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Describe all (bounded) homomorphisms
o : LYF) — M(G).

s 1950’s Helson, Rudin, Wendel, Glicksberg and many
others.

s Paul Cohen, 1960 When £ and G are abelian he gave a
complete characterization of all homomorphisms

AN

o LYF) = A(F) — M(G) = B(G).
When I or G is nonabelian, there are two homomorphism

problems:
» Describe all homoms ¢ : LY(F) — M(G).

» Describe all homoms ¢ : A(F) — B(G).
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s Walter 72: A(F) = A(G), B(F) = B(G).

» Lau-Losert 93 B( ) = B.(G),
UCB(F)* ~ UCB(G)* & F =~ G.

» Host 86 F virtually abelian, ¢ : A(F) — B(G).
» llie 04, llie-Spronk 05 F amenable ¢ : A(F) — B(G) cb.

s llie-S 2008 F amenable, ¢ : B(F) — B(G) cb,
wk*-continuous.

» llie-S 2009 F amenable, ¢ : X(F)* — X}, cb, wk*-conts
extensions of ¢ : A(F') — B(G).

» Pham 2010 ¢ : A(F) — B(G) contractive.

||2

The above results all perfectly extend or complement

Cohen’s original theorem.
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» 50’s, 60’s, 70’s: Helson, Rudin, Glicksberg, Cohen,
Greenleaf and many others.

» Wendel 52 Isomorphisms ¢ : L'(F) = L'(G)

» Johnson 64, Strichartz 65 Isomorphisms ¢ : M (F') = M(G)
(Determined by o € F'! and a top isomorphism ¢ : F = G).

o Gharamani, Lau, Losert, Mckennon, McClure, Dales, Strauss, 80’s,
90’s, 00’s
LUC(F)* = LUC(G)*, LY((F)*™ = LY(G)*,
M(F)*™* = M(G)* ifand only if F' = G.
» Kalton-Wood 76 Isomorphisms ¢ : L' (F) — LY(G) with
]| < V2. (They are isometric.)

#» Wood 70’s, 80’s, 90’s, 00’s More on “small” isomorphisms.
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Let F and G be arbitrary locally compact groups.

» Greenleaf 65 Contractive homomorphisms
o: LY (F)— M(Q).

o QGreenleaf’s characterization is less tractable than
Cohen’s.

» Since 1965, no progress has been made in the
non-contractive, non-isomorphic case.




» The Eberlein algebra of GG is
E(G) = uniform closure of B(G);
B(G) is the Fourier-Stieltjes algebra of G-
B(G) ={&xn:{m Ha} € X(G) & € Hr}

where

Exnn(s) = (m(s)élm) (s €G).




» The Eberlein algebra of G is
E(G) = uniform closure of B(G);

B(G) is the Fourier-Stieltjes algebra of G-

B(G) ={{*rn: {m, Hr} € 3(G) {,n € Hr}

s A(G) CCy(G)CEG) CWAP(G) C LUC(G) C CB(G).
s Cy(G)* = M(G) is an involutive Banach algebra
s F(G)*Is an involutive Banach algebra wrt Arens product

(nxm)(f) =n(m-f); m-f(s)=m(f-s); [-s=1l[f (se€qG).
o E(G)*:M(G) D1 C()(G)J‘.
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If
p: L'(F) — M(G)

IS a contractive homom, Cohen’s theorem says that ¢ factors
iInto a product of four basic homomorphisms with each factor
falling into one of three types:

s Letae FY, M, : Co(F) — Co(F) : f— af,
Ao =M:: M(F)— M(F): puw— ap

IS an isometric isomorphism.




» Letaeﬁl, My : Co(F) — Co(F) : f — af,
Ay =M} : M(F)— M(F): u— au

IS an isometric isomorphism.
» For K a compact normal subgroup of H,

S : Co(H) — Co(H/K), Sk f(zK) = /K F (k) dmp (k),

Sy M(H/K) — M(H)
IS an isometric homomorphic embedding such that
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s Letd: FF— H be a continuous homomorphism,
Jjo: Co(H) = E(F): fr fob,

Recall E(F)* = M(F)® Cyo(F)*.
| will abuse notation and also write

jo = Jolmry s M(F) — M(H).




s Letd: FF— H be a continuous homomorphism,
Jjo: Co(H) = E(F): fr fob,

j5 B(F)* — M(H).

Recall E(F)* = M(F)® Cyo(F)*.
| will abuse notation and also write

jo = Jolmry s M(F) — M(H).

jp  E(F)* — M(H)and j; : M(F) — M(H) are the unique
w* — w* conts and so — w* conts, contractive, positive
homomorphisms satisfying

P(0z) =0pry (T € F).
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s Letd: FF— H be a continuous homomorphism,
Jjo: Co(H) = E(F): fr fob,

j5 B(F)* — M(H).

Recall E(F)* = M(F)® Cyo(F)*.
| will abuse notation and also write

jo = Jolmry s M(F) — M(H).

» Let H be a closed subgroup of G,
R : Co(G) — Co(H) : f — flu.

Ry : M(H)— M(G)

IS an isometric homomorphic embedding.
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Let /" and G be LCA groups, ¢ : A(F) — B(G) a contractive
homomorphism. Then there exist

s ue Fandr e G;

s an open subgroup Gy of G ; and

» a continuous homomorphism ¢ : Gy — F
such that w=1.050790l,.

76




Using A(G) = LY(G) and B(G) = M(G):
Let I and G be LCA groups, ¢ : L'(F) — M(G) a contractive
homom. Then there exist

s acFlandpec Gt

» a compact subgroup K of G ; and

» a continuous homomorphism 6 : I — G/K
suchthat ¢ =A4,05% 0j;0A,.

'

L\(F) M(G)
A, A,
LNF) = M(G/K)—>E— M(G)




Question 1 Kerlin-Pepe, Pacific JM 1975

» Does every contractive homomorphism
¢ : LY(F) — M(G) have a Cohen factorization?

¥

LY(F) M(G)
A, A,
LAF) " M(G/K) — = M(G)

Note Greenleaf’s characterization involves non-normal
subgroups, non-closed subgroups, and maps that are not
homomorphisms on their domains.




Question 1 Kerlin-Pepe, Pacific JM 1975

» Does every contractive homomorphism
¢ : LY(F) — M(G) have a Cohen factorization?

¥

LAF) " M(G/K) — = M(G)

Answer to 1 Yes if G abelian (Kerlin-Pepe).




Question 1 Kerlin-Pepe, Pacific JM 1975

» Does every contractive homomorphism
¢ : LY(F) — M(G) have a Cohen factorization?

¥

LAF) " M(G/K) — = M(G)
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Question 1 Kerlin-Pepe, Pacific JM 1975

» Does every contractive homomorphism
¢ : LY(F) — M(G) have a Cohen factorization?

¥

LAF) " M(G/K) — = M(G)

Answer to 1 Yes if G abelian (Kerlin-Pepe).

No in general (S).

Question 2 Is there a characterization of contractive
homomorphisms that shares the spirit of Cohen’s theorem.
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Question 1 Kerlin-Pepe, Pacific JM 1975

» Does every contractive homomorphism
¢ : LY(F) — M(G) have a Cohen factorization?

¥

LAF) " M(G/K) — = M(G)

Answer to 1 Yes if G abelian (Kerlin-Pepe).
No in general (S).
Question 2 Is there a characterization of contractive

homomorphisms that shares the spirit of Cohen’s theorem.
Answer to 2 Yes (S).
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Question Kerlin-Pepe, Pacific JM 1975
Does every contractive homomorphism ¢ : LY(F) — M(G)
have a Cohen factorization?

LY(F) M(H)
A, A,
LAF) " M(G/K) — = M(G)




» Let K < F be compact, p € K! such that
kerp << FF and K/kerp C Z(F/kerp).
pmpg IS a central norm one idempotent (~ Greenleaf), so
o LYF) = M(F): f— f*pmg

IS a contractive homomorphism.




» Let K < F be compact, p € K! such that
kerp << FF and K/kerp C Z(F/kerp).
pmpg IS a central norm one idempotent (~ Greenleaf), so
o LYF) = M(F): f— f*pmg

IS a contractive homomorphism.

» If o has a Cohen factorization
p=AyoSTojyoA,,
then L = K and /' € F! is such that ¢/|x = p.

e



» Let K < F be compact, p € k! such that
kerp << FF and K/kerp C Z(F/kerp).
pmpg IS a central norm one idempotent (~ Greenleaf), so
o LY(F) — M(F): f — f*pmg
IS a contractive homomorphism.

» So choose K and p € k! as above such that p does not
extend to a character on F:

F = SUy(C). Then Z(F)=Zsand p: Zy — T : t — t does
not extend continuously to F' (Grosser-Moskowitz).
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Let
O :Tx H— H:(a,x) — x;

/\1

ar: TxH—-T:(a,x)—a so areTxH .




Theorem(S) Let v : L' (F) — M(G) be a contractive
homomorphism.




Theorem(S) Let v : L'(F) — M(G) be a contractive
homomorphism. Then there exists

» a closed subgroup H of G;
» a compact normal subgroup N of T x H; and
s a continuous homomorphism 0 : I — T x H/N
such that
P = Jo, © Aax 0 Sy © Jg-

L\(F) : M(H)—— M(G)

il s,
. Ay

M(T x H/N)YY = M(T x H) = M(T x H)

The converse holds.
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Thm(S) Let v : L' (F) — M(G) be a contractive homom. 3
» a closed subgroup H of G;
» a compact normal subgroup N of T x H; and
s a continuous homomorphism 6 : FF — T x H/N

such that ¢ = j; o Aa, oS3 0 .

LY(F) - M(H) M(G)

jé‘l Tjé‘H
. Ay

M(T x H/N)YY~ M(T x H)—> M(T x H)

We may take N = Q, = {(p(k),k) : k € K} for some K < H,
p e K'suchthat kerp <t H and K/ kerp C Z(H/ ker p).

B
e



» so = stricttop on M (F) wrt L} (F) < M(F)
pi — pso < |fxpi— frplli —0 (f € LYF)).
s Let iy, € M(G) be such that .} = 1y and ¢ = 14,
My ={p € M(G) : " * pp=px* " =1y, p*1y=p1}
with rel. wk*-topology.

M, is a semitopological group with conts inversion.




» so = stricttop on M (F) wrt LY(F) < M(F)

pi = pso & | fxpi— frplli =0 (f € L'(F)).

» Letiy € M(G) besuchthat i = 14 and i), = 14,

My ={pe M(G): p"xp=pxpu" =1y, p*ty=p}

with rel. wk™-topology. M is a semitop group with conts inversion.

Theorem (S) 3 a 1-1 correspondence between:
» bounded x-homoms ¢ : L'(F) — M(G);

s so— w* conts bounded x-homoms ¢,, : M (F) — M(G);
s w* —w* conts x-homoms ¢, : E(F)* — M(G);

» continuous, bounded homoms ¢ : F' — M.
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» so = stricttop on M (F) wrt LY(F) < M(F)

pi = pso & | fxpi— frplli =0 (f € L'(F)).

» Letiy € M(G) besuchthat i = 14 and i), = 14,

My ={pe M(G): p"xp=pxpu" =1y, p*ty=p}

with rel. wk™-topology. M is a semitop group with conts inversion.

Theorem (S) 3 a 1-1 correspondence between:
» bounded x-homoms ¢ : L'(F) — M(G);

s so— w* conts bounded x-homoms ¢,, : M (F) — M(G);
s w* —w* conts x-homoms ¢, : E(F)* — M(G);

» continuous, bounded homoms ¢ : F' — M.
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Let I' be a subgroup of (M(G), ). |<; with wk*-topology.
Greenleaf’s Theorem




Let I' be a subgroup of (M(G), ). |<; with wk*-topology.
Greenleaf’s Theorem

» Thereis K < G compact and p € k! such that

er = pPMmg.




Let I' be a subgroup of (M(G), ). |<; with wk*-topology.
Greenleaf’s Theorem

» Thereis K < G compact and p € K! such that
er = pmg.

» Thereis a subgroup 2 of T x G, a compact normal
subgroup 2, of ©2 and a continuous group isomorphism

¢:Q/Q, = T'=Tq:(a, 1), — ads * pmp




Let I' be a subgroup of (M(G), ). |<; with wk*-topology.
Greenleaf’s Theorem

» Thereis K < G compact and p € K! such that

er = PMi.

» Thereis a subgroup 2 of T x G, a compact normal
subgroup 2, of ©2 and a continuous group isomorphism

¢:Q/Q, —T:(a,t)Q, — ad * pmp
Theorem (S) The map
¢:Q/Q, = T'=Tq:(a, 1), — ads ¥ pmp

IS a topological group isomorphism.
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Let I' =T be a contractive subgroup of M (G).

Theorem (S) ¢ : Q/Q, =T =Tq: (a,t)Q, — ads * pm
IS a topological group isomorphism.

Corollary (S)
s Letting

H = support(I') = U{support(,u) pe '}

I'rwg = {OKCSt * PME (Oz,t) e T x H} =T x H/Qp
IS a locally compact contractive subgroup of M(G).




Let
©: M(F)— M(G)

be a so — w* conts contractive homomorphism. Let
I'={p(d,):x € F} < M(G>||-||§1-
Letting H = support(I"), get a topological isomorphism

¢:T x H/Q, — Tpyg DT




et p: M(F)— M(G) be a so — w* conts contractive homom.
_et I'={p(d,) :x € F} < M(G>||-||§1-
_etting H = support(I'), get a topological isomorphism

¢:T x H/Q, — Tog 2T C M(H).

Note
¢:Tx H/Q, — Iryg C My

where 1, = p(6e,) = pmyx € M(H) and
My ={p€ M(H): @' *p=p*u" =ry, p*iy=puf.
This gives a w* — w* continuous homomorphism
tg » M(T x H/Qp) — M(H) — M(G).
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Let o : M(F) — M(G) be a so — w* contractive homom,
['={p(dz) : z € F'} < M(G)). <1, H = support(I'). Get

¢:TxH/Qy — Dpup 2T, Kl M(TxH/Q,) — M(H) — M(G).
Define a continuous homomorphism

0:F —-TxH/Q, by 0(x) =6 "(p(6)).

(02 ¢
F FTxH T x H/Qp

This gives so — w* continuous homomorphism

Ji s M(F) — M(T x H/Q,).




Let o : M(F) — M(G) be a so — w* contractive homom.

¢:Tx H/Qy — Trxpg, kg M(Tx H/Q,) — M(H) : 5, — ¢(2)

0:F —TxH/Q,: v ¢ (p(62))
]5‘ ; M(F) —>M(T>< H/Qp) : 533'_>59(a:)-

Thm (S) ¢ =wioj;  M(F)— = M(H)— M(G)




2

We have: M(F) M(H)—— M(G)
jsl /¢
M(T x H/Q,)
We need:
M(F) : M (H ) M(G)
jé‘l 5. A, Tjé‘H

M(T x H/Q,)) — = M(T x H)— M(T x H)
The proof can be completed by showing that
K = Joy © Aar © szp

e
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Theorem(S) Let v : LY(F) — M(G) be a contractive
homomomorphism. Then there exists

» a closed subgroup H of G;

» a compact normal subgroup N of T x H; and

s a continuous homomorphism ¢ : F — T x H/N
such that ¢ = j; o A, oS3 0 jg.

LM (F) ’ M(H)C M(G)

jgl Tng
Sk Ay
M(T x H/N)—= M(T x H)— M(T x H)

The converse holds.
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Theorem(S) Let ¢ : M(F) — M(G) be a w* continuous
contractive homomorphism. Then there exists

» a closed subgroup H of G;
» a compact normal subgroup N of T x H; and
» a continuous proper homomorphism #: I — T x H/N

such that
gp:ng oAaToSong.
2
M(F) M (H )¢ M(G)
jgl Tng
S Aoy

M(T x H/N) — M(T x H) — M(T x H)

The converse holds.

B
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Corollary (S) Let o : LUC(F)* — LUC(G)*. TFAE:

s plisaw* —w* continuous homomorphism such that
s ¢ Is contractive on Ar; and
s o(pg) ¢ Co(G)* for some g € M(F).

» ¢ has a canonical factorization
%, :];H OAOéT OS;;[ Ojg

Recall that
LUC(G)* = M(G) &1 Cy(G)+




Corollary (S) Let p: LUC(F)* — LUC(G)*. TFAE:

s plisaw* —w* continuous homomorphism such that
s ¢ IS contractive on Ar; and
s o(pg) ¢ Co(G)* for some g € M(F).

» ¢ has a canonical factorization
%, :];H OAOéT OS?;[ O]g

Recall that
LUC(G)* = M(G) &1 Cy(G)+

We may replace LUC by WAP or E.




Corollary (S) Let
@: LUC(F)* — LUC(G)" (or ¢: M(F)— M(G)).

TFAE:

s pisaw* —w* (resp. so — w*) conts, contractive homom
such that ¢(de,.) = e

» thereis a conts homom ¢ : F — G and o € F'! such that

90235014&.




Corollary (S) Let
@: LUC(F)* — LUC(G)" (or ¢: M(F)— M(G)).

TFAE:

s pisaw* —w* (resp. so — w*) conts, contractive homom
such that ¢(de,.) = e

» thereis a conts homom 6 : F — G and « € F! such that
Y = Jék O Aoz-
We may replace LUC by WAP or E.




Corollary (S) TFAE for

o: LUC(F)" — LUC(G)" :

s plis aw* — w* continuous isomorphism that is contractive

on Apg.

» there is a topological isomorphism ¢ : F — G

and « € F! such that
¥ = ]5 o Aq
Hence, ¢ IS an isometric x-isomorp

» M(F') as an isometric «-isomorp
. LY(F) as an isometric x-isomorp

nism mapping
nism onto M (G);

nism onto LY(G).
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Corollary (S) TFAE for
o: LUC(F)" — LUC(G)" :

s plis aw* — w* continuous isomorphism that is contractive
on Apg.

» there is a topological isomorphism 6 : F — G and a € F!
such that
p = Jg o Aa
Hence, ¢ is an isometric x-isomorphism mapping
s M(F) as an isometric x-isomorphism onto M (G);
. L'(F) as an isometric x-isomorphism onto L' (G).

We may replace LUC by WAP or E.
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Corollary (S) TFAE for
o: LYF)— LYG):

» IS a contractive epimorphism;

» there is a continuous open epimorphism 6 : ' — G
and « € F! such that

szjgvoz
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