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on the space ¢?(N) of square summable sequences of complex numbers,
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o Or as:
Sf(z) = zf(2)
on the Hardy space H? of all functions in L? of the unit circle with negative
Fourier coefficients equal to zero with orthonormal basis e, = z”.

o It is not too difficult, (and classical) to see that any isometry T on a Hilbert
space H such that N> T"(H) = {0} (i.e. pure isometry) is unitarily
equivalent to a shift on /?(N, (TH)") (one sees that
W(ko, k1,---) =Y.~ T"knis a unitary operator implementing this
equivalence).

» And, in fact, every isometry is (uniquely) the direct sum of a pure isometry
and a unitary operator(see Fillmore AMM1974).
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» A function ¢ in H? is called an inner function if |¢(z)| = 1 almost
everywhere on the circle.(Invariant subspaces for S are #H?'s). Examples:

o (i) Z" for n € N, corresponding to zeros at zero

o (i) £Me/B, where || = 1, a € D, product converges, B, = =
(corresponding to zeros at «.)

» (iii)The singular inner functions exp(— [ gﬁzzdu(e"e) where p is a positive

singular measure on the circle(corresponding to zeros at support(u) ).

Truncated Toeplitz operators

» A subspace of Kj of H? is called a model space if it is of the form
H? © 6H?. (the invariant subspaces for S*)

o A truncated Toeplitz operator is an operator on Ky defined by
Alg) = P(fg).
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The Volterra operator, Nagy-Foias Functional calculus and truncated Toeplitz

operators
o In 1965 Sarason showed that if the VOLTERRA operator
V : L2[0,1] — L2[0, 1] is defined by Vf(x) = [; f( dt then (V + 1)

unitarily equivalent to ZAZ + 1 on Kj where 9 = e%1 This can be used to
show the unicellularity of the Volterra operator, or to prove the Titchmarsh
convolution theorem.

» Around the same time Nagy and Foias used the operator A’ in their
functional calculus. In fact, contractions with defect number one and their
commutants are unitarily equivalent to truncated Toeplitz operators.
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Bases for Model spaces
The finite dimensional model spaces are those associated with z" or any

finite Blaschke product.
o K;n = span{1,z,z?,---z"1}.
o KBA1 By,Byy, = span{ky,, K., - - - k\,} where the k,, are the reproducing
kernels for the points \;, i.e. < f, ky, >= f(\;), k. = (1, A\, A%, - - -)
o Kgn = span{ky, k), - -- kI'} where k! is the reproducing kernel for the ith

derivative in ) i.e. < f, k| >= fO(X), ky, = (0,---0,nl, (n—1)I\;,--)

Form of the Truncated Toeplitz operators

By running thru the definitions one quickly sees that truncated Toeplitz
operators on K,n are nothing other than traditional Toeplitz matrices. And, of
course, on KBQ they are essentially the same.

But, putting in more points makes a difference!
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o It is classical that Toeplitz matrices solve the inverse eigenvalue problem,
l.e. that to any finite set A = {1, \2, - - - \p} of complex numbers, there
exists a Toeplitz matrix T such that o(T) = A.

» But G. Heinig showed in 2001 (LAA) that NOT every matrix is similar to a
Toeplitz. (In fact, if dx = dim(ker(T — M)+ — dim(ker(T — M)X = number
of Jordan blocks of size > k Toeplitz give all dy’s but not even d;’s.)

Truncated Toeplitz case

« CGRW showed in 2010 that EVERY matrix is similar to a (coanalytic)
truncated Toeplitz operator! For general Jordan blocks, they use that
Sg, © S, - - SdA, (direct sum of shifts) is similar to ABA1 By,By, ON

» However, the best to be hoped for is that every complex symmetric matrix
or operator be unitarily equivalent to a truncated Toeplitz.
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o If H is a complex Hilbert space, an operator C : H — H is said to be a
conjugation if and only if C is an isometry with C? = /.

o An operator T : 'H — 'H is said to be complex symmetric if and only if there
exists a conjugation C suchthat T = CT*C.

» Complex symmetric matrices use the conjugation Cv = v on C".
» The Volterra operator uses the conjugation Cf(x) = f(1 — x) on L?[0, 1].
» And truncated Toeplitz operators on Kj use the conjugation Cy(f) = fz6.

» Examples of complex symmetric operators include not only these, but also
all operators of rank one, all 2 x 2 matrices (but not at all the 3 x 3) all
normal matrices, all inflations of Toeplitz matrices T (an inflation of T is
T'® l,withne NU {oo})

» Which leads us to the question of whether inflations of Toeplitz matrices
are unitarily equivalent to a truncated Toeplitz. (Asked by CGRW).
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Definitions

- We recall that the tensor product of two Hilbert spaces X and X' is defined
by setting

Inflations of Truncated Toeplitz

< X®X’,y®y/ >=< X, ) >< x',y’ >
for x,y € X;x,y € X to obtain an inner product on the algebraic tensor
product and then completing.
- We also recall, that, if (&) is a basis for X and (e;) a basis for X then
(6j ® ej'-) is a basis for X ® X and that, if dim(X) = n, then we can think of
X ® X as n copies of X.
T eL£(X)and S e £(X)then (T® S)(x® x) = (Tx @ Sx') and, if
T = [a;] then we can think of T ® S as [a;S].
» This means that the inflation T &® [, can be written

TOO -
0T 0 -
00 . --.
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We denote by wg : Kg ® Ky — Kjy.g the restriction of Q5 to Kg ® K.

Our formula
We (with D Timotin and M Zarrabi) recently obtained the following formula:

» Suppose B, © are inner functions, ¢, ¢ € L2, and the operators Agw are
nonzero only for a finite number of j € Z. Then

A®°B (B)WB = WB (Z(AB ® AS¢)> (4)

J
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Consequences

Inflations

o The first question we wished to solve was the one posed by CGRW:
Is every inflation A% ® I, (n € NU {oo}) of a truncated Toeplitz unitarily
equivalent to a truncated Toeplitz operator? And the answer is YES:

» If © and B are inner functions, ¢ € L? such that Afj Is bounded and

dim K = k then AS:g is unitarily equivalent to /xk © AS.

Unitary equivalence between truncated Toeplitz

We were also able to show that the analogy of a motivating result from Carl
Cowen was true for truncated Toeplitz:
Suppose © an inner function and ¢ € L?, such that AS is bounded. If By, B

are two inner functions with dim Kg, = dim Kp,, then Af;)jgf and Affjg; are
bounded and unitarily equivalent.
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Case for block Toeplitz matrices

Nice looking block Toeplitz

Since block Toeplitz are largely used by applied mathematicians, we were
happy to find that some of them were unitarily equivalent to truncated

Toeplitz.

Example 1

o If 8 is any inner function and ¢g, ¢1, - - - ¢, are chosen so that the
appropriate operators are bounded then

(A A(me A§’¢1\
AS L AD

cbo Zpp
o a0
\A¢n 1 A¢n 2 A¢0)

is unitarily equivalent to A%°5
y &4 S 2M(6m(2)
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Example 2

And if B is any inner functions and ¢; € Kg (—n < i < n— 1) such that A’ is
bounded then
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Example 2

And if B is any inner functions and ¢; € Kg (—n < i < n— 1) such that A’ is
bounded then

B B B )
( A¢o+3¢_1 A¢_1+B¢_2 A¢_(n_1)+5¢—n \
AB AB AB =
P1+Biyg vot+By_1 T W (n2)ytBY_(p_q)
B B B
\Awn_wéwn_z A¢n—2+5¢n—3 A¢o+3¢—1 )

. . . . Bn
IS unitarily equivalent to A ()BT




The simple case

Recall that the unitary map wg that we use to take the tensor product Kz ® Kj
to Ky.s is defined by




The simple case

Recall that the unitary map wg that we use to take the tensor product Kz ® Kj
to Ky. is defined by wg(h® f) — h(f o B).




A Motivating example

The simple case

Recall that the unitary map wg that we use to take the tensor product Kz ® Kj
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definition is found in looking at the’m-inflation’ of an n x n Toeplitz matrice:

( d)y da-1
dn-1 dn-2
0 0
0 0

©d_(p-1) O 0 O

. 0O 0 O
a O0 0 O
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0) aiy ap

0
0
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The simple case

Recall that the unitary map wg that we use to take the tensor product Kz ® Kj
to Ky is defined by wg(h ® f) — h(f o B). For me, a nice motivation for this
definition is found in looking at the’m-inflation’ of an n x n Toeplitz matrice:

and rearranging it into a Toeplitz matrix:

( dy d-{ ©d_(p-1) O 0 O
: - : O O 0
dn_1 dnp_» ao O O 0
0 o ... 0 a a1 ---

0) o .- 0) aiy ap

0

ao
0 g O

0 a_1

03_10

0

0

0
0
0

a_(n-1)

. d_(p-2)

a2

0 32)
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A Motivating example

The simple case

Recall that the unitary map wg that we use to take the tensor product Kz ® Kj
to Ky is defined by wg(h ® f) — h(f o B). For me, a nice motivation for this
definition is found in looking at the’'m-inflation’ of an n x n Toeplitz matrice:

( & a1 - a(p-1) O 0 O 0 ooe oo \
g Lt : O 0 O o ... ...
an_1 n_o - -- ap O O 0 0] 5o oo
0 o --- 0 dp d-1 -+ d—(n-1) 0
0 o --- 0 a dp - A (pn-2 0

and rearranging it into a Toeplitz matrix:

a0 -- 0aq 0 .- 0 ag--
0ag 0 --- 0 a4 0 --- 0 ao

by making the basis change

(€11, €12, -+ ,€1n, €21, -+, €mn) — (€11, €21, , €nt1, €12, €22, - - , Emn) WhiCh,
since ej = z~1 ® ZI-1, is indeed done by the map w,n that sends z' ® Z/ to
Z'(zl o Z)
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