Chapter 3

Integration

3.1 Measurable Functions

DEFINITION 3.1.1. Let (X, .A) be a measurable space. We say that f: X — R is measurable if
f (a,00,)) € A

for every a € R.

Let M (X,.A) denote the set of measurable functions.

LEMMA 3.1.2. The following are equivalent:
1) f is measurable.
2) f~Y((—o00,a]) € A for all « € R.
3) f7([a,0)) € A for all a € R.
4) fY((—o00,a)) € A for all a € R.
Proof. 1) < 2) This follows since

1) = 3) Observe that

3) = 1) Observe that

3) < 4) This follows since

EXAMPLE 3.1.3. 1) Given any (X, A), the constant function f(x) = ¢ for all z € X is measurable for any
ceR.

2) If A C X, the characteristic function x 4(z) of A is measurable if and only if A € A.
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3) If X =R and B(R) C A, then the continuous functions are measurable since f~!((a, 00)) is open and

hence measurable.

PROPOSITION 3.1.4. [Arithmetic of Measurable Functions] Assume that f, g € M(X, A).
1) ¢f € M(X,A) for every c € R
2) f2e M(X,A)
3) f+g€ M(X,A)
4) fg € M(X,A)
9) |fle M(X, A)
6) max{f,g} € M(X,A)
7) min{f,g} € M (X, A)
Proof. 1) Assume that ¢ = 0. Then

0 ifa>0
X ifa<0

Hence clearly f is measurable.

If ¢ # 0, then
F7H(%,00)  ife>0
f (=00, 2)) ifc<O.

FU(Va,0) a0
X if a <0.

3) Note that
{reX|f+g(z) > a} = | J{z € X|f(x) > r} N {z € X|g(z) > a—7}.
reQ
It follows that f + g is measurable.

4) Note that

2 [r2 2
fg:(f+g) 2(f +9°)

-1 N (a,00) U fH (=00, —a) ifa >0
(1) (e, 00)) = {X N
6) Observe that
(f+g9)+If -yl

5 .

max{f,g} =

7) We have that
min{f, g} == maX{ffa 79}
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REMARK 3.1.5. Let (X,.A) be a measure space and let f : X — R. Let f™(z) := sup{f(z),0} and
f~(z) == sup{—f(z),0}.

It follows that f = f* — f~ and |f| = fT 4+ f~,so ft = 3(|f|+ f) and f~ = (| f| — f). Hence f* and
f~ are measurable if and only if f is measurable.

DEFINITION 3.1.6. Let (X, .A) be a measure space. An extended real-valued function is a function f : X —
R* = RU {+o0}. It is measurable if f~1((a,00]) € A for each a € R.

Notice that if f is measurable, then both

“H({oo}) = ﬂ

(o)) = <Uf )C

The following proposition is straight forward. The proof is left as an exercise.

and

are in A.

PROPOSITION 3.1.7. An extended real-valued function f : R — R* is measurable if and only if f=1({oc})
and f~1({—o0}) are in A and the real-valued function defined by

_fo0 z € 71 ({oo}) U frH({—o0})
fi(z) = { f(z)

otherwise

is measurable.

REMARK 3.1.8. The collection of all extended real-valued measurable functions will be denoted M (X, A).
With the convention that 0(+oc) = 0, cf, f2, fT, f~ € M(X,A) if and only if f € M(X, A).
For f + g, we use the convention that co — oo = 0. Then f+ g € M(X, A) if f, g € M(X, A).

DEFINITION 3.1.9. Given {a,} C R, define

lim sup a,, := inf sup{ay} and hm 1nf ap = sup mf {ak}
n— oo n k>n

Note: In general, hm mf a, < limsupa, for any sequence {a,}. Moreover hm an = L if and only if
n—oo

liminf a,, = L = limsup a,,.
n—oo n—00

ProposITION 3.1.10. If {f,} € M(X, A) then let
fla) =if{fn(@)}  F(z) = sup{fn(z)}
f*(@) =lminf(fu(@)}  F*(@) = limsup{ fu(x))

n—oo
All of these functions are measurable.

Proof. We will show first that F(z) = sup,,{ fn(z)} is measurable. This follows since

o

{r e X|F(z) > a} = U{xeX\fn(a:)>oz}.

n=1
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That f(z) is measurable follows since
inf{fn(2)} = —sup{—fn(2)}

It is now immediate that f* and F* are also measurable.
The following corollary is immediate from the previous proposition.

COROLLARY 3.1.11. Let {f,} € M(X,A). Assume also that {f,} converges pointwise on X to fo. Then
foe M(X,A).

COROLLARY 3.1.12. Let f,g € M(X,A). Then fg € M(X,A).

Proof. For each n,m € N define
fal)y=<¢ n if f(z)>n
. ) <
and
gn(@) =4 m  ifgla)>m

It is straight forward to show that each f, and g,, is measurable. Consequently, we have that f,,g,, is also
measurable. From this we conclude that for each m € N that

F@)gm(@) = T fo(w)gm (@)

is measurable. And as such so is

f(x)g(x) = Tim f(z)gm ().

DEFINITION 3.1.13. A simple function is a function ¢ : X — R such that ¢(R) is finite. If the range of ¢
is {a1,...,an} and E; = o' ({a;}) then o = 37" | a;xp,. We say that ¢ is in standard form if the a;’s are
distinct and the FE;’s partition R.

Up to order, the standard form of a simple function is unique. ¢ = > I | a;xp, (in standard form) is
measurable if and only if each E; € A.

THEOREM 3.1.14. Let f € M1 (X, A). Then there exists {on} C MT (X, A) such that
1) @y is simple for each n.
2) 0 < pn(z) < ppy1(z) for all x € R and each n.

3) f(x) = nh_}n;o on(z) for all x € R.

Proof. Let n € N. For k = 0,1,...,n2" — 1, let B, := {z € R | £ < f(z) < £t} and if k = n2" then

let E, 1 = {zr € R| f(x) > n}. Define ¢, = Zio FXE,,.- It is easy to see that {¢,} is the desired
sequence. [ |
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3.2 The Generalized Lebesgue Integral
In this section we will introduce the basic theory of integration for a measure space (X, A4, ).

DEFINITION 3.2.1. Let (X, A, 1) be a measure space. Assume that ¢ € M¥(X, A) is simple and suppose
that ¢ = > | a;xg, is the standard form of ¢. We define

/wdu = z:: a; p(Ey).

REMARK 3.2.2. It is often inconvenient to have to assume that a simple function is always in standard form.
Indeed it is a relatively simple exercise to show that if that ¢ = > | a;xp,, where E; € A, but this is not
the standard form for ¢, then we still have

/sﬁdﬂ = i aip(Ey).

LEMMA 3.2.3. Let ¢, ¢ € M (X, A) be simple functions and ¢ > 0. Then
1) [epdu=c[pdu

2) [e+d)du= [edu+ [¢dpu
Furthermore, if we define X : A — R* by A\(E) = [ ¢xg du, then X is a measure on A.

Proof. Let ¢ = 371 aixp, and ¢ = > 7, bjxF,. Since

n
cp = Z CaiX B,
i=1
and

¢+¢:ZQ1XE1 +Zb]XF7a

i=1 j=1

then the previous remark allows us to immediately show that

cgodm:c/godu
/(¢+w)du=/¢du+/wdu-

DEFINITION 3.2.4. If f € MT (X, A), we define

/fdu: sup /@du
0<e<f

where the supremum is taken over all simple function ¢ € MT (R, A) with 0 < ¢ < f.

and

If E € A, then [, fdu:= [ fxedpy.
To establish the last statement observe that if o = >"" | a;x g, and if we let v;(E) = pu(E N E;), then

i=1
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The following proposition is immediate from the definition of the integral.

PROPOSITION 3.2.5. 1) If f, g€ M (X, A) and f < g then

[tan< [gin

2) IfECF e Athen [, fdu< [ fdu foral f e MT(X,A).

The next two results are fundamental tools in the abstract theory of integration. The first, is essentially
the analog of countable additivity for integration.

THEOREM 3.2.6. [Monotone Convergence Theorem]
If {fn}>2, C MH(X,A) is such that f, < fni1 for alln > 1 and li_>m fulz) = f(2) then
n o0

/ﬂm=Hm/fMu
n—oo

Proof. We know that f € M*(X,A) and
/nws/nﬂws/mu
Hence T}ergoffn dp < [ fdu.

Let 0 < @ < 1 and let p € M*(X,A) be simple with 0 < ¢ < f. For each n, let 4, = {z € X | fu(x) >
ap(x)}. Then A, € A, A, C A1, and X =J,—; A,,. We have

/<ww§/‘nws/nw
An An

By the Monotone Convergence Theorem for measures, [¢dy = lim fA pdp (since A(E) = fE pdu is a
n—oo n

measure). Therefore

a/wdu: lim / apdp < lim /fndu
n— oo An n— o0
/<pdu§ lim /fndu-
n— o0

/fdu= sup /wduﬁ lim /fndu,
0<p<f n—reo
and the result is established. [ |

Since 0 < « < 1 is arbitrary,

Thus

COROLLARY 3.2.7. (Fatou’s Lemma) If {f,}5°; C M (X, A) then
/lim inf f,, dp < lim inf/fn du
n—oo n—oo

Proof. For j € N, let g; = iI;f‘{fn}. Then g; < f,, for all n > j. Hence [ g;dp < [ f,du for all n > j. This
n>j
implies that [ g; dp < lirg inf [ f, du. Note that g; lin_1) inf f,,. By the Monotone Convergence Theorem,

/lim inf f, dp = lim /gj dp < lim inf/fn du
n—o0 Jj—o0 n—o00
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COROLLARY 3.2.8. 1) If f € M (X, A) and ¢ >0 then [cfdu=c /[ fdpu.
2) If f, g€ MT(X,A) then [(f+g)dp= [ fdu+ [ gdu.

Proof. Both results have been established for simple functions. Let {¢,} and {¢} be two sequences of simple
functions in M™(X, A) with ¢, 7 f and v, 7 g respectively. Then cp,  cf and (p, + ¥n) 2 (f + g).
Consequently, the MCT shows that

/cfdu: lim /cgondu:c lim /gpnd,u:c/fd,u
n—oo n—oo

/(f+g)du=nlgrr;o/wn+wndu=nlgrgo/wndu+ggrgo/¢ndu=/fdu+/gdu~

and

We are now in a position to construct a significant class of new measures on our o-algebra A.

COROLLARY 3.2.9. Let f € MT(X, A) and let \(E) = [, fdu for all E € A. Then X is a measure.

Proof. Since f > 0, A(E) > 0 for all E € A, and clearly A(0) = 0. Let {E,}52; C A be pairwise disjoint
and E=J,—, En. Let f, =Y 1_; fXE,. Then

Jrran=g ] o=

Notice that f, /* fxg, so by the Monotone Convergence Theorem,

/ fdu= hm /fnd,u— lim Z)\ Ey) :Z
n=1
|
PROBLEM 3.2.10. If we have a measure space (X, A, u) and another measure A on A, is A(E fE fdu for

some f € MT(X,A)? That is, does a converse to the above corollary hold?
It turns out that as we shall soon see the answer to this question is: No. However, we shall see later in
the course that under the proper conditions such a function f will indeed exist.

DEFINITION 3.2.11. Let (X, A, 1) be a measure space. We say that a statement P holds p almost everywhere
(p-a.e.) if P holds for all x € X except possibly on a set F with pu(E) = 0.

PROPOSITION 3.2.12. Suppose that f € M (X, A). Then f(xz) =0 p-a.e. if and only if [ fdu = 0.
Proof. Assume that [ fdp = 0. For each n € N, let E, = {x € X | f(z) > 2}. Then f > Lyp, for each

n € N, which implies that
1 1
0= [fduz [ du=u(e)
E, n n

sou(E,)=0.If E={xz€ X | f(z) #0}, then E =, Ep, so p(E) <>, pu(E,) =0.
Now suppose that f(z) =0 p-a.e. Let B ={z € X | f(z) > 0} and let f,, = nxg. Since f < liminf f,,
n—oo

by Fatou’s Lemma
0< /fdu < lirr_1>inf/fn dp = lirginfnu(E) =0

Therefore [ fdu = 0. |
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EXAMPLE 3.2.13. Let (R, M (R), m) be the ususal Lebesgue measure space. Define a measure p on M (R)
by

1 if0ek
“(E)_{ 0 ifOgE

Then u({0}) = 1. However, if f € MT(R, M(R)) and if

then we have

since fx{o; =0 m-a.e.

DEFINITION 3.2.14. Let (X, A). Let u,y be two measures on A. We say that ~ is absolutely continuous
with respect to u if whenever E € A is such that u(E) = 0, we have y(E) = 0. In this case we write v < p.
We say that g and « are mutually singular if there exists disjoint set A, B € A such that X = AU B and

n(A) =0=1~(B).

PROPOSITION 3.2.15. If f € MT (X, A) and N(E) = [, fdu, then for every E € A with u(E) = 0, then
AME) =0.

Proof. If u(E) = 0, then xgf = 0 p-a.e. Hence A(E) = [, fdu=0. ]

REMARK 3.2.16. We had previously asked about when, given a measure space (X, A, 1), and any measure
A on A, does there exists an f € M (X, A) with the property that

NE) = [ fin.
E
for all £ € A We have just seen that if such an f exists then it must be the case that A <« u. Consequently,
we can revise our question above to consider only absolutely continuous measures A.

Finally, we will conclude this section with an upgrade on the MCT.

THEOREM 3.2.17. [Monotone Convergence Theorem, II] If {f,}22, is a monotonically increasing sequence
in M1 (X, A) which converges p-a.e. to f € MT(X,A), then

/fdu=nlij;o/fndu

Proof. Let N € A be such that u(N) =0 and f, — f on M = X\N. Then f,xa  fxm. The Monotone
Convergence Theorem shows that [ fxardp = lim [ fxa dp. But
n—oo

[raw= [ rovau+ [

=0+ lim [ foxardp

n—oo

n—oo

lim 0+/anM dp
= lim [ fuxndu+ / JnXm dp

= lim [ f,dp

n—o0
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and the result is established. [ |

COROLLARY 3.2.18. Let {g,}32, C MT(X, A). Then
[>adu=Y" [gudn
n=1 n=1

3.3 Integrable Functions

In the previous section we defined the integral of a positive measurable function. In this section we extend
the definition to functions of arbitray sign.

DEFINITION 3.3.1. Given (X, A, 1), we say that an exztended real-valued function f is integrable if [ f+du <
oo and [ f~ dp < oco. In this case, we write

[tau=[rean- [ 1 an
We let £(X, A, 1) denote the set of all integrable functions on (X, A, u).

If E € A, wedefine [, fdu:= [ fxedpu.

REMARK 3.3.2. If f = fi — f2, where f1, fo € MT(X, A), [ fidp < 0o, and [ fodp < oo, then we would
like [ fdp= [ fidp— [ fodu. Indeed, f* — f~ = fi — fa, 80 f+ + fo = f1 + f~. Consequently,

[reans [redu= [+ podu= [ fivsdu= [ riau+ [ 5 an

From this it follows that

[tan=[rran= |5 au= [ nin- [ gadn.

PROPOSITION 3.3.3. If f is measurable, then f € L(X, A, ) if and only if |f| € L(X, A, ).

Proof. We know f € L(X, A, p) if and only if f*, f= € L(X, A, ). Since |f| = fT + [, we get that
|fl € LIX, A, p).
Conversely, if | f| € L(X, A, ), then [ |f|du < oo, so both [ fTdu < oo and [ f~ du < co. This shows
that f € L(X, A, p).
[ ]

REMARK 3.3.4. Notice that if f € L(X, A, ), then

‘/fdu’=‘/f+du—/fdu'</f+du+/fdu:/|fdu

THEOREM 3.3.5. If f, g € L(X, A, ) and o, B € R, then af + Bg € L(X, A, 1) and

Jas+sgau=a [ sau+s [
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Proof. Let f = f* — f~ and let « € R. Then |af| = |a|ft + |a|f~ and

[lastan= [laistdus [lalf du<oc.

This shows that af € L(X, A, u)
If @ >0, then (af)t =a- f* and (af)” = af~. Hence

[ardn = [artau- [ar
S AR Far
~ o[ tan

If a <0, then (af)T = —af~ and (af)” = —afT. Hence

[ardn = [ardn- [-arau
— o[ au= [
= oc/fdu

If f, g€ L(X, A ), since | f+ g| <|f|+ |g], it follows that f+ g € L(X, A, ). We also have that

fHg=0UT+9") -/ +97)

It follows from a previous remark that
/f+gdu = /f++g+du*/f’+g’du
= /f*du+/g+duf/f’du*/g’du
= (/f*du—/f‘du)+(/g+dﬂ—/9‘dﬂ)
= /fdu+/gdu

DEFINITION 3.3.6. Two functions f, g € L(X, A, u) are said to be equal p-a.e. if u({z | |f(z) — g(z)] >
0}) =0.

The next theorem is another of the fundamental convergence results in the theory of intergration.

THEOREM 3.3.7. [Lebesgue Dominated Convergence Theorem] Let { fn}5%, C L(X, A, u). Assume that f =
lim f, w-a.e. If there exists an integrable function g € L(X, A, u) such that |f,| < g for all n, then f is
n—oo

/fdu:nli_grgo/fndu.
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Proof. By redefining f,,, f if necessary, we may assume that f = lim f,, everywhere. This shows that f is
n—oo

measurable. We have |f| < g, so | f| is integrable. Hence f is also integrable.
Notice that g 4+ f,, > 0. By Fatou’s Lemma

/gdu+/fdu=/(g+f)dﬂ

< liminf/(g + fn) dp
n—oo

= lirginf (/gdu+/fndu>
= /gdu+liminf/fn dp.
n—oo
It follows that
/fd,u < liminf/fn du.
n—oo
On the other hand, g — f,, > 0, so by arguing as above we see that
—/fd,u < liminf/—fn dy = —hmsup/fn du
n—0o0 n—00

and as such

limsup/fndug/fdu.

n—oo

Therefore [ fdp = lim [ f, du.
n—oo

3.4 L,-spaces

In this section we will introduce the L, spaces and outline some of their basic properties.

DEFINITION 3.4.1. 1) Li(X, A, p):
We have seen that £(X, A, ) is a vector space over R. For f € L(X, A, u), define

Hf||1=/\f|du~

Then || -||; defines a seminorm on £(X, A, i).

Let ~ be the equivalence relation defined on L£(X, A, u) by f ~ g < || f —g|l; = 0, or equivalently
f~gifand only f =g p-a.e.

Let S ={f e L(X,A,u) | [[f|l, =0}, the subspace of all integrable functions whose seminorm is zero.

Let

Ly(X, A ) = LX) < £(X, A, )/ ~

We define for f,g € L(X, A, p) and ¢ € R,

Then it is easy to see that these operations are well defined and that with these operations, L; is a
normed vector space with respect to the norm ||[f]|| := || f]];-

Note: In an abuse of notation, we will normally write f to represent [f].
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2) L,(X,A,u):
Let 1 < p < 0o. Define

Lp(X, A ) =L,(X,A) = {f | f is measurable and |f|? is integrable.}

Such an f is said to be p-integrable.

1

Let [|f], == ([|fP dp)?. As before, we let f ~ g if and only f = g p-a.e. Finally, we let

Lp(X, A, ) = Ly(X, A) < £,(x, A)/ ~ .

3) Leo(X, A, p):

Let f € M(X,A). We say that f is essentially bounded if there exists M such that u({z € X |
|f(z)] > M})=0. Let

Loo(X, A, ) ={f € M(X,A) | fis essentially bounded}.

Let
[flle =mf{M | p({z € X | [f(z)| > M}) = 0}.

Then || - ||, is a seminorm on Loo (X, A, 1) As before we let
Loo(X, A, 1) = Loo(X, A) 2 Loo(X, A p)/ ~ .
Once again, f,g € Loo(X,.A) and ¢ € R, we define
1) c[f] = lef].
2) [f)+19) < [/ + ),

Then it is again easy to see that these operations are well defined and that with these operations, L,
is a normed vector space with respect to the norm ||[f]|| . = [|f| «-

def

REMARK 3.4.2. At this point we have yet to establish L,(X,A, 1) to be normed linear spaces for any
1 < p < 0. To do so we need to establish two fundamental inequalities, Holders Inequality and Minkowski’s
Inequality.

Towards this end, if 1 < p < 0o, we say that 1 < ¢ < oo is conjugate to p if % +§ = 1 where by convention
1
- =0.
o0

We also note that if 1 < p < oo and if  + é =1, then

1+B=p
q
SO 1
p—1:£:>7:f—q—1
qg p-1
and
(p—1g=p.

LEMMA 3.4.3. Let o, >0, Let 1 < p < co. Then if% + % =1,



Proof. Let u=t*~! and as such ¢ = u# 7 = w9~ . Then

« B ﬂq
aﬁg/ tp_ldt+/ witdt =
0 0 p q

THEOREM 3.4.4. [Hélders Inequality]
Let1 < p< oo and % +% = 1. Then for each f € L,(X, A, 1), g € Ly(X, A, 1) we have fg € L1(X, A, )
with
1fglly < 1F1Ipllgllq-

Proof. Case 1: p=1.
Let M = ||g]lco- Then

|f(2)g(2)] < M|f(z)]
p-a.e. It follows that

/Ifg ldp < /M £ 1 d = £l gl

Case 2: 1 < p < 0.
Clearly the result holds if either f(z) = 0 for almost every x € X or if g(x) = 0 for almost every z € X .
As such we may assume that this is not the case. Since for any «, 5 > 0 we have

[1@ne) ldu=as [ |91 an
([1afpans =a([ 111w,

1 1
/Iﬂg |7 du)s =B /Ig\qduq

by scaling if necessary we see that we only need to prove (x) under the additional assumption that

/If\”duzlz/lglqdu,

Again, we have that for each t € X,

and

et < O Le@ 1

p q
[issta < [HLEL LB,
1

1

= -4+ -
p q
1

£ 1Ipllgllq-

Integrating, we get

IN

LEMMA 3.4.5. If 1 < p < oo, % + % =1and f,g € Lp(X, A pn), then f+g € L, (X, A, u) and |f +g|P~! €
‘Cq(X7A7:u)'
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Proof. Note that

[f (@) + g(a)|” < (2- max{|f(2)], lg(=)[})" < 2°(|f ()" + [9(2)[")

and
f +gl® D9 = |f + g

THEOREM 3.4.6. [Minkowski’s Inequality |
Let f,g € Lp(X, A, p). Let 1 <p<oo. Then f+ g€ L,(X, A 1) and

/|f+9|pdui /Iflpdu% /Iglpdu%-

Proof. This result can be obtained from Hoélders Inequality as follows:
We may assume that

/Iflpdu#O#/\g\pdw
Then

[1Gsord = [17vgl1¢G+o P dn

/IfH(f+g) I”‘ldu+/|g|~\(f+g) Pt dy

IN

By Holders Inequality

A

/If\~\(f+g) Pldp < </|f\”>du>%-</|<f+g> 0= )}
</|f\p>du>%~</|<f+g> Py’

Similarly we get that

/|g|-|<f+g> I”’ldué(/Ig\”)du)%~(/|(f+g) P du)t.

Putting everything together we get

[lesord < [17101G+9 P aus [1g]1G+9) P du
(Jrorans ([ 1grdh)- ([ 1+ P dwb

Finally, dividing both sides of the above inequality by ([ | (f + g) | dt)% gives

IN

(Jro+arant = ([10+0p

([ 150w+ ([ 191w

IN
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REMARK 3.4.7. Minkowski’s inequality establishes that L, (X, A, u) is a normed linear space for 1 < p < oco.
As such we now know that this holds true for all p.

We now show that L,(X, A, ) is a Banach space for each 1 < p < cc.

THEOREM 3.4.8. [Completeness of L,(X, A, )/
Let 1 <p <oo. Then (Ly(X, A, ), |- |l,) is a Banach space.

Proof. Case 1: Assume that 1 < p < oco. Let {f,}52; C L,(X, A, p) be a Cauchy sequence. We can find a
subsequence {gi} of {f,} such that

lgr+1 — grll, < ok
Define, for all z € X,

9(@) = lg1(@)] + Y lgr+1(2) — gu(2)|
k=1

Then g € M* (X, A), and by Fatou’s Lemma,

n p
/|9|p dp < hnfglogf/ <|g1| + Z |gkt1 — gk|> dp.

k=1

Next by Minkowski’s Inequality we get

n
1 . .
([laP < tmintal, + > llowss - il
k=1
< llgall, +1 < o0

Let E={x € X | g(z) < oo}. Then it follows from the above calculation that (X \ E) = 0. Hence

91(@)] + Y lgk+1 () — gi(@)]
k=1

converges to a finite number p-a.e. Let

fz) = { gl(x) + > he i Grr1 () — gr(x) gi ; g

Note that since the series is telescoping this actually shows that g — f p-a.e. We also notice that |gr(z)| <
g(z) for all x € X. The Lebesgue Dominated Convergence Theorem shows us that

Jisran= g [l dn< [lgran <o
Therefore f € L,(X, A, ). Since |f| < g, we have |f — gi| < 2|g| and again by the LDCT,
0= Jim [ 1f -l du
k—o0

since gy — f p-a.e. Therefore the subsequence {gi} converges to f in L,(X, A, ). It follows that {f,}
converges to f in L,(X, A, p)

Case 2: Now let {f,}521 C Loo(X, A, ) be a Cauchy sequence. Let E C X be such that u(F) = 0 and if

x ¢ Ethen |f,,(2)| < [|full and | frn(2) = fin (2)] < || fn — fimllo- Then {fn(x)} converges uniformly on X\ E
to some function f(z). It follows that f is measurable and || f, — f||, — 0. Hence f € Loo(X, A, i). |
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The proof of the previous theorem also establishes the following useful proposition:

COROLLARY 3.4.9. If 1 < p < o0 and if {fn}52; C Ly(X, A, ) is such that f, — f in Ly(X, A, p) then
there exists a subsequence { fn, }32, of {fn} such that f,, () = f(x) p-a.e

EXAMPLE 3.4.10. The proof of the Completeness Theorem actually shows that if {f,}52; C Loo(X, A, 1)
converges to f, then there exists a set E € A with u(E) = 0 such that f,, — f uniformly on X \ E. In
particular f,, — f pointwise p-a.e. We may ask if the same thing happens when the convergence is in
L,(X, A, ). The following example shows that this is not the case.

Let (X, A,u) = ([0,1], M ([0,1]),m) be the restriction of the Lebesgue measure to the closed interval

[0,1]. Let f1 = X015 f2 = X[o,21> 3 = X(2.2]> fa = X(0,21, fs = X(1, 215 fo = X2,2), fr = X(2 475
In general, for m =0,1,2,... and for kK =0,1,...2™ — 1, we let

k
2

Jamk = X e 1)

T

Then for any 1 < p < oo, we have f; — 0 in L,([0,1], M ([0, 1]),m). However the sequence {f;(z)}
diverges for each x € [0,1].

REMARK 3.4.11. If X =N, A =P(N) and if p is the counting measure, then

Ly(N,P(N), 1) = [, (N) = {{an}| Y |an| < 00}
n=1
In this case, we know that if 1 < p < ¢ < oo, then
L Cly, Cly €l
In contrast with the example above, if (X, A, ;1) is a finite measure space then it is easy to see that

Loo(X7 Aa :U') c L;D(Xa Av .u)

for any 1 < p < oo with
1
[Allp < 1 lloe - u(X)>.
Moreover, if 1 < p < ¢ < oo and if f € Ly(X, A, ), then |f|? € L%(X, A, ). From here Holders

Inequality shows that
[iswan = [1ap-va

(% duyf [ 175 aw*s

a—-p

IAIG - (X))

IA

In particular, f € L,(X, A, i) and

£l < W fllq - (X)) 77

Hence
LOO(XvAa ,Ll,) c Lq(Xﬂ Avﬂ) - Lp(X,.A,‘LL) - Ll(XvAa ,Ll,)

In addition, if u is a probability measure, that is if 4(X) =1, then if 1 < p < ¢ < 0o, we have
11l < 1 Fllg-

Finally, if (X)) = oo, then there are no general containment results for the L, spaces.
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3.5 Modes of Convergence

At this point, given a sequence {f,, } of measurable real-valued functions defined on a measure space (X, A, 1)
we have various modes in which such a sequence may be deemed to converge to a function f. Most notably
we have pointwise and uniform convergence, convergence almost everywhere, and convergence in one of the
L,-norms. In this section we will introduce several other important modes of convergence and establish the
known links between them.

We begin by recalling the definitions of the modes we have listed above:

DEFINITION 3.5.1. Let {f,} be a sequence of measurable real-valued functions defined on a measure space

(X, A, ).
1) We say that {f,} converges pointwise to fy if f,,(z) = fo(z) for all z € X.
2) We say that {f,} converges almost everywhere to fy if f,,(z) — fo(z) for almost all z € X.

3) We say that {f,} converges uniformly to fy if for every € > 0 there exists an Ny € N such that if
n > Np, then
|fn(@) = fo(z)| <e
for all x € X.

4) If in addition {f,} C L,(X, A, ), then we say that f, — fo in L, if
Jim | fn = follp = 0.

Note: In this case we are abusing notation by viewing the sequence {f,} as an explicit sequence of
real valued functions rather than as an equivalence class as would properly be the case for elements in
Lp(Xa A7 .u“)

REMARK 3.5.2. 1) It is clear that uniform convergence = pointwise convergent = almost everywhere
convergence, while the converse implications fail in general.

2) For 1 < p < oo we have seen that convergence in L,, does not even imply convergence at a single point.
However, it does imply that there exists a subsequence { f,, } such that f,, — fo almost everywhere.

3) If p is finite and if f,, — fo uniformly, then f, — fo in L, for all 1 < p < co. We simply observe that

1 — olly = (/X o = FolP di)3 < 1fu — follson(X)F 0.

However, {-I- - X[o,n} converges uniformly to 0 on R but does not converge in L, (R, B(R), m) for any
npP
1<p<oo.

4) The sequence {n% “X(0,1]} converges pointwise on [0,1] to the function fo(z) = 0. However, the
sequence fails to converge in any of the p-norms, |-||,.

We have seen that even for finite measure spaces, pointwise convergence does not imply convergence in
L,. The next theorem, which is really a modification of Lebesgue’s Dominated Convergence Theorem shows
that in the presence of an additional assumption, namely that the convergence is dominated, then indeed
almost everywhere convergence will imply convergence in L, for 1 < p < oc.

THEOREM 3.5.3. Let {f,} C Ly(X, A, p) which converges almost everywhere to a function fo(x). If there
exists a g € Ly, such that

(@) < g(2)

for every x € X and n € N, then fy € L, and f,, = fo in L.
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Proof. We can assume that | fo(z)| < g(z) for each x € X, and hence that fy € L,. It also follows that
[fn(2) = fo(2)[” < (29(2))"

for every x € X. Now lim |f,(x)—fo(x)|P — 0 almost everywhere. By the Lebesgue Dominated Convergence
n—oo

Theorem we get

lim / | fn — fo|P du = 0.
b

n—oo

That is fr, = fo in Ly.

DEFINITION 3.5.4. A sequence { f,, } of measurable real-valued functions defined on a measure space (X, A, i)
is said to converge in measure to a real-valued measurable function fy if

lim p({r € X | |fale) ~ folw)] > a}) =0
for every a > 0.
The sequence {f,} is said to be Cauchy in measure if for every e > 0 and every a > 0, there exists an

Ny € N such that if n,m > Ny, then
n({z € X | [fu(z) = fo(z)| = a}) <e

REMARK 3.5.5. It is easy to see that uniform convergence implies convergence in measure and that a se-
quence that is convergent in measure is also Cauchy in measure.. However the sequence { X[, n+1)} converges
pointwise on R to 0, but it does not converge in measure.

Now suppose that f,, — fo in L,. Let a > 0. We have that if A, = {z € X | |fn(z) — fo(z)| > a}, then

/ Ful) = fo(@)P d > / Fal@) — fo(@)[P d > P p(An) — 0.
X Aq

From this it follows that u(A,) — 0. That is, f, — fo in measure.

THEOREM 3.5.6. [F. Riesz|
Let {f.} be a sequence of measurable real-valued functions which is Cauchy in measure. Then there is a
subsequence which converges almost everywhere and in measure to a real-valued function fy.

Proof. Choose a subsequence gy = fp, such that for each k € N if
B = {o € X | lgesn (@) — g(wo)] = 27, }
then u(Ey) < 27%. We also let

m.=JE;.
j=k

In particular

o] o0
p(F) < u(By) <) 277 =270,
j=k j=k
Let i > j > k and x € Fi. Then

l9i(x) — gj(x)] < gi(x) = gia (@) +]gi-1(x) = gi2(@)] + -+ |gjr1(2) — g;(2)]
. 1 1
= 21—1+2z’—2+”'+§
1
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Let F'= () Fi. Then F € A and u(F) = 0. It is also clear from above that {g;} is pointwise Cauchy, and
k=1
hence convergent on X \ F. Let

Fa) = Jim gy (a) ifz ¢ F,
0 ifxeF.

Next we see that if j > k and = € F, then

1 < 1
2j—1 — 9k—1"

[f (@) — gj(x)] <

So now let a, e > 0. Choose k large enough so that

1 .
w(Fg) < 71 < min{a, €}.
If j > k, then
1
{zeX ||f(x)—gi@)|2a} S {zeX[|f(x)-g;(@)2 5=
C Fy
Consequently,
n({z € X | |f(2) - g;(2)| > a}) < p(FL) < e

for all j > k.

The next corollary is reminiscent of the fact that a Cauchy sequence with a convergent subseqgeunce
converges.

COROLLARY 3.5.7. Let {f,} be a sequence of measurable real-valued functions which is Cauchy in measure.
Then there is a measurable real-valued function to which this sequence converges in measure. Moreover, this
function is uniquely determined almost every where.

Proof. We know that there is a subsequence {f,,} that converges in measure to a real-valued function f.
Now

[fo = F@)| < | fo = far| + [ frr (@) = f(2)]-
As such

@ @
{ze X ||fale) = fl2)| 2 a} S {z € X [ [ful2) = fur(2)] 2 S} U{z € X | [fur(2) = f(2)]| 2 5}
However, if € > 0, we can find an Ny € N so that if n,m > Ny then

p{z € X [ [fn(2) = fm(2)| 2 5}) <

|2
|

So let n > Ny. Then by choosing ny large enough we get

e € X | 1fal@) = fun (@) 2 5 <

DN ™

and

@ €
pl{e € X | fu(o) ~ F@)] = 91 < &
Hence if n > Ny, then

p{z e X [ [fu(z) = f(2)] =2 a}) <e
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To establish the uniqueness assume that f,, — f and f,, — ¢ in measure. Suppose that a > 0 and that

u({z € X | |f(z) - g(a)| > 2a}) = 2¢ > 0.

Then for every n € N we have either

pfz e X | |f(z) = fulx)] 2 a}) 2 €

or
p{z € X | [fn(z) —g(@)| 2 a}) 2 €
which is impossible if f,, = f and f, — g in measure. Thus
pn({z € X [ [f(z) —g(z)| > 0}) = 0.
]

We have see that convergence in measure does not imply convergence in L,. But we now see that it does
if the convergence is dominated.

THEOREM 3.5.8. Let {f,,} be a sequence of measurable real-valued functions which converges to f in measure.
Let1 <p < oo and let g € L,(X, A, ) such that

|fu(z)| < g(z) ae.
Then f € Ly(X, A, i) and fr, — f in Ly,.

Proof. If {f,} does not converge to f in Ly, then there exists an ¢ > 0 and a subsequence {f,,, } such that

[ fr = fllp = €

for every k € N. But f,, — f in measure as well. So by passing to a new subsequence we can assume that
fn,, — f almost everywhere. But then since {f,,} is dominated, we also have f,, — f in L, which is a
contradiction.

|

REMARK 3.5.9. In case f,, — [ in measure, a close glance at the proof that {f,} has a subsequence
converging almost everywhere to f shows that we were actually able to construct this subsequence with the
property that for any € > 0 we have a set F' € A such that u(X \ F) < € and f,, — f uniformly on F.

DEFINITION 3.5.10. A sequence {f,} of measurable functions is said to converge almost uniformly to a
measurable fucuntion f if for every § > 0 there exists a set F' € A so that u(F) < § and {f,} converges
uniformly to f on X \ F'.

We say that a sequence {f,} of measurable functions is said to almost uniformly Cauchy if for every
d > 0 there exists a set F' € A so that (X \ F) < and {f,} is uniformly Cauchy on F'.

REMARK 3.5.11. Note that in the definition of almost uniform convergence from our typical use of the
qualifier ”almost” one may have expected the definition to be that the sequence converges uniformly except
on a set of measure zero. In fact, this does not follow from the definition above. For example, if

fn(x) =n- XI[;,z]

n’n

then the sequence converges uniformly off of the set [0, ] for any 6 > 0. However, there is no set A with
m(A) = 0 for which {f,} converges uniformly on R\ A.
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PROPOSITION 3.5.12. Let {f,} be a sequence of measurable functions that is almost uniformly Cauchy. Then
there exists a measurable function f so that {f,} converges almost everywhere and almost uniformly to f.

Proof. For each k € N, let E; € A be such that u(E;) <
Next let

27 with {f,,} being uniformly Cauchy on X \ E;.

k
Fp=|JE;.
j=1
Then p(Fy) < 5= and {f,} converges uniformly on X \ F}. In particular, because {F},} is decreasing,

lim f,(z) = f(x)

n—oo

is well defined on |J (X \ Fx) = X \ ﬂ Fy.

k=1
We can of course extend f to all of X by letting it be identically equal to 0 on ﬂ F}.. Since p( ﬂ F,)=0

we have established almost everywhere convergence. To see that it is also the almost uniform hmlt let 0>0
and choose k large enough so that 2;%1 < 6. Then u(Fy) < 2;@71 < ¢ and {f,} converges uniformly to f on
Fy..

|

We are now able to make a strong link between almost uniform convergence on convergence in measure.

THEOREM 3.5.13. Let {f,} be a sequence of measurable functions which converges almost uniformly to a
measurable function f, then {f,} converges in measure to f.

Conversely, if {fn} converges in measure to f, then there is a subsequence { fy, } which converges almost
uniformly to f.

Proof. Assume that {f,,} converges almost uniformly to f. Let a, e > 0. Then there exists a set F' € A such
that p(F) < € and f,, — f uniformly on X \ F. As such, we can also find an Ny € N so that if n > Ny, then

[fu(z) = f(2)] <

for all z € X \ F. In particular, if n > Ny, then

p({z € X [ [fu(z) = f(2)] = a}) < u(F) <e

This shows that f,, — f in measure.

The converse has already been established.
The following corollary is immediate from what we have already established.

COROLLARY 3.5.14. Let {fn,} C L,(X, A, ) where 1 < p < oo. If f,, = f in Ly, then {f.} has a subse-
quence fp, such that fn, — f almost uniformly.

Conversely, if {fn} C L,(X, A, 1), and if there is a g € L,(X, A, 1) such that

(@) < g(2)

for all x € X, then f, — f almost uniformly, implies that f, — f in L,.
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REMARK 3.5.15. It is clear that almost uniform convergence implies almost every where convergence. But
the converse fails. To see this consider the sequence {thm)}. This converges everywhere to 0 but it does
not converge almost uniformly. However we can show that in a finite measure space, almost everywhere
convergence does indeed imply almost uniform convergence. This result, usually attributed to Egoroff but
first proved by Severini, is rather surprising and powerful, yet it has a very simple proof.

THEOREM 3.5.16. [Egoroff’s Theorem]
Let (X, A, u) be a finite measure space and let {f,} be a sequence of measurable real-valued functions
which converge almost everywhere to a real-valued measurable function f. Then f, — f almost uniformly.

Proof. By redefining our functions on a set of measure zero if necessary, we may assume that f,(z) — f(x)
for all x € X. Now for each n,m € N let

Fom = Jtr € X | 1fie) ~ f@) = -},
k=n

It is clear that F,41,, C F, . Moreover, since f,(x) = f(z) everywhere, for each m € N we have

ﬁ Fn,m = (D
nl

Since p(X) < oo, continuity from above shows that

lim pu(Fy.m,) =0.

n—oo

Fix § > 0. For each m € N choose k,, large enough for that u(F,, m) < 2%. Then let

F= [j From-

m=1
We get that p(F') <6, and if « € F, then © € Fy, ,, for any m € N. In particular,

fela) — f(@)] < —

whenever k > k,,. This is sufficient to show that f, — f uniformly on X \ F.
|

In this section we have considered 4 fundamental modes of convergence, almost every where convergence,
almost uniform convergence, convergence in measure, and convergence in L,. We are now in a position to
summarize the relationship between these modes. To do so we will present three diagrams representing the
relationships a) for a general measure space, b) for a finite measure space and ¢) when the convergence is
dominated in L, for some 1 < p < co. In each diagram a solid line from mode A to mode B indicates that
convergent in mode A implies convergence in mode B. A dashed line indicates that convergence in mode
A implies convergence of a subsequence in mode B. The absence of a line means that there is a counter
example.

Case 1: General Measure Space
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Case 2: Finite Measure Spaces

Finite Measure Space

Case 3: Dominated Convergence
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Dominated Convergence
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