Chapter 5

The Space Meas(X, A)

In this chapter, we will study the properties of the space of finite signed measures on a measurable space
(X, A). In particular we will show that with respect to a very natural norm that this space is in fact a
Banach space. We will then investigate the nature of this space when X = R and A = B(R).

5.1 The Space Meas(X, A)

DEFINITION 5.1.1. Let (X, .A) be a measurable space. We let
Meas(X, A) = {u | p is a finite signed measure on (X, A)}
It is clear that Meas(X, A) is a vector space over R.
For each € Meas(X, A) define

[ellmeas = |ul(X).
Observe that if p, v € Meas(X, A) and if

p=p"—p~  and v=vt v~

are the respective Jordan decomposiitions, then

i+ Vlimeas = |p+v[(X)
= (it )OO+ () (X)
< (X)) (X)) + (0 (X) + v (X))
= (WH(X)+p (X)) + (v (X) +rv (X))
= [pl(X) +[v|(X)
= |tellmeas + 11V [lmeas
From here it is easy to see that (Meas(X, A),| - |lmeas) i @ normed linear space.

THEOREM 5.1.2. Let (X, .A) be a measurable space. Then (Meas(X,A), |- |lmeas) s Banach space.
Proof. Let {u,} be a Cauchy sequence in (Meas(X, A), || - |meas)- Let E € A. Since

|/j‘n(E) - ,U,m(E)| S |/1'n - Nm|(E) S ||,un - NmHmeas
we see that {p,(F)} is also Cauchy in R. We define for E € A,

u(E) = lim p, (E).

n—oo
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Note that the convergence above is actually uniform on A.
It is easy to see that u satisfies the first two conditions on a signed measure. To see that u is actually a
[ee]

signed measure, let {E,} C A be a sequence of pairwise disjoint measurable sets and let E = |J E,. First
n=1

observe that
k k
H(U En) = jli,ngoﬂj U E
n=1 n=1
k
= 1. y
Jim. Z:lug (En)
k
= Y lim p,(Ey,)
J—00
n=1
k
= D wEn)
n=1
for every k € N. In particular, p is finitely additive.
Let € > 0. Choose an N € N so that if n > N, then

1(4) = pa(A)] < 5

for every A € A.
We can choose a K such that if k& > Kj, then

k k

v (B) = pn (| Bn)l = lun (B Z B, < S 3

n=1 n=1

Now assume that k& > K. Then
k k
= wE)| = |wE) -u(|JE
n=1 n=1

k
w(E) = un(B)| + v (B) = pn (| B+ lun (| En) — n(| En)|

n=1 n=1 n=1

IN

+o+

Dwlm
Wl o
Wl m

This shows that

=> WE

5.2 Functions of Bounded Variation

In this section, we introduct the space of functions of bounded variation.
DEFINITION 5.2.1. Let f : [a,b] — R. For a partion Il = {a =29 < 21 < 22 < --- < x, = b} of [a,b], define

II) = Z |fzi) = f@iz)]-
i=1
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Note that if IT; C Iy, then V2(f,11;) < V2(f,115).
The variation of f on [a,b] is

Vo' (f) = sup V/(f,10).
I
We say that f is of bounded variation on [a, b] if V?(f) < co. Let

BVa,b] = {f:[a,b] = R | f is of bounded variation on [a, b]}.

EXAMPLE 5.2.2. 1) Let f: [a,b] = R be increasing. Then f € BV]a,b] with
Vo(f) = f(b) = f(a).
If f = fi — f» where both f; and f, are increasing then f € BV[a,b] with
Vo (f) < (f16) = fi(@) + (f2(b) = fa(a)).

2) Let f : [a,b] — R be differentiable with |f'(z)| < M for all z € [a,b]. Then f € BV ([a,b]) and since
by the Mean Value Theorem given Il = {a = 2¢ < x1 < 23 < -+ < &, = b},

Do) = flai)] € DM = wia) = M(b— )

we have

V2(f) < M(b—a).

REMARK 5.2.3. BV ([a,b]) is a vector space and it is easy to see that

£y = Vo (f)

defines a semi-norm on BV ([a,b]). Moreover, | f||zv = 0 if and only if f is constant on [a, b].
If we let

NBV([a,b]) = {f € BV([a,b])| f is right continuous on [a,b].},
then
Ifllvey = Vo' (f) + |f(a)]

makes NBV ([a,b]) into a normed linear space.

DEFINITION 5.2.4. Let f: R — R. Define

Vi(z) = lim V7(f).

a——0o0
Vy is called the variation function of f.
We say that f is of bounded variation on R if Var(f) = lim Vi(z) < oo.
Tr—00

Let
BV(R)={f:R— R | f is of bounded variation on R}.

If f € BV(R), then li_>m Vi(x) is called the total variation of f.

LEMMA 5.2.5. Let f € BV(R). Then

Vi(w) = sup{ > _|f(x:) = flwi1)| | —oo <o <@y <3 <+ <y =2},
=1
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Proof. Observe that if a; < ap < x, then VI (f) < VI (f). Moreover, if Il = {zo < 21 < x3 < -+ <z, = 2},
then

Z |f(zs) = floio1)] SV (f)

hence

supq Z|f(xz) —flzic)] | —oo<ao<a1 <22 <+ <wp =a} < Vi(x).
i=1
Now let € > 0 and choose zg < x such that

Vi) S V5D + 5.

0

We can choose I = {zp < z1 < 2 < -+ < x,, = &} so that

VE(F) < Do If@) = flain)| + 5.

It follows that .
Vi(z) < Z |f(@i) = f(@i1)| + €
i=1
which establishes the lemma. [ |

The following statements are all easy to establish. In each case, the proof is left to the reader.

REMARK 5.2.6. 1) If F: R — R is bounded and increasing, then F' € BV (R) and

Vie(z) = F(z) — lim F(y).

Yy——0Q
2) If F,G € BV (R), then for each «, 8 € R, we have that aF' + G € BV (R) and
Var(aF + BG) < |a|Var(F) + |8|Var(G).

In particular,
IFllsv = Var(F)

defines a seminorm on BV (R) with ||[F' — G||py = 0 If and only if F' = G + ¢ for some ¢ € R.
3) If F € BV(R), then F| € BV([a,b]) and

Vo(f) = Vr(b) = Vr(a).
Conversely, if F' € BV ([a,b]) and

F(z) ifx € [a,b],
G(x) =1 F(a) ifz<a,
F(b) ifz>b,

then G € BV(R) and Var(G) = V2(F).

a

As a consequence of the previous observation, much of what we say about BV (R) will carry over to
BV ([a,b]).

4) Assume that F' € BV (R), then F is bounded.
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The following theorem characterizes functions of bounded variation.

THEOREM 5.2.7. Let F' € BV (R), then both Vg + F and Vg — F are bounded and increasing. In particular,

_VF+F_VF—F

F
2 2

so F is the difference of two increasing functions.
Conversely, assume that F: R — R and G : R — R are both increasing an bounded. Then if

H=F-G
we have that H € BV (R) and

Var(H) < Var(F)+ Var(G) = (lim F(z) — lim F(x))+ (lim G(z) — lim G(x)).

Proof. Let F € BV(R). Then the first statement follows immediately from the observation that if z < y,
then
Vr(y) = Ve(e) = VI (F) > [F(y) — F(z)].

The second statement follows from the fact that H = F — G € BV ([a, b]) for all a < b and

Vy(H) < (F(b) = F(a)) + (G(a) — G(b)).

a

DEFINITION 5.2.8. Let F' € BV (R). The decomposition

_VF+F_VF—F

F
2 2
Ve+F

2

is called the Jordan Decomposition of F. and VFQ_ E are called the positive and negative variation

functions of F'.

REMARK 5.2.9. Let F' € BV(R), Then since F' is the difference of two monotonic functions the following
statements hold.

1) The set of discontinuities of F' is countable.

2) We have that lim F(x) exists for each a € R.

r—at

5.3 The Spaces Meas(R, B(R)) and Meas([a,b], B(|a,b]))

In this section we will use what we know about functions of bounded variation to charaterize both Meas(R, B(R))
and Meas([a,b], B([a,b])).
We will need the following technical proposition.

ProproSITION 5.3.1. If F' € BV(R), then

lim Vp(z) =0.

T——00

Moreover, if F(x) is right continuous, then so is Vp(x).
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Proof. Let € > 0. Given x € R we can find
M={zg<z1 <z <+ <y =2}
so that

n

> IF(xi) = Fxi)| > Ve(z) —e.
i=1
We also note that

> IF(zi) = Fwioy)| < VE(F) = Ve(z) — Ve (xo).
i=1
From this it follows that
VF(J?) — VF(Z‘Q) Z VF(QE) — €

and hence Vg () < e. Finally this shows that Vr(z) < € for any z < xo.

Assume the F' is right continuous. Let x € R. Let
L= lim Vp(y).

y—axt

Since Vp(z) is increasing we have L — Vp(x) > 0. To show that Vp is right continuous at z we must show
that o« = L — Vp(x) = 0.

Let z € R and let € > 0. We can find a § > 0 such that if 0 < h < §, then
|F(x+h)— F(z)| <e
and
Ve(x +h)—L <e
Fix an h with 0 < h < §. Then we can find {z =29 < x; < --- < x,, =z + h} such that

n

D IF(@i) = Flzia)| > Z[VF(-% + h) = Vp(z)] >

=1

Q.

1w

It also follows that
- 3 3
D NP () = Flzioa)| 2 Jo = [F(a) = F(a)] > Ja—e
=2

Next we note that x < x7 < x + 4, so as above we can find a new partition x = 29 = tg < t1 < -+ <
tm =1 with

- 3
S OIP(t;) = Fltja| > M
j=1

Putting this all together with x =2 =tg <t1 < - <ty =21 <22 < -+ < xp =2+ h, we get

at+e > Vr(z+h)—Vr()

m n
> D IF(t) = F(tjoal+ > |F(x:) = Flaioy)|
j=1 i=2
> Zat(Ga—d
- 404 4a €
3
= - — €
2
This gives us that
0<a<(4e.

Since € > 0 was arbitrary, we have a = 0.
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DEFINITION 5.3.2. We let

NBV(R)={F:R— R | F € BV(R), F is right continuous, lim F(z)=0.}
r——00

Then NBV(R) is a subspace of BV (R). Moreover, if we let
IFllvpy = Var(F)

then (NBV(R),| - ||nBv) is a normed linear space.

REMARK 5.3.3. If F' € NBV(R), then f = F| € NBV([a,b]).
Conversely, if f € NBV ([a,b]), then if

fz) ifxea,b],
F(z)=10 if x < a,
f(b) ifx >0,

then F € NBV(R). Moreover, in this case,
Ifllvey = V2 (f) +f(a)l = Var(F) = | Fllnsv

We are now able to complete the link between Meas(R, B(R)) and NBV(R). But before we do so we
will need he following observation.

PROPOSITION 5.3.4. Let p1 be a signed measure on (X, A). Let E € A. Then

n

|u|(E) = sup{z |w(E:)| | E = U E;, with Ey, Es, ..., E, pairwise disjoint}.
i=1

Proof. Let {P, N} be a Hahn Decomposition for y and let {u*, u~} where
pt(A)=pANP) and p(A)=-p(ANN)
be the Jordan decomposition of y arising from {P, N}. Let E € A.
Let E€c A If Ey=ENPand B = ENN, then E = E; U E5 and E; N Ey = (). Moreover,

ul(B) = () + p~(E) = |u(B)] + |n(E)]
0
lu|(E) < sup{z |u(E;)| | E = U E;, with Ey, Es, ..., E, pairwise disjoint}.

i=1

Next assume that {Eq, Es,..., E,} is pairwise disjoint collection of measurable sets with £ = |J F;.
i=1
Then for each ¢ = 1,2,...,n, we have that

(l(Bi) = p* (Bi) + p~ (Bi) > [u™ (Bi) — p~ (B)| = (B3]

Hence,
n

Ll (B)] = Z l(B) =) |u(E:)

This completes the proof.
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THEOREM 5.3.5. If i is a finite regular signed measure on B(R) and F(z) = pu((—o0,z]), then F € NBV(R).
Conversely, if F € NBV(R), then there is a unique signed measure pip € Meas(R,B(R)) such that
F(z) = pr((—o0,x]). Moreover, in this case, |ur| = pv,. In particular,

trlmeas = | FlINBY-
Proof. Assume that p € Meas(R, B(R)). Let
p=pt—p”
be the Jordan decomposition of u arising from the Hahn decomposition {P, N}. Let
FH(z) = p*((—o0,2])

and
F~(z) = p~ ((—o0,2])

Then F(z) = F*(z) — F~(z) and both F'*(x), F~(x) are right continuous and increasing. Moreover,

lim F(r)= lim F*(z)— lim F*(z)=0.
T—r—00 r——00 T——00

Finally
lim F™(z) = lim p*((—o0,z]) = ™ (R) < oo,

Tr—r00 r—r—00

and
lim F~(z)= lim p ((—oo,2]) = p (R) < 0.

T—>—00 r—r—00

This shows that F' € NBV(R).

Conversely, if F' € NBV (R), then
F=F-F
where Vet F Vo I
= % and = 7F2_
are the positive and negative variation functions respectvely. It follows that if

Fy

p=pp, and  po = pp,

respectively, then

HF = {1 — M2
and
Hyp = p1 + p2
It then follows immediately, that
lur| < pv.

Now let x € R and let g < z. Let IT = {29 <21 < --- < @, = z}. Then

Y |F(zi) = Fleima)l = Y lur((@ioy, @i])] < prl((@o, 2])
i=1

i=1
by the previous proposition. Moreover, it follows immediately that
v (o, 2]) = Vi (F) < |ur|((o, z])
and hence that

Hve S |N“F|
Finally, the last statement follows since

e llmeas = [nr|(R) = pve (R) = Var(F) = | Flnpv.
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REMARK 5.3.6. Let F' € NBV(R). We have just seen that

fve < |prpl-
Moreover, we know that if
Ve + F Vg — F
= — and o= ——
2 2 2
are the positive and negative variation functions respectvely, then

Iy

w(F) = pr — pir,
and
lwrl = pve = pr + e,
From this we can conclude that {up , ur,} is also the Jordan Decomposition of pp.

The next theorem establishes the broad extent of the link between (NBV (R), ||-||nsv) and Meas(R, B(R)).

THEOREM 5.3.7. Let ' : (NBV(R), | - lIngv) = (Meas(R, B(R)), || - |lmeas) be given by
F(F) = UF.

Then T is a linear isomorophism between NBV (R) and Meas(R, B(R)). Moreover, for each F € NBV (R)
we have

||F||NBV = ”F(F)Hmeas = ||ﬂF||meas-

Next we turn our attention to the space of finite signed measures on ([a, b], B(R)).

REMARK 5.3.8. Observe that given any measure y € Meas([a,b], B([a,b])) we can define a function f €
NBV ([a,b]) by
f(x) = p(la, 2])

Conversely, given any f € NBV ([a,b]) we have a finite signed measure p on B([a, b]) given by

pr({a}) = f(a)
and
py (2, y]) = fy) = f(x)
for any a <x <y <b.
Note that this is precisely the same measure that we would obtain if we first extend this f to a function
F € NBV(R) by
f(z) ifxe€la,b)],
F(z)=40 if z < a,
F(b) ifxz>b,
and then define
/J’f = (ILLF)|5([Q,1,]) °
Moreover, in this case,

I1esllmeas = I flnvpy = Vi (f) +1f (@)l = Var(F) = | Fllxsy = llprllneas-

The previous remark can be summarized as follows:

THEOREM 5.3.9. Let ' : (NBV ([a,b]), | - lInsv) = (Meas([a,b], B([a,b]), || - |meas) be given by

L(f) = py.

Then T is a linear isomorophism between NBV ([a,b])) and Meas(R, B([a,b])). Moreover, for each f €
NBV([a,b])) we have

Iflvsv = IIT()llmeas = 1 llmeas-
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5.4 Discrete and Continuous Measures on R

In this section we will introduce the spaces of discrete and continuous measures on (R, B(R)).

DEFINITION 5.4.1. Let € R. We can define the measure p, € Meas(R, B(R)) by

1 ifzekF,
M’I(E): .
0 ifxgFE,

The measure i, is called the point mass at z.
We denote by My(R, B(R)) the closed span of { ;|2 € R} in Meas(R, B(R)). The measures in My(R, B(R))
are called discrete measures.

REMARK 5.4.2. Let v denote the counting measure on (R.P(R)). We denote the space L;(R,P(R),v) by
(61(R), || -]l1). For each function f € (£1(R),||-||1) there are at most countably many x € R so that f(z) # 0.
Moreover, the Weierstrass M-Test shows that

Z f(@)ps

z€R

converges to some measure 4 € Meas(R, B(R)). In fact the following is easy to show:

THEOREM 5.4.3. The map I' : ((1(R), || - ||1) = (Meas(R, B(R)), || - [ meas) given by
T(f) =Y (@)
z€R

is a linear isometry onto M4(R, B(R)).

PROBLEM 5.4.4. We know that every pu € Meas(R,B(R)) corresponds to a unique function F € NBV(R).
Which functions correspond to discrete measures?

To answer this question we first observe that if F' = X[y o), then '€ NBV(R) and pr = .. It follows
that up € Ma(R,B(R)) if and only if

F= Zf(x)X[z,oo)v

z€R

where f € (£1(R), || - ||1). Moreover in this case, we have

IFlvsy = fllx = llpplimeas-

REMARK 5.4.5. Let FF € NBV(R). Then F has countably many points of discontinuity. Moreover, for each

point z € R if we let
f(z) = F(z) - lim F(2),

zZ—T

then f € (41(R), || - |l1) and ||f]ls < |F||lypy. In fact, if

zeR

then

is a continuous function in N BV (R), with

|Fllvsv = Gllnpv + [[H|nBV-
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DEFINITION 5.4.6. A positive measure 4 € Meas(R, B(R)) is said to be continuous if whenever A € B(R) is
such that u(A) > 0, there exists B C A in B so that

0 < p(B) < p(A).

A signed measure p € Meas(R, B(R)) is continuous if both ut and p~ are continuous. Let M.(R, B(R))
denote the space of all continuous measures in Meas(R, B(R))

REMARK 5.4.7. 1) Let p = ur be a positive measure in Meas(R, B(R)). If x is continuous, then so is F.
To see why observe that if F' has a discontinuity at zg, then pup({zo}) # 0. But this is impossible if
pr is continuous.

Conversely, assume that FF € NBV(R) is continuous and increasing. Then we claim that pg is
continuous. To see why we observe that F(X) = pp((—o0,z]). Now assume that pp(A) > 0. Let
G(X) = ur(AN (=00, z]. Let 2o € R and let e > 0. Then there exists a 6 > 0 so that F(xg + §) —
F(zp —d) < e. But then G(zo + ) — G(zp — d) < €. Since G is increasing this is enough to show that
G is also continuous. Form here we can apply the Intermediate Value Theorem to find an zy € R so
that G(x0) = pr(AN (—o00,x0]) = LEAL

It follows that the continuous measures correspond exactly to the continuous functions in NBV (R).

2) M.(R,B(R)) is closed in Meas(R, B(R)). To see why observe that for F € NBV (R), we have

[Fllee < I1F[INBV-

Consequently if {up, } is a sequence of continuous measures with pup, — up, then each F,, is continuous
and since F,, — F uniformly, F' is continuous.

We have essentially established the following decomposition for Meas(R, B(R)).

THEOREM 5.4.8. We have
Meas(R,B(R)) = M (R, B(R)) &1 My(R, B(R)).

That is for every p € Meas(R), B(R) there exists unique measures p. € M (R, B(R)) and pq € M4(R, B(R))
such that

M= phe + Ha
and
”.u”meas = ”,u'cheas + ||,Ud||mea8~

REMARK 5.4.9. In the previous theorem we have obtained a decomposition of a measure u € Meas(R, B(R))
into its discrete and continuous parts

M= phe + Hd.

We also observe that if m is the Lebesgue measure than since m(A) = 0 for any countable set we get that
m and pg are mutually singular. We also know that by applying the Lebesgue Decomposition Theorem
to uF and p_ respectively that we can further decompose p. into two measures one of which is absolutely
continuous with respect to m and the other being singular to m.

5.5 Absolutely Continuous Functions

In this section, we will introduce the concept of Absolute Continuity for functions on R.
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REMARK 5.5.1. Assume that ¢ = pup € Meas(R,B(R)) with 4 <« m. Then given ¢ > 0, we can
find a 6 > 0 such that if F € B(R) with up(E) < §, then |mp|(E) < e.. In particular, whenever

{(a1,b1), (az,b2), ..., (an,b,)} is a finite collection of pairwise disjoint intervals such that
n
m(U (as, b Zb—a1<5
i=1
we have

S OIF®M:) = Flai)| = Y |ur((aib;)
A =1

=1
< > luel((ai b))
=1
= |,UF|(U(ai7bi))
< €. =

The previous remark leads us to propose the following definition:

DEFINITION 5.5.2. We say that a function F': R — R is absolutely continuous on R if for every € > 0, there
exists a § > 0 such that whenever {(a1,b1), (az,b2),...,(an,by)} is a finite collection of pairwise disjoint

intervals such that .
Z b —a1 < (5,
i=1

we have
Z |F'(b;) — F(a;)| <e.

We denote the collection of all absolutely continuous functions on R by AC(R).

We say that F : [a,b] — R is absolutely continuous on [a,b] if for every € > 0, there exists a § > 0 such
that whenever {(a1,b1), (az,b2),...,(an,b,)} is a finite collection of pairwise disjoint intervals such that
(ai, b;) Cla,b] for each i =1,2,...,n and

n

Zbi—a1<5,

=1

Z|F F(a;)| < e.

We denote the collection of all absolutely continuous functions on [a, b] by AC([a, b]).

we have

We will now present some basic observations about absolutely continuous functions.

REMARK 5.5.3. 1) If F € AC(R) or F € AC([a,b]) then it follows immediately from the definition that
F is continuous on R and [a, b] respectively.

2) Let F(z) be such that it is differentiable on (a,b) and continuous on [a,b] with |F'(x)| < M for each
€ (a,b). Then a simple application of the Mean Value Theorem shows that F' € AC([a,b]). In fact
given € > 0 we can choose § = 7. The details are left to the reader.
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3) If F is absolutely continuous on R, then it is absolutely continuous on each closed interval [a,b]. In
contrast the function F(z) = z? is absolutely continuous on each interval [a,b] but not on all of R.

4) In the previous section we showed that if 4 = ur € Meas(R, B(R)) is such that pr < m, then F €
AC(R). A straight forward modification of this argument shows that if p = purp € Meas([a, b], B([a,b]))
is such that purp < m, then F € AC([a,b]) and F(a) = 0.

PROPOSITION 5.5.4. If F € AC([a,b]), then F € BV ([a,b])

Proof. Assume that F € AC([a,b]) and that ¢ = 1. Choose a § < 0 which satisfies the definition of absolute

continuity for e = 1. Now let II = {a = ¢y < ¢1 < ¢a < .-+ < ¢, = b} be a partition of [a,b] with
le; — ci—1] < § for each i = 1,2,...,n. Then it is clear that
Ve, (F) =1

for each 1 = 1,2,...,n. From this it follows that

We already know that if p = up € Meas(R,B(R)) or u = pr € Meas([a,b], B([a,b])) is such that
up < m, then F € AC(R) or F € AC([a,b]) respectively. We now establish the converse for F' € NBV(R)
and F € NBV (a,b]) respectively.

THEOREM 5.5.5. We have the following:
1) Suppose that F € NBV(R). If F € AC(R), then pup < m.
2) Suppose that F € NBV ([a,b]). If F € AC([a,b]) and F(a) =0, then pup < m.

Proof. We will prove 1). The proof of 2) is nearly identical.

Asume that F' € AC(R). Let E € B be such that m(F) = 0. Let € > 0 and let 6 > 0 be chosen to satisfy
the definition of absolute continuity for F'. Then we can choose a sequence {Uy} of open set in R so that
m(Ul) < 6,

U20:2U32---2F
with
lim v(Uy) = v(E).

k—o0

Now each Uy, is the countable union of a disjoint set of open intervals {(a¥, b¥)}2° . Moreover, since m(Uy) <

6, we have
N

N
> lur((at )l < L1 ab)] < e

i=1
for each NV € N. From this it follows that

l1r (U \—|ZMF (a5, b5)) <.

Hence |up(E)| < € as |up(Ug)| = |ur(E)|. And finally since € > 0 was arbitrary, we have up(E) = 0. |

DEFINITION 5.5.6. Let
Meo(R, B(R)) = {1 € Meas(R, B(R)) | i < m}
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and

Mes (R, B(R)) = {1 € Mea(R,B(R)) | p L m}.

In general, we let

M, (R, B(R)) = {1 € Meas(R,B(R)) | i Lm}

Let

and

Mes([a, b, B([a, b])) = {u € Meas([a, b, B([a, b])) | p < m}

Mes([a, b], B([a, b])) = {n € Mca([a,b], B([a,b]) | 1 L m}.

In general, we let

M, ([a,b), B([a.b])) = { € Meas([a, b, B([a,b))) | p L m}.

REMARK 5.5.7. 1) Let {un} C M (R, B(R)) be such that u, — u. Let E € A be such that m(E) = 0.

2)

Since un,(F) = 0 for all n € N we can conclude that p(E) = 0 as well. Using a similar argument for
{pn} C Mco([a,b],B([a,b])), we can conclude that M.,(R,B(R)) and M. ([a,b], B([a,b])) are closed
subspaces of Meas(R, B(R)) and Meas([a,b], B([a,b])) respectively.

Let {p,} € Ms(R,B(R)) be such that y, — u. For each n € N choose disjoint sets A,, B,, € A such

(o)
that R = A, U B,,, us(E) =0 for any E C A,,E € A, and m(B,) = 0. Then let A = (] A, and

n=1

B = | B,. Then clearly X = AU B and m(B) = 0.

n=1
Let E € A be such that E C A. Then E C A, for every n € N. It follows that u,(F) = 0 for
every n € N. From here we get immediately, that u(E) = 0 and hence that g L m. This shows that
M;(R, B(R)) is closed in Meas(R, B(R)). Again, a similar argument shows that M;([a,b], B([a,b])) is
closed in Meas([a,b], B([a,D])).

If u € My(R,B(R)), then it is easy to see that au € M (R, B(R)) for any a € R.

Let p1,p2 € Ms(R,B(R)) and choose A;, B; € A such that R = A; U B;, p;(F) = 0 for any E C
A, E € A, and m(B;) = 0 where i = 1,2. Let A= A;N Ay and B = B; UBy. Then R = AU B,
p1(E) + p2(E) =0 forany E C A E € A, and m(B) = 0. That is pu; + p2 € Ms(R,B(R)). That is
M;(R, B(R)) is a closed subspace of Meas(R, B(R)).

A similar argument shows that M;([a,b], B([a,b])) is a closed subspace of Meas([a,b], B([a,b])).

Assume that p = p1 + po where uy € My (R, B(R)) and p2 € M (R, B(R)). Then
[l meas = K1 llmeas + |12 llmeas-

We know that
HMHmeas S H/’Llnmeas + ||M2||meas-

Let A, B € A be disjoint sets such that R= AU B, us(E) =0 for any E C A, E € A, and m(B) = 0.
Let € > 0. We can choose pairwise disjoint collections {E1, Ea, ..., E,} and {Fy, Fy, ..., Fi} such that

and

| (X <Z|/~01 \+*
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and

k
l(X) < 37 Inal(F) + 5

Let A; = E;NAand Bj = F; N B. Then {41, As,...,A,} U{B1,Bs,..., By} is a pairwise disjoint
collection with

Now

n k
(O] = (A + D |u(By)]
i=1 Jj=1
" k
= ZKNI+“2)(Ai)|+z|(”1+“2)(3j)|
n k
_ ZIM(ADH_ZW?(BJ)'

n k
= Sl E+ Y lua(Fy)

€ €

> (pal(X) = )+ (el (X0 = )

= ”Nl”meas + ||,u2||meas —€

Since € > 0 was arbitrary, we have

HMHmeas Z H/Jfl”meas + ||/142||meas'

Putting together everything we know so far we have the following theorem:

THEOREM 5.5.8. We have
Meas(R, B(R)) = Mca(R, B(R)) &1 Mes(R, B(R)) &1 Ma(R, B(R))
That is, for every p € Meas(R,B(R)) there exists unique signed measures py € Meo (R, B(R)), pa €
M.s(R, B(R)) and us € My(R, B(R)) such that
o= 1+ g+ ps
and

||/’c||meas = ||,U/1Hmeas + ||/~L2||meas + ||,U/3||meas-
Moreover, there is an isometric linear isomorphism I'y : L1 (R, B(R), m) = M., (R, B(R)) given by

Iy (f)(B) = /E fdm.

In this case T1(f) = pur where

F(z) = / fdm.
(—00,2]
We also have an isometric linear isomorphism Ty : £1(R) — My(R, B(R)) given by

Do(f)(E) = > f(@)pa-
xeFE

Consequently
Meas(R, B(R)) = L1 (R, B(R),m) &1 M.s(R,B(R)) ®1 ¢1(R)
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5.6 Differentiation of Monotone Function

In the previous section we saw that if FF € AC(R) N NBV(R), then we could find an f € Ly (R, B(R), m)
such that

F(z) = /;fdm.

Moreover, we will show that the function F'(x) satisfies a variant of the Fundamental Theorem of Calculus,
in that F(z) is differentiable m-almost everywhere with F/(z) = f(z), m-almost everywhere. In fact, we will
show that any monotonic function is also differentiable m-almost everywhere and then use this to characterize
the absolutely continuous functions as those for which this variant of the Fundamental Theorem does indeed
hold.

As claimed above we will show that monotonic functions are almost everywhere differentiable. To do so
we begin with the following definition:

DEFINITION 5.6.1. Let J be a collection of non-degenerate intervals. We say that J is a Vitali cover of
E CRiffor all e > 0 and any « € E there exists I € J such that z € I and ¢(]) < e.

LEMMA 5.6.2. [Vitali]

Let E C R be such that m*(E) < oo and let J be a Vitali cover of E. Then there exists for each e >0 a
finite pairwise disjoint collection {I1,Is,...,I,} CJ such that m*(E\ U I;) < e.

i=1

Proof. We may assume that the intervals in J are closed since infinitely many endpoints will contribute only
a set of measure zero. Let E C U C R be an open set with m(U) < co. Since J is a Vitali cover, we may
assume that if I € J, then I CU.

Let I € J. Suppose that {I1,1s,...,1,} € J have been chosen to be pairwise disjoint. If £ C | I,

i=1

1=

n
then stop. Otherwise let k,, be the supremum of the lengths of the intervals in J that are disjoint from |J I;.
i=1

n
Since £ € 'U1 I;, we can find I,,11 € J such that £([,,41) > % and I, is disjoint from {I1,Is,..., I }.
i
Proceeding inductively gives us a possibly finite sequence {I;} of pairwise disjoint intervals in J such

o0
that |J I; C U and as such
i=1

K3
o0
m(U I) <m(U) < .
i=1
From this it follows that we can find an N € N so that

3 oun) < -
) 5
1=N-+1
N N
Let S=E\ U I;. Let x € S. Since z € (|J I;)¢ which is open, there is an interval I € J that is disjoint
i=1 i=1

N
from {J I;. Tt follows that
i=1

0I) < ky < 20(Ln11)
ifIni, =0.
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DEFINITION 5.6.3. Let f : R — R. For any = € R, let

Dt f(r) = limsup (z+h) = fz)
h—0t h
Dos(e) = timjyg LI
D™ f(z) = limsup f@) = fle—h)
h—0t h
Do) = e T

These four quantities are called the Dini derivatives of f(x) at x. f is differentiable at x if and only if
Dt f(z) = D™ f(z) = Dy f(x) = D_f(z) < oo. In this case, f'(x) = D f(z). If D f(z) = Dy f(x), we
denote the common value by f(z1). If both are finite, then f(z™) is called the right hand derivative. f(z™)
is defined in a similar fashion and is called the left hand derivative if it exists.

In general, DT f(z) > Dy f(x) and D~ f(x) > D_ f(x).

PROPOSITION 5.6.4. If f € Cla,b] and one of its Dini derivatives is everywhere non-negative, then f is
non-decreasing on [a,b).

Proof. Exercise. |

THEOREM 5.6.5. Let f : [a,b] — R be increasing. Then f is differentiable almost everywhere on [a,b], f’ is
measurable, and

fdm < f(b) — f(a)
[a,b]
Proof. Consider E = {z € [a,b]| D" f(z) > D_f(x)}. Let E, s = {x € [a,b] | DT f(z) > 7 > s> D_f(z)},
for r,s € Q. Then E = {J, ;g Ers. Let a =m*(E,.;) and € > 0. Choose U open such that m(U) < a + ¢
and E,. ; CU. for each z € E, ,, there is an arbitrarily small interval [z — h,z] C U so that W < s.
By Vitali’s Lemma, there are finitely may disjoint intervals Iy, ..., Iy of this type such that the interiors of
the I,,’s cover a subset of A of E, s with m*(A) > o —e. We have

N

N
Sl @n) = f@n—ha)) <8 hy < sm(U) < s(a+e)

n=1 n=1

Now for each point y € A, there is an arbitrarily small interval [y, y + k| that is contained in some I,, and
is such that M Therefore f(y + k) — f(y) > rk. Applying Vitali’s Lemma again, we get intervals

J1, ..., Jy disjoint and of the type [y,y + k] C I, such that U]]Vil J; contains a subset of A with outer
measure at least o — 2e. Hence

M
[F(ys + k) = Fw)l > 7Y Ky > (e — 26)

M-

Il
-
.
Il
-

J

We know J; € I,. We have 3, ; [f(y; +k;) = f(y;)] < f(an) = f(zn — hy) since f is increasing. It follows
that -

rla—=26) <Y [F(y + k) = f03)] < D_1f(@n) = f@n = b)) < sl =)

n=1

Since € > 0 is arbitrary, ra < sa. Since r > s, this implies that o = 0. Therefore m*(E, ) = 0, so
m(E,,s) =0 and so m(E) = 0.
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Similarly, if E; = {z € [a,b]| D~ f(z) > D4 f(x)} then m(E;) = 0. From this we can deduce that
DT f(x) = D™ f(z) = Dyf(x) = D_f(z) almost everywhere. (Verify this.) This means that g(x) =
limy, W is defined as an extended real number almost everywhere on [a,b]. Let g, (z) = n[f(x +
Ly — f(x)], where f(z) = f(b) for > b. Then g, — g almost everywhere on [a,b]. Since f is increasing,

n

gn > 0. By Fatou’s Lemma,

/ gdm < hminf/ gn dm
[a,b] " [a,b]

. 1
= liminf n/[a,b][f(x—i—) — f(z)]dz

A

n n

= liminf n/ fdm — 1fdm
n [b,b+%] [a,a+%

= liminf b) — dm
n[ﬂ)ﬁﬁﬁ’]
< fb) = f(a)

Therefore, g is integrable. Hence g(z) is finite almost everywhere. This shows that f(x) is differentiable
almost everywhere and f’(z) = g(z) is finite. It follows that f’ = g almost everywhere on [a, b] and finally,

[ sam= [ gdm< i)~ 1@
[a,b] [a,b]

COROLLARY 5.6.6. If [ is of bounded variation on [a,b], then it is differentiable almost everywhere. In
particular, if f is absolutely continuous on [a,b], then it is differentiable almost everywhere.

5.7 The Fundamental Theorem of Calculus Revisited

PROPOSITION 5.7.1. Suppose that f is integrable on [a,b]. Let F(x) = f[a 2] fdm. Then F is continuous
and of bounded variation on [a,b).

Proof. To see that F' is continuous, let A(E) = [ |f|dm for E € B([a,b]). A is a (positive) measure and
A < m. Thus, given € > 0, there is a § > 0 such that m(E) < ¢ implies that A(E) < e. Hence if |z — y| < 4,
then

[f(z) = f(y)l = fdm

< / |fldm <€
[z,y] [=,9]

To see that F' is of bounded variation, let II be a partition of [a,b]. Then

S| v
i=1 [17‘,—1,%:]
> |f| dm
i=1 [-’L'z'—lﬂi]

:/ |l dm
[a,b]

Therefore, V2(f) < Jiap 1f1dm < oo [

Z|F(l‘i) —F(xi—1)|

IN

Note: For the rest of this chapter we write faz f(t) dt rather than f[a 2] fdm.
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LEMMA 5.7.2. If f : [a,b] — R is integrable and [ f(t)dt = 0 for every x € [a,b], then f(z) = 0 almost
everywhere.

Proof. Let E = {x € [a.b]| f(x) > 0}. Assume that m(F) > 0. Then there exists a closed set F' C FE
with m(F) > 0. Let U = (a,b)\F, an open set. Since U is open, U = J;=,(ai, b;), where {(a;,b;)}52; is
pairwise disjoint. We also have that 0 = f; f@)dt = [, fdm+ [, fdm,so [, fdm = — [, fdm #0. Since
0# [, fdm =327, f(f: f(t)dt, there is some n such that ff: f(t)dt # 0. But then either [ f(t)dt # 0 or
fab f(t)dt # 0. Since this is impossible, m(FE) = 0. Similarly, m({z € [a,b]| f(z) < 0}) = 0. |

LEMMA 5.7.3. If f : [a,b] — R is bounded and measurable and F(x) = [ f(t)dt + F(a) then F'(z) = f(z)

almost everywhere on [a, b].

Proof. We know that F' € BV]a,b], and so F’ exists almost everywhere on [a,b]. Suppose that |f| < k. Let

fa(z) =n(F(z+ 1) — F(z)), so that f,(z) =n f;H% f(t)dt. Hence |f,(z)| < k for all n € N and « € [a, b].
Since f, — F’ almost everywhere, the Lebesgue Dominated Convergence Theorem show that

/CF’(x)dx = lim Cfn(an)dx

n—roo a
. ¢ 1
_ nlgr;on/a (Fle+ ) — F(a)) do
c+% ‘H‘le

= lim n/ F(x)da?—n/ F(x)dx

n—oQ a a
= F(c¢)— Fl(a) by the FTC since F is continuous
= / f)dt

Hence [7(F'(t) — f(t))dt = 0 for all ¢ € [a,b]. Therefore F’(z) = f(z) almost everywhere on [a, b]. |

THEOREM 5.7.4. Let f : [a,b] — R be integrable and F(z) = F(a) + [ f(t)dt. Then F'(z) = f(z) almost
everywhere.

Proof. Assume without loss of generality that f(z) > 0 on [a, b]. Let

_ @) i f(z)<n

Inl@) = { n if f(x)>n
Then f — f, > 0. Hence Gy(x) = [ (f(t) — fu(t))dt is increasing on [a,b]. Therefore, Gy, is differentiable
and G/, () > 0 almost everywhere. Moreover, -& [7 fa(t)dt = fo(z) almost everywhere. Hence F'(z) =
LG+ L 7 fo(t)dt, so F'(z) > fo(z) almost everywhere for all n € N. Therefore F'(z) > f(z) almost
everywhere. It follows that fab F'(z)dx > fab f(z)dx = F(b) — F(a). However, F(b) — F(a) > ff F'(z)dz, so
fab F'(z)dz = F(b) — F(a) = fab f(z)dx. Thus, 0 = f;(F/(x) — f(x))dx, so F'(z) = f(x) almost everywhere
on [a, b] since F'(x) > f(x) almost everywhere on [a, b]. |

LEMMA 5.7.5. If f is absolutely continuous on [a,b] and f'(x) = 0 almost everywhere, then f is constant on
[a, b].

Proof. Let ¢ € [a,b] with ¢ > a. Let E C [a,c] be such that m(E) = ¢ —a and f'(x) = 0 for all z € E.
Let €,m > 0 be arbitrary. For each z € E we can find arbitrarily small h’s such that [z,z + h] C [a, ] and
|f(z+ h) — f(z)| < nh. Let 6 > 0 be chosen from € in the definition of absolute continuity. By the Vitali
Covering Lemma there is a finite disjoint collection {[zk,yx]} of such intervals such that the union covers
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E, except for a set of measure at most 6. Without loss of generality, we may assume that z) < xx41. We
have yo = a <21 <1 <22 <y < - <2y < Yp < ¢ = Tpq1. Then Y ;o |xk41 — Y| < 6. Hence

Do [f (@) — flyw)| < e. We also have 370 [f(yx) — f (k)] <0 35— lyx — 2| < m(c — a). But we can
write this as a telescoping sum

n

£(e) = f(a)] = | D [f (wra) = Flue)] + D [F (k) — F@r)]| < e +nlc—a)
k=0

k=0

Since € and n were arbitrary, f(c) = f(a). Therefore f is constant on [a, b]. |

THEOREM 5.7.6. A function F : [a,b] — R is of the form F(z) = F(a)+ [ f(t)dt for some integrable
function f if and only if F' is absolutely continuous.

Proof. 1If F has this form then we have seen that F' is absolutely continuous. Assume that F' is absolutely
continuous on [a,b]. Then F is of bounded variation, so F(x) = F;(z) — F»(x), where each F; is increasing
on [a,b]. Therefore F is differentiable almost everywhere on [a,b] and |F'(z)| < Fy(x) + F5(x). It follows
that

b b b
/ |F'(x)|dz < / F{(z)dx +/ Fy(z)dr < Fy(b) — Fi(a) + F»(b) — Fa(a)

This shows that F” is integrable on [a,b]. Let G(z) = [ F'(t)dt. Then G is absolutely continuous and
hence so is f = F — G. However, f' = F' — G’ = 0 almost everywhere on [a,b], so f is constant on [a, b].
But f(a) = F(a) — G(a) = F(a). This shows that F(z) = F(a) + G(z) = F(a) + [' F'(t)dt.

|
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