates f. It is not hard to see that
the size of each cell in 7y is the degree of some face. Similarly, let w5 be the
partition of V(Y') based on their first coordinates u. Let M and N be the
normalized characteristic matrices for 7; and s, respectively. Then

(2MM" — I)(2NNT —I)

is precisely the vertex-face walk for M relative to one consistent orientation
of the faces.

In general, let m; be coarsest partition of the flags for some circular
embedding M, such that in each cell, all flags share an face, while no two
flags share an edge. Similarly, let w5 be the coarsest partition of the flags,
such that in each cell, all flags share a vertex, while no two flags share an
edge. Let M and N be the normalized characteristic matrices for 7; and
oy, respectively. Then

U= @2MM" —I)(2NNT - 1)

defines a quantum walk, which is reducible if and only if M is orientable.
Now, each arc (u,v) in the underlying graph X is paired with two flags
(u,e, f) and (u, e, f'), and the probability that the walker is on the arc (u, v)
can be computed by summing the probabilities of her being on (u, e, f) and
(u, e, f'). There are many questions we may ask about this new definition
of vertex-face walks; for example, one may study the relation between the
original graph X and the H-digraph, or compare the dynamics of vertex-
face walks between orientable and non-orientable embeddings.
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