Chapter 1

Review of the Riemann Integral

This chapter provides a quick review of the basic properties of the Rieman integral.

1.0 Integrals and Riemann Sums

DEFINITION 1.0.1. Let [a, b] be a finite, closed interval. A partition P of [a,b] is a finite subset of [a, b] of

the form
P=A{x;: a=x9g<w <<y =b}.

DEFINITION 1.0.2. For a partition P of [a, b] having n elements,
1. define Ax; := x; — x;_1, and
2. define the norm of P, denoted as ||P||, by
IP] := max{Az; : i=1,2,...,n}.
ExXAMPLE 1.0.3. For any n € N we can construct the n-regular partition P, of [a, b] by subdividing [a, b] into

n identical parts with the length of each subinterval being 2=%. Le., Az; = 22 for each 4, and |P|| = 2.

n
Note that

b—a
1 = a+ )
n
bh—
Ty = a+2- a7
n
. b—a
T, = a-+t- ,
n
T, = a+n _a:b.
n

Assume that f(z) is bounded on [a,b]. Let P be a partition on [a,b]. Let
M; = sup{f(x): x € [z;_1, 2]},

and let
m; = inf{f(x): = € [w;i_1, ]}

Then m; < f(x) < M; for all z € [x;_1, ;]



DEFINITION 1.0.4. Given f(z), bounded on [a,b], and a partition P of [a,b], we define the upper Riemann
sum of f(x) with respect to P by

U(f,P) :=UL(f,P) =Y M;-Aux;,
i=1
and the lower Riemann sum of f(x) with respect to P by
L(f,P) :=Ly(f,P) = mi- A,
i=1

where M; and m; are defined as above. Finally, for each i, choose ¢; € [x;—1,x;]; a Riemann sum for f(z)
on [a,b] with respect to P is defined by

n

SH(f,P) = fle)Aw;.

i=1

The bounds of summation a and b from definition 1.0.4 are usually omitted.

REMARK 1.0.5. Since m; < f(¢;) < M; and Az; > 0, we can conclude that

Ly (f,P) < SE(f.P) < UL(f,P).

DEFINITION 1.0.6. Given a partition P, we say that a partition Q is a refinement of P if and only if P C Q.
We also say that Q refines P or P is refined by Q.

THEOREM 1.0.7. Let f(x) be bounded on [a,b]. Let P, Q be partitions on [a,b] with Q a refinement of P.
Then

L(f,P) < L(f,Q) < U(f,Q) < U(f,P).

Proof. Assume that Q = P U {yp} for some ygy € [a,b] \ P. Hence Q@ = {x;,90: a=a0 <21 <+ <xi_1 <
Y <z, < - -<zp=bland P={z;: a=z9<z1 < -+ <z, =0b}. Let

Mj = sup{f(z) : = € [z;1, 7]},

m; =inf{f(x): = € [xj_1,2;]}.
Also let

M;y = sup{f(z) : « € [zi—1, 0]},

mi1 = 1nf{f(a:) IS ['ri—lvyo}}a

M; 5 = sup{f(z) : = € [yo, ]},

my2 = inf{f(z) : = € [yo, xs]}.

Note that since f([xi—1,2:]) 2 f([xi=1,%0]) and f([zi—1,2:]) 2 f([yo,x:]), we have that M;; < M,; and



M; o < M;. Similarly, m; 1 > m; and m; 2 > m,;. Now

U(fyp) = ZMJ 'Al’j
j=1
= > +M; - Azj+ M; - A
o

n
= Z +M; - Axj + M;(yo — xi—1) + Mi(x; — yo)
=1

J#i

n

> Z +M; - Az + M1 (yo — xi—1) + M 2(z — yo)
j=1
KE?

= U/, 9Q).

Similarly,
L(f7p) = ij 'A.’Iij
j=1

n
= Z—i—mj Az +my - Az
-
n
= Z +mj - Az +mi(yo — xi—1) + m4i(x; — yo)
j=1
i

n

< Y 4my- Az +mia(yo — wio1) + mia(ai — Yo)
j=1
JFi

= L(f,9Q).
Due to remark 1.0.5, we conclude that
L(f,P) <L(f,Q) < U(f,Q) < U(f,P).

We can use induction on the number of points in Q \ P to establish the theorem. [ |

COROLLARY 1.0.8. If P and Q are partitions of f(x) on [a,b], then L(f,P) < U(f, Q).

Proof. Let T =P U Q. Then T refines both P and Q. Hence L(f,P) < L(f,7) < U(f,T) < U(f, Q), as
desired. n

DEFINITION 1.0.9. Let f(x) be bounded on [a,b]. The upper Riemann integral for f(x) over [a,b] is

b
/ f(z)dz = inf{U(f,P) : P a partition of [a,b]},

and the lower Riemann integral for f(x) over [a,b] is

b
/ f(z)dx = sup{L(f,P) : P a partition of [a,b]},



OBSERVATION.

L?mmsz?uMm

1.1 Riemann Integrable Functions

DEFINITION 1.1.1. We say that f(x) is Riemann integrable on [a,b] if

/abf(df)dﬂc=/abf(x)dz,

in which case we denote this common value by
b
/ f(z)dx.
a

In definitions 1.0.9 and 1.1.1, we encountered new notations: the [ is the integral sign, a and b are
endpoints of integration, f(x) is the integrand, and dx refers to the wvariable of integration (also called the
dummy variable)—in this case it is .

EXAMPLE 1.1.2. Let

fP={r;: 0=xg<x <<, =1}, then let

M; =sup{f(x): x € [x;—1, 2]},
m; = inf{f(z): x € [xi—1, 2]}

We have that

U(f,P) = iMZ Az = iAwi =1, and
i=1 i=1

i=1 i=1
Hence _
1 1
[1@is=1£-1= [ f@)iz,
0 J0

and hence this function is not Riemann integrable on [0, 1]. 0

OBSERVATION. f(z) in the above example is discontinuous everywhere on [a, b].
0

THEOREM 1.1.4. Let f(x) be bounded on [a,b]. Then f(x) is Riemann integrable on [a,b] if and only if for
every € > 0 there exists a partition P of [a,b] such that U(f,P) —L(f,P) <e.

Proof. Assume that f(x) is Riemann integrable on [a, b]. Le.,



Let € > 0. Since T;f(x) dx = inf{U(f,P) : P is a partition}, there exists a partition P; such that

b

b €
/ F(z)dz < U(f, P1) </ fla)do + 5.

Similarly, since fabf(x) dx = sup{L(f,P) : P is a partition}, there exists a partition P such that

b . b
/af(x)dm2<L(f,772)§/a f(x)dx.

Let © = P; UPy. Then

< L(f,P2)
< L(f,Q) (by theorem 1.0.7)
< U(f,9)
< U(f,P1) (by theorem 1.0.7)

AN
~

b
(x)dz+§=/a f(x)dm—t—%.

a

This implies that
U(f,Q) - L(f, Q) <e.

To prove the converse, assume that for each € > 0 there exists a partition P of [a, b] such that
U(f,P)—L(f,P) <e.
However, by definition 1.0.9, we have that
b b
P < [ fa)de < [ fw)de <U0GP),

and hence

0 §/abf(ac) dx —/ fz)dz <e.

b
Ja

/:f(w dz = /b f (@) da

therefore f(z) is Riemann integrable on [a, b], as required.

Since € is arbitrary, we obtain

EXAMPLE 1.1.5. Let f(z) = 2. Let P, be the n-regular partition of [0,1]. Then

n n .9 1
=1 i=1

and

Li(f,Pa) =Y flaim)Aai =Y (-1 1

; ; n?2 n
i=1 =1




Then

n?2 n n2 n

U(f,Pn) = L(f,Pn) = (”21> _ <02.1>
1

This shows that for all € > 0, we can find a partition P such that U(f, P) — L(f,P) < € (simply select a
large enough n by the Archimedean Principle and use the n-regular partition P,,). Hence by theorem 1.1.4,
f(z) is Riemann integrable on [0,1]. Later, we will be able to show that

1
1

/ 22dr = =.
0 3

Recall the following definition.

DEFINITION 1.1.6. We say that f(z) is uniformly continuous on an interval I if for every € > 0, there exists
a § > 0 such that for all z, y € I,

|z -yl <o  implies  [f(z) - f(y)| <e

Also recall the following theorem.

THEOREM 1.1.7 [SEQUENTIAL CHARACTERIZATION OF UNIFORM CONTINUITY]. A function f(z) is uni-
formly continuous on an interval I if and only if whenever {x,}, {yn} are sequences in I,

lim (xn — yn) =0 implies lim (f(l'n) - f(yn)) =0.

n— oo n—oo

EXAMPLE 1.1.8. Let / =R and f(z) = 22. Take {z,} = {n+ 1}, {yn} = {n}. Then lim, o (zn — yn) =

lim,, o0 %L =0, but
2
1
oty
n
. 1
= lim <2+ —
n—roo n
2 #£0.

Hence f(x) = 22 is not uniformly continuous on R. 0

lim (f(zn) = f(yn)) = lim

n—o0 n—oo

N———

One should already be familiar with the following theorem.

THEOREM 1.1.9. If f(x) is continuous on [a,b], then f(z) is uniformly continuous on [a,b).

Proof. Assume that f(x) is continuous on [a,b] but not uniformly continuous on [a,b]. Then by theorem
1.1.7, there exists sequences {z,} and {y,} with lim, o (x, — yn) = 0 but lim, oo (f(zn) — f(yn)) # 0.
(Note that this limit may not even exist.) By choosing a subsequence if necessary, we can assume without
loss of generality that there exists an ¢y > 0 such that

(1.1) [(f(@n) = f(yn)) = O] = | f(2n) = flyn)| = €0

for all n € N.



Since {x,} C [a, b], by the Bolzano-Weierstrass Theorem {z,, } has a subsequence {x,, } with limy_, o 2, =
xo € [a,b]. Note that limy_ 00 (Zn, — Yn,) = 0, hence limy_, oo Yn, = xo also. By the sequential characteriza-
tion of continuity, we have

T f(@,) = f(zo).

Therefore, we can select a K € N with

|f(1"nk) — f(zo)| < %O and
|f(ynk) - f(l’())| < 650

for all £ > K. Hence we have, for all k > K,

0<[f(n) = Flyn)l < |f(@ni) = f(@o)| + [f (Yni) = f(0)]
_ f0,
2 2
= €0,
directly contradicting equation (1.1). Hence f(x) is uniformly continuous on [a, b]. |

THEOREM 1.1.10 [INTEGRABILITY THEOREM FOR CONTINUOUS FUNCTIONS|. If f(z) is continuous on
[a,b], then f(x) is Riemann integrable on [a,b].

Proof. Let € > 0. Since f(x) is continuous on [a,b], f(x) is also uniformly continous on [a,b] by theorem
1.1.9 above. We can find a § > 0 such that if |z —y| <, then [f(2) — f(y)| < 3. Let P be a partition of
[a,b] with ||P|| = max{Ax;} < d. For example, we can choose the n-regular partition of [a,b] with n large

enough (chosen by the Archimedean Principle) so that =% = ||P,|| < &. After we have chosen P, let

M; =sup{f(x): x € [x;_1, 2]},
m; = inf{f(z) : © € [x;—1,zi]}.
By the extreme value theorem, there exists ¢;, d; € [z;_1, ;] such that f(¢;) = m; and f(d;) = M;; note that

M; —m; = |M; —my| = |f(d;) — f(ci)|. Since |¢; — di| < Ax; < 6, we have that |f(d;) — f(c;)| < 5. This
shows that

U(f>7)) - L(fvp)

iM" . A.’L’Z‘ — imz . A.’L’Z‘
1=1 i=1

i=1

< ijaAI‘z
=1

- biaZAxi
i=1

Hence f(x) is Riemann integrable by theorem 1.1.4. |



REMARK 1.1.11. Assume that f(z) is continuous on [a,b]. For each n, let P,, be the n-regular partition.
Then if S(f,P,) is any Riemann sum associated with P,,, we have

b
/ f(z)dx = nl;rréo S(f, Pn)-

Proof. Given € > 0, we can find an N large enough so that if n > N, then Z’_T“ < § as defined in theorem
1.1.10 above. Hence
U<f7 Pn) - L(fa Pn) <€

via a similar argument made in theorem 1.1.10. But U(f,P,) > S(f,Pn) > L(f,Pn) and U(f,P,) >
[? f(x) de > L(f,P,). This implies that

<€

b
/ f(x)dz —S(f, Pn)

and so lim,, oo S(f, Pn) = ff f(x)dz, as remarked. |

Note that the above remark shows that if f(x) is continuous, we have

/abf(x)dx:nlggoi[f(a-&-i-b;a) b;a}

i=1

DEFINITION 1.1.12. Given a partition P = {z;: a = 29 < 21 < -+ < x, = b}, define the right-hand
Riemann sum, Sg, by

Sg = Zf(xz) - Axy;
i=1
define the left-hand Riemann sum, St,, by
SL = Z f(xi,l) . Axi;
i=1
define the midpoint Riemann sum, Sy, by

Sy = Zf (5(31124'1'1) Az

i=1

THEOREM 1.1.13. Assume that f(x) is Riemann integrable on [a,b]. Given € > 0, there exists 6 > 0 such
that if P is a partition of [a,b] with ||P| < 6, then

<€

b
&ﬂﬂ—/ﬂﬂwm

for any Riemann sum S(f,P).

Proof. Since f(x) is Riemann integrable, we can find a partition Py of [a, b] with U(f,P1) — L(f,P1) < §.
In particular, for any Riemann sum S(f,P;), we have U(f,P1) > S(f,P1) > L(f,P1) and U(f,Py) >
f; f(z)dx > L(f,Py). Suppose Py = {x; : a=2x9 <1 <--- <, =0b}. Then let

M = sup{f(z) : = € [a, 1]},
m = inf{f(x): = € [a,b]}.



If M —m = 0, then f(x) is constant on [a, b], so say f(z) = ¢ for all z € [a,b]. In this case U(f, P) =
¢(b —a) = L(f, P) for any partition P. Hence any § > 0 would satisfy the theorem and we are done. So
assume M > m.

Let § < Tntar—my - et P = {yita=yo<y1 <---<yj <--- <y, = b} be any partition of [a,b] with
IP|| < 6. Let

T={j:je{1,2,...,k}, and [y;_1,y;] C [z;—1, x;] for some i}.

Also, let

M; = sup{f(z): = € [y;-1,y;]},
m; =inf{f(z) : © € [y;-1,y;]}

Then we have that

k k
U(f,P)=L(£,P) = > M;-Ay;—> m;- Ay,
j=1 j=1

k
= ) (M; —my)Ay;
j=1
= > (Mj—mpAy;+ > (M —my)Ay;.
jeT Fe{1,2,... . k\T

Note that

Y (Mj—my)Ay; < U(f,PLUP) —L(f,PLUP)
JET
< U(f,P1) = L(f,P1)
€
< =.
2
Observe that {1,2,...,k} \ T has at most n elements (since for each j € T, we have a unique 4 such that
Yi—1 < xi—1 < y; < x;; conversely for each such 4 there exists a unique j ¢ T—but there are only n points
in Py). Hence for each j € {0,1,...,k}\ T, we have

(M; —mj)Ay; < (M —m)-|P|
< (M—-m)-

€
2n(M —m)
€

2n’
This shows that
€
> (M —my)Ay; < > o

je{1,2,.. kT je{1,2,.. . k\T
€

< —-n
2n

N

Hence, if ||P|| < d, U(f,P) = L(f,P) < § + § = ¢; therefore, if S(f, P) is any Riemann sum, then

< €,

b
S(7,P) / f(z) da

as required. ]

10



This thoerem is a generalization of remark 1.1.11. In particular, this theorem provides an easy, alternate
proof of remark 1.1.11. Here we state the remark again as a corollary.

COROLLARY 1.1.14. If f(x) is Riemann integrable on [a,b], then

b n bh—
[ fyde = tim 8(7P0) = tim Y- (e
a =1

n

where P, is the n-regular partition of [a,b] and ¢; € [x;—1,2;]. (S(f,Pr) is any Riemann sum.)

Proof. Let € > 0. By the above theorem, we can find § > 0 so that if |P,| = + <4,

) - /abf(x) da

for any Riemann sum S(f, P). The result follows by choosing an N (using the Archimedean Principle) so
that1< ~v <0 foralln > N. ]

<€

In general, we write

b
[ f@yae= tim (7.7

THEOREM 1.1.15. Let f(z) be monotonic on [a,b]. Then f(x) is Riemann integrable on [a,b].

Proof. Let P,, be the n-regular partition. Assume, without loss of generality, that f(x) is nondecreasing on
[a,b]. Then

U(f,Pn) = Sr(f, P Zf

, and

L(f,Pa) = Su(f, Pa fozl b

So
n b n—1 b—a
U(f,Pn) =L(f;Pn) = Y flw)- =Y fl)
i=1 =0
= )+t fa)
—(f(zo) + -+ + f(zn-1))]
= (e ~ flao))
= 00) - fa)
Since lim,, oo b’T“(f(b) — f(a)) =0, f(z) is Riemann integrable on [a,b] by theorem 1.1.4. |

Question: Assume that f(z) is continuous on [a,b] except at ¢. (Note that f(x) is bounded on [a,b].) Is
f(z) still Riemann integrable on [a, b]?

THEOREM 1.1.17. Assume that f(x) is continuous on [a,b] except at ¢ € [a,b]. Then f(x) is Riemann
integrable on [a,].

11



Proof. Let P ={z;: a =9 < x1 < --- < x, = b} be a partition of [a,b] so that ¢ € (x;,_1,;,) for some
ig. Let € > 0. Let

M =sup{f(z): x € [a,b]},
m=inf{f(x): x € [a,b]},
M; =sup{f(z): z € [z;—1,zi]},
m; = inf{f(z) : © € [x;—1,mi]}.

We can choose P so that Axj, < g77=my- Then (M;y—my, ) Az, < (M—m)Ax;, < (M—m)m 5

Since f(x) is uniformly continuous on [a,x;,—1], by refining as necessary, we can assume that if 0 < i < i,

then M; —m; < m We now have

io—1 io—1 ig—1

Az;
Z(Mi—mi)Axi< ;ZS(GA%:;ZZZ‘ZE

=1 Tip—1 — CL) Tip—1 — Q

A similar argument shows, by refining if necessary, that

n

Z (Ml — ml)Axl < E

i=ig+1 3
Then
U(f,P)—L(f,P) = > (M;—my)A
i=1
io—1
= Z (Ml - ml)AmZ + (Mio - mio)Awio
i=1
i=ig+1
PR
3 3 3
= e
This shows that f(z) is Riemann integrable on [a, b] by theorem 1.1.4. |

OBSERVATION. Observe the following facts:

1. If f(z) is bounded on [a,b] and continuous except at possibly at finitely many points, then f(z) is
Riemann integrable on [a, b].

2. If f(x) is Rieman integrable on [a,b] and g(x) = f(x) except at finitely many points, then g(x) is

Riemann integrable and
b b
/ f(z)dx :/ g(z) dz.

1.2 Flaws in the Riemann Integral

The following problem will be a key to our motivation for the construction of countably additive measures.

12



PROBLEM 1.2.1. Assume that {f,} is a sequence of Riemann integrable functions with {fn,} converging
pointwise on [a,b] to a function fo. Is fo Riemann integrable, and if so is

b b
/ fo(z)dr = lim fn(z)da?

Unfortunately, as we will see below, the answer to both questions above is negative.

ExXAMPLE 1.2.2. 1) Let [0,1]NQ = {r1,72, -+ ,7n, -} and

if 1 R
fn(x): 0 1 T e [Oa ]\{T17T23 , T 1}
1 ifxe{ri,ro, - ,rn_1}

Then each f,(z) is Riemann integrable. Moreover, f,(x) — fo(z) pointwise, where

fo ifzef0,1]\Q
fo(m)_{l if 2 € 0,1 Q.

and fo(z) is not Riemann integrable.

2) Let
4n’z if z € [0, 5]
fo(x) =4 2n — 4n?(z — 21n) ifxe(ﬁ,%]
0 if z € (1,1]
14 =
o ] f5(x)

The diagram above represents the graph of f5(z). It is easy to see geometrically that fol fs(t)dt =1
since the integral represents the area of a triangle with base 0.2 and height 10. Generically, fol fa(t)dt =
1 since the integral represents the area of a triangle with base % and height 2n. From this it follows
that f,(x) = fo(z) =0 for each x € [0, 1], and

1 1
1= lim [ fu(t)dt# / lim f,(t)dt = 0.
0 0 n—oo

n— oo

13



1.3 A Vector-Valued Riemann Integral

In this section we will see how we may define a vector-valued version of the Riemann integral. In doing so
we will assume that B is a Banach space and that F' : [a,b] — B is a continuous function.

DEFINITION 1.3.1. Let B be a Banach space. Let F' : [a,b] — B be continuous. Given a partition P = {a =
to <t1 <---<t,=">}of [0,], by a Riemann sum we will mean a sum S(F, P) of the form

S(F,P) = ZF(CZ)(tz — tifl)

where ¢; € [t;—1,1;].

LEMMA 1.3.2. Assume that F : [a,b] — B is continuous. Let € > 0. Then there ezists a 6 > 0 such that if
P is any partion of [a,b] with |P|| < & and if Py is a refinement of P, then for any Riemann sums S(F,P)
and S(F, P1) we have

|| S(F,P) —S(F,P1) |I<e.

Proof. Given € > 0, since F' is uniformly continuous, we can find a § such that if | x — y |< 0, then

| Fz) = Fy) ||< —

(b—a)

Assume that ||P|| = max{At;} < 4. Let Py be a refinement of P with each interval [¢;_1,t;] being partitioned
into {ti—1 =810 < 831 < -+ < Sik; =t;}. Let S(F,P1) be any Riemann sum associated with P;.
Since we know that

ki
Fle)(ti —tio) = > F(ei)(sij — sij1),
j=1
we have
n n  k;
IS(F,P)=S(F,P) | = (1D Fle)(ti—tica) = > Fleij)(si; —sij1) ||
=1 =1 j=1
n k; ’ n ks
= DD Fle)(siy—sij1) — D> Flei)(si;—sij-1) |
=1 j=1 =1 5=1
n k;
< > N Fle) = Fleig) |l (sig — sij—1)
i=1 j=1
€ n i
< 3 YD (sig— i)
i=1 j=1

THEOREM 1.3.3. Assume that F : [a,b] — B is continuous. Let € > 0. Then there exists a 6 > 0 such that
if P and Q are any two partitions of [a,b] with ||P|| <6 and ||Q|| < & , then for any Riemann sums s(F,P)
and s(F, Q) we have

|| S(F,P) — S(F, Q) ||< e.

Proof. From the previous lemma, we know that we can choose a § > 0 such that if P, is any partion of [a, b]
with || P1 ||< 6 and if R is a refinement of Py, then for any Riemann sums S(F, P;) and S(F,R) we have

| S(E.P) = S(ER) |I< 5.

14



Next assume that P and Q are any two partitions of [a,b] with ||P|| < § and ||P]| <. Let R=PUQ
be a refinement of both P and Q, and let S(F,P) and S(F, Q) be Riemann sums for F' associated with P
and Q respectively. Next let S(F, R) be any Riemann sums for F associated with R respectively. Then

<

| S(E,P) =S(F,R) || + || S(F,R) = S(F, Q) ||

.
573
€

COROLLARY 1.3.4. Let F : [a,b] — B be continuous. If {Py} is a sequence of partitions of [a,b] such that
klim | P |l= 0, then for any choice of Riemann sums {S(F,Pi)} is Cauchy in B, and hence converges.
— 00

Moreover, the limit is independent of both the choice of partitions and of the choice of Riemann sums.

Proof. Since klim I Pr ||= 0, the previous theorem allows us to immediately deduce that {S(F,Py)} is
—00

Cauchy in B.
Let {Px} and {Q} be two sequence of partitions of [a,b] such that

lim || Pe = lim || Q = 0.
k—o0 k— o0
Let {S(F,Pr)} and {S(F, Qk)} be such that
lim {S(F,Py)} = 20 € B
k—o0

and
lim {S(F, Qk)} =y € B.
k—oc0

Then we create the sequence {P1, Q1,Pa, Qa,Ps3, Qs, - - - } of partitions. It follows that the sequence
{S(Fv Pl)v S(F7 Ql)u S(F7 P2)7 S(Fa Q2)7 e }
is also Cauchy in B. From this we can conclude that x¢p = yo and hence that the limit is in fact independent

of both the choice of partitions and of the choice of Riemann sums. [ |

DEFINITION 1.3.5. [Vector-valued Riemann Integral] Let F : [a,b] — B be continuous. We define the
B-valued Riemann integral of F(X) on [a,b] by

/bF(t) dt = lim S(F,P).

I1Pl|—0

where lim pj S(F,P) is the unique limit obtained as in the Corollary above.

15



